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Abstract. Simple homomorphisms to elliptic modular forms are defined on the
ring of Siegel modular forms and linear relations on the Fourier coefficients of Siegel
modular forms are implied by the codomains of these homomorphisms. We use the
linear relations provided by these homomorphisms to compute the Siegel cusp forms
of degree n and weight k in some new cases: (n,k) = (4,14), (4,16), (5,8), (5, 10),
(6,8). We also compute enough Fourier coefficients using this method to determine
the Hecke eigenforms in the nontrivial cases. We also put the open question of whether
our technique always succeeds in a precise form. As a partial converse we prove that
the Fourier series of Siegel modular forms are characterized among all formal series by
the codomain spaces of these homomorphisms and a certain boundedness condition.

1. Notation.

For a commutative ring R let M,,xn,(R) denote the R-module of m-by-n matrices
with coefficients in R. For & € My,xn(R) let ' € M,xm(R) denote the transpose.
Let V,(R) = {z € Mpxn(R) : ©' = z} be the symmetric n-by-n matrices over R.
For R C R, an element z € V,,(R) is called positive definite, written = > 0, when
v'zv > 0 for all v € R™\ {0}; = € V,,(R) is called semidefinite, written 2 > 0, when
v'zv > 0 for allv € R*. We write x > yif x —y > 0and x > y if x —y > 0. Let
P0(R) = {z € Vo (R) : > 0} and Z5(R) = {z € V,(R) : z > 0}. Vo (R) is a
topological vector space and Z25°™i(R) is the closure of &, (R) inside V,,(R). V,,(R) is a
euclidean vector space under the inner product (x,y) = tr(zy). The semi-integral lattice
is V!(Z)={T € V,(Q) :Yv € Z",v'Tv € Z} and we set 2> = V!(Z) N 25m(Q)
and 2, =V (Z)N Z,(Q).

The general linear group is defined by GL,(R) = {x € Myxn(R) : det(z) is a unit
in R} and the special linear group by SL,(R) = {z € GL,(R) : det(z) = 1}. For
x € GL,(R) let z* denote the inverse transpose. Let I, € GL,(R) be the identity
matrix and set J,, = (_(}ﬂ I(;L) € SLy,(R). The orthogonal group is defined by O, (R) =
{9 € GL,(R) : ¢'I,g = I,}. The symplectic group is defined by Sp,(R) = {z €
GL,(R) : 2’ Jyx = J,}. The group GL,,(¢) is the kernel of the natural map of GL,,(Z) to
GL,(Z/tZ); the group Sp,,(¢) is the kernel of the natural map of Sp,,(Z) to Sp,,(Z/(Z).
Let t : V,(R) — Sp,(R) be the homomorphism defined by t(¢) = (I” C) and u :

0 I,

GL,(R) — Sp,(R) be that defined by uw(M) = (¥ %). Let V,(R) = {(2}) €
Sp,(R) : C =0}; let A, () =V, (Z)NSp,(¢) and set A, = V,,(Z) = A,(1). We write
T, = Sp,(Z) and ['(¢) = Sp, (¢). Asusual, let To(¢) = {(45) €T\, : C =0 mod ¢} and

() ={(48) €l : A D=1, mod £ and C =0 mod ¢}. The projective rational
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symplectic group is defined by Sp,,(R)P* = Sp,,(R) N R M2, x2,(Q); the group V,,(R)P*
is defined by V,(R)P" = Sp,,(R)P" NV, (R).

Define the Siegel upper half space 74, = {Q € V,,(C) : 3Q € &£, (R)}. The group
Sp,,(R) acts on %, as g(Q) = (AQ + B)(CQ + D)~ for g = (é g). For any function
f:H, — C and any k € Z define the group action (f|rg)(Q) = det(CQ+ D)% f(g()).
Denote the set of holomorphic functions f : 4, — C by 0(54,). Let I' C T, be a
subgroup of finite index. The complex vector space of Siegel modular forms of degree n
and weight k& automorphic with respect to I' is denoted by M (I') and is defined as the
f € 0(54,) such that f|,g = f for all g € I" and such that for all Yy € &2, (R) and for all
g € Sp,,(R)P", f|rg is bounded on {2 € 77, : 3N > Yy }. For the groups A, (¢), which are
not of finite index in T, we let M¥(A,,(¢)) denote the f € &(#,) such that f|,g = f for
all g € A,,(¢) and such that for all Yy € &7, (R) and for all g € V,,(R)P", f|rg is bounded
on {Q € 4, : IQ > Yy} For f € MF(T) the Siegel ®-map is defined by (®f)(Q) =
lHm)y 400 f((ié‘ g)) and the space of cusp forms is defined by S¥(I') = {f € MF(") : Vg €
Sp,,(R)P*, ®(f|g) = 0}. We have, for example, ® : M*(Sp,,(¢)) — MF_,(Sp,,_1(£)). For
the case of A, (£) we set SE(A,(0)) = {f € MF(A,(0) : Vg € V,.(R)P", ®(f|g) = 0}.
Let e(z) = 2™z,

By the Koecher principle, an f € S¥(A,,(¢)) has a Fourier expansion

Q= Y a@e((T,2)

Te$ Xn
where the Fourier coefficients a(7T') satisfy a(U'TU) = det(U)*a(T) for all U € GL,, ().

We mainly work with S¥(A,) but some actions we perform on this space increase the
level and so we also consider the spaces MF(I'(c0)) = |J, M%(Sp, (¢)) C 0(s4,) and

ME(An(00)) = ME(AL(0) € O(H,); SE(An(c0) = SE(AL(0) € M) (An(c0)).
l l

Let M¥(A,,(¢)), the Koecher formal series for A,,(¢) of degree n and weight k, and the
Koecher formal cusp series S¥(A,,(£)) be defined as:

MF(AL(0) = {(a(T)) € CT%™ . YU € GL,(0), a(U'TU) = det(U)*a(T)}
SE(AL(0) = {(a(T)) € CT%" . YU € GL,(f), a(U'TU) = det(U)*a(T)}.

We also write M*¥ = MF(A, (1)) and S* = S¥(A,, (1)) for brevity. By the uniqueness
of the Fourier expansion, the maps

FS, : MF(A,(0)) — MF(A,(¢)) and

FSu: SE(An(0) = SE(AG(0) given by FSu(f) = (a(T)

are defined for all £ and, if we denote S¥(A,,(00)) = Uy SE(A,(¢)) € C?(Q) ] even for
¢ = co. Instead of (a(T)) we write the formal g-expansion as F = Y, a(T)q?, employing
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an index-keeping variable g, as a reminder of the ring structure on @©5S¥(A,,(0)).

2. Introduction.

We give a tractable method for producing linear relations among the Fourier coefli-
cients of Siegel modular forms. This is equivalent to the standard problem of giving linear
relations among Poincare series. Whether or not our method generates all linear rela-
tions among Fourier coefficients remains open but it does generate enough relations for
two applications. First, in a theoretical vein, we prove that any convergent Fourier series
satisfying these linear relations is the Fourier series of a Siegel modular form. Second,
in a computational vein, we compute enough relations to determine dim S¥ in several
new cases, namely: (n,k) = (4,14), (4,16), (5,8), (5,10) and (6,8). We also give bases
of Hecke eigenforms. More information, including many Fourier coefficients, is on our
website [15]. We consider only even weights k in this Introduction.

The method for producing linear relations is as follows: For s € £,(Z) and ( €
Va(Q) define ¢ ¢ : 4 — H;, by ¢sc(7) = sT + (. This induces a ring homomorphism
of modular forms:

YN, ¢ ME(TL(N)) — MPF(T(ND)).

When ¢ = 0 we also write ¢ = ¢ o for brevity. One can calculate the effect of ¢ - on
the Fourier series of the modular forms. For f € S¥ with Fourier series

@)=Y a(M)e(T,2)

TeZ

we have, setting ¢ = e(7) and x¢(T) = e({¢,T)),

(¢2‘,<f)(7)—z< 5 X<<T>a<T>)qf. o)

J T:(s,T)=j

One can calculate the linear relations among the Fourier coefficients of elliptic modular
forms in the codomain. Eichler’s solution of the Basis Problem, for example, allows
one to construct a basis of theta series and from these all the linear relations among
the Fourier coefficients may be derived. By using equation (2.1), linear relations on the
Fourier coefficients of elliptic forms pullback to linear relations on the Fourier coefficients
of Siegel forms. A countable set of relations is obtained in this manner and this is the
thrust of the method. However, in order to strengthen the method we use linear relations
among the elliptic Fourier coefficients at all the cusps, taken collectively. Thus we also
need the Fourier coefficients of (¢} . f)|o in terms of the a(7'). This can be done for
f € MF because

Vo € Sp(R)P", (¢:’<f)|a = (const)¢s . f for some s; and (5. (2.2)

51,C1

An intrinsic reformulation of equation (2.2) is proven in Theorem 2.6. This paper aims
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to advance both theory and computation. For an intrinsic description of these cusp
expansions it is better to introduce rational polarized lattices. A polarized lattice . C
R?" is a lattice for which there exists a basis L in V,(R). Write L = ¢(¢)u(M) for
unique choices of ¢ € V,(R) and M € GL,(R) so that if we set s = MM’ a Gram

matrix is

. (M cMF\ (M ocMF\ s+ ¢sTIC ¢sT
Gram(.z):LL:<0 CM*><0 CM*) :( i 8_1>. (2.3)

A rational polarized lattice then has both s and ¢ rational. Symplectic matrices are
uniquely written in the above concluding form so that any symplectic lattice is a polarized
lattice. However, the isometry class of a symplectic lattice ¥ is WOy, (R) whereas the
appropriate isometry class of a polarized lattice .Z is £ u(O,(R)) and operations on
polarized lattices need only respect this type of isometry. The group Sp,;(R)P" acts on
rational polarized lattices via X0 = £ (0 ® I,,) and the group I'(.Z) = {0 € Sp;(R)?" :
Lo = £} is commensurable with I'y, see Propositions 7.1 and 7.3. Any two bases of .Z
from V,,(R) differ on the left by an element of V,,(Z) and so we may make the following
definition.

DEFINITION 2.4. For a rational polarized lattice .Z, let u(%,-) : MF —
M*(T'(£)) be defined by u(.Z, ) = ¢} (f|L) for any L € V,(R) with £ = Z*"L.

It is uncommon to slash a Siegel form f with an element L € V, (R) that is not
necessarily projective rational. The function f|L is automorphic for L=!T,L but this
group is not necessarily commensurable with I';,. However, by descending to degree one,
we regain commensurability since ¢5(f|L) is automorphic for the commensurable group
I'(.Z). One easily checks, see Proposition 8.1, that

w(Z, f) = det(s)*2 g7 . f (2.5)

so that p(.%, -) is just a minor modification of @5 ¢; however, the following intrinsic version
of equation (2.2) justifies the change of notation. This theorem is proved in Section 8.

THEOREM 2.6. Let £ be a rational polarized lattice. For f € MF and for o €
Sp1(R)P" we have (L, f)lo = u(Lo, f).

The maps ¢ - and (&, ) can be defined on formal series ' € MF in such a way that
they commute with F'S,, : M¥ — MP; this is essentially done by imitating equations (2.5)
and (2.1). If F' is the Fourier series of a Siegel modular form f and we set ¥ = u(.%Z, f)
then the following linear relations hold: For all rational polarized lattices .Z, there exists
a Vg € MP*(T(Z)) such that for all ¢ € Sp;(R)P" we have F'S;(Vy|o) = p(Lao, F).
We have not been able to characterize the Fourier expansions of Siegel forms in S¥
from among all formal series in S* by using only these linear relations. By adding a
boundedness condition, however, we can prove a partial converse. Recall that the Hecke
bound B of a cusp form f is given by B = supgc . det(Y)"?|f(©)]. In this case the
following elliptic Hecke bounds are uniformly bounded:
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Y2 (01 S) ()] =y P (574 O <y 2B det(sy) T2 = Bdet(s) 2.

The following theorem characterizes the Fourier expansions of Siegel cusp forms from
among all formal series solely in terms of elliptic data . This theorem is proved in
Section 9.

THEOREM 2.7. Let F € S¥. We have F € FS,(S¥) if and only if

(1) For all rational polarized lattices £ with integral s,
Vo € SPHIT(L)) : Vo] e (L)1, FS1(Vglo) = u(Lo, F).

(2) There exists a B > 0 such that for all £ as in item (1), we have y'= |V »(7)| < B
for all T € JA4.

