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Abstract. In this article, we establish the notion of strong (r, k, a, b)-
stability related to closed hypersurfaces immersed in the hyperbolic space
H"*1, where r and k are nonnegative integers satisfying the inequality
0 <k <r<n-—2anda and b are real numbers (at least one nonzero).
In this setting, considering some appropriate restrictions on the constants a
and b, we show that geodesic spheres are strongly (r,k,a,b)-stable. After-
wards, under a suitable restriction on the higher order mean curvatures H, 41
and Hy1, we prove that if a closed hypersurface into the hyperbolic space
H"*1 is strongly (7, k, a, b)-stable, then it must be a geodesic sphere, provided
that the image of its Gauss mapping is contained in the chronological future
(or past) of an equator of the de Sitter space.

1. Introduction.

The notion of stability concerning hypersurfaces of constant mean curvature in
Riemannian ambient spaces was first studied by Barbosa and Do Carmo in [6], and
Barbosa, Do Carmo and Eschenburg in [7], where they proved that spheres are the
only stable critical points of the area functional for volume-preserving variations. In [2],
Alencar, Do Carmo and Colares extended to hypersurfaces with constant scalar curvature
the above stability result on constant mean curvature.

The natural generalization of mean and scalar curvatures for an n-dimensional hy-
persurface are the higher order mean curvatures H,, r € {1,...,n}. In fact, H; is just
the mean curvature H, and Hy defines a geometric quantity which is directly related to
the scalar curvature. In a space form, first Alencar, Do Carmo and Rosenberg in [3] and
shortly after Barbosa and Colares [5] studied closed hypersurfaces with constant hight
order mean curvature H,; and established the concept of r-stability. In this context,
they showed that such hypersurfaces are r-stable if and only if they are geodesic spheres.
Moreover, the first two authors of this paper together with De Sousa in [15] have stud-
ied the notion of (r, s)-stability concerning closed hypersurfaces with higher order mean
curvatures linearly related in a space form, showing that, if such a hypersurface X" is
contained either in an open hemisphere of the Euclidean sphere S™*! or in the hyperbolic

2010 Mathematics Subject Classification. Primary 53C42; Secondary 53A10.

Key Words and Phrases. hyperbolic space, closed hypersurfaces, higher order mean curvatures,
strong (7, k, a, b)-stability, geodesic spheres.

The first author is partially supported by CNPq, Brazil, grant 308757/2015-7. The second author is
partially supported by CNPq, Brazil, grant 3003977/2015-9. The fourth author is partially supported
by CAPES, Brazil.


https://doi.org/10.2969/jmsj/78317831

414 M. A. L. VELASQUEZ, H. F. DE LiMA, J. F. DA Sizva and A. M. S. OLIVEIRA

space H" "1, then X" is (r, s)-stable if and only if X" is a geodesic sphere. In [10], the first
two authors and Da Silva, through the development of a different technique, managed to
complete this characterization of (r, s)-stable hypersurfaces in the Euclidean space R™*1.

More recently, the first two authors and De Sousa in [11] have established the notion
of strong stability (that is, stability with respect to not necessarily volume-preserving
variations) related to closed hypersurfaces satisfying naoH + n(n + 1)a; Hs = constant,
where ag and a; are nonnegative constants (with at least one nonzero), immersed in the
hyperbolic space H"*!. These hypersurfaces are called linear Weingarten hypersurfaces.
In this setting, initially we show that geodesic spheres are strongly stable. Afterwards,
under a suitable restriction on the mean and scalar curvatures, they prove that if a closed
linear Weingarten hypersurface into H"™! is strongly stable and its image of its Gauss
mapping is contained in the chronological future (or past) of an equator of the de Sitter
space then it must be a geodesic sphere.

