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A time-change approach to Kotani’s extension of Yor’s formula
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Abstract. In [3], Kotani proved analytically that expectations for additive
functionals of Brownian motion {Bi,¢ > 0} of the form

Eo [f(Bt)g( / t sa(Bs>ds)}

have the asymptotics t=3/2 as t — oo for some suitable non-negative functions ¢,
f and g. This generalizes, in the asymptotic form, Yor’s explicit formula [10] for
exponential Brownian functionals.

In the present paper, we discuss this generalization probabilistically, by using a
time-change argument. We may easily see from our argument that this asymptotics
t—3/2 comes from the transition probability of 3-dimensional Bessel process.

1. Introduction.

Let (B = {B,t > 0}, P;) be a one-dimensional Brownian motion starting from z:
P.(By = z) = 1. Yor’s formula for exponential additive functionals of Brownian motion
states that, for all non-negative Borel-measurable functions f and g,

o {f(BQg(/Ot e2Bsds)] :/Rdx/ooocfj’ (x)g(y)exp(—l_;yeh>0<(j,t>. (1.1)

See [10, formula (6.e)]; we also refer to [1]. Here, for fixed z > 0, 6(z,-) denotes the
density of the so-called Hartman-Watson distribution, whose integral representation is
obtained in [9, Théoréme (5.4)]. It is noted in [1] that lim; o V27t36(z,t) = Ko(2),
the Macdonald function of order 0. From these, we may deduce that, for some suitable
functions f and g, the expectation as on the left hand side of (1.1) has the asymptotics
t73/2 as t — .

Later in [3], Kotani proved the same asymptotics for more general additive function-
als, replacing e=2¢ by o(x) > 0 satisfying certain conditions. He employed an analytic
approach, namely the Krein theory, in doing this.

In this paper, we deal with the same problem. Our approach employed here is a
probabilistic one. Although we only discuss here the case where g is given by g(x) =
exp(—x), we think that our approach provides us with a simpler way to understand
why such an asymptotics appears even for general additive functionals, and that it is
worthwhile to present it; we may easily deduce from our argument that the asymptotics
t73/2 comes from the transition probability of 3-dimensional Bessel process:
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Vort3PP (R, € dz) — 22%dz, t — oc.

We assume ¢(x) > 0 (z € R) is locally integrable and satisfies:

(P1) /00 zo(x)dr < oo, (P2) liminfp(z) > 0.

Tr— —00
We denote by fp the unique, strictly positive solution to the Sturm-Liouville equation

Lp(@) = o(@) () (12)

2
with boundary conditions

f'(z) > 1(z— o) and f(z)—0 (x — —oc0). (1.3)

The existence and uniqueness of such a solution is ensured by the above assumptions on
.

REMARK 1.1. By (P2), there exist constants a < 0 and ¢, ¢’ > 0 such that
folz) < e~ for all z < a.

See Remark 2.1.

Let f be a non-negative function on R satisfying

(A) /Rf(z)fo(z)dz < 00.

The purpose of this paper is to prove the following limit theorem: for every x € R,

i Vo, sy ew{ - [Comois)] =2n [ r@pE @

We shall show that (%) holds under some additional condition on f. Although we only
discuss the simple case with g(z) = exp(—z), an assumption on f imposed in [3] is
relaxed somewhat; indeed, in some case, we only need the minimal assumption (A) for
(*) to hold.

To state the result, we introduce the exponent vy > 0 defined by:

o = inf {’y > 0; lim inf |z|~*Yp(z) > 0}.
Tr— —00

THEOREM 1.1. (i) The case v9 < 1: Assume (A). Moreover, we assume
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(B) / 121 (2) fol2)dz < ox.

Then (x) holds.
(ii) The case yo > 1: Assume (A). Then (x) holds.

REMARK 1.2. In [3], it is assumed that, in the present setting,
| s < oo

for both cases (i) and (ii).

REMARK 1.3. If, in particular, p(z) = O(|z|") as # — —oo for some 0 < v < 1,
then the condition (B) can be relaxed as:

I 27 f(2) fo(z)dz < 0o for v < 1,
(B’
J_ . (Qoglz|) f(2) fo(z)dz < o0 for v = 1.
We may easily deduce this from our argument used in the proof of Theorem 1.1. See, in
particular, the proof of Lemma 3.6.
As a corollary to Theorem 1.1, we also see:

COROLLARY 1.1.  Under the same assumption as in Theorem 1.1, we have, for all
z€R,

g Vi [ ase e - [Cemaad] = no [ s@peae

Note that the assertion is also a rewriting of Proposition 3.1. We give some remark
on this corollary in Section 4.

