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Abstract. The logarithmic derivative of a point process plays a key role
in the general approach, due to the third author, to constructing diffusions
preserving a given point process. In this paper we explicitly compute the
logarithmic derivative for determinantal processes on R with integrable kernels,
a large class that includes all the classical processes of random matrix theory
as well as processes associated with de Branges spaces. The argument uses
the quasi-invariance of our processes established by the first author.

1. Introduction.

Let P be a point process on R? or, in other words, a Borel probability measure
on the space of locally finite configurations Conf(R?). Tt is a natural question whether
one can construct a diffusion &(¢) = (€1(¢),£2(t),...,£4(t),...) on the space (Rd)N such
that the configuration X (t) = {€(¢),&2(t),...,£4(t),... } is almost surely locally finite
for every t € R, and the process X (t), considered as a process on the space Conf(R?),
preserves the measure P. For example, if P is the standard Poisson point process on R?,
then £i(t) are independent Brownian motions. In the series of papers [9], [12]-[18] the
third author with collaborators developed a general approach to constructing the process
&. The key step is the computation of the logarithmic derivative d* of the measure P,
d® : R? x Conf(R?) — R?, introduced by the third author in [13]. The process ¢ is then
a solution of the infinite-dimensional stochastic differential equation

t
€(0) =€)+ ')+ 5 [ €. X6w)du, i€,

where the configuration X; is defined by the formula X;(¢(u)) := {€%(u)};-; and B* are
independent Brownian motions. In [9], [13], [18] logarithmic derivatives were calculated
for determinantal processes arising in random matrix theory: sines, Airys, Bessely and
the Ginibre point processes. The computation was based on finite particle approximation
and had to be adapted for each determinantal process separately.

Theorem 2.3, the main result of this paper, establishes existence and gives an explicit
formula for the logarithmic derivative for determinantal point processes on R with inte-
grable kernels studied in [5], a class that includes, in particular, determinantal processes

2010 Mathematics Subject Classification. Primary 60G55; Secondary 60J60.
Key Words and Phrases. point processes, determinantal processes, logarithmic derivative, infinite-
dimensional diffusion, Palm measure.


https://doi.org/10.2969/jmsj/78397839

452 A. 1. Buretov, A. V. Dymov and H. OsADA

mentioned above and those corresponding to de Branges spaces [7] .

There are other methods to constructing infinite-dimensional diffusions. In particu-
lar, in [10], [11], using extended determinantal kernels, Katori and Tanemura constructed
diffusions reversible with respect to the siney, Airys, and Bessely point processes. A dif-
ferent approach to studying the diffusion preserving the sines process is due to Tsai [22].
In [1], Borodin and Olshanski gave a construction of infinite-dimensional diffusions as
scaling limits of random walks on partitions.

To explain our results in more details we first give an informal definition of the log-
arithmic derivative. Consider a point process P on R? which admits a differentiable first
correlation function p; : R — R. Denote by P* the reduced Palm measure conditioned
at the point a € R? and define the reduced Campbell measure Cp as a Borel sigma-finite
measure on the space R? x Conf(R?) given by

dCp(a, X) = p1(a)dP*(X)da.

Then, informally, the logarithmic derivative dp is defined as a gradient of the logarithm
of C[P,

d*(a, X) = Va(Inpi(a) + InP*(X)), (1.1)

see Definition 2.1. The main problem when proving the existence of the logarithmic
derivative is to give a sense to the term V, InP%(X).

Our first result is Proposition 2.2, where we find the connection between equivalence
of the Palm measures conditioned at different points and the existence of the logarithmic
derivative. More specifically, we consider a point process P on R% as above and assume
that for any a,b € R? the reduced Palm measures P* and P? are equivalent,

dP’(X) = Ry,q(X)dP?(X),

the Radon-Nikodym derivative Rpo(X) is continuous with respect to b in
L*(P?, Conf(R%)) and the derivative VR, , exists in appropriate sense. We then prove
that the logarithmic derivative d® exists and the formula (1.1) is valid with

V,L InP? .= Vb ’vaa.

|b:a

Our second and main result is the mentioned above Theorem 2.3. To establish it, it
suffices to check that assumptions of Proposition 2.2 are satisfied for the considered class
of determinantal point processes. To show this, we use the results of the paper [5], where
the first author proved that for this class of determinantal processes the reduced Palm
measures are equivalent and the Radon-Nikodym derivative has the form