Motivated by these works, here we define the notion of strong (r, k, a, b)-stability (cf.
Definition 1) concerning closed hypersurfaces immersed in the hyperbolic space H" 1,
where r and k are nonnegative integers satisfying the inequality 0 < k < r < n — 2
and a and b are real numbers (at least one nonzero). Such concept arises considering
the variational problem of minimizing the r-area functional for all variations, including
those variations that preserve a linear combination of k-area functional and volume (cf.
Section 3). A hypersurface X" of H"*! is a critical point of the variational problem
described above when it has higher order mean curvatures Hy,1 and H,,; verifying
b-Hy+1/(abpHygy1 — b) = constant, with abyHki1 — b # 0 on X" (cf. Proposition 1),
where b; = (j + 1)(jil), j € {k,r}. For such critical points, the second variation of
the Jacobi functional associated to the corresponding variational problem is calculated
(cf. Proposition 2), where appears naturally the differential operator E,»7k,a7b, which is
a certain linear combination of the linearized operators associated to the higher order
mean curvatures H, and Hj. In this context, considering some appropriate restrictions
on the constants a and b related to such hypersurfaces, we show that geodesic spheres of
H"*! are strongly (r, k, a, b)-stable (cf. Proposition 3). Next, we consider an appropriated
warped product model of the open subset H™ "1\ {¢} of the hyperbolic space to calculate
the an’a,b of a healthy function support (cf. Lemma 4) and, under a suitable restriction
on the constants a and b and the higher order mean curvatures Hyy; and H,;1, we
show that if a closed hypersurface in H"*! is strongly (r,k,a,b)-stable, then it must
be a geodesic sphere, provided that the image of its Gauss mapping is contained in
the chronological future (or past) of an equator of the de Sitter space (cf. Theorem 1).
Finally, in Corollary 1 we rewrite our main result in the context of linear Weingarten
hypersurfaces.

2. Preliminaries.

Let L"*2 denote the (n + 2)-dimensional Lorentz—Minkowski space (n > 2), that is,
the real vector space R"*2 endowed with the Lorentz metric

n+1

(v,w} = E VWi — Up42Wn 42,
i=1
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for all v,w € R"*2. We recall that the (n + 1)-dimensional hyperbolic space H"*! can
be regarded as the following hyperquadric

HTL — {p c L7t2 . <p,p> = —1 and P2 = 1}a

which is a spacelike hypersurface of L"*2, that is, its induced metric via the inclusion
¢ H*! < L"*+2 is a Riemannian metric on H”*!, indeed, this is its (complete) metric
of constant sectional curvature —1. In this setting, we will denote by C°°(H"*!) the
commutative ring of real functions of class C* on H"*! by X(H"*!) the C°°(H"*1!)-
module of vector fields of class C*™ on H"!, by dH"*! the volume element of H**! and
by V the Levi-Civita connection of H"*1!,

Now, we consider hypersurfaces z : ¥™ < H”*!, namely, isometric immersions from
a connected, n-dimensional orientable Riemannian manifold X" into H™*!. We also
let C°(X™), X(X™) and V denote, respectively, the commutative ring of real functions
of class C*° on X", the C°(X")-module of vector fields of class C*° on X" and the
Levi-Civita connection of ¥".

Since X" is orientable, one can choose a globally defined unit normal vector field NV
on X™. Let A denote the shape operator with respect to N, so that, at each p € ¥, A
restricts to a self-adjoint linear map A, : T,(E") — T,(X7).

For 1 <r < n, if we let S,.(p) denote the r-th elementary symmetric function on the
eigenvalues of A,, we get n smooth functions S, : ¥ — R such that

det(t] — A) =Y (=1)FSpt"F,
k=0

where Sy = 1 by definition. If p € £" and {e1,...,e,} is an orthonormal basis of T),(X")
formed by eigenvectors of A,,, with corresponding eigenvalues A1, ..., A, one immediately
sees that

S’r’ = UT()‘ly ey A'11)7

where o0, € R[X1,...,X,,] is the r-th elementary symmetric polynomial on the indeter-
minates X1,...,X,.
For 1 < r < n, one defines the r-th mean curvature H, of ¥" by

n
(T)HT = Sr = Sr()\l, R /\n)
In particular, for » = 1, Hy = (1/n) >.;_,; A = H is the mean curvature of ", which
is the main extrinsic curvature of the hypersurface. When r = 2, Hs defines a geo-
metric quantity which is related to the (intrinsic) normalized scalar curvature R of the
hypersurface. More precisely, it follows from the Gauss equation of the hypersurface that