Now let us describe the computational application of determining dim S*. A basic
example was worked out in detail in [18] and this paper is a sequel in that we augment and
improve the restriction technique and give a general exposition of the method. There are
finite sets ¥ C £, for which the map given by f — (a(T"))re« is injective and reasonably
practical sets ¢ have been given in [17]. If linear relations on the a(T) for T' € € can be
found then their nullity has been demonstrated to be an upper bound for dim S¥. One
then constructs Siegel cusp forms to produce a lower bound. If these bounds agree then
dim S* has been found. We improve this method by keeping track of Fourier coefficients
in a net A larger than ¥. We augment the method by considering Witt homomorphisms
as well as the maps p(%,-). New maps may be added in the future. Furthermore, in a
real computation it is finite truncations of the above maps that actually occur and so we
need a flexible general set-up:

DEFINITION 2.8. Let 7 : (V,S) — (7V,nS) and ¢ : (V,S) — (V1, S1) be morphisms
of relative vector spaces. When 7¢~1(S1) = 7S we say ¢ dominates 7. We say that a
set of morphisms ¢, : (V,.5) — (V4,S,) for @ € & dominates 7 when the product map
[loces o : (V,S) = 1oy (Va, Sa) dominates 7.

Let m¢ : C#*» — C% be the projection map and select a finite set € such that
g o FS, : S¥ — C% is injective. We want to understand the projection map as
a morphism of relative vector spaces my : (SF, FS,(S¥)) — (r¢Sk, 74 FS,(SF)) by
studying a set of simpler morphisms ¢,, : (S¥, F'S,,(S¥)) — (V,,S,), indexed by a certain
finite set «7, whose codomains (V,, S, ) are amenable to computation. Use the notation
®y 2 (V,S) = (Vir,Sey) for the product map [],c, o @ (V,S) = [locw (Va, Sa)-
When ¢ o F'S,, is injective then a set of morphisms {@q }acr Which dominates 74 also
determines dim S¥ = dim 74 F'S,, (S¥) = dim 7 ® ! (S,) and as € increases we compute
the initial Fourier expansions from S¥ in this way. The hope, borne out in some examples,
is that for increasingly large sets & the morphism ® ., will dominate any fixed w¢. The
computations in section 13 are presented in this format.

We now frame the relation among sections 10, 11, 12 and 13. As discussed, our
philosophy is to study S* by using simpler homomorphisms of relative vector spaces. In
section 10, for each polarized lattice .Z, we define a morphism
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bzt (SEFS,(SE)) = (Vie,Se),

based on the restriction technique. In section 11, for ¢ + j = n, we define another type
of morphism

¥y (SE FS,(SE)) — (SF® SF,(FS; ® FS;)(SF® S})),

based on the Witt maps. The codomains are amenable to computation because, if one
is studying S¥, one presumably understands S¥ for i < n. These are the two types of
morphisms we use although they are by no means the only possibilities.

Section 12 carefully explains the truncated morphisms used in the computations. We
show how to select finite dimensional projections of the domains and codomains so that
the maps induced by ¢ and 1}; are still morphisms of relative vector spaces on these
finite dimensional projections. The truncated versions of ¢ & and ¢;; are the morphisms

used to dominate
T e (SE, F S, (SE)) — 7 (SE, FS,(SE)) (2.9)

in the computations of dim S* in section 13. For each example we give the determining
set of Fourier coefficients €, the net Z containing ¢ used to define the truncations, the
set of morphisms &7 used to dominate the map (2.9) and the constructed subspace of
cusp forms S¥ used in the proof that the set of morphisms &/ dominates the map (2.9).
We then compute dim S¥, dim M’ a minimal set of determining Fourier coefficients for
Sk a rational basis of S¥ and a basis of Hecke eigenforms for SX. We thank the referee
for his helpful suggestions, particularly for the expansion of section 13.

3. Formal Series.

DEFINITION 3.1. For F = Y, gywma(T)q € MEF(A,) define ®F =
D tearsem (0@ 1)q, 1 € [ gsem C-

LEMMA 3.2.  We have ® : MF(A,) — MF_[(A,_1) and ®F S, (f) = FS,_19(f)
for all f € ME(A,,). The kernel of ® on MF is SE.

PrROOF. ®FS,(f) is in the Koecher space because a(0 @ v'tu) = a((1 & u)’
0@ t) (1@ u) = det(l ®u)ka(0 @ t) = det(u)*a(0 @ t). The commutativity of ® and
1S follows from the Fourier expansion (®f)(2) = 3¢ geem a(0 @ ) e((t,€2)), [11, page
55]. The vanishing of the a(T) is a class function and so a(0 & t) = 0 for all ¢t € Z;5°m
implies that the support of a(7') is contained in ;. O

LEMMA 3.3. Let F =Y ,a(T)ql € MF(A,(c0)) be convergent. Then the function
f defined by f(Q) = > pa(T)e((T,2)) is a holomorphic function on J,. We have
F e MF(A,(0) if and only if f € MF(A,(F)).

PRrROOF. The assumption that F' converges means that > . a(T)e((T}, {2)) converges
for every 2 € J,. The series of absolute values converges uniformly on compact subsets
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of 77, so that f defines a holomorphic function on 47, with Fourier series equal to F. If
f € MF(A,(¢)) then F = FS,(f) € M*(A,(0)).

On the other hand, f is periodic with respect to ¢V,,(Z) and for all U € GL,(¢)
we have (f|xu(U))(Q) = det(U*)~F f(UQU") = det(U)* 3, a(T)e((T,UQU")). Setting
R = U'TU this becomes = det(U)* >, a(U*RU1)e((R,Q)) and since F € MF(A,,)
this equals det(U)* det(U~1)* 3", a(R)e((R, ) = f(2) showing that f € MF(A,(¢)).

O

4. Slashing formal series.
Slashing by § € V,,(R)P" stabilizes M*(A,,(00)).

LEMMA 4.1.  For all § € V,(R)P", there exists an N € Z* such that for all
¢ € Z+ U{oo}, the operator -|,0 maps ME(A,(€)) to MF(A,(EN)).

PROOF.  One follows the proof for Sp,,(R)P" in [7, page 128]. Take ¢t € R~ such
that t6 € Mayxon(Z)NGL2,(Q). Take N € ZT such that N (t§)~! is integral. It suffices
to show that A, (¢/N) C §71A,(£)6, for then we have MF(A, (£))[x6 € MF(A, ((N)).
Since 6 A, (¢N) 5~ C V,(Q) it suffices to show that § A, ((N) 6~ C I + £ Mayxon(Z).
We have

SAL(IN) S = (t6)An(UN)(t6)™F C T+ (t0)EN Mapxon(Z)(t5) ™
C I+ Manxon(2). =
The action of V,,(R)P* on M¥(A,(¢)) is transparent on Fourier expansions and we

define an action of V,,(R)P" on formal series to mimic the action on functions. For the
next definition note that if +(¢)u(M) € V,,(R)P* then M* Zsmi(Q)M~1 = 275emi(Q).

DEFINITION 4.2. Let F =Y, a(T)ql € MF(A,()). Let § € V,(R)P". Write
d = t({)u(M) uniquely for M € GL,(R)?" and ¢ € V,,(Q). Define

Fld) = S detD)F x (M TM " )a(M*TM g
TeZ5mi(Q)

Notice that if we denote, for a group A C V,,(R)P",

MFE(A) = {Fe I c¢:viea, F|k5:F}
Tel@iemi(Q)

we have an equivalent alternate description of M¥(A,,(¢)) for £ € Z+.

LEMMA 4.3.  For all 81,69 € V,,(R)?" and F € MF(A,,(0)) we have (F|161)|x62 =
F|x(6102). For all 6 € V,(R)P", there exists an N € ZT such that for all £ € ZT U {0},
the operator -|x6 maps MF(A, (£)) to MF(A,(EN)).

PROOF. First we check that (F|id1)|rd2 = F|p(d102). Then MF(A, (£))|xé C
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MPF(A,(EN)) follows from A, (¢N) C 6 1A, (¢)d as in the proof of Lemma 4.1 by the
above alternate description. O

The action of V,,(R)?* on M}*(A, (o)) has simply been defined to make slashing
commute with the map to Fourier series, as the proof below illustrates.

LEMMA 4.4. Let § € V,(R)P". Let f € MF(A,()). We have FS,(f|0) =
FSn(f)10-

PrROOF. Let f(Q2) = Y, a(T)e((T, ) € MF(A,(0)) and let § = t(Q)u(M) €
V,(R)P'. We have FS,(f) = Y., a(T)ql and by the definition of -|;d on formal series
we have F'S,,(f)|xd = > det(M)*e((¢, M*TM~1))a(M*TM~1)gL. On the other hand,

(f160)(Q) = det(M*) ™" f(MQM' + ()
= det(M k Za (T, MQM'"))e((T, <))
T

= det(M)" > " a(M*RM~)e((R, Q))e((M*RM~",());
R

FS,(f1r0) = det(M)* >~ a(M*RM ™ )e((M*RM™",))qk. O
R

5. Restrictions to modular curves.

LEMMA 5.1. Let L € V,(R) be written as L = t({)u(M) for ( € V,(R) and
M € GL,(R). Set s=MM'. For all (*%) € GLy(R) we have

. (aIn bln> -1 (o +els™h (d—a)+bs—c(sTIC .
CIn d-[n CSi1 dIn - Csilg

DEFINITION 5.2. The homomorphism ;¢ : Sp;(R) — Sp, (R) is given by, for

o= (2a):

_ fal, + cCs™t (d—a)+bs—c(s7C
asc(o) = cst dl,, —cs™ ¢ ’

We write as for g 0. We have the following important relation, a minor modification
of [7, page 301].

LEMMA 5.3. Let f € 0(4,,), 0 € Sp;(R) and (s,() € Zn(R) x V,(R). We have

(¢:,§f) ‘nko' = (b:,((flkas,C(O—))'

PrOOF. This is a direct calculation.
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(0% laro] (T) = (e7 + &)~ (65  f)(o(7)) = (7 +d) "™ f(s0(7) + ()
= (et +d) """ f(MIo(r)M' + ) = (e +d) " det(M*)* <f| (M CM*) )(IO’( ))

= (er + d) "™ det(M*)* det(cIT + dI)F (f| (M CM*) (‘Z Zﬁ)) 7)
o (13 S Y S Y )
— det(M*)* <f|as,¢(0) <Z‘O4 Cj\z‘f) )(h)

= (flos,c(0))(MIT + (M*)M') = (flas ¢ (0))(s7 + ¢) = ¢ ¢ (flevs,c(0))(7). U

PROPOSITION 5.4.  For all (s,() € Z,(Q) x Vo (Q), there exists an N € Z+ such
that for all £ € Z* we have

9% s ME(AL(0) — MPF(AL(EN)) and 6 : ME(Sp,,(6)) — MP¥(D(EN)).

The map takes cusp forms to cusp forms and in the latter case N need only satisfy s, C,
571, (s (sTIC € 5 Myuxn(Z). In the former case N need only satisfy s, ¢, € % Va(Z).

PROOF. Let f be in MF(A,(¢)) or MF(Sp, (¢)). For ¢ € Sp;(R) we have

(0% ch)lo = &% (flasc(o)). Hence if as¢(0) is in A, (€) or Sp,,(¢) we have (¢% - f)lo =
scf. From the explicit form of the definition of a ¢ we see that o € I'((N) suffices
to guarantee o, (o) € Sp,(¢) under the conditions stated. When ¢ = 0 we have the
simpler set of conditions. To see that the latter map takes cusp forms to cusp forms
note that ®(¢; . flo) = ®(¢; - (flkas,c(0))) is the constant term in the Fourier series of
(flkas,c (o)) which is zero, as ¢ (o) being projective rational when o is. O

LEMMA 5.5. For s € Z,(R) and f € O(H,) we have ¢*_,f = det(s)"¢;
(flru(s™).

ProOOF. We have det(s)*(o*(flu(s™ D)) (1) = det(s)k(flu(s~1))(s7) =
f(s™tsTs71). We also have (¢*_, f)(1) = f(s™'7) = f(s™tsTs71). O
6. The action of ¢ . on formal series.

We now want to define the map ¢ . on formal series in MF(A,(f)) in such a way
that it will commute with the map to Fourier series.

DEFINITION 6.1.  For (s,{) € Z,(Q) x V,(Q) and for a formal series F =
Yora(T)gl € ME(A,(0)), define ¢ F € HTegicm;(Q) C via

i F= > < > x<<T)a(T)>q{-
T j

JEQ>0 (s, T)=j
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LEMMA 6.2.  For all (s,() € Zn(Q) x V,(Q) we have FS1(¢7 . f) = ¢35 (FSn(f))
for all f € MF(A,,(00)). Furthermore, for each (s,C) there is an N € Z* such that for
all £ € ZT the following diagram commutes.