2
. R, RS RS z—b
Rpoe= lim R, where R, =C.7 | I ,
R—00,0—0 ’ ’ ’ Tr—a
XeConf(R): |z|<R,
|zr—al,|]z—b|>8

and Cf (’f are some normalizing constants. While the continuity in b of Ry, follows
immediately from the results of [5], the proof of its differentiability requires some efforts.
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To get it, we approximate the Radon-Nikodym derivative R, by the function R0

b,a’
compute the derivative of the latter, and then pass to the limit R — 0o, 6 — 0 using the
techniques of normalized additive and multiplicative functionals developed in [5], which
we outline in the appendix. Finally, we find

. 8 6
vb’b:aRbfa = R lim (Sf - EU«S:} )7

—00,0—0

where S0 =3 cx.12<r.2/(a — z) and E® stands for the expectation with respect to
|z —a|>5
the reduced Palm measure P°.
The paper is organized as follows. In Section 2 we formulate our main results,
Proposition 2.2 and Theorem 2.3. Section 3 is devoted to the proofs. In Appendix A we

recall some results of [5] needed in the proof of Theorem 2.3.

2. Formulation of the main results.

2.1. Configurations, point processes, Palm distributions.
Consider the space of locally finite configurations

Conf(RY) := {X c RY| X does not have limit points in Rd}.

A Borel probability measure P on Conf(R?) is called a point process. Take a bounded

Borel set B € B(R?) and consider a function #p : Conf(R?) — NU{0} such that #z(X)
is equal to the cardinality of the set B N X. Assume that the process P admits the first
correlation function py, that is for any bounded B € B(R?) the function #p is integrable

with respect to the measure PP and there exists a function p; € L} _(R?) satisfying

/ p1(x) de = / #p(X)dP(X), VB e B(R%), B isbounded.
B Conf(R%)

Define the first correlation measure p1 as p1(B) = [ p1(z) dx.
The Campbell measure Cp is a sigma-finite Borel measure on R? x Conf(R?) defined
as

Cp(B,Z) = /j #5(X)dP(X), VBeBRY), 2 € B(Conf(R?),

where B(Conf(R%)) stands for the Borel sigma-algebra on Conf(R?). Fix a Borel set
% C Conf(R?) and consider a sigma-finite measure C[g on R? given by the formula

CZ (B) =Cp(B, %), VB e BRY.

By definition, for any & € B (Conf (]Rd)) the measure C is absolutely continuous with
respect to p;. Then the Palm measure P2, defined for pi-almost every a € RY, is a
measure on Conf(R?) given by the relation

. dci
P =

(a).
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Equivalently, the Palm measure P is the canonical conditional measure of the Campbell
measure Cp with respect to the measurable partition of the space R x Conf(R?) into
subsets of the form {a} x Conf(R%), a € R?. Thus, we can write

dCp(a, X) = dP*(X)p1(a) da.

By definition, the Palm measure Pe is supported on the subset of configurations con-
taining a particle at the position a. The reduced Palm measure P® is defined as the
push-forward of the Palm measure P* under the map X — X \ {a} erasing the particle
a from the configuration X. We then define the reduced Campbell measure Cp as

dCp(a, X) = dP*(X)p1(a) da. (2.1)

Note that, in difference with the notions of the (reduced) Palm measure and the Campbell
measure, this definition is not standard. Writing it in a more formal way, we obtain

Co(B, %) = /B /y dP*(X)pi(a)da, VB eBRY), % e B(Conf(R%)).

For more details see e.g. [5] and [8].

2.2. Definition of the logarithmic derivative.

A function ¢ : Conf(R?) + R is called local if there exists a compact set K C RY
such that ¢(X) = (X N K). For a local function ¢ we define symmetric functions
0, R R, n > 1, by the relation

on(T1,. .. xy) = go({xl,...,xn}).

We say that a local function ¢ is smooth if the functions ¢, are smooth for all n € N.
We denote by Dy the space of all bounded local smooth functions on Conf(R9).

Denote by Bp a ball in R? of radius R. Let L}, .(R? x Conf(R?),Cp) be the space of
vector-functions f : R? x Conf(R?) — R? satisfying f € L'(Bg x Conf(R?),Cp), for all
R > 0.

Denote by C§° the space of smooth real-valued functions on R¢ which have compact
supports. We say that a function ¢ : R? x Conf(R?) — R belongs to the space C§°Dy if

@ = p1p2, where @1 € C°(R?) and ¢, € Dy.

DEFINITION 2.1. Let P be a point process on R? that admits the first correlation
function. A function d* € L}, .(R¢ x Conf(R?),Cp) is called the logarithmic derivative of

loc

P if for any observable ¢ € C5°Dy we have

/ Vapla, X)dCp(a, X) = —/ d®(a, X)p(a, X) dCp(a, X).
R4 x Conf(R%) R4 x Conf(R9)
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2.3. Logarithmic derivative of a point process with equivalent Palm mea-
sures.
Consider a point process P on R that admits the first correlation function py; recall
that we denote by p; the first correlation measure,

pr(da) = py(a) da.