R=—1+H,. (1)

We also define, for 0 < r < n, the r-th Newton transformation P, on X™ by setting
Py =TI (the identity operator) and, for 1 < r < n, via the recurrence relation
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P.=51—-AP._,.
A trivial induction shows that
Pp= (81— Sp_1A+ S, A% — - 4 (=1)"rA"),

so that Cayley—Hamilton theorem gives P, = 0. Moreover, since P, is a polynomial in
A for every r, it is also self-adjoint and commutes with A. Therefore, all bases of T, M
diagonalizing A at p € ¥™ also diagonalize all of the P, at p. Let {ei,...,e,} be such a
basis. Denoting by A; the restriction of A to (e;)* C T,%, it is easy to see that

det(tI — A;) = i(—l)ksk(z‘li)t"_l_k7

k=0
where
Se(A) = D N A
1<41 <. <jp<n

J1seees 70

With the above notations, it is also immediate to check that
Pre; = S.(Ai)es, (2)
and hence (cf. Lemma 2.1 of [5])

tr(Py) = (n—7)S, = b.Hy;
tr(APR,) = (r+1)Sp41 = b Hyg1; (3)

by
tr(AZPT) = Slsr+1 - (T’ + 2)Sr+2 = anHr—i-l — br+1Hr+2,

where b, = (r + 1) (Til) =mn-r").
Associated to each Newton transformation P, one has the second order linear dif-
ferential operator

L, : C®(X") = C>®(X™)
f = L.(f) =tr(P-Hess f).

We remark that Lg is the Laplacian operator A and L; is the Cheng—Yau’s square
operator O defined in [9].

3. The notion of strong (r, k, a, b)-stability.

For a closed hypersurface z : £ — H"*! as in the previous section, a variation of
it is a smooth mapping X : (—¢,¢€) x X" — H"*! satisfying the following condition: for
t € (—¢,€), the map X; : X" < H""! given by X,(p) = X(¢,p) is an immersion such
that Xo =x.

In all that follows, we let d3; denote the volume element of the metric induced on
>™ by X; and N; the unit normal vector field along X;.
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The wvariational field associated to the variation X : (—e¢,€) x ¥* — H*F! is
(0X/0t)|t=o. Letting

F={%5N), (@

we get DX /0t = fN, + (0X /0t)", where (-)T stands for tangential components.
The balance of volume of the variation X : (—¢,€) x ¥ — H™*! is the functional

V:(—€€)— R
t =V() = / X*(dH"TY,
3 x[0,t]
where dH" ! denotes the volume element of H"*!. The following lemma is well known
and can be found in [5].
LEMMA 1. If X : (—e,€) x ¥" — H" ! 4s a variation of a closed hypersurface
X" — H" L then

VI(#) = / faz,

where f is the function defined in (4).

Following the ideas of [5], we define the r-area functional associated to the variation
X :(—€,€) x X" — H"! by

A (—e,6e)—> R
; ._>A,.(t):/ Fo(S1, s, ..., S, )dS,

where S, = S,.(t) and F,. is recursively defined by setting Fop = 1, F; = S; and, for
2<r<n-1,

(n—r+1)

F.=5,—
r—1

Fr_s.

We notice that if » = 0, the functional Ag is the classical area functional. The following
result follows from Proposition 4.1 of [5].

LEMMA 2. If X : (—¢,€) x X" — H"*! is a variation of x : ¥ — H" L, then

0X

OH,y  r+1 {er+ (—tr(Pr)+tr(A2P,)) f} +<<8t)T,VHr+1>7 (5)

ot by
where b, = (r + 1)(T$1) and f 1is the function defined in (4).

The previous lemma allows us to obtain the first variation of the r-area functional
(see, for example, Lemma 3.4 of [15]).
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LEMMA 3. If X : (—e,¢) x X" — H" ! is a variation of a closed hypersurface
z: X" — HL, then

AL(t) = —b, / H,yo1 fdS,,

where b, = (r + 1)(ri1) and f is the function defined in (4).