*

k Pas nk
My (A (€)) —— M (I'(NY))

anl, \LFSl
bec
M (6) —> MP*H(81(NO))

Proor. It suffices to show the diagram commutes. First we check that
ZC(M,’L“(A,L(E))) C M (A{(UN)): if (T € 2™ and Ns € &, (Z) then j = (s,T) is
in ﬁZ.
Take f € MF(A,(0)) with f(Q) = ZTG%%jemi a(T)e({T,)) so that the formal
series is F'S,(f) = >, a(T)qL, we have

¢ (FSu(f) = Y ( > xc(T)a(T)>q{-
T:(

J€EQ0 s.T)=j

On the other hand, (¢i.f)(1) = [f(s7 + () = Yrale((T,st + () =
Yora(T)e((T, C>)€(T)<T’S> so that

FS1(d5cf) = Z ( Z XC(T)G(T)>Q{-
Ty

i€v Z>0 s,T)=j
These are the same since a(T) = 0 off 72,5, O

7. Polarized Lattices.

Let R™ be the n-dimensional euclidean inner product space with inner product (-, -).
Let A C R™ be a rank n lattice. If M € GL,(R) is a basis of row vectors for A = Z"M
then the quadratic form s = MM’ is called a Gram matrix for A. A lattice A yields an
equivalence class of quadratic forms [s] = {U’sU : U € GL,(Z)}. By factoring s = MM’,
the class [s] determines the isometry class of A, {Ag : g € O,(R)}. Any operation on
lattices which does not commute with isometries should be carefully pointed out. The
dual lattice is given by A* = {{ € R™ :Va € A, (z,§) € Z}. A lattice is called rational
when the Gram matrices are rational or equivalently, letting Af; = A* ®z Q, when
A C Ag. Occasionally we consider an oriented lattice, (e, A), for e = £1, where A has
a distinguished class of bases M with ¢ = sign(det(M)). The equivalence on oriented
quadratic forms becomes (¢, s) ~ (det(U)e, U’'sU).

A polarized lattice . C R?" is a lattice for which there exists a basis L in V,,(R).
Let m; : R™ x R® — R™ be the projection onto the first factor and let is : R" —
R"™ x R™ be the injection to the second factor. Now consider a polarized lattice £ C
R" ® R™ with basis L = t(Q)u(M) and set A = Z"M. From the form of the basis
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the sequence 0 — A* 2 T A — 0 is exact. We also have £* = Z?"[* =
zZ™J,LJ, = Z*"LJ, = £J, = 7(£) where 7 : R" x R* — R™ x R" is defined by
7((x,€)) = (&, ). By the properties of Ext, the class of £ as an extension is given by
some X € Ext¥™(A,A*; R) = Sym(A* ® A*)r/Sym(A* @ A*)z. We refer to A as the
lattice and to X as the polarization. The condition that X be symmetric expresses itself
as Z* = 7(%), see [19]. The polarized lattice can also be described by giving quadratic
form information (s, x¢) where s € &2, (R) is a Gram matrix s = MM’ of A. The pair
(s, xc) gives the same polarized lattice as (U’'sU, xyrcv) for any U € GL,(Z) and this
characterizes the equivalence as well. The polarization is trivial when .Z = A @ A*,
X =0 or xc = 1. The natural definitions of rationality for .Z, (s, x¢) and (A, X) all
correspond. A rational Gram matrix for . was given in equation (2.3).

Moving among the three descriptions of a rational polarized lattice is important
but not difficult. For A = Z"M, take X € Sym(A* ® A*)g with X = [X]. Let
j:R"® R" — M,x,(R) be given by j(r ® £) = 2'&; then ( = MjXM' is in V,,(Q)
and another choice of X changes ¢ by an element of V,,(Z) so that the character X¢ -
Vi(Z) — e(Q), like s, depends only upon the choice of M. From (A, X) or (s, x¢) we set
L = Z2u(M)t(jX) = Z?"t(Q)u(M). From . we set A = 7% and the exactness of
0— A* 2 T4 A — 0 tells us that . has a basis of the form L = t(¢)u(M) where
M gives a basis of A = Z™" M. The symmetry of ( is equivalent to L being symplectic.
It bears repetition that an equivalence class [(s, x¢)] corresponds to an O,,(R)-isometry
class for (A, X) but that the lattices .Z orbit in a restricted u(O,,(R))-isometry class.
When these isometry classes correspond we write £ ~ (A, X) ~ (s, x¢) to denote the
correspondence between these three ways of describing a polarized lattice.

We have an action of Sp; (R)P" on the rational polarized lattices.

PROPOSITION 7.1.  For o € Sp;(R)?" and for any rational polarized lattice £ we
define Lo = L(o®1,). Then Lo is also a rational polarized lattice.

PROOF. Let ¥ = Z?"L for L € V,,(R). By Lemma 5.1 we see that L(oc ® I,,) L™}
is projective rational and so we have L(oc ® I,)L=* = gd for g € T, and § € V,,(R)P".
Then Lo = Z*"L(c®1,) = Z*"g6L = Z*"§L so that Lo has a basis 6L € V,,(R) and
Lo is a polarized lattice.

To see that £ o is a rational lattice note that L(oc®I,,) is a basis of £ and we have
(L(c ® I,))(L(ec ® I,)) = (L(oo’ @ I,)LY)(LL"). The Gram matrix LL’ is rational.
The matrix oo’ is rational because o is projective rational, hence L(oo’ @ I,,)L~! is also
rational by Lemma 5.1 and (L(oo’ @ I,,)L~')(LL’) is rational too. O

We now translate this action using the other descriptions Lo ~ (Ay, X,) ~
($orX¢,). If L = t(Q)u(M) is a basis for £ then L(o ® I,,) is a symplectic basis for
o and we proceed by factoring the element L(o ® I,)L~! of Sp,, (R)P':

1 [aln+cCsTh (d—a)(+bs —cCsTICY (A B) (K ﬂK*)
L(O’@In)L = < 0571 d]n . 65714. - C D 0 K* (72)

for (25) € Sp,(Z) and (X PK") € V,,(R)P". We then obtain
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oo (K BK*\ (M (M*\ e, (KM (KCK' + B)(KM)*
Lo=7 (o K*)(o M*>‘22<o (K M)* )

so that A, = Z"KM, s, = KsK’ and {, = K(K’ + 3. Finally, from

Lo®l,) aM + cCM*  bM + d¢M* aM + cMjX bM +dMjX
o n) = =
cM* dM* cM* dM*

we see that
Alal +cjX)+cA* = A, and A(bI +djX) +dA* = A,j X, + AL

When the polarization is trivial we write A, = Ao = aA + c¢A*. In this context we
also write s, = sldo = KsK’ for some Gram matrix of Alo. From the computation of
LoL~! we can make some remarks about the pollattice group I'(¥) = {o € Sp;(R)P" :
Lo =21

PROPOSITION 7.3. Let £ ~ (A, X) ~ (s,x¢) be a rational polarized lattice. We
have T'(ZL) 2 T'(¢) for s, ¢, s7', (s7h, (s7'¢ € Myxn(Z). For integral A we have
(L) 2T1(0) for ¢, 574, ¢s7, Cs7IC € $Muun(Z). For integral A with a trivial polar-
ization we have T'(Z) = T(A ® A*) D To({) for £ € Z+ with {s~' € P,(Z). In general,
we have Ay NT (L) = A1(€) for the minimal ¢ € ZT with {s € P, (Z).

ProoF. Pick a basis L = t(¢)u(M) for .£. The condition .Zo = £ becomes the
condition L(o ® I,) € GLyy(Z)L and from Lemma 5.1 we can read off the integrality
conditions in the Proposition. O

8. The pairing of rational polarized lattices with MF(A,,).

PROPOSITION 8.1.  Let . be a rational polarized lattice. Let f € MF(A,). For
Li,Ls € V,(R) such that ¥ = Z?*" Ly = Z?" Ly we have f|Ly = f|Ls. Define u(Z, f) =
&5 (fIL) for any L € V,,(R) such that & = Z*"L.

For an oriented polarized rational lattice £ ~ (¢, s, x¢) we have

WL, f) = € det(s) 2% (f).

PrOOF. Since Ly = uly for u € V,(Z) we have f|L; = f|u|Ly = f|L2 showing
that u(.Z, f) is well-defined. For all 7 € J# we have

w1 = e = inan = (11 (G5 ) )an
= det(M*) *f(MITM' + ¢) = det(M)* f(s7 4 ¢) = € det(s)*/? (¢ )T

87

where € is the orientation of A. O
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We now come to the Theorem previously stated in Section 2; it is the raison d’étre
of our present formalism.

THEOREM 2.6. Let £ be a rational polarized lattice. Let f € MF. Let o €
Spy(R)P". We have u(Z, )|o = u(Z, f).

PrOOF. We have u(%Z, f)lo = ¢3(f|L)|o for any L € V,(R) such that ¥ =
Z?"L. By Lemma 5.3, ¢5(f|L)|loc = ¢3(f|Las(o)). The matrix Las(o) is a basis for
o but Laj(o) is not necessarily in V,,(R). We note that Laj(o)L~! € Sp, (R)P"
and proceed by factoring Lay(o)L™! = g6 for g € T, and § € V,(R)P*. From Lo =
Z?"Laj(o) = Z*S§L we see that JL is a basis for Zo with 6L € V,,(R); therefore
53(f1Lar(0)) = 63(f195L) = & (f101) = u(Lo, f). 0

COROLLARY 8.2. Let £ be a rational polarized lattice. We have

WL,) s My — MM (D(2)),
L) Sy — SPHI(L)).

We wish to let pu(%,-) act on formal series and commute with the map to Fourier
series. We imitate Proposition 8.1.

PROPOSITION 8.3. Let .Z be an oriented rational polarized lattice. Let FF € M, If
we have L ~ (€1,51,Xc,) ~ (€2, S2, X¢,) then €7 det(sl)k/2¢s1 o =e det(32)k/2¢s2 o
Define

(&L, F) = ek det(s)g(b:’(F for any (e,s,x¢) ~ Z.

For all 0 € T'y, if F € S then we have u(ZLo, F) € StF(A; NT(L)°).

ProOF. Let U € GL,(Z) and B € V,,(Z) with (e2, 52, x¢,) = (det(U)er, Us U,
Xv(+B)v)- Since det(sy) = det(Us U’) = det(s;) it suffices to show €f ol =
62¢82 oI We have

Yo xumu (T)G(T)>

T:(Us U, T)=j

[
[

:egz< > x<1+B<UTU><>>
[

T:(s1,U'TU)=j

> Xa (R)G(U*RU_1)>
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—&Y ( > xa(R) det(U*)’fa(R))
Ri(

J s1,R)=j

=€ Z ( > X (R)a(R)> =405 F.

R:(s1,R)=j

For the final statement it suffices to show u(.Z, F) € SP*(A; NT(Z)) because
[(ZLo)=o0"1I'(¥)o =T(£)°. By Proposition 7.3 we see that for A; NT'(¥) = A1(¢)
that j € (s, 25,) implies £j € ZT so that

(L, F) = ¥ det(s)"? ( > x<(T)a(T)>Qf € SPF(A(0)). D
Ty

JjEQT s,T)=j

LEMMA 8.4. Let . be an oriented rational polarized lattice. Let f € MF(A,). We

PROOF. Since u(Z,f) = €~ det(s)%gb;cf and (L, FSu(f)) = €* det(s)§¢;C
FS,(f), this is a corollary of Lemma 6.2. O

PROPOSITION 8.5. Let £ be an rational polarized lattice. Let F € MF. Let
d € V,(R)P". We have

WL, F)|6 = p(L4, F).

PROOF. We first argue this for convergent F'. In this case we have F' = F'S,,(f) for
some f € MF(A,) by Lemma 3.3. Then u(Z6, F) = FSy(u(Z£3, f)) by Lemma 8.4. We
have F'Sy(u(Z5, f)) = FS1(u(Z, £)|6) by Theorem 2.6 and this is F.S;(u(Z, f))|6 by
Lemma 4.4 with n = 1. Finally, by Lemma 8.4 again, this last term is u(Z, F)|. But
any counterexample would give disagreement on some index T and the computation
of any coefficient involves only a finite number of other coefficients. By omitting the
uninvolved classes we would obtain a counterexample with support on a finite number
of classes, hence a convergent counterexample. O

9. Characterizations of Siegel modular g-expansions.
THEOREM 9.1.  The following three conditions hold for any F € FS, (MF).