In this subsection we give a general scheme for the computation of the logarithmic de-
rivative d¥ under the following assumption.

ASSUMPTION 1.
1. The first correlation function p; is C'-smooth.
2. For pi-almost all a,b € R? the reduced Palm measures P? and P? are equivalent.
Denote by Ry, their Radon-Nikodym derivative, so that
dP°(X) = Ryq(X) dP*(X).
3. For pr-almost all @ € R? we have Ry, — 1 as b — a in L'(P?, Conf(R?)).

For a function ¢ € C§°(R%) Dy we define the function f, : R — R as
fole) = | Rutea(X)ipla, X) dCe(a, X).
R4 x Conf(R4)

4. For any ¢ € C§°(R%)Dy the function f, admits partial derivatives in € at the point
e = 0. There exist functions ;R : R? x Conf(RY) — R such that for any ¢ as
above and any 1 < ¢ < d we have

8€Lf$0(0) = / 81R(G,X)L)0(CL,X) dC]p(G, X)
R4 x Conf (R%)

Set
VR = (61R7 [N ,&ﬂ%).

PROPOSITION 2.2.  Let P be a point process on R? satisfying Assumption 1. Then
for pr-almost all a € R its logarithmic derivative d* exists and has the form

d¥(a,X) = V4 Inp;(a) + VR(a, X). (2.2)

Note that there is no need to define the logarithmic derivative at the points a € R?
where p1(a) = 0 since the measure p; of the set of such a is zero. Proof of Proposition 2.2
is given in Section 3.1. It is based on the differentiation by parts, that is why we crucially
need the absolute continuity of the measure p; and the differentiability of its density,
which is the first correlation function p;.
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2.4. Logarithmic derivative of a determinantal process on R with an

integrable kernel.

In this section we construct the logarithmic derivative for a class of determinantal
processes on R. A point process P on Conf(R) is called determinantal if there exists
a locally trace class operator P : L?(R,dz) + L?(R,dz) such that for any bounded
measurable function h, for which the support supp(h —1) =: D is a compact set, we have

E (H h(x)) = det (14 (h —1)PIp).

zeX

Here the expectation is taken with respect to the measure P, det stands for the Fredholm
determinant and Ip denotes the indicator function of the set D. See for details [19],
[21]. Since the operator P is locally trace class, it admits a kernel which we denote by
II. Note that for any a € R the function II(a, -) belongs to L?(R, dz). Further on we will
use the results of [5], so we impose on P and II the following restrictions coming from
[5].

ASSUMPTION 2.
1. The operator P is an orthogonal projection onto a closed subspace L C L?(R, dx).

2. For pj-almost all a € R, given any function ¢ € L satisfying ¢(a) = 0, we have
(x—a) o e L.
3. The kernel II is C?-smooth on R2.

4. We have / Iz, z) dr < oo.
r 1+ 22

Ttem 2 of Assumption 2 is called the division property (cf. [6]). Recall that the kernel IT
is called integrable if there exists an open set U, such that p;(R\ U) = 0, and linearly
independent smooth functions A, B defined on U, satisfying

A(x)B(y) — A(y) B(z)

(z,y) = "y 7 (2.3)

if # # y. Proposition 1.2 from [5] proves that the division property is fulfilled for operators
of orthogonal projection which admit integrable kernels. In particular, it follows that
Assumption 2 is satisfied for the sine, Airy and Bessel kernels as well as for kernels
corresponding to de Branges spaces [7]. We recall that the sine, Airy and Bessel kernels
are given by the formula (2.3) with

= lsin(rx) for the sine kernel,
Az) = Ai(x) for the Airy kernel,

Ja(x) for the Bessel kernel,

and B(z) = (d/dx)A(x), where Al is the Airy function and J, is the Bessel function of
order o, @ > —1.

Take a € R, R> 1 and § < 1, and consider the additive functional
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SHO: Conf(R) = R, SIMO(X)= > 2 (2.4)
z€X: |z|<R, a=-x
|x—a|>d

The additive functional S/** may diverge as R — oo. To overcome this difficulty we
define the normalized additive functional

<hdé

S, =500 —E*S;

where E® stands for the expectation with respect to the reduced Palm measure P°.
Results obtained in [5] imply that, under Assumption 2, for pj-almost all a € R there
exists a function S, : Conf(R) — R, such that

5™ 5, as R—o00,0—0 in L2(Conf(R),P?). (2:5)

Moreover, the convergence (2.5) holds uniformly in a as a € R ranges in a compact set.
The required theory from [5] is recalled in Appendix A.1 and the convergence (2.5) is
established in Corollary A.2.