Let r and k£ be nonnegative integers, satisfying the inequality 0 < k < r < n — 2,
and consider real numbers a and b (with at least one nonzero). In order to characterize
hypersurfaces whose elementary functions satisfy a certain constant quotient, we define

Chap: (—€,6)— R
t = Crhap(t) =aAp(t) +bV(t),

and we say that the variation X : (—¢,€) x X" — H"*! of x : ¥" < H"! preserves the
linear combination C q,p if Cg q.5(t) = Ci,a6(0) for all t € (—¢,¢).

Now, we consider the variational problem of minimizing the r-area functional A, for
all variations that preserve the functional Cy 4. The Jacobi functional associated to the
problem is given by

jr,k:,a,b : (_65 6) — R
t = Jr,k,a,b(t) = Ar(t) + % Ck:,a,b(t),

where ¢ is a constant to be determined. As an immediate consequence of Lemmas 3
and 1 we get

T kan(t) = —/ {brHp 11+ 0(abpHyy1 —0)} fd¥,

n

where f is the function defined in (4). To choose g, let

A= e {abf}{ijé?)_ b} -

be the mean of the function b, H,11(0)/{a by Hy+1(0) — b} along X", where H;(0) stands
for the j-th mean curvature of the immersion Xy = . We call the attention to the fact
that, when b, H,1(0)/{abrHy+1(0) — b} is constant, one has

err+1(0) _ err+1
akak;+1(0) —-b akak+1 — b’

H= (6)

and this notation will be used in what follows without further comments. Therefore, if
we choose ¢ = —H, we arrive at

Tasl) == | {bHes = HabeHyer =)} FdS, ™)

where f is the function defined in (4).
Now, following the same ideas of Proposition 2.7 in [6] we can establish, from (7),
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the following result (see [15, Proposition 3.6]).

PROPOSITION 1.  Let r and k be nonnegative integers satisfying the inequality 0 <
E<r<n-—2, andlet x : X" — H"! be a closed hypersurface. Are equivalent

(a) x: X" < H"*! have higher order mean curvatures Hyy1 and H,yq1 verifying

bTHrJrl

———— = constant,
a kak+1 —b

with abyHi11 —b # 0 on X", where a and b are real numbers (with at least one
nonzero) and b; = (j + 1)(].11) for j € {k,r};

(b) for all variations X : (—e€,€) x X" — H" ! of x that preserve the functional C 4 p,
we have A.(0) = 0;

(c) for all variations X : (—€,€) x ¥" — H""! of x, we have T/, , ,(0) = 0.

At this point, motivated by the ideas established in [11], we exchanged our problem
and now we want to detect closed hypersurfaces x : ¥" < H"+! that minimize the Jacobi
functional J, x4 for all variations X : (—¢,€) x X" — H"*! of z. Next, Proposition 1
shows that the critical points of [J, 1 1 are hypersurfaces z : £ — H"*+! such that its
higher order mean curvatures Hy41 and H,;; verify

erTJrl

———— = constant,
abpHypy1 —0

with a by Hp+1 — b # 0 on ™. So, for such a hypersurface, we aim to compute the second
variation of J, k4. This will motivate us to establish the following notion of stability.

DEFINITION 1. Let r and s be nonnegative integers satisfying the inequality 0 <
k<r<n-—2, and let z : ¥® < H"™! be a closed hypersurface whose higher order mean
curvatures Hy 1 and H, 1 satisfy

bTHT+1
abyHpi1 —b

= constant,

with abpHp41 — b # 0 on X", where a and b are real numbers (with at least one non-
zero) and b; = (j + 1)(3‘11) for j € {k,r}. We say that x : X" < H"*! is strongly
(r,k,a,b)-stable if J", ,,(0)(f) >0 for all f € C=(X").

The sought formula for the second variation of J, x4 is a straightforward conse-
quence of Lemmas 2 and 3.