(1) F € MY is a convergent series and the Fourier coefficients a(T) are bound by
polynomial growth in tr(T).

(2) For all oriented rational polarized lattices £, there exists a V.o € MPH(I'(Z))
such that for all o € Spy(R)?P" we have FS1(V ¢|o) = u(Lo, F).

(3) If F € FS,(SF) then the U o from item (2) are in SPF(T'(Z)) and there is a B > 0
such that for all £ we have ys |U.o(7)| < B for all T € 4.

PrOOF. The item (1) is a well-known estimate for the growth of the Fourier co-
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efficients of Siegel modular forms, see [1]. We show that item (2) is a consequence
of Theorem 2.6. Let F = FS,(f) for f € MF so that u(Z, f)lc = (Lo, f). De-
fine Vo = u(Z, f) so that Vo € MP*('(Z)) by Corollary 8.2. Thus we have
Wylo = p(L, e = p(Zo, f) and

FS1(Yylo) = FS1(u(ZLo, f)) = u(ZLo, FS,(f)) by Lemma 8.4
= (Lo, F).

For item (3) we additionally assume that f € S¥ in the proof of item (2) so that ¥¢ €
SPR(T ( )) by Corollary 8.2. Let B be the Hecke bound for the cusp form f so that
det(Y)2[f(Q)] < B for all Q € 7. Let £ ~ (e, s, X¢); then we have by Proposition 8.1

nk

yE (7)) =y |u( L, £)(7)] = det(s) 5y ™% | (9% f)(7))|
:det(sy)%|f(ST+C)‘ <B. O

Theorem 9.1 gives properties of Fourier expansions of Siegel modular forms. We
can prove that judicious subsets of these suffice to characterize Fourier expansions of
Siegel modular forms among all Koecher formal series. For a finite abelian group G, let
exp(G) =min{l € ZT :Vg € G,lg =1dg}.

THEOREM 9.2. Let F € MF. We have F € FS,(MF) if and only if

(1) F is a convergent series and
(2) For all trivially polarized positively oriented lattices £ = A ® A*, with A integral
and £ = exp(A*/A),

IVy € MM (To(0)) : Vo] € To(d)\T1, FS1(Vg|o) = u(Lo, F).

PrROOF. The “only if” part follows from Theorem 9.1, so we only need to prove
the “if” part. So assume items (1) and (2) hold and we will prove that F € F'S,,(MF).
First we show that the restrictions that A be integral and that [0] € To(¢)\I'; are
simply normalizations and that the condition 3V ¢ € M*(I'(c0)) : Vo € Spy(R)P*
FS1(Pglo) = u(ZLo, F), holds for all rational trivially polarized .#. First consider
the case A is integral and ¢ € Sp,(R)P", and write 0 = ~¢ for [y] € To(¢)\I'1 and
d € Vi(R)P*. We have:

FSi1(Vglo) = FS1(Ve|vd) = (FS1(Ve|v))[d
= (L, F)|6 = p(L0,F) = p(Lo, F).

The second equality follows from Lemma 4.4, and the fourth equality follows from Propo-
sition 8.5. Now let A be rational and choose « so that aA is integral. In terms of

= Gram(A) we take N € Z* such that Ns is integral and set @ = +/N. Define
§ = u(a) € V1(R)P" and note that 71 (-£§) = aA is integral. Define Uy = W ys/6 1 €
MPE(To(0)6~1) € MP*(To(¢N)). We have



200 C. Poor and D. S. YUEN
FS (T ylo) = FS1(Wys|d o) = u((L6)6 o, F) = u(Lo, F).

Now we prove F' € F'S,,(MF). The assumption that F' converges implies that f({2) =
Y regreem a(T)e((T,9Q)) is in M%(A,) and has FS,(f) = F, see Lemma 3.3. Since J,
and ingegral translations generate I',, and since f is periodic with respect to V,,(Z)
it suffices to show that f|J, = f to prove that f € M?F. Because f and f|J, are
holomorphic, the assertion VY € 54, (f|J,)(©2) = f(©) would follow if it were true for
all Q =Y, Y € &,(R). By continuity it suffices to prove this for all Y € £2,(Q).
So it suffices to prove it for Q = s7 for all 7 € 74 and all s € Z,,(Z). Thus showing
@E(f|Jn) = @%(f) for all s € Z,,(Z) will complete the proof.

Take any s € Z2,(Z). Let A be a positively oriented lattice with Gram matrix s.
Since J,, = u(s™!)as(J1) we have ¢(f|Jn) = ¢L(flu(s™ )as(1)) = ¢:(flu(s™))|J1 by
Lemma 5.3 and ¢%(f|u(s™!))[J1 = det(s)"*(¢?_, f)|J1 by Lemma 5.5. Now accordingly
A* is a positively oriented lattice with Gram matrix s~1. Proposition 8.1 gives us pu(A* @
A, f) = det(s71)*/2¢*_, f so that we may conclude

¢3(f1Jn) = det(s) (A" @ A, )|

So far we have not made essential use of the main hypothesis (2); we do now to
show u(Z, f)lo = w(ZLo, f) for all o € T';. For 0 = I the equality FS;(V¢lo) =
(L, F) gives FS1(Wp) = p(Z, F) = p(Z, FSu(f)) = FS1 (u(Z, 1)) by Lemma 8.4,
Therefore Vo = pu(Z, f) since they are holomorphic functions with the same Fourier
series. So u(Z, f)lo € M (I'(£)°) € M (I'(c0)) has a formal series and it satisfies
FS1(u(Z, f)lo) = FS1(Yg|o) = p(ZLo, F) by the main hypothesis (2). We have

FSI(M("%?JC)‘O-) = M(D%U?F) = U(ggaFSn(f)) = FSl(,u(ngf)))

where the last equality is from Lemma 8.4. So u(%Z, f)lo = u(Zo, f) as they are
holomorphic functions with equal Fourier series.

We use Proposition 8.1 and u(L*, f) = p(LJ1, f) = u(Z, f)|J1 to deduce the
following,

@5 f = det(s)*?u((A @ A*), f)
= det(s) "2 u((A* @ A)Jy, f) = det(s) *2u(A* @ A, f)| ;.

By comparing their expressions, we see that we have ¢%(f|.J,) = ¢% f. O

The question of whether Theorem 9.2 remains true if the convergence condition (1)
is omitted will be reformulated in section 10. We now prove Theorem 2.7, restated here
to include odd as well as even weights.

THEOREM 2.7. Let F € 8. We have F € FS,,(SF) if and only if

(1) For all positively oriented rational polarized lattices £, with A integral and T'(£) 2
L'y (),
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FVyp € SPHI1(0) : V[o] € T1(O\T'1, FS1 (¥ »|0) = u(Lo, F).

(2) There exists a B > 0 such that for all £ as in item (1), we have y'= |V (7)| < B
for all T € 4.

PROOF. We only need to prove the “if” part. So assume items (1) and (2) hold.
As in the proof of Theorem 9.2, the restriction that A is integral is just a normalization
and we have the same result for A rational,

JVy € ST¥((c0)) : Vo €Ty, FS1(Vy|o) = u( Lo, F).

Pick any Ag and let &£ ~ (+1,A¢, X) ~ (+1, s0, x¢) with a varying polarization y.. Let
B be the uniform Hecke bound from item (2). The j'" Fourier coefficient of ¥ ¢ satisfies
(W 5)| < (A )"*/2Bj% . Let By = (AL )"*/2B. From F S, (V) = u(Z, F) we have

nke

a(Vzij) =det(so)® 37 a(T)xe(T).

TeZn:(s0,T)=j

Now pick any Ty € 2,. We will show that |a(Tp)| < Bin™ det(Tp)?, proving that
a(T) € O(det(T)%) and that F is convergent. From Theorem 9.2 it then follows that
F € FS,(MF). Since F € S¥ it follows that F € F'S,,(S¥) by the commutativity of the
® map from Lemma 3.2.

For j = (so,To) € Z* we have

a(¥ ; (s0, To)) = det(so)* > a(T)xc(T).
TG%n:<So,T>:<So,TQ>

The set {T' € 25, : (so,T) = {s9,To)} is finite and so there exists a p € ZT such that {T" €

Zn 2 (s0,T) = (s, To) and T = Ty mod pV,(Z)} = {Tp}. Multiplying a(¥ &;(so, To))
by x—¢(To) and averaging over [¢] € %VH(Z)/V"(Z) we obtain for d = n(n +1)/2,

1
17 > a(¥ 23 (s0, To)) x—c(To)
Kl€3Vn(2)/Vn(Z)

= id Z det(so)g Z a(T)x¢(T = To)

P [C1€LVn(2)/Vin(Z) TE€Z:(50,T)=(s0,To)
k k
= det(so)? > a(T)1 pv;(z) (T — To) = det(so) 2 a(Tp).
TeZXn:(s0,TY=(s0,To)
An estimate of a(Tp) is given by

1 1 % nk

det(so) *[a(Tp)| < e > Ja(Pg; (s0,To))| < e > Bi(s0,To)* = Bu(so, To) >,

¢ ¢
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k
2 .

Pick s9 = T, '. Then we have |a(Tp)| < Bin'? det(Tp) O

It is the convergence and uniform boundedness assumptions in our characterizations
that would need to be removed in order to provide a purely linear characterization of the
Fourier series of Siegel forms from among Koecher formal series. Even as it stands, the
reduction of Siegel forms to elliptic forms given by Theorems 9.2 and 2.7 is encouraging
as we are so much more the masters of functions of a single variable. We do not have
any deep applications of these characterizations but do give a simple example.

Let ¢ be an even unimodular rank 2k lattice with Gram matrix Q € Y51 (Z). The
usual Siegel theta series is

Iy () = > e<;<LL', Q)) = >y e@(N’QN, Q>>.

Legn NeZ2kxn

We will use Theorem 9.2 to show that ¢ defines a Siegel form by reducing the question to
elliptic theta series instead of directly addressing the multivariable transformation e |.J,,.
Let F =Y ey #{N € Z**": N'QN = 2T}ql € M}. The series converges because
the growth of the coefficients is O(tr(T)™*). For all integral trivially polarized positively
oriented lattices .2 = A @ A* we will show that u(.Z, F) = det(s)*/?FS; (Jgga) for any
choice of Gram matrix s for A. We have, by Definition 6.1 and Proposition 8.1,

(L, F) = det(s)*/2¢r F

= det(s)"? ( Y. #{NeziNQN = 2T}>q{

JEQT \T«(s,T)=j

= det(s)*/? " #{N € Z2*" : (s, N'QN) = 2} q]
JjeQ+

= det(s)"/? 3 #{N € 2% : N(Q® s)N = 2j}q]
JjeQ+

= det(s)*/2F S (Vgen).

If we let £ = exp(A*/A) then we may take ¥ = det(s)*/?9ygr € MM (Iy(¢)) since
Q ® s has level £ and det(Q ® s) = det(Q)" det(s)?* is a square integer. To conclude that
F € FS,(MF) it now suffices to show that the elliptic forms 1) transform correctly:
Vo] € To()\I'1, FS1(¥ »|o) = p(ZLo, F). Thus our problem has been transferred to the
elliptic level. The full transformation can be checked but an inspection of the proof of
Theorem 9.2 reveals that it is enough to check the case o = J;. Since Lo = (AGA*)J; =
A* @ A and A* has Gram matrix s*, we need to check:

FSi(Wglo) = u(ZLo, F), or
FSy(det(s)**genlJi) = u(A* ® A, F) = det(s*)*/2FS) (0ggn-), or

det ()" 20ggp|J1 = det(s*)*/ 2 Vggnn-.
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This last equation follows from the inversion of the one variable theta series [7, pg. 14],
Y| J1 = ikdet(Q)_l/zﬂg*, upon substitution of ¥ ® A for 4, Q ® s for Q and nk for k.