THEOREM 2.3. Let P be a determinantal process on R satisfying Assumption 2.
Then for p1-almost all a € R the logarithmic derivative d* exists and has the form

d¥(a,X) = % In p1(a) + S4(X).

Theorem 2.3 is our main result and it is proven in Section 3.2. There, using results of
[5], we show that Assumption 2 implies Assumption 1 with VR = S,. Then Theorem 2.3
follows from Proposition 2.2.

3. Proofs of the main results.

3.1. Proof of Proposition 2.2.
Take a function ¢ € C§°Dy. We have

i7X - 7X
I:= _/ B, p(a, X) dCp(a, X) = _/ lim £L0¥e X)=0(@. X) 400 %),
R R4 x Conf(

d x Conf(R4) Rd) €0 3

where ¢; := ce; and e; is the i-th basis vector of R, Using the dominated convergence
theorem, we exchange the limit with the integral. The latter can be applied since

< sup |alz§0(an)|

" XeConf(RY), zRd

’tp(a+€i,X) —@(a,X)‘
13

and ¢ € C§°Dy. We get



458 A. 1. Buretov, A. V. Dymov and H. OsADA

1
I:—lim(/ <p(a—|—5i,X)de(a,X)—/ @(a,X)de(a,X))
e—=0 & \ JRd x Conf(R4) Rd x Conf (Rd)

1
— lim ~ < / (0, X) dCp(a+ i, X) — / (0, X) dCs(a, X)),
e=0¢ R4 x Conf(R4) R4 x Conf(R4)

(3.1)
where in the last line of (3.1) we put € := —e. Using the definition of the reduced
Campbell measure (2.1), we find

1 v
I=lim - (/ o(a, X)p1(a+ ;) dP*(X)da
€0 & \ JRd x Conf(R)

—/ wla, X)p1(a) dIE”“(X)da)
R4 x Conf(R%)

1

— lim - X ) — AP+ (X)d
Egl})g(/RdXCOnf(Rd)w(a, (pr(a + €6) — pr(a)) dBH (X)da

+/ ¢(a, X)p1(a) (dP*T(X) — dIP’“(X))da)
R4 x Conf (R%)
= lim(I7 + I5).

e—0

Using Assumption 1(3), we obtain

lim I7 :/ o(a, X)0q,p1(a) dP*(X)da :/ ¢(a, X)0q, (In p1(a)) dCp(a, X).
£—+0 R? x Conf (R4) R x Conf (R¢)

(3.2)
In view of Assumption 1(2), we have

1
lim I5 = lim (/ 0(a, X)Rate;,a(X) dC]p(a,X)—/ v(a, X) dC]p(a,X)).
=0 e=0¢g R4 x Conf(R4) R4 x Conf(R4)

Then, because of the identity Rq,,(X) = 1, Assumption 1(4) implies

lim IS :/ v(a, X)0iR(a, X)dCp(a, X). (3.3)
€0 R4 x Conf(R%)
Combining (3.2) with (3.3) we obtain the desired relation (2.2). O

3.2. Proof of Theorem 2.3.

In view of Proposition 2.2, it suffices to check that Assumption 1 is satisfied with
VR(a,X) = Su(X). Item 1 of Assumption 1 immediately follows from item 3 of As-
sumption 2. The proof of the other items relies on the results obtained in the paper
[5]; see also [4]. One of the main tools we use borrowed from the works above is the
following lemma. Take a,b € R and consider the normalized multiplicative functional
ﬁif : Conf(R) — R given by
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—R,6 z—b\?2
) =t ] ( ) , (3.4)

r—a
zeX:|z|<R,
|z—al,|z—b|>6

. . o . =R
where the constant C’ff is specified by the normalization requirement E*W, ;= 1. Here
and further on we set [], .y f(2) = 1, for any function f.

LemMMA 3.1. 1. Under Assumption 2, there exists a > 0 and a function @b’a :
Conf(R) — R satisfying

@bnif -V, as R—00,6—0 in L'T(Conf(R),P"), (3.5)

for p1-almost all a € R, uniformly in a,b which range in compact subsets of R.
2. For pr-almost all a,b € R%, the function Uy, , is the Radon—Nikodym derivative
of the Palm measure P® with respect to the Palm measure P%, i.e.

dP*(X) = Uy o (X) dP*(X). (3.6)

PROOF. Ttem 1 is established in Corollary A.5(1) and follows from results obtained
in [5], which we explain in Appendix A.2. Ttem 2 is a particular case of Theorem 1.4 (1)
from [5] which is one of the main results of [5]. The key point of the proof of (3.6) is to
show that Palm subspaces L(p) and L(gq) corresponding to conditioning at different points
p and ¢ satisfy the relation L(p) = ((x — p)/(x — ¢q))L(q); this relation uses Assumption
2(2). Then the proof is concluded by using a general result of [2], [3] stating the following.
If Py is an orthogonal projection operator onto a subspace Ly C L?(R) that induces a
determinantal measure Py, then, under certain assumptions, multiplication of the space
Ly by a function g corresponds to taking the product of the determinantal measure P
with the normalized multiplicative functional const [] ¢y (g9(x))?. In Appendix A.3 we
give a more detailed outline of the proof of the identity (3.6).