PROPOSITION 2. Let r and k be nonnegative integers satisfying the inequality 0 <
k<r<n-—2, andlet z: X" — H""! be a closed hypersurface whose higher order mean
curvatures Hy 1 and H,11 satisfy

bTHT+1
a kak+1 —-b

= constant,
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with abyHgy1 —b # 0 on X", where a and b are real numbers (with at least one non-
zero) and b; = (j + 1)(j11) forj € {k,r}. If X : (—€,€) x X" — H"*! is a variation of
z, then J" . ,(0) is given by

Tias ) = =0+ D[ {Toaslf) + (- (P + (4P,)
— Apas( — tr(Py) + tr(A2Pk))> f} fas, (8

for any f € C*°(X"), where Zr,k,a,b is the differential operator

Lr,k,a,b : CW(E") — COO(E“)
f — Lr,k,a,b(f) = LTf - Ar,k,a,b kaa
and

a(k +1)b, Hy 4y
r+ l)kak+1 - (T’ + 1)b

Ar,k,a,b =
af

PrROOF. From (5), (6) and (7), we obtain
1 8 2
T an(0) = Er (—/ {b.H,11 —H(abyHp1 —b)} fd2t> ‘
b t=0

_ aHr+1
-/, (br o1

— 0
*/ err+1 —H (a kak+1 - b) a (fth)

=, OHpiq
— b
t=0 Haby ot

) faM

t=0

0

=—(r+1) /n { (Ly — Ay gapLy) (f) + (—tr(P) + tr(A%P,)

7Ar,k,a,b (7tr(Pk) + tI‘(AQPk))) f}de

.
—/En< <%1() .V (bpHry1 — H (abpHpy1 — b)) >fd§3-

0
To finish the proof, we observe that the above expression depends only on the hypersur-
face x : X — H"*! and on the function f € C>°(X"). O
4. Strongly (r,k,a,b)-stable hypersurfaces in H"t1.

We establish a similar result to the statements found in Proposition 5.1 of [5] and
Proposition 4.1 of [15].

PROPOSITION 3. If Ay k.qp is nonpositive, then the geodesic spheres of H" ! are
strongly (r, k, a, b)-stable.



A new stability notion of closed hypersurfaces in the hyperbolic space 421

PROOF. Let x : " — H"t! be a geodesic sphere of H**!. Since X" is totally
umbilical then its principal curvatures are all equal to a certain constant A\. By choosing
a suitably normal vector we may assume that A > 0. Thus we have

SjZ(@))\j, Hj=N, Sj(Ai)=<n_-1)>‘j
J J

and, if ey, ..., e, are the principal directions of X",

" n—1\.;

L(5) = 3 (ess() (e e = (")

i=1
for any j € {0,...,n} and all f € C°°(X"™), where we use (2) in the last step. Next,
for nonnegative integers r and k, satisfying the inequality 0 < k < r < n — 2, and real
numbers a and b (with at least one nonzero) such that a(k + 1)(,},) A" # b, we have
by H,y1/{abyHpi1—b} = b A"/ {a bR b} = constant, where b; = (j + 1)(j+1) for
j € {k,r}. Then, from (3) and (8) we obtain
Tias ) ==+ 1) [ {07, A+ (= (0= )8, + S18011 = (7 +2)S,42) 1

- Ar,lc,a,b( —(n—k)Sk + S15k+1 — (K + 2)5k+2)f}fd2,

n n—1\, n—1
Fr,k,zlz,b ( . >)\ —Ar,k,a,b( L )Ak (11)

and A, g qp is defined in (10). Thus,

where

T lean(0)(f) = T+1/ {ka}lef—i—( (n—r)(Z))f

e L) s
oGy
—(k+2) (kf‘rZ)Ak“) }fdz
=1 [ {7k,
(ol romis ()
AT (”(r-&) - (r+2)< )) f
VETN <”(ki 1) —(k+2) (k ! 2)) fhras
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:_(7’+1)/2 {F:LkibAf F;chlzbf"‘nrrnk(lzb 2f}fdE

(r—f—lffk}lb/ {—fAf —n(-1+ ) f?}dx, (12)

for any f € C°°(X™). Hence, if 71 denote the first eigenvalue of the Laplacian of X" and
considering the assumption of function A, j 45, from (11) and (12) we get

Thean ) > (r+ 1T, / {m —n(—1+4 )} 245 = 0,

for any f € C>(X"), where the last equality was obtained by observing that X" is
isometric to an n-dimensional Euclidean sphere with constant sectional curvature equal
to A2 — 1; hence 7; = n(\? — 1). Therefore, we conclude that z : ¥ < H"*! is strongly
(r, k,a,b)-stable. d