10. Computing vector subspaces by homomorphisms.

The restriction technique uses morphisms ¢ : (SX, F'S,,(S¥)) — (Vg, Sg), indexed
by rational polarized lattices .Z. On the level of modular forms we define the map

bz:Si— ] sSHr2))

[o]lel(L)\I'
fr= (Lo, f)) (10.1)
and if we define
Cusp(I',K) : S - JI sf@)
[o]lel\TI"y
f=(flo) (10.2)

then ¢ factors as ¢ (f) = Cusp(I'(.Z), nk)(u(Z, f)) by Theorem 2.6. We attempt to
lift the map ¢ to the level of formal series. Use Proposition 8.3 to define

oz:Sr— J[ SiAanT(2))
[o]el(L)\I'

— (u(ZLo, F)) (10.3)

and obtain the commutative diagram:

s = II sy nreyr)
[o]€T(L)\TI'
FS, THU FS) (10.4)
Cus ZL)n
Sk wZ Snk( (g)) M H S?k(r(z)a)

[e]el (L)

Thus we have constructed a morphism of relative vector spaces

bg: (SE FS,(SF) — (Vg,Sg), with
Vg = H SF(ALNT(ZL)7) and

[o]el(L)\I

Sy = ( 11 F51> (Cusp(T'(2), nk) (SPH(T(2)))) C Vg (10.5)
[ AV

olel (&
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Tt is the condition (u(Zo, F))s € S¢ that imposes the nontrivial linear relations on the
coefficients of F' = " a(T)ql € S* that hold when F is the formal series of a Siegel
modular cusp form. In the computations performed to date we have only used polarized
lattices of the form . = A @ A* for integral A. For € = Z,,, ¢ is the identity map
and the question of whether these homomorphisms ¢ ¢ with codomain (Vg,Sg) carry
enough information to characterize F'S,,(S¥) inside S¥ amounts to the following “infinite”
computation:

OPEN PROBLEM 10.6. (Version A) Let Id : (S¥, FS,(S¥)) — (S¥, FS,.(S¥)) be
given and let ¢ : (S, 'S, (S¥)) — (V,Sy) be as in equation (10.5). Does the set of
homomorphisms {¢»} with £ = A @ A* and A integral dominate 1d?

11. Witt Homomorphisms.

There are other homomorphisms arising from symplectic embeddings one might
consider besides the restriction homomorphisms ¢ .. We augment our technique by
including the Witt maps in our set of homomorphisms. The Witt maps are given by
restriction to the reducible locus, see [21].

PROPOSITION 11.1.  For i+ j = n there are homomorphisms ;; : Sk — SF® S;-‘
for abij « J6G x HG; — A, defined by ;; (21, Q2) = Q1 @ Qo. Furthermore, if n = 2i we
have ¥} : S¥ — Sym(SF @ SF).

DEFINITION 11.2.
S’ﬁ’red = ﬂ ker wfj.

i, itj=n, i1, j=>1

We extend the Witt map to a map on formal series so that it commutes with the
map to Fourier series.

DEFINITION 11.3.  For F =Y, a(T)q} € Sk define ¢;F € S} @ SF by

Y ( 5 a<T>)q?1®qu.
TEX, m PPer

T\€ 2, T2€ % (T)=Ty, wlyer (T)=Ts

X1

Then the following is essentially due to Ozeki, compare [14].
PROPOSITION 11.4.  For all f € S} we have ¢}, FS,(f) = (FS; @ FS;)5;(f)

We then have the relative morphism
W5 (SE FS,(SF)) — (SF® S, (FS; ® FS;)(SF @ SF)),
but instead we ease the computations by using

¥y (SE, FS, (Shd)) — (SF @ S%,0).
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We then recover S¥ from S¥*°d by ad hoc arguments.

12. Finitization.

The objects of theoretical interest have been introduced but we still have not ex-
plained how to perform the actual computations. We use the following elementary Propo-
sition.

ProprosITION 12.1.  Let 7 : (V,S) — (nV,7S) and ¢ : (V,S) — (V1,51) be mor-
phisms of relative vector spaces with dim 7S < +o0o0. We have dim7S < dim 7w¢~1(S1).
If there is a subspace S C S with dim7¢=1(S1) = dim7S then ¢ dominates ™ and
7S =78.

PROOF. We have S C S C »~1(S1) and 7S C w8 C 7$~1(S1). We also have
dim7S < dim7S < dim7¢~'(S;) and so dim7w¢~1(S;) = dimnS implies dim 7S =
dim7S = dim7¢~'(S;). These spaces are all of equal finite dimension so that 7S C
7S C w1 (Sy) implies 75 = 7S = wp~1(Sy). O

Recall the discussion following Definition 2.8. We will take 7 = 7y for a ¥
with 7T<g|FSn(S§) injective. For example, let € represent each class in {T" € 2, :
w(T) < %nﬁ}, where w : Z,(R) — Rsg is the dyadic trace, see [17]. The dyadic
trace w : Zn(R) — Rsgo is defined by w(s) = infyso(s,Y)/m(Y) where m(Y) =
min,e zn\ (o3 v'Yv is the Minimum function. In order to prove that ®. dominates 74 we
must construct a subspace S¥ C S¥ with dimS*¥ = dim 72® ' (Sw). Consequently
we will have 74 FS,(SF) = chFSn(S,lj) and for the % just given this would prove
FS,(S¥) = FS,(S¥) and hence S¥ = S¥. Constructing modular forms is the enjoy-
able part, whereas showing that a given set of forms spans the entire space has always
been the difficulty.

In computer computations we map from and into finite dimensional vector spaces.
The issue is that the finitization must be done with care to ensure that the morphisms on
truncations of Fourier series of Siegel cusp forms still have images that are truncations of
elliptic forms. Describing actual computations is always a bit messy. It is accomplished
as follows: Let & O € be the net of Fourier coefficients that we are going to keep track
of, % should be the union of a finite number of equivalence classes. For trivially polarized
rational lattices ¥ = A @ A* with A integral and ¢ = exp(A*/A) we have I'(.¥) D I'y(¥).
Also, for all 0 € T'; we have ['g(£)° N V1(Z) = Ay(we(0)), where wy(o) = £/({,c?) for
o= (‘; Z) € I'y is the width of 0. We now make these substitutions into the general
set-up of section 10. In general, nothing essential is changed if a subgroup of finite index
in I'(Z) is used in place of I'(.Z). We need to define some projections.

DEFINITION 12.2.  Given a j; € Z>o and N € Z*, let 7(j1, N) be the projection

m(j1, N) : H C— H C.

JE€ENZ>0 JEXZ>0: i<h

Since S¥(A1(N)) C HjE%ZN) C, 7(j1,N) is defined on S¥(A;(N)). Let (A @
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Ao ~ (AOo, X[A,0]) ~ (sOo,([s,0]) denote the action of I'; on trivially polarized
lattices in each of the three descriptions, where s{o is a Gram matrix of Ao = 71 ((A®
A*)o), see section 7.

DEFINITION 12.3.  For s € 2,(Q), £ € ZT and B C 2, define

1

J(s,0; B) = sup {j € 7

z;{Te%n:<s,T>gj}g@}.

Let 7/ be the projection on Vg = pjero@enr, S¥(A1(we(o))) defined by

7l Ve — H 7(J(s0o, we(o); B),we(o)) (Sf(Al(Wg(U)))).
[0]€T0(H)\T'1

PROPOSITION 12.4.  We have the following commutative diagram,

(8%, FS, (k) —22 > (Vig, S)

mlody J

7 (SE, FSn(SF) —= 71/ (Vg, Se)

so that the bottom row is a morphism of relative finite dimensional vector spaces when
B represents finitely many classes.

PROOF. For F =" a(T)ql we have ¢p o F = Hsjeroenr, #(Zo, F) and

o= [I  w(I(s00,we(0); B), welo)) u( Lo, F)

[0]€T0(O)\I'

= I 2

J(sDcr,wAa’);%’)(
[o]eTo(O\T'y  j=1/we(0)

> Xc[s,0)(T)a(T )) qi.

TeZy:(sOo,T)=j

The formula for 77 o ¢ o Tz will be the same except that the characteristic function
1%(T) will multiply a(T"). For j < J(sOo,we(c); B) we have {T € Z, : (s0o,T) <
j} € A by Definition 12.3 so that 14(7) = 1 in this summand. O

OPEN PROBLEM 12.5. (Version B) For all € C Z,, representing a finite number
of classes, does there exist a finite set of integral lattices, &, and a # C %, representing
a finite number of classes with € C % such that for:

T e (SE, FS,(SE)) — me (SE, FS,(SF)) and

7' pron~ : 7z (SE, FSn(SS)) — 7 (Vaga+, Sasa+),

the set of morphisms {7/ ¢aga~} with A € & dominates 74?
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Version B of the Open Problem is equivalent to Version A (10.6) by general nonsense.
It is Version B that we have some data to support. For some sets ¥ we have been able
to find finite sets &/ and 2 such that the set of homomorphisms {77 ¢prqa+} with A € &/
dominates m¢. Since our determining sets of Fourier coefficients 4" are not optimal and
since our sets of lattices &7 were found in no inspired manner, we have come to believe
that this method of computing S* will always work.

To finitize the Witt maps we use nets %; C Z; and %; C Z; to construct

(T, ® Ta;) P55 W@(SE,FSn(S’S’red)) — (ngiSf ® T, Sf70)

where %; and B; satisfy {T' € 2, : ;%7 (T') € %; and ©)%%"(T') € %} € A. In our

11X
examples we will have this condition for ; = T} {T € % : T = w7 (T) o™ (T)}
and for B; = mH{T € B: T = m ;" (T) @ 5" (T)}. One reason for this is that we
prefer to order our quadratic forms by the dyadic trace w and it is easy to check that
w(T) < w(mey™(T) ® w2 (T)). Note this notation is consistent because 2 is a set
consisting of classes of forms. We view the Witt maps as a limited resource useful for
accelerating the computation but not essential to it.

13. Examples.

The seventeen examples computed in this section prove some new results and re-
prove some old results for Siegel modular cusp forms of degree n > 4. The new results
determine S¥ for (n,k) = (4,14), (4,16), (5,6), (5,10) and (6,8). For n > 4, the only
known dimension results for level one and nonsingular even weight not yet reproven by
our method are dim S}? = 2 from [12] and S§ = {0}, S¢ = {0} for 7 < n < 12 from
[3]. In the examples we dominate the projection morphism of relative vector spaces
ne : T(SF FS,(S*)) — 7e(SE FS,(SF)) by the indicated morphisms of the type
7l pren + 7a(SE, FS,(SF)) — 7/ (Vaga+, Sama+). In some cases, we dominate the
morphism 7¢ : T5(SF, FS, (Sred)) — 14 (Sk, FS,(SF*4)) by a combination of mor-
phisms of the type 7/¢pran- : 72(SE, FS,(SEd)) — 7/ (Vaga+, Sama-) and by the
truncated Witt maps (7, ® 7a;)¥;; : T2(SE, FS,(Skred)) — (n2,SF @ 7, S]’?, 0).

To prove that the set of morphisms chosen in each case dominates the projection
me we rely on Proposition 12.1. Using the notation following Proposition 12.1 and
Definition 2.8, our task is twofold: First we provide a set of morphisms in the hope
that the product map @, : 7%(Sk FS,(S¥)) — (Vi,Sw) will dominate m¢. Sec-
ond, we provide a subspace of cusp forms Sﬁ in the hope that it is all of SX. Since
me o F\S,, is injective on Sﬁ we have dim S,’i = dim ﬂ'gFSn(gﬁ) If computations show
that dim S'ﬁ = dim W%@;;(Sg{) then ®, dominates m¢ by Proposition 12.1 and we
may conclude that 74 FS,, (S¥) = 14 FS,(S¥) and Sk = Sk. This precise description
may make the computations seem remote. We give Example 6 in greater detail and
recommend it to the reader interested in performing similar computations.

We construct Siegel modular forms in various ways. If it exists, let Ey € M* be
the Eisenstein series normalized to have constant term 1. Let I denote the Tkeda lift,
see [9], which creates a nontrivial Hecke eigenform in S* from one in SZ*~" when n, k
are even. Let A C RY be an even unimodular lattice of rank m and let Q : M,,« ~(C) —
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C be a pluri-harmonic polynomial [7, p.161], of degree v and define ¥5 ¢ : 44, — C
by

Ino® = Y Que(5er. ).

LeA™

The function 9, g is then a Siegel modular cusp form of weight 7 + v and degree n.
Furthermore for V, X € M, «n(C), the polynomial Q(X) = det(V X’)" is pluri-harmonic
whenever V satisfies VM'(MM')~*MV' = 0 where M is a basis of row vectors for the
lattice A. When @) = 1 we obtain the basic theta series 95 = ¥4 1. For Q € J7,, z € C"
and a,b € R™ the theta function is defined by

JHEEDS e(;(m +a)Qm +a) + (m+a) (= + b)).

meZm

In the examples that follow, we use the above methods to construct enough linearly
independent Siegel modular forms to get a lower bound on dim S*. However, aside
from the Ikeda lifts, it is computationally not feasible to compute directly from their
definitions the Fourier coefficients a(T") when the trace of T' gets much bigger than that
of a root lattice. But such Fourier coefficients are needed to compute the action of Hecke
operators, as in our examples of S}* and S}°. We should emphasize that our technique
gives relations on the Fourier coefficients, and in the examples that follow it is by solving
these relations that we compute enough Fourier coeflicients to determine the action of the
Hecke operators. The action of the Hecke operator T}, is normalized by T,,f = > f|M;
for the finite double coset decomposition ', (1 pgn )T, = U;T', M;; the definition of the
slash operator is extended by f|M = f|(=zz~ M € Sp,,(R).