Note that in [5] the multiplicative functional Tif = 1is defined as the product over
the set {x € X : |z| < R, |z — a| > ¢}, so that in difference with the definition (3.4) the
point b is not isolated. It can be checked directly that this does not affect the proof at
all. O

Lemma 3.1(2) implies item 2 of Assumption 1 with Ry, = @bﬁ. Because of the
bounds |z| < R and |z — a|] > 4, the functions TbRif(X ) are P%-almost surely contin-
uous with respect to b. Then, using the dominated convergence theorem, we see that
they are continuous in L!(Conf(R),P%). Then the uniformity in b of convergence from
Lemma 3.1(1) implies that the functions ¥, , also are continuous with respect to b in
L'(Conf(R),P%). So that item 3 of Assumption 1 is fulfilled as well.

It remains to check that item 4 of Assumption 1 holds with VR(a, X) = S,(X).
Due to Lemma 3.1(2), we have

fole) = / Tose.a (X)p(a, X) dCol(a, X).
RxConf(R)
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We need to show that the function f, is differentiable at zero and

d
%fgo(()) = /RXCOM(R) Sa(X)p(a, X)dCp(a, X). (3.7

Due to Lemma 3.1(1), we have

fo(e) = lim ff"s(s), (3.8)

R—00,0—0

where
RS —R,0
o (6) = \Ija—i-s,a(X)(p(avX) dCIP’(a7X)'
RxConf(R)

Because of the truncation |z|] < R, |x — a|] > § in the definition (3.4) of the function
T for Cp-almost all (a, X') the function g

a+te,a’ a+e,a
—R,0 .

together with its derivatives in ¢, ¥, is integrable over (a, X) € R x Conf(R) with
respect to the measure Cp, uniformly in € from a compact set. Then the function f£’5 is

smooth in ¢ and we have

(X) is smooth with respect to € and,

d d —R,
— RO :/ —0.7" (X)p(a, X)dCp(a, X). 3.9
RO exCont() 0. (X)e(a, X) dCp(a, X) (3.9)

PROPOSITION 3.2.  Under Assumption 2, the derivative (d/ds)fg"s(s) converges as
R — 00,0 — 0, uniformly in € from a small neighbourhood of zero.

Proof of Proposition 3.2 is given in the next subsection. Together with (3.8), Propo-
sition 3.2 implies that the function f, is differentiable in a small neighbourhood of zero
and

d

jsfw(g) fRJ( ) (3'10)

R—m 5—>o de’¥

Let us compute the derivative (3.9). By definition (3.4) of the multiplicative functional
R.6

@aﬁ,a, we have
d —Rs d RS z—(a+e)
Cig‘lla+e7a:(l€exp<ln0a+€a+2 Z hlﬁ
ze€X: |z|<R,
|z—al,|z—(a+e)|>d
—R,§ d
= \I/a+£7a ( In C(ﬁrge a SfaéJre) (3'11)
where
2
R, . _
Sy = > .

zeX: |z|<R,
|z—al,|z—b|>d
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. " =R,
Since, by definition, E*W 1 =1, we have
d =R, d_..—R,s
Ea% ate,a — %Ea\pa—ke,a =0.

Then, taking the expectation E* of the both sides of (3.11), we get

d

R,$ a (xR0 R,§
. InC% = —E (W, . 0Saniec)- (3.12)

Now (3.11) together with (3.12) implies

d —R,6 —R,0
ol = /R o) U, 0 L (Sah s — B0, Satt ) ela, X) dCp(a, X).  (3.13)
X Con

Since @if =1 and S = SF9 where the additive functional S/*° is defined in (2.4),
we obtain

d
T H(0) = / (SRS — E2SR) p(a, X) dCp(a, X). (3.14)
R x Conf(R)

Due to (2.5), the function SF9 — E¢SE0 — g

o converges to S, in L?(Conf(R),P?) as
R — 00, § — 0, uniformly in pj-almost all a € UXeCOnf(R) supp ¢(+, X), since the latter
set is compact. Then the right-hand side of (3.14) converges to that of (3.7). In view of