As an application of Theorem 1.1, we give two examples; in both examples, we take
f(x) = e #* (1 > 0), which means, by the Cameron-Martin relation, that we may rewrite
the assertions using the Brownian motion with drift B(~#) = {B; — ut,t > 0} instead of
the Brownian motion.

EXAMPLE 1.1. For a > 0, we take p(x) = ae2%. In this case fo is given by
fo(x) = Ko(vV2ae™),

where K denotes the Macdonald function of order 0. Using one of its integral represen-
tations (see, e.g., [4, formula (5.10.25)]), we may easily see:

/Re—WKO(\/%e—x)dx — on? (\/2%)“ {F(’;) }2.
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Note that, in this case, we may apply (ii) of Theorem 1.1 and obtain

t 2 / —T
lim \/27rt3e”2t/2Ex [exp{ — a/ e_QBgu)dsH = 2”_1{F<M)} e’”M.
t—oo 0 2 (V2a)*

This asymptotics has already been discussed in [2, Theorem 2.1], where Yor’s formula
was used.

EXAMPLE 1.2.  We take ¢(z) = 31(_u0,0)(x) for 3 > 0. In this case fo is given by

Note that, if u < /20, then

/ e M fo(z)dx =
R

and the assumption (B) is also fulfilled. Therefore, by (i) of Theorem 1.1, we have, for

<20,

) 2 ¢ _ 2/2 "
o V5 e { = [ i} = )

The organization of this paper is as follows: in Section 2, we present some prelim-
inaries; in Subsection 3.a, we prove Theorem 1.1; in Subsections 3.b and 3.c, we prove
two propositions that are used in the proof of Theorem 1.1; in Section 4, we give some
remark on a connection between our result and a related one in [7].

Throughout this paper, R = {R;,t > 0}, together with a probability measure ngg),
denotes a 3-dimensional Bessel process starting from a: ng?’)(RO =2x) =1, and EY
denotes the expectation with respect to P£3). Other notation will be introduced as
needed.

2. Preliminaries.

In this section, we prepare several preliminary results.

2.a. h-transform with respect to fy.
Let X be the solution to the following SDE:

t
i

Xt:$+Wt+
0 fO

(Xs)ds, t>0, z€R, (2.1)
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where W is a standard one-dimensional Brownian motion. We denote by P, the proba-
bility measure on the path space C([0,c0); R), induced by X. For every ¢ > 0 and every
non-negative, measurable functional F'(w(s),s < t) (w € C([0,00); R)), it holds that, by
the Girsanov theorem (see, e.g., [5]),

E,[F(X,,s<t)] =E, [F(Bs,s <t) J}’O((B;t)) exp{ - /Ot gp(Bs)dsH.

Here we made the abuse of notation by letting X denote the canonical path in
C(]0,00); R) under P,. From this relation, we have in particular

B rmen{ - [ oBas}] = mwm|Low) (22)

2.b. Time-change.

Since fi(x) — 1 as © — oo, the drift term (f}/fo)(x) of the SDE (2.1) behaves
as 1/x when  — oo. So we may expect the solution X; to behave asymptotically as
3-dimensional Bessel process as t — oo. To formulate this intuition mathematically, we
shall consider expressing X as a time-change of a 3-dimensional Bessel process. For this
purpose, we define the function gg by

golz) = {/Oofo‘fzp}l reR

By using the inverse function g, Lof go, X is expressed as:

Xt =95 (Rau(r)) (2.3)
for some 3-dimensional Bessel process R starting from y = go(x) > 0. Here
a;(R) = inf{s > 0; As(R) > t},

am = [ g5y (Ru)|? du.

Since (gg ')/ (x) > 1 and converges to 1 as  — oo (see Lemma 2.1 below), we see that,
Pf’)—a.s.,

As(R) > s foralls >0 and As(R)/s =1 ass— oo. (2.4)

The latter follows from L’Hospital’s rule and the fact that R is transient. Since a:(R) is
the inverse of As(R), we also see that, Pf')—a.s.,

at(R) <t forallt>0 and a(R)/t =1 ast— oo.
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The latter property, in particular, combined with (2.3) and the fact that (gy')'(z) — 1
as x — oo, does indicate that X; behaves as R; as t — oo.

2.c. Key identity.
By (2.2), we are led to study the asymptotics of Ex[f—’;(Xt)} instead of that of

E.[f(Bt)exp{— fg ©(Bs)ds}] itself. The key to doing this is the following identity:

t f B at(R) f, e 9
/0 L (x.)ds - / (g5 () (95 () . (2.5)

To see that this relation holds, we differentiate the right hand side with respect to ¢,
noting Far(R) = (g5 ") (Ra, ()|~

2d

i(right hand side of (2.5)) = ¢

dt 0 (Ra,(m))|(90 ) (Ray(m)]

90
05 Rovin)) = %om, (by (2.3))

f
-1 (B)
_/

=7 (

which implies (2.5).