In order to prove our main result, we note that, according to Example 4.3 in [13],
the hyperbolic space H" ! (minus a certain point ¢) can be regarded of as the following
warped product

H" M\ {¢} =~ (0,+00) X ginn~+S", 7 € (0,+00), (13)

(=~ means isometric to) where S™ stands for the Euclidean unit sphere. More precisely,
if d7? and do? denote the metrics of (0, +00) and S", respectively, then

(,)=(m)" (d7'2) + (sinh 7)2(mgn )* (doQ) ,

is the tensor metric of (0, +00) X ginh+ S™, where m; and 7g» denote the projections onto
the (0,+00) and S™ factors, respectively. We note that, in this warped product model,
the slices

E:_LO = {To} X Sn7 To € (0, +OO),

are, exactly, the geodesic spheres of H"*!. Moreover, if we orient such slices by the unit
normal vector field —0/0, then the j-th mean curvature of ¥ is constant equal to

H; = (cothm)?, je{l,...,n}. (14)
Finally, we observe that
0
W = (sinh7)—=— (15)
or

is a conformal, and closed vector field (in the sense that its dual 1-form is closed), namely,
VyW = (cosh7)Y for any tangent vector field Y defined in H"*1 \ {¢}.

We need the following result, whose proof is a consequence of a suitable formula due
to Barros and Sousa [8].
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LEMMA 4. Let r and k be nonnegative integers satisfying the inequality 0 < k <
r<n-—2, and let x : ¥" — (0,+00) Xginnh+ S"” be a hypersurface whose higher order
mean curvatures Hy11 and H,. 1 satisfy

err+1

——————— = constant,
abgHg1 —b

with abyHgy1 — b # 0 on X", where a and b are real numbers (with at least one non-
zero) and b; = (j + 1)(jj_1) for j € {k,r}. If N is the Gauss map on " and n =
((sinh7)0/01, N) then

Er,k,a,b(”]) = — {(7'61‘(Pr) + tl"(A2Pr)) — Ar,k,a,b (7tI‘(Pk-) + tI‘(AQPk)) } n
0 .
— {bTHT — Ar,k,a,b kak} <a, N> sinh 7
—{b,-H,-_H — Ar,k,a,b kak-‘rl} cosh T, (16)
where E,,k,a,b is the differential operator defined in (9) and A, k.qp is defined in (10).

PrROOF. From Theorem 2 of [8],

Lj(n) = — {tr(A*P;) — tr(P;)} n — bjH;N(cosh ) — b;H; 1 coshT
b;

_j n 1 <(Sinh7’) 8T7VH]‘+1>
for j € {k,r}. Thus,
zr,k,a,b(n) = Lr(n) - Ar,k,a,bLk(n) = - {_tr(Pr) + tr(AQPr)} n
b, ) 0
—b,.H,N(cosht) — b.H, 1 cosht — m((smh 7)5, VH, 1)

_AT,k,a,b <— {—tI‘(Pk) + tI"(AQPk)} n—- kakN(COSh T)

—byHj41 cosht — kLL((sinh T)%, VHk_H))

= —{(—tr(P) + tr(A’P,)) — Appap (—tr(Pr) + tr(A%Py)) b
—A{b,Hy — Ay jsab b Hi } N(coshT)
—{byHy41 — A a0 b Hi11} cosh T

. 0 by b
_<(Slnh T)E, \Y% <_'f‘—|—1HT+1 + Ar,k,a,b k—ilHkJrl) > (17)

0
Now, observing that
- = o\ 0 0 0
V cosh T <Vcos T, 3T>87 (coshT) 5 (sin 7')87_7

we have that
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N(cosh7) = (Vcosht, N) = <%,N> sinh 7. (18)

Finally, substituting (18) into (17) we obtain (16). O

Returning to the hyperquadric model of H"*! C L"*2 let a € L"*2? be an unit
timelike vector (that is, (a,a) = —1). Then, we easily verify that

V(p)=a+ (p,a)p, pecH", (19)

is a closed conformal vector field globally defined in H"*!. Consequently, from Propo-
sition 1 in [13], we have that such a vector field V foliates H"™! by means of totally
umbilical spheres, which can be characterized as the following level sets

Ls={pcH" : (pa)=06}, 6 >1

At this point, we recall that the (n + 1)-dimensional de Sitter space S} is defined
as being the following hyperquadric of L™*2

Sttt ={pelL™™? : (p,p)=1}.