(3.10), this concludes the proof of the theorem. O

3.3. Proof of Proposition 3.2.
In view of the formula (3.13), to establish the desired convergence it suffices to show
that the function

J0(a,b) == @5;6 (Sf:‘;f - E“@ffSﬁ;f) converges as R — oo, § — 0, (3.15)

in L!(Conf(R),P*) uniformly in b and p;-almost all a, where a ranges in a compact set
and b satisfies |a — b| < 9, for some fixed ¥ < 1. All convergences below will be uniform
in a, b satisfying these restrictions, and we do not mention it any more. Further on we
assume R to be sufficiently large and § to be sufficiently small where it is needed.

For real Borel functions f, g where g is non-negative we define the additive and mul-
tiplicative functionals Sf,gf,\llg,\f'g,ﬁg : Conf(R) — R by the formulas (A.1), (A.2),
(A.5) and (A.6). Clearly, they are well-defined if the functions f and g are bounded
and the supports supp f, supp(g — 1) are compact. However, the normalized functionals
S, \T/g and U, can be defined for larger classes of functions, see Appendices A.1 and A.2.

Let us define

2 2
hi(z) = 5= g Hlel<R e—al>5, le—b121} () = 3= L{ja|<R, ja—b21}(2),

where we have used that [a—b| < 1, so that the constraint |z —a| > ¢ holds automatically.
Set also
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2 2

h () := 5 5 Hle>Rola—al>6 6<la—b| <1} (8) = 3= Tgjo—al>5, s<lo—b|<1} (2)-
Then we have
5
S = Sp + Spa -

Recall that E“@ﬁf = 1. Then, subtracting in the parenthesis of (3.15) the term E*Syr

and adding the term EaﬁifE“Shg, we obtain
—RS = — RSy ~R,0 =
TR (a,b) = Ty (Spr + Sps ) — Uy BTy (Sn + Spa ). (3.16)

. . . =R04
Now, to establish the convergence (3.15) it suffices to show that the functions ¥, , Shg

and Efffshi converge as R — 0o, § — 0 in L*(Conf(R),P?%). Indeed, then the con-
vergence of the first summand from (3.16) will be obvious while the convergence of the

second summand will follow from Lemma 3.1(1), which states that the function @l}ff
converges in L'(Conf(R),P?) as well.

—R,6—
Term W, , Spr. Let

2

hs(z) = mﬂ{lsz\zﬂ(x)'

Due to Corollary A.2(2), the additive functional Sj_ is well-defined and we have the
convergence

§h1>2 —Sp. as R— oo in LP(Conf(R),P%) (3.17)

with p = 2. We claim that it takes place for any p > 2 as well. This concludes consid-
eration of the term @fjfghg since, using the Holder inequality, from (3.17) joined with
Lemma 3.1(1) we obtain

@fff?hg — U, ,Sh. as 0—0,R—oc in L'(Conf(R),P).
Denote
AR = h}; - h>.

Due to the Cauchy-Bunyakovsky—-Schwarz inequality, we have

E*[Shs — Sn. [P = E*[Sanl” < \/E*(San)?P~2\/E+(San)2.

Due to the convergence (3.17) with p = 2, we have E*(Sar)? — 0 as R — oo. Thus,
it suffices to prove that the expectation E*|Sar|? is bounded uniformly in R, for any
q > 0. We have

[Sar|? < Cy(eSar 4 e~ Sar), (3.18)
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Let us write

eSar

= Yexp(an)-

Due to Corollary A.5(2), we have

Topany = 1 =1 as R—oco in L'(Conf(R),P%), (3.19)

exp(
where \Tll is the multiplicative functional \T/g corresponding to the function ¢ = 1. In
particular, the L'-norm E%eSar = E*Wyp(ary is bounded uniformly in R. Replacing
AR by —AL the same argument implies that the expectation E%e~%a% is also bounded
uniformly in R. Then, due to (3.18), we see that the expectation E%|Sxr|? is bounded

uniformly in R as well. So that, we obtain the desired convergence (3.17).