In the examples that follow, we always choose € = {[T]: T € Zn,w(T) < %ni

. 1
2/ det (M) M) if 2/ det (M)
V3 T4an

EXAMPLE 1: dim S7 = 0. This is a result of Christian, as a special case of dim M? =
0. We can reprove this because ¥ = & and so dim S7 = 0.

EXAMPLE 2: dim S§ = 0. This is a result of M. Eichler, along with M} = CYp, =
CE;. W. Duke and O Imamoglu have shown M} = Cdg, for all n. We can reprove this
because ¢ = & and so dim S§ = 0.

EXAMPLE 3: dimS§ = 0. This follows from the work of R. Salvati-Manni [20]
who showed that in degree four cusp forms have minimal slope 8. Proofs are also given
in [16] and [3]. W. Duke and O. Imamoglu show that dim S = 0 for all n and that
MP$ = CEg if n < 9 and that MS = {0} for n > 9. We can reprove S$ = {0} by choosing
B =%, where ¢ = {T € 24 : w(T) < 2}={4D,} and using the morphism 7/ ¢p, e pr
to dominate m¢. Specifically, the morphism 77/ ¢p,q p; implies that the %D4 Fourier
coefficient must be zero and hence dim S§ = 0.

EXAMPLE 4: dim S§ = 1. This also follows from the work of R. Salvati-Manni [20]
and was proven in [16] and [3]. We have S§ = CJs where Jg is, up to a normalizing
constant, the Schottky modular form studied by F. Schottky and J. I. Igusa [8]. Some
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Fourier coefficients of Jg are given in Table 2. We have

Ipem, —0ps = 5160960 J,
9.0 = 5529600 Js,
T(z)(] +T'[2)% +T2%0 - 2(7’007‘0% +7’00T%O +TO%T%0) — 916 Js,

I(A) = —120 J,

where 7, = HZ,,@,WE{O,%} oL g 3](0,9) is a theta null for p,v € {0,%}, and where
I(A) is the Tkeda lift of A € S1? and where Q(X) = det(U; X')* with Uy = [I4 il4]. The
form Jg vanishes on the Jacobian locus and 13.Js = 0 and 93, Jg = 0. We have dim M} =
2. We can reprove this result by using =% = {T € 2, : w(T) < 2.5} = {1 D4, 1 A4}
and by showing that the morphism 77/ ¢p, p; dominates 7. Specifically, the morphism
7 ép,e p; implies one relation between the Fourier coefficients for {%D4, %A4} and so

dim S§ < 1. Then dim S§ = 1 follows from the existence of Js.

EXAMPLE 5: dim S}° = 1. This was proven in [18] by the earlier version of the
method of this paper. In the current language, we take B =€ = {T € 2, : w(T) <
3.5} = {By,...,Bg} (see Table 1) and show that m¢ is dominated by the morphisms

7TJ¢A€BA* for A € & = {D4,<

linearly independent relations (see [18]) among the Fourier coefficients for %, and so
dim S} < 1. Then dim S}° = 1 follows from the existence of G1¢; we have S} = CG1j
where G1p may be given by any of the following:

IR
cowm
=ovor

1
8) } Specifically, the two morphisms imply 9
4

VEs.0, = —5529600 Gio, Q1(X) = det(U; X")® where Uy = [I, il4],
106168320 G1o, Q2(X) = det(UsX")? where Uy = [I4 04l 0],

VB0 Es,Qq
13056 10
Z H 0[¢]* = 2%5 -3 G1o, the sum is over even fundamental systems F, see [17],
F (eF

I(E4A) = —168 Go.

We have 973G10 = 0 and ¥3,G19 = 720 X190 ® X19. We have dim M}° = 3.

EXAMPLE 6: dim S}? = 2. This follows from the work of Erokhin [5], [6] on theta
series and was proven in [16]. We have Z=%¢ ={T € 24 : w(T) <4} ={By, ..., B2}
(see Table 1) and the morphisms (73, ® Ta,)Vls, (Ta, @ Ta,)s, and the 7/ prqa-
for A € & = {5 forms } dominate 7. The C-vector space 7S}? is 23 dimensional.
We elaborate more on the details of this example to illustrate the technique. Table 3
gives a listing of the 5 forms in ./ and the number of relations on Fourier coefficients
resulting from each corresponding morphism; the relations themselves are listed in Table
4. Table 5 gives a listing of the relations on Fourier coeflicients implied by the Witt
homomorphisms (7g, ® 7g,);; and (Ta, ® Ta,)Ps,; these relations are satisfied by

. l2,red
forms in S, ™.
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We now compute some of the entries in Table 5. For F =Y 1, a(T)qj € Sj?, we
have, by Definition 11.3,

x v T o T
= ¥ (3 o g) e

Tie21,T3€X3 \ve(}2)3

We finitize the Witt map with %, = {1} and %5 = {3 A3, (A1 ® As), I3}, noting that
any T € 2, with m{Ph(T) = 1 and 720%™ (T) € %5 has dyadic trace less than or equal
to 4 and hence has a class representative in . We compute, letting a; = a(B;),

3

* 1A
(m8, ® Tg,) YisF = (6ag + 8a1 + a2)qy ® g3

1
+ (120,1 + 6@2 + 2(13 + a5)q% &® q;;z(AleaAQ)

+ (8&0 + 12a5 + 6as + alo)q% ® qéS. (13.1)

For example, to obtain the leading coefficient 6ay + 8a; + ag, classify the (a,b,c) €
2 abc

{—1,0,1}> for which ( ¢ 2} é) is even: 3 pairs +(1,1,1), £(1,0,0) and +(0,1, —1) give
c 102

the class of Dy; 4 pairs +(1,1,0), (1,0, 1), £(0,1,0) and +(0,0, 1) give the class of Ay;

only (0,0,0) gives the class of A; @ As. The rest give nondefinite forms so that
1/2abdc
Z a<2 <‘g i % é)) = 6a(By) + 8a(B1) + a(Bz) = 6ag + 8a1 + as.

(a;b,c)e{-1,0,1}3

For the morphism (72, ® Tz,) ¥ty : 7(S12, FS4(S32"°Y) — (12,512 ® n4,842,0),
when we stipulate that F' € ((mg, ® 7a,)¥73) 1 (0) we are simply requiring that all the
Fourier coefficients of (7, ® ma,) i3 F be zero. The three coefficients from Equation
(13.1) give the first, third, and fourth relations in Table 5. The other relations in Table 5
come from setting the coefficients of (7, ® mg, )13, to zero. These relations hold for

. . . 12,red
the Fourier coefficients of cusp forms in S

The relations in Table 4 arising from the restriction technique require more labor.
o
0
1

Consider the first entry in Table 3, .2 = D, ® D}, where Dy = ) has level £ = 2

N

and T'y(2) C T'(¥). Using the definition of ¢ in (10.3) we have
b2 F = (WL, F), (L1, F)) € S*(A1NTo(2)) x S1*(A1 NTo(2)7).

From Proposition 8.3 and Definition 6.1 we have

(L, F) = det(Da)° ¢, F = det(Da)® Y ( > a(T)>q{.
T

JEQT Dy, T)=j

To finitize this map recall that the cusps have widths wy(e) = 1 and wa(J1) = 2 so that
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J(D4|:|6,W2(€);§3) = J(D4,1;<%)) = 8 and J(D4|:|J1,W2(J1) ) =
The truncated map therefore has image 7/¢ o F = (7(8, 1)u(Z, F),
by Definitions 12.2 and 12.3, where

J(D5, 2, B) = 4.
m(4,2)u(ZL 1, F))

(8, 1)u( L, F)
=45 (aoq‘l1 + (16ag + 48a1)q} + (144a0 + 288ay + 216ay + 48a3 + 12a4)¢}

+ (3840,0 + 1488a; + 864as + 288asz + 144a4

4 432a5 + 240a6 + 288a7 + 48ag + 16a9)q]

+ (an integral linear combination stopping at azg)qf),

71—(4’ Q)M(gjlaF) = 77(4v 2)/’6(5*7F)
6
1
= (4) (aoq% + (16ap + 48a1)q1:’/2 + (144ap + 288a1 + 216as + 48a3 + 12a4)q§’
+ (384@0 + 1488a, + 864as + 288a3 + 144a4
+ 432a5 + 240ag + 288a7 + 48as + 16ag)q.

+ (the same integral linear combination stopping at agg)qf).

In this example slashing with |45 (é ?) changes the first formal series to the second; this
is because D} ~ %D4. We computed these coefficients by enumerating all possibilities.
For example, to find the g¢;-coefficient (16a(Bp) + 48a(By)) in the first series we enu-
merated all T € %, with (D4, T) = 5 and found 16 in the class of %D4 = By and
48 in the class of $A4 = By. For the morphism 7/¢p,ep; W@(SiQ,FS4(Si2’red)) —
7 (Vp,ep;, Spsep; ), when we stipulate that F' € (77 ¢p,qpr) " (Sp,ep;) we are simply
requiring, from the definition of Sp,ep; in (10.5), that there exists a 1) € S18(I'o(2))
such that

oo F = (r(8, \u(L, F),m(4,2)u(L 1, F))
= ((7r(8, 1)F51(¢g),7r(4,2)F51(1/J_<3|J1)).
The ring M;(To(2)) is generated by E,, € M7(To(2)) and Ey, € M{(T(2)) and
the ring of cusp forms is principally generated by Cg: 5 € S$(Io(2)). The =+ superscript

indicates an eigenvalue of £1 under the Fricke operator, F5. The Fourier expansions of
these generators are given by

E;, _1+24Z o1(n) —201(n/2))q" = 1+ 24q + 24¢* + 96¢> + 24¢* + 144¢° + - - -

Ep,(r)=1-280 Z —403(n/2))q" = 1 — 80q — 400> — 2240¢° — 2960¢* — - - -

1 _ _
C’;Q(z) = 255 (E272(7')4 — E472(7')2) =q— 8¢ + 12¢°> + 64¢* — 210¢° — 96¢° — - - -
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Write the general element of weight 48 as 1y = ZlQOQi(EQ_,Q)M_%(E;z)i. The ac-

1=

tion of the J; = FQ(% (1)) operator is a change of sign of the «; with odd i fol-

lowed by |4s(39); thus (2, F) = FSi(ve) and u(LJ, F) = FSi(e|Ji) imply
that a; = 0 for odd 7. The same conclusion follows from the projected equalities
(8, Nu(Z, F) = n(8,1)FS1(vy) and n(4,2)u(LJ1, F) = 7(4,2)FS1(Y»|J1) because
no weight 48 cusp form in the Fricke minus-space vanishes to order 9. Thus we may
rewrite 1y = S0, Bi(Ey )4 (Cg,)". We have fy = 1 = B = 3 = 0 since the
leading term in p(Z, F) is ¢f. Thus we have deduced that 1 may be written

Yo = 40 (a(B5) N (O + B(E3,) N(C)® +7(CE)°)
= 4%(ag* + (1600 + B)¢” + (106080 + 565 + )¢’
+ (364928a + 4120 — 487)q" + (63549040 — 19008 +10327)¢" + -+ ).

Using (8, 1)u(Z, F) = 7(8,1)FS1(1).¢) we must have o = ag, 160 + 3 = 16ag + 48ay,
10608a+565+~ = 144a9+288a1+216as+48a3+12a4 and 364928a+4125—48y = 384a¢+
1488a4 + 864as + 288as + 144a4 + 432a5 + 240a6 + 288a7 + 48ag + 16a9. We solve the first
three equations for a = ag, 8 = 48a; —144ag, v = —2400a¢ —2400a; +216a2 +48as+12a4
and obtain relations by substituting «, 3 and « into the fourth equation, which becomes:
16(—26276a¢ — 8343a; + 702as + 162a3+45a4 + 27as + 15a¢ + 18a7 + 3as + ag) = 0, the
second relation in the first box of Table 4. The relations in Table 4 are satisfied by the
Fourier coefficients of all cusp forms in S}

The 15 linearly independent relations from Table 4 and the 8 linearly independent
relations from Table 5 together yield 22 linearly independent relations implied on the
Fourier coefficients of cusp forms from $;2"°¢. Since || = 23, this implies dim S;>"¢ <
1. Note that this is reassuring because any generic errors in the calculations would have
caused the 15 + 8 relations to be totally linearly independent. Using 53> = CE,Js C
53274 we conclude that dim $;2™% = 1. The equality dim 512 = 1 + dim 5,2 follows
from the next Lemma.