The induced metric from (,) makes ST into a Lorentz manifold with constant sectional
curvature one.

In a dual manner of that of the hyperbolic space, taking again a unit timelike vector
a € L"*2, we have the vector field

K(p)=a— (p,a)p, pe Sy,

is a conformal and closed timelike vector field globally defined in S?H. From Proposition
1 in [14], we see that such a vector field K foliates S7™! by means of totally umbilical
round spheres, which are described as the following level sets

L.={peSiT: (pa)=c}, ccR

In particular, the level set { p € ST™ : (p,a) = 0 } defines a round sphere of radius
one which is a totally geodesic hypersurface in S?H. According to [1], we will refer to
that sphere as the equator of S?H determined by a. This equator divides S?“ into two
connected components, the chronological future which is given by

{pesSitt:(a,p) <0}, (20)
and the chronological past, given by
{pesSttt: (a,p) >0}

On the other hand, we observe that the unit normal vector field N of z : ¥" — H"*+!
can be regarded as a map N : ¥" — S?H, called Gauss mapping of z. In this setting,
the image N(X™) will be called the Gauss image of x.
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REMARK 1. By fixing a unit timelike vector a € L"*2 and considering in H"*+!
as well as in S’f“ the foliations previously described, we can follow the same ideas of
Section 3 in [4] in order to verify that the Gauss mapping of a geodesic sphere L of
H"+! is given by

1
N(p) = ———=(a + dp), € Ls.
(p) = @top), PELs
Consequently, we have that N(Ls) C L. for e = —v/62 — 1 < 0. Therefore, we conclude
that the Gauss image of a geodesic sphere of H™t! is contained in the chronological future
(or past) of the equator of ST determined by a.

Now, we are in position to state and prove our main result.

THEOREM 1. Let r and k be nonnegative integers satisfying the inequality 0 < k <
r<n—2, let a and b be real numbers, with b # 0, and let x : X" — H"T! be a strongly
(r,k, a,b)-stable closed hypersurface. Suppose that A,y 4. is nonpositive and the higher
order mean curvatures Hyy1 and Hy4q of z: X" — H" ! satisfy

Hj, > Hj, je{kr} (21)

If the Gauss image of x is contained in the chronological future (or past) of an equator
of Sy then x(X™) is a geodesic sphere of H' .

PRrROOF. Initially, we affirm that H; > 0 everywhere on X", for all j € {0,...,r +
1}. In fact, as ¥" is closed in H"*!, we may assume that the orientation N of X" is
considered such that its principal curvatures are positive at a point pg € X". Moreover,
from the strong (r,k,a,b)-stability of z : ¥" < H"*! we obtain that the quotient
b-Hy+1/{abpHy+1 — b} is constant, with abyHp1 — b # 0 on X", Let

- (T + 1)57'—&-1 brHy 1

= = . 22
abyHyi1 — b(po) abyHpi1 —0 (22)

If abyHpy1 — b < 0 then 8 < 0, so, by (22), Hy+1 = b, 'B8{ab.Hy 1 — b} > 0 on X"
On the other hand, if abyHygy; — b > 0, we have 8 > 0, so, again by (22), H,.41 =
b tB{abgHy1 — b} > 0 on X" Anyway H,.1 > 0 on ¥". Finally, our assertion follows
directly from the classical inequalities of Garding [12].

Now, let us suppose that, without loss of generality, the Gauss image N(X™) of the
hypersurface = : ¥® — H"t! is contained in the chronological future of the equator of
S’f“ determined by a unit timelike vector @ € L"*2. For such vector a, let us also
consider the warped product given in (13), which models the hyperbolic space H"**
(minus a point) as being (0, +00) X ginh+ S™.