—R,0 .
Term W, ' S,s . Let us factorize
b,a ¥h%

_ \AI} RCI} B\IJ 65 s
Ty Sy = — A BB (3.20)
e (ng lI/g‘gs ng)
where
2
R z—b
= —1|I,. _ 1
91 ((m — a) ) {z: |z|<R, |z—b|>1} T

and

1
gg = <()21)]I{m \x—a|>§,5<|w—b|<1}+]—7 gg = ((gj*b)271)ﬂ{z |w—a\>6,6<|;ﬂ—b\<1}+1-

r—a
2
T —0b
g1 = (( ) - 1> Lz jz—p>1y +1
r—a

1
P ((x_a)z - 1)% jao—t<1y + 1, g3 = ((@ = 0)* = )Ig gty + 1.

and

Corollary A.5(2) states that
Uyr - W, as R—oo in LP(Conf(R),P?), (3.21)
for any p > 0, and

Wy — Uy, as 60 in L'(Conf(R),P"), (3.22)

for some a > 0. Since the functions g3, g3 are bounded uniformly in § and (g3 —1), (g3—1)
have compact supports, we obviously have
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Uy =Wy, as 60 in LP(Conf(R),P*),
for any p > 0. Then the Holder inequality implies
B (Wyp W50 ) = B (U, 0,,0,,) as R—o0, 06— 0.
To prove that the numerator of (3.20) converges, we note that

WysSps =2 > (b—x) 11 (y — b)2. (3.23)

reX: yeX: y#x
|z—al>48, 6<|z—b|<1 ly—a|>6, 6<|y—b|<1

Clearly, the right-hand side of (3.23) converges as 6 — 0 in LP(Conf(R),P*), for any
p > 0. Together with (3.21)—(3.22), by the Hoélder inequality this implies that the
numerator of (3.20) converges in L'(Conf(R),P?%) as R — oo, § — 0, so that the function
@ifshi also does. d
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A. Regularization of additive and multiplicative functionals.

In this appendix we consider a determinantal point process P on R with the kernel
IT and assume that IT satisfies Assumption 2. We explain results from [5] which we use
in this paper and prove some auxiliary convergence results.

A.1. Additive functionals.
Let f : R — C be a Borel function. Define the corresponding additive functional
Sp:Conf(R) » R, Sp(X)=>_ f(x), (A1)
zeX

where the series may diverge. If Sy € L1(Conf(R),P), then we introduce the normalized
additive functional
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SfZSf—ESf. (A.2)

Now we will show that the normalized additive functional can be defined even when the
additive functional itself is not well-defined. Introduce the Hilbert space V(II) of real
functions with the norm

1 o0 oo
1B =3 [ [ 15~ 1@ PG, Pdedy.

Here we identify functions which differ by a constant. If a function f is such that
St € L?(Conf(R),P), we have

E[S;|* = Var Sy = || f[I}-

In particular, this is the case if the function f is bounded and has compact support.
Thus, the correspondence f — Sy is an isometric embedding of a dense subset of V(II)
into L?(Conf(R),P). It therefore admits a unique isometric extension onto the whole
space H, and we get

PrOPOSITION A.1. There exists a unique linear isometric embedding

S : V() — L*(Conf(R),P), S:f—5S;
such that

1. ESy =0 for all f € V(II);

2. if Sy € LY(Conf(R),P), then Sy is given by (A.2).

For more details see Proposition 4.1 in [5].

Let P* be the reduced Palm measure of the measure P, conditioned at the point a.
COROLLARY A.2. 1. For pi-almost every a € R there exists a function S, :

Conf(R) — R such that the convergence (2.5) takes place, uniformly in a € R
ranging tn a compact set.

2. The convergence (3.17) takes place for p = 2, uniformly in a,b € R ranging in a
compact set.

To establish the corollary we need the following result. For a,z,y € R set

1(z, a)ll(a,y)

M{a, a) it II(a,a) #0 (A.3)

% (z,y) == 1(2,y) -

and I1%(z,y) := [(x,y) if I(a,a) = 0. Let also L(a) C L?(R,dx) be a subspace defined
as

L(a):={p € L: p(a) =0}, (A.4)
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where we recall that L is a range of the orthogonal projection operator P corresponding
to the kernel II.

THEOREM A.3 (Shirai-Takahashi [20]). For pi-almost every a € R, the reduced
Palm measure P* coincides with the determinantal measure associated to the kernel I1%.
Moreover, TI* is an orthogonal projection kernel onto the space L(a).

PrROOF OF COROLLARY A.2. In view of Theorem A.3, item 1 follows from Propo-
sition A.1 applied to the kernel I1%. Indeed, we have

2

a—x

5, =50 with fR9(x) =

]I{|.r\<R, |z—a|>8}-

Clearly, fI*° — f, in V(II?) uniformly in a as R — oo, § — 0, where

2

a—zx

falz) =

Then Proposition A.1 implies the desired convergence with S, := §fa~ Item 2 can be
proven by the same argument. O

A.2. Multiplicative functionals.
For a bounded nonnegative function g with compact support we define the multi-
plicative functionals Vg, ¥, : Conf(R) — R as

U, = H g(x) = €Sz and \ng = ¢Sosg, (A.5)
rzeX

Here we set W,(X) = W, (X) = 0 if there is € X such that g(z) = 0. In view of
Proposition A.1, we can extend the multiplicative functional \Tlg to functions g satisfy-
ing | log gllym < oo. If \ng € L'(Conf(R),P) we define the normalized multiplicative
functional as

v
T, =2 (A.6)
ET,

Fix positive numbers a > 0, ¢ > 0, M > ¢ and two bounded Borel subsets B*, B2 € B(R)
satisfying

H]IBluB2P|| < 1.
Denote by ¢ the set of nonnegative Borel functions g : R — R satisfying
1. {z:g(x) <e} C BY

2. {z:9(x) > M} C B?