LEMMA 13.2.  The following sequence is exact:

0 — §p2red 12 LB, (512 @ 612) gy Sym (S32 © S)?)
I o=, I
Qb1 =11 ® 5112 ® 5112 ® 5212 0.

PROOF. By Definition 11.2 we know S;>"°! = ker ¢}; N ker 03, = ker (1% & 13,).
Using Proposition 11.1 we see that Im(1]5 & ¢3,) C ker(l; ® ¢fy — ¥7; ® I) because

(I @ Yio)Pisf) (11,72, Q2) = f(11 & 72 ® Q) = (¥ ® L) Y3 f) (71,72, Qa).

We have S}?2 = CA and S3? = C®yy where U1 = A ® A, see [16, pp.311-312].
Thus S1? ® 512 ® S3? is spanned by A ® A ® ®15 and this element is the image of
(0, —®12 ® P1o) under I; ® ¥}y — ¥}, @ I, There is an element 3 € S}? constructed from
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J-series (called 112 in [16]) such that U3,3 = (unit)®12 @ P12 and so Im (i D 13,) is at
least one dimensional. Finally, dim S3? = 1 so that S}? ® Si% @ Sym(S3? ® S3?) is two
dimensional. These containments and dimensions show that the sequence is exact. [

We have 5327 = CE,Js and S}2 is spanned by I(E2A) and E;Js. G. Nebe and
B. Venkov [12] have computed the Hecke eigenforms in this space and using the Fourier
coefficients provided by T. Ikeda [10] we have eigenforms

fs = 9(ds) - L)
—76569927069081600 360
J(ds)

1 13
= _—_I(EIA) + - Bals.

Jo = 3605023870156800 240

Here ds and dg are certain linear sums of Niemeier lattices, and ¥(ds), ¥(ds) are the cor-
responding linear sums of theta series, as given by Nebe and Venkov [12]. Initial Fourier
coefficients of f5, fs are shown in Table 2. We have dim M}? = 6. The Fourier coefficients
for {3 Dy, A4} determine S}? and those for {3 Dy, $ A4, 145,245, 11,0} determine M{2.

EXAMPLE 7: dim S}* = 3 (NEW RESULT). We have € = {T € 2, : w(T) <
2110

5} = {Bo,...,Bsa}, and we take B = {T € 2, : w(T) < 6} U {(} 29 é)} =
010 10

{Buy, ..., Bars}, and the morphisms (g, ® Ta,)is, (Ta, ® T2,)1"5, and the 7/ P~

for A € o = { 23 forms} dominate m¢. See the authors’ website [15] for a precise listing
of ¢, # and o and for further information on the restriction method using forms from
/. Specifically, it turns out the morphisms 77/ ¢pga- for A € & imply 145 relations on
the Fourier coefficients for %, and the morphisms (7, ® 7Ta,)Y}; and (12, ® Ta, )3,
imply 69 relations on the Fourier coefficients for & for cusp forms in Sf’red. Together,
it turns out these 145 + 69 = 214 relations give 209 linearly independent relations.
Eliminating the terms involving £ \ €, we get 83 linearly independent relations on the
Fourier coefficients for %. This implies dim 5;*"*¢ < 2.

The equality dimS}* = 1 + dim S} follows from the next Lemma. Then
dim S}* < 3. Since we can construct 3 linearly independent cusp forms in S}%, then
dim S}* = 3, and hence also dim S}*"¢ = 2.

LEmMMA 13.3.  The following sequence is exact:
0— Sitred s g4 22, gy (534 @ S4) — 0.

PROOF. We refer to the proof of Lemma 13.2 for generalities. Since Si* = {0} we
have S @ S3* = {0} and S} = ker 1p3,. Since S34 is spanned by X10E4 we see that
Sym(S3* ® Si%) is spanned by X19E; ® X19E;. We conclude the sequence is exact by
noting that @2 (GloE4) =720 X10F4 ® X10FE},. O

Let a = /144169. We have dim S}*"*! = 2 and I(E3A + (540 +120)A2) — [(E3A +
(540 — 120)A?) and EgJs span S;™%; S14 is spanned by I(E3A + (540 & 12a)A2) and
EsJs. Enough Fourier coefficients to compute the action of the Hecke operator 75 can
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be found at the authors’ website [15], and the three Hecke eigenforms are:

12f7 = I(BEA + (540 + 120) A?)
12fg = I(E{A — (540 — 12a) A?)

gf (144169 + 37a
8572~ \ 2941047600

144169 — 37«
2941047600

)I(EZ’A+(54O +12a) A?)
)I(E§A+(54o —12a)A?) + EgJs.

The Fourier coefficients for {3 Dy, £ A4, 2(A; & A3)} determine S}*. Initial Fourier ex-
pansions of these are provided in Table 2. We have

b 3(-144169 4 3030) 3(7144169730304)f - gf
4o = 539192060 7 539192060 T A
144169 + 93a 144169 — 93a

VBea = 5529600( 6313136 17 T G3a3a36 8)
9 | 768(—4469239 + 56530) P 768(—4469239 — 56530 ot 110592 p
6D4,Qs = 673990075 7 673990075 8 g5 ’°
9 | 4(—144169 + 21730) 4(—144169 — 2173a) @f

644,Qs = 26959603 7 26959603 T

where Q3(X) = det(U; X")!0 where Uy = [Iy il4], Q4(X) = det(UsX')? where Uy =
[I4 0---0il4], and Q5(X) = det(UsX’)? where Us = [I; 0---0 il4]. The symbols 6Dy
and 64, represent the Niemeier lattices with these root systems. We have dim Mj* = 6.

EXAMPLE 8: dim S}% = 7 (NEW RESULT). We have € = {T € 24 : w(T) <
5.5} = {Bo,...,Biar}. For this calculation, it seems that taking % to be just a shell
of forms with a certain dyadic trace bound may not be the best approach. Instead we
take A to be the set of forms that arise in our calculations, in an ad hoc fashion, in the
following way. Denote . (s, t) = inf([s], [¢]). Then we take

0
)
4

. 2
%z{TEﬂﬁ:w(T)g?orf(T,(%
1

|
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N—
INA
o
>
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This makes |#| = 2249. The morphisms (75, ® Ta,)Vis, (T, @ Ta,)Ps, and the
7/ ppaga- for A € o = { 58 forms} dominate 4. See the authors’ website [15] for a
precise listing of ¥, % and & and for further information on the restriction method
using forms from .«7. Specifically, it turns out the morphisms 77/ ¢rga~ for A € &7 imply
1260 relations on the Fourier coefficients for %, and the morphisms (74, @ 74, )]s and
(T, ® Ta,)13, imply 527 relations on the Fourier coefficients for % for cusp forms in
S’iﬁ’red. Together, it turns out these 1260 + 527 = 1787 relations give 1685 linearly inde-
pendent relations. Eliminating the terms involving #\ %, we get 145 linearly independent
relations on the Fourier coefficients for 4. This implies dim S}*™* < 3.

The equality dimS}® = 4 + dim Siﬁ’red follows from the next Lemma. Then
dim S}% < 7. Since we can construct 7 linearly independent cusp forms in S}¢, then
dim $16 = 7, and hence also dim S}°"¢ = 3.

LEmMMA 13.4.  The following sequence is exact:

NI
0 — Si(i,red _ Siﬁ 13 22

I®YT, —¢7®1
—_—

(51° ® 93°) @ Sym (93° ® 539)
51°®81° ® 83° — 0.

Proor. That the image of each map is contained in the kernel of the next is
clear from the proof of Lemma 13.2. We know that S1® = CAEFE, and that Si¢ =
C[X10Es, ®12E4] so that S1¢ ® S16 ® S16 is two dimensional and Sym(S36 ® S16) is
three dimensional. From (¢, ® I3)(P12F4 ® ®12F4) = AE, @ AE; ® $12E4 and from
(’l/)fl ®12)(®12E4®X10E6+X10E6®(I)12E4) = AE4®AE4®X10E6 we see that Il ®1,ZJT2 —
Y], ® Iy is surjective. We will prove exactness by showing that the image of ¢j5 & 13, is
at least four dimensional.

For each of the six theta series ¥, p listed below, compute the Fourier coefficients of

Ui,95 p corresponding to g7t @ ¢™2 for i ® Ty € {2@(? % é),2®<z % §>,2®(§ % §)}

and of Wiy p for oo Ty € {(1) @ (21).C1) @ (39). (22) @ (20)). Let a(Tf)
denote the coefficient of ¢” in the formal series of f. Proposition 11.4 and Definition 11.3
say that

a(T1 ®T2;\Iljj’l9A’P) = Za( (1;1 12) ;?9/\’]3) summed over <1;1 ;2> € 2,

so that we need only compute Fourier coefficients a(T';94, p) for T with all 2s on the
diagonal, which is not difficult. The resulting 6-by-6 matrix, with rows indexed by the
theta series and columns by the Fourier coefficients, has the following row reduced form
after the content has been factored out of the rows

1 0 0 0 6 -8
0 1 0 0 1 2
0 0 1 0 O 1
0 0 0 1 -2 4
0 0 0 0 O 0
0 0 0 0 O 0
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so that the image of ¥]5 @ 13, is at least four dimensional. O

We have dim ;%™ = 3 and 5;%"% is spanned by E2Js, J2 and the linear combina-
tion 755t 0124, P, + 25244, Py — 5iddo U As. Py + 5005 V1As. Py — Tr55 V486, Ps — T55 V6 Aa,Po»
see below for definitions of these theta series. We have that S1% is spanned by these three
forms and I(E{A + (—=5076 & 108v/18209) E4A?), E¢G1o, and E4I(EZA).

We can alternatively take as a basis of S1° the following six theta series with spherical
characters, along with J2. Here the number of columns in Vi, ..., Vs is 36, 48, 27, 28,
32, 30, respectively.

Y124,.p,, where Py(X) = det(V;X")* and V; =

[eNeNoNe)
[=NeNal
[eNeN e
o OO
= O OoOOo
[eNeNeNe)
[eNeNoNe)
O O O =
OO =0
O = OO
2. OO0 0O
[eNeNeNe)

T
[eNeNeNe)
—_

V244, Py, Where Py(X) = det(VoX")* and Va =

T
[ Re el
(el e}
OO =O
[Nl
o= OO
[N enlenen]
—Oo0oo
(el en e Rl en)
SO O =
OO OO
OO = O
[N en e en]
O = OO0
[Nl
= O OO
OO OO
[Nl
| S

V34,,pP;, where P3(X) = det(V3X')* and V3 =

T
S oo+
oo +~=O
o~ OO
i =E=Ne=]
[ el e e]
[eNeNoNe)
cooo
oo oo
[eNeNoNo)
OO O

[eNeR Nl
O =00
2. O 00O
[eNeNoNe)
[eNeNoNo)
| I

194146’1347 Where P4(X) = det(vzl)(/)4 and V4 =

T
S oo+
oo +~O
OO0
=R =]
(el Rl en)
[eNeNeNe]
OO OO
O OO =
SO =0
O = OO0
. O 0O
[eNeNoNe)
[eNeNele)
| S

V4pg,p;, Where Ps(X) = det(V5X’)4 and V5 =

T
S oo~
[=NeN N
o~ OO
=N =N=]
[ el e e}
[eNeNoNo)
Scocoo
[l e e e}
[=NeNei
O O = O
[ NN
=000
[N e NN}
[ el e}
—_

D64,,p, where Ps(X) = det(VsX')* and Vs =

T 1
[N el
coro
O OO
= O OO
cooo
OO O =
SO = O
o= 00
= O OO
cooco
cooo
I

A cusp form in S} is determined by its Fourier coefficients a(7") with
1 1 1 1 1
T e {2.D47 §A4, 5(141 &) A3), §(A2 D Az), 5(141 DA D Ag), I4,D4}.

Enough Fourier coefficients to compute the action of the Hecke operator T» can be found
at the authors’ website [15], and the 7 Hecke eigenforms hq, ..., hy are listed in Table 6
by giving their seven determining Fourier coeflicients.

ExaMPLES 9, 10 AND 11: n = 5 AND WEIGHTS 2,4,6. By the known results
mentioned we have dim S? = 0, dim M2 = 0 and dim S2 = 0, dim M2 = 1 and dim S$ =
0, dim M8 = 1. These results can be reproduced by our methods in each case as follows.
For S2 and S2, we have ¥ = & and so dim S2 = 0 and dim S2 = 0 follow automatically.
For S¢, we take ¢ = % = {3Ds} and find 77 ¢4 54> dominates me.