In this setting, we consider the normal angle § of x : ¥" «— H"* !, which is the
smooth function 6 : ¥ — [0, 7] given by

cosf(p) = —<(I> N 9

*4Vy ) 23
8T>(<I>oac)(p) (23)
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where ® stands for an isometry between the hyperquadric and warped product models
of H"*1. From (23) and (15), for any p € " we have that

cosO(p) = 7<<I>*N((<I) ox)(p)), m>

(N (). 8 W (2(0)). (24

T2 W ()]

Since ®,'W =V, where V is the closed conformal vector field given by (19), from (24)
we get

1

V@)
= o (N(a(p).a). (25)

cos 8(p) = — (Naw).a+ (a.cm)ep))

Hence, since we are supposing that the Gauss image N(X") is contained in the chrono-
logical future of ST determined by a, from (20) and (25) we conclude that

0 < cosf <1. (26)

On the other hand, since x : ¥ — H"*! is strongly (r, k, a, b)-stable, from Defini-
tion 1 and equation (8) we obtain

0 2 FaOO) =~ + [ {Lonan(s) + (P + (2P
_Ar,k,a,b (_tr(Pk) + tr(A2Pk))) f} de,

for all f € C*°(X"), where an’ayb is the differential operator defined in (9) and Ay ka5
is defined in (10). In particular, taking

f=nod!= <(Sinh7')§ CIJ*N> = —sinh 7 cos 6

)
T

and (for simplicity of notation) considering N = ®,N and H; = H; o ®~! for j €
{k,k+1,r,r + 1}, from Lemma 4 we obtain

0< (r+1) / {(brHy — Ay o 0,0 b Hy) sinh 7 cos 6
o(xn)
—(brHr41 — Ay 0,0 b Hi+1) cosh 7} sinh 7 cos 6 d®(X)
<(r+1) / {(b-H, — Arkab by Hy,) cos 0
(T
—(brHr41 — Ay ga by Hi41)} cosh 7sinh 7 cos 6 d®(X), (27)

where b; = (5 + 1)(
we also have that

jil) =(n —j)(?), with j € {k,r}. But, since Ay 4, <0, from (21)

b (Hi+1 — Hg) A gap — br (Hpp1 — Hy) <0.
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Equivalently,
erT'—i-l - AT',k,a,b kak+1 Z b?'Hr - Ar,k,a,b kak:' (28)

Substituting (28) into (27) we have
0 < (r+ 1)/ (brHy — Ay oa,b b Hy ) (cos @ — 1) cosh 7sinh 7 cos 6 d®(X) < 0,
(zn)

where we have used (26), that A,k qp < 0, H. > 0, H; > 0 and that 7 > 0. Hence,
cos = 1 and, consequently, there exists 79 € (0, +00) such that

(Pox)(XZ") = {rp} xS™. O

REMARK 2. We would like to point out that, taking into account that the higher
order mean curvatures of each slice ¥ = {79} xS" verify H,,y > H, > Hy11 > Hp > 1
(as can be observed from (14)) for any entire numbers r and k satisfying the inequality
0 <k <r <n—2, our restriction on the values of the higher order mean curvatures
Hy1 and H,41 in Theorem 1 constitutes a mild hypothesis in the sense that, in the light
of Proposition 3 and Remark 1, it is natural to detect geodesic spheres of H"*1.

We recall that a hypersurface z : ¥" < H"! is linear Weingarten when the mean
curvature H and normalized scalar curvature R satisfy

0oH + 61 R = 02,

for some constants dg, 01,2 € R. Then, making » =1 and k = 0 in Theorem 1, from (1)
we get the following result.

COROLLARY 1. Let a and b be real numbers, with b # 0, and let x : ¥ — H**!
be a strongly (1,0, a,b)-stable closed linear Weingarten hypersurface such that

n(n—1)(R+1) —naHo = —bd,

where § € R\ {0}. Suppose that A1 g4 is nonpositive and 1 < H < R+ 1. If the Gauss
image of x is contained in the chronological future (or past) of an equator of S?H then
Y" is a sphere and x is its inclusion as a geodesic sphere of H* 1.
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