3. / lg(z)[*ToTl(z, x)da +/ lg(z) — 1|*T(z, x)dz < occ.
B2 R\ B2
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We metrize 4 by equipping it with the distance
do(g1.92) = [ 191(@) = gola) (o 2)dn + [ Jgu(w) — gole) Pl 0) o
B2 R\ B2
Then ¢ becomes a complete separable metric space. Below we formulate Proposition 4.3

from [5].

PROPOSITION A.4.  Forany o' : 0 < o' < a, the correspondences g — \Tlg, g— Y,
induce continuous mappings from 4 to L'+ (Conf(R),P).

COROLLARY A.5. 1. Assertion of Lemma 3.1(1) is satisfied.

2. For py-almost all a € R, convergences (3.19), (3.21) and (3.22) take place and are
uniform in a,b € R as a range in a compact set and b satisfies |b — a|] < 6 < 1.

PROOF.

Item 1: Due to Theorem A.3, the reduced Palm measure P coincides for p;-almost
all @ € R with the determinantal measure associated with the kernel II*. Moreover, it is
immediate to check that the kernel II* satisfies Assumption 2. Let

z—b

Tr—a

2
) and 95,276(35) = (9ap(®) = Dl ja> R, jo—b|>6, [o—a|>s} T L.

aslo) = (

Using that the function II§;, (z) := II*(x, ) has zero of second order at the point x = a,
we find that gqp, gﬁ },5 € ¢°, for an appropriate choice of the sets B!, B? and numbers
a, M (independent from R,0 and a,b), where the space ¥ is defined as the space ¥

above, but with respect to the kernel II*. Moreover,
dge (92 gap) = 0 as R — 00,0 =0, (A7)
uniformly in a,b as they range in compact sets. Then Proposition A.4 implies that

U r

,0
ga,b

as R—00,0—0 in Ll'*'(’,(Conf(]R),IP’“)7

b

— ‘I/ga,

. —R,0 = . -
for any 0 < o/ < . Since ¥, = \I/gR,a, we get the desired convergence with ¥, =
’ a,b

U, . Its uniformity in a, b follows from the uniformity of convergence (A.7) by a direct
analysis of the proof of Proposition A.4 (i.e. of Proposition 4.3 from [5]).

Ttem 2: Similarly with the last item, the desired convergences follow by applying
Proposition A.4 with the kernel II*. The convergence (3.21) takes place for arbitrary
p > 0 since we assume |a — b| < 1, so that the functions g and g; are bounded, and
then « can be chosen arbitrarily large. O

A.3. Quasi-invariance.

In this section we briefly recall the proof of (3.6), as presented in [5]. Let the kernels
1% and I1° be defined as in (A.3) and the spaces L(a) and L(b)—as in (A.4). Recall that
the kernels I1%,TI® and the spaces L(a), L(b) satisfy Theorem A.3. The key point of the
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proof is the identity

L(b) = p— aL(a), (A.8)
which is obtained with help of the division property (see Assumption 2(2)). The re-
maining argument deduces the relation (3.6) from (A.8). It relies on an abstract result
obtained in [3] which states that a determinantal measure multiplied by a multiplicative
functional and appropriately normalized is again a determinantal measure. More specif-
ically, let Py be an operator of orthogonal projection in L?(R) onto a closed subspace Ly
and Py be the corresponding determinantal measure. Let also g : R — R be a function
which is bounded away from 0 and oo, P, be an orthogonal projection operator onto the
subspace gLy and P, be the corresponding determinantal measure. Then, under certain
additional assumptions, we have

U2 P

P, = L2
97 Ep, Uy

(A.9)

where W2 is the multiplicative functional corresponding to the function g% by (A.5)
and Ep, denotes the expectation with respect to the measure Py. Together with (A.8),
the relation (A.9) with g = (z —b)/(x — a) implies the desired equality (3.6). Equality
(A.9) can not be applied directly to our situation since the function g is not bounded
away neither from zero nor from infinity and the regularization procedure described in
Section A.2 must be performed firstly.
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