EXAMPLE 12: dim S8 = 0 (NEW RESULT). We have Z =% = {T € 25 : w(T) <
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3.5} = {8 forms} (see the authors’ website [15] for a listing of %) and the morphism
1/ da.e Az dominates 7. That is, this one morphism implies that all 8 Fourier coeffi-
cients for € are zero; hence dim S§ = 0.

EXAMPLE 13: dim S1° = 0 (NEW RESULT). We have S10 = 5197 We have
¢ ={T¢e % :wT) <45} = {54 forms}. We take Z = {T' € 25 : w(T) < 5.25} =
{135 forms}, and the homomorphisms (7g, @7, )i, (Ta, @Ta, )i and the 7/ paga-
for A € o/ = {9 forms} dominate m¢. Specifically, the morphisms 7/ ¢aga- for A € o7
generate 103 relations and the morphisms (74, ® 74,)YT, and (7@, ® Ta, )13, generate
34 relations on the Fourier coefficients for %, for a total of what turns out to be 93
linearly independent relations. When the terms involving % \ € are eliminated, we get
54 linearly independent relations on the Fourier coefficients for %, implying they are all
zero, and hence dim S;O’red = 0. See the authors’ website [15] for detailed listings of sets
C, B, .

REMARK: dim S22 = 2. This dimension and the Hecke eigenforms were computed
by G. Nebe and B. Venkov [12]. We have dim M3? = 8.

ExXAaMPLES 14, 15 AND 16: n = 6 AND WEIGHTS 2,4,6. By the known results
mentioned we have dim S7 = 0, dim Mg = 0 and dim S§ = 0, dim M¢ = 1 and dim S§ =
0, dim Mg¢ = 1. These results can be reproduced by our methods in each case as follows.
For S2 and S3, we have ¥ = @ and so dim S? = 0 and dim S§ = 0 follow automatically.
For S¢, ¢ = % = {5Es,3D¢} and 7/ ¢ 4,04; dominates m¢; that is, this morphism
implies that both Fourier coefficients for {1 Es, D¢} must be zero and so dim 5§ = 0.

EXAMPLE 17: dim S§ = 0 (NEW RESULT). We have S§ = S5"°!. We have # =
¢ ={T € Zs : w(T) < 4.25} = { 26 forms } and the morphisms (7, ® 74, )1¥is,
(T, T, ) Va4, (T, @7, )45 and the 7/ dppga~ for A € o = { three forms } dominate
me. That is, these six morphisms imply that the Fourier coefficients for € are all zero
and so dim S§ = 0. The three forms in . are Es, Ag, and the form

—ocor~owN
—o~omO
ol cvor
—
HENOFO
|
ve=loo
BN~ O~

14. Tables.

Table 1 gives the semi-integral quaternary forms with dyadic trace less than or equal
ae f h
to 4. The quadratic form (; Z g ;) is presented as a b ¢ d 2e 2f 2g 2h 2i 2j. We use
hijod
GNipp’s tables [13] as a reference.
Table 2 gives the Fourier coefficients a(B;) for some Siegel modular cusp forms we
have mentioned.

Here a = /144169 for simplicity.
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Table 1. Semi-integral quaternary forms with dyadic trace < 4.
name | w(t) | 16 det(t) t
By 2 4 1111 000 111
By 2.5 ) 1111 100 101
By 3 8 1111 000 110
Bs 3 9 1111 100 001
By 3 12 1112 110 100
Bs 3.5 12 1111 000 100
Bg 3.5 13 1112 110 010
By 3.5 17 1112 100 101
Bs 3.5 20 1112 000 111
By 3.5 25 1122 110 112
By 4 16 1111 000 000
B 4 16 1112 110 000
Bis 4 20 1113 110 100
B3 4 20 1112 100 100
By 4 21 1112 100 001
Bis 4 24 1112 000 110
By 4 28 1122 110 011
Bi7 4 32 1122 000 112
Big 4 32 1122 110 100
Byg 4 33 1122 011 102
By 4 36 1122 011 111
By 4 48 1122 000 122
Bos 4 64 2222 000 222

Table 2. (Fourier Coefficients n = 4 for Hecke Eigenforms, weights 8 through 14)
S S BE
Js Go fs fe I, I8 fo
1D, By 1 1 -3 2 —467 + o 2
14, By | -1 2 1 -5 —274 + 2a -5
laie4s) B 2 —22 —38 —44 —(—4994 + 220) 28
lAaxe4) Bs| 6 72 —78 —78 — (44904 + 48q) —198
By —12 —36 —492 744 63132 £ 204« —1752
%(Al @ AL ®A2) Bs —12 —36 —492 —816 63132 £ 204« 288
Bg 11 26 741 —377 —238282 + 506« 1039
By 2 —232 1462 646 — (869176 + 2992q) —2618
Bsg —72 1200 1992 4080 1628640 + 10080 7200
By 116 2480 —39156 24700 | —(21369520 £ 15040c) 81700
Iy Bio 40 472 —4440 —6400 — (434984 £+ 968cx) —2080
Ty eigenvalue 552960 | 30412800 | 351866880 | 42762240 | 92160(59701 + 137«) | 2180874240
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Table 3. (& for calculation of S;?)

1 s cusp o | J(sOo,we(o); B) | terms | dim M{8(To(¢)) | rels
2001
2 (8 05 %) 1/0 8/1 18 13 2
1112 1/1 8/2
2101
1/0 8/1
) 529 O) 27 25 2
(? 0153 1/1 17/5
1/0 10/1
2111
1/1 14/6
6 129 O) o4 49 )
(% 064 1/2 17/3
1/3 9/2
1/0 13/1
311 -1
sl (L) | m 18/8 5 0o |
S111 03 1/2 11/2
1/4 7/1
1/0 17/1
4 -1 2 —2
9 <21 41 31> /1 17/9 54 49 2
S22 —1 4 1/3 8/1
2/3 8/1

Table 3 gives the set .7 used in the calculation of S}2. Here, a cusp (‘j Z) will be
denoted simply by the symbol a/c. Note that the J value is written as an unreduced
fraction with the denominator being the width of the corresponding cusp. The column
headed “terms” is >, ,(We(0)J (0o, we(o), #) + 1), the sum of the numerators and
the number of cusps in the previous column. It is the total number of g-terms remaining
after we truncate each u(Zo, F) to order ¢’ (sH7:we().%),

The next column in Table 3 gives dim M{®(T'y(¢)). This is the number of param-
eters we must eliminate to obtain relations. That is, suppose ¢1,...,¢9q is a basis of
M{8(Ty(¢)). For some parameters c1,...,cq we have u(Lo, F) =3, ¢;FSi(g;|o) to or-
der g/ (sBowe(0).2),
the (terms)-column we get linear relations in the Fourier coefficients of F. The column
headed “rels” gives the number of linearly independent relations; hence in all cases the
(rels)-column is less than or equal to the difference of the previous two columns.

By eliminating these d parameters from the number of equations in
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Table 4. (Relations on Fourier Coefficients in S;* alluded to in Table 3)

0 = —4091488a0 + 4192992a; — 286752a2 — 64512a3 — 15552a4 — 1440as5 — 288as — 288a7 +
12ag + 312a10 + 216a11 + 12a12 + 864a13 + 288a14 +432a15 + 288a16 + 180a17 + 48a1s +
288a19 + 18a20 + 36a21 + a22,

0 =—26276a9 — 8343a1 + 702a2 + 162as + 45a4 + 27as + 15a¢ + 18a7 + 3as + ag

0 = —2282672a0 — 1851544a1 + 29168as + 68949a3 — 2160a4 + 5724a5 — 5466a¢ + 3929a7 +
810ag + 7Tag — 60a19p — 6a11 — 12a13 + 9a14 + 12a15 + 3ai17 + 6a19,

0 =331024a0 + 260160a1 — 3324a2 — 10692a3 + 459a4 — 765a5 + 960as — 564a7 — 120as +
12a10 + 2a11 + 6a13 + a6

0 = —337048a0 — 292142a; — 26660a2 + 4686as — 6912a4 + 954a5 — 4098as + 958a7 + 86as +
58ag — 12a10 + 10a11 + 16a13 — 8a14 — 14a1s + 16a16 + a17 + 4a1s + a0 + az1,

0 =86400a¢ + 80562a1 + 3948a> — 2485a3 + 875a4 — 321as + 764a6 — 177a7 — 40as — 3ag +
2a11 + 6a13 + 5a14 + 4ai1s + a6 + 2a19,

0 = —255036a0 — 218485a1 — 3624a2 + 7233as — 896a4 + 1035a5 — 987ae + 489a7 + 132as +
3ag + 12a10 + a12 + 6a15 + 3ai7,

0 = —23648a¢ — 23216a1 + 2968a2 — 444as3 + 644a4 + 372as5 + 624a¢ + 84a7 — 9as + 8aio +
18a11 + a12 + 24a.3,

0 =—-9460a9 —10239a1 — 964as +39az — 228a4 + 21as — 209a¢ + 15a7 +as +ag — 12a11 — 2a12

0 =3976544a0 + 2481732a; — 87690as — 55440a3 — 10629a4 — 10608as — 1988as — 7296a7 +
162as —32a9 —39a10+26a11+3a12+96a14+114a15+60a16 —30a17+12a18+48a19+3a21,

0 =—722992a0 +29976a1 — 19718a2 + 10156a3 — 241aq — 1232a5 — 3872a6 + 1680a7 — 398as +
55a10 + 56a11 + a12 + 68a13 + 16a14 + 16a15 + 8aie + 30a17 + 8ai9 + aso,

0 =—-277064a0 — 384a1 — 7872as + 3924as — 204a4 — 288as — 1400a¢ + 696a7; — 144as +
21a10 + 2a11 + 12a13 + 12a17,

0 = —206596a9 — 141776a1 + 8318as + 1908as + 678a4 + 756as + 608as + 256a7 + Sdas +
6ag + 3aio + a11 + 10a13

0 =4265928a¢ + 2564422a1 — 149188as — 36086a3 — 11990a4 — 10914a5 — 6440a¢ — 5471ar —
448as — 127ag9 + 2a11 + a12 + 13a14 + 10a1s5 + a17 + 3ais + daie + a0 + a21,

0=—-1204176a0 — 657918a1 + 38988asz + 9350as3 + 3090a4 + 2814as + 1692a¢ + 1479a7 +
138as + 39ag + 12a10 + 6a11 + 24a13 + 5a14 + 6a15 + 6a16 + 3a17 + 3aig

Table 5. (Relations on Fourier Coefficients in S}>™® implied by Witt Homomorphisms)

0 = 6ag + 8a1 + as

0 = 12ap + 18a1 + as,

0= 12&1 + 6(12 + 2CL3 + as,

0 = 8ao + 12a2 + 6as + a1o,

0 = 8agp + 24a1 + 12as + 6a4 + Rag + aii,

0 = 6a1 + 8az + 6a4 + 6as + 2a7 + ais,

0 = 42a1 + 24az + 6as + 12a4 + 12a¢ + 6a7 + a14,
0 = 10az2 + 8as + 4a4 + 8ar + 2ag + azs,

In Table 4 and Table 5, for simplicity, we write a; for the Fourier Coefficient a(B;).
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Table 6. (Fourier Coefficients for the Hecke Eigenforms in S;°)

hi, he hs, hy
1D, 4672 2848
1A, 5(—2165 + 2703) 45(—63 £ 3)
1(A; @ A3) 16(—5911 + 815) 24(1235 + 33)
1Ay @ Ay) 54(22727 4 230) 1782(—63 + 3)
141841 8 Ay) —864(—3151 + 253) 11664(—63 + )
I 18688(3061 + 273) —1280(—7931 + 275)
Dy 149504(21785273 + 1379433) | —32768(40825807 + 167265.3)
Ty eigenvalue 829440(67989 + 4433) —14745600(1703 + 93)
hs, he hy
iD, 15628 9
1A, 25(189 £ 7) 10
3(A1 @ A3) —8(—82620 + 1217) —513
(A @ Ay) —6(63161 4 913) —696
141841 Ay) 48(119861 + 12137) —5962
I 640(—109424 + 1881~) —77120
Dy 2048(5158515713 + 17435257) | 2719260672
T eigenvalue 75202560(557 £ ) 14745600000

multiples of Tkeda lifts, namely, hi, ho =

Here f = /18209 and v = /51349 for simplicity. We remark that hi,hs are

=29895 [(BAN 4 (—5076 & 1086) E4A2).
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