2.d. Properties of gg.

We summarize here several properties of gy in a lemma. Some of them were already
referred to above.

LEMMA 2.1.

(i) limg 00 g(/)(:E) =1, limg—, gO(m) =0.

(ii) go is convez.

(iil) (go ') (z) > 1, is non-increasing, and converges to 1 as x — oc.
(iv) g0 = fofo-

(v) limsup,, x(go_l)'(:zr) < 0.

Before giving a proof, we give an example:

EXAMPLE 2.1 (recall Example 1.2). In the case ¢(z) = 81(_ 0)(z) for 3 >0, go
and (gy ')’ are given respectively by:

J]-i—\/%, x>0,
go(z) = ) )
V26 1 + exp(—2v/206z)’ z=0;
1 1 0<z< 1
ity () = VTV v
1
1, szﬁ.
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Note that z(gy ') (z) — 1/(2/28) as = | 0.

PROOF OF LEMMA 2.1. The latter assertion of (i) is obvious. For the former, note
that gy = (go/fo)?. So it suffices to check fo(z)/go(z) — 1 as x — oo, which is immediate
from L’Hospital’s rule:

’
o d
fo(x) . (fx 7)”0(5)2) o I
im —— = lim ~————% = lim —— =
T—00 go(x) T—00 ( 1 ) T—00 fo(gj)
fo()

Now we set hg = fo/go. We have just seen ho(z) — 1 as ¢ — oo. Note that hg also
satisfies (1/2)h{] = pho (in fact, ho gives a solution to (1.2) linearly independent of fj).
This indicates, in particular, that hg is convex. Combining these, we see that hg > 1
and is non-increasing. Properties (ii)—(iv) are variants of this fact on hg, so we omit the
proof. For (v), first note that, by the condition (P2) on ¢, there exist a < 0,¢ > 0 such
that ¢ > ¢ on (—o0,a). Therefore fi = 2¢fy > 2cfy on (—o0,a). Multiplying both sides
by f{ > 0 and integrating over (—oco, ) for z < a, we get f(x)? > 2cfo(x)?, hence

Jo(®) >V2¢ forall z < a. (2.6)
Jfo(x)

Noting (g )" () = 1/95(95 (x)) = folgy ' (x))?/a?, we see that

fo(y) 1

. _ . foly)? _ ..
limsup z(gg ')’ (z) = limsup < lim sup < —
Do S =Tmeee ) = SR = Ve

where we used the property (iv) for the first inequality and (2.6) for the second. This
shows (v). O

REMARK 2.1. From (2.6), we may see that, as x — —o0, fy decays exponentially
or faster; indeed, by (2.6),

fola) [ R)
fO(x) T f0<y)

log dy > V2c(a — ), = <a,

which is rewritten as

fo(z) < fo(a)em(x_a), x < a.

2.e. Proof of (2.3).

Before closing this section, we prove the time-change relation (2.3) for the sake of
completeness of the paper.

By definition, it is easily checked that
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B oy () — Bo@*

590 (2) + 22 ()i

8

So, by It6’s formula,

t t 7 2
w(X) =y + /0 g (X)dW, + / 90(X)" 5 27)

0 gO(Xs)

where, as before, we write y = go(z). Since the second term on the right hand side is a
martingale, there exists a Brownian motion W such that

t

t
/ (X)W, = Wey ), Gil(X) = / gb(X.)? ds.
0 0

Now we prepare the 3-dimensional Bessel process R that is given as the strong solution
to the following SDE driven by W:

¢
—~ ds
Ri=y+ W+ —_—
t =Y t s Rs
Note that Rg,(x) satisfies:
_ Go(X) g
Ra,(x) =y + Wa,x) +/ iR
0 S
t t 2
X
:y+/ gé(Xs)dWs+/ 90X
0 o Re.x)

Comparing this with (2.7), we conclude the following relation:
9o(Xt) = Rg,(x)- (2.8)

We remark that (2.8) is a Feller-type representation of X in terms of 3-dimensional Bessel
process. It now remains to prove G¢(X) = a;(R). Since a;(R) is the inverse of A4(R), it
suffices to check Ag,(x)(R) = t. To this end, we compute:

d d

_ 2 L.
ﬁAGt(x)(R) = (96" (Re, () aGt(X) (by definition)

_ —2
= |90(90 " (Re,(m))|~90(X4)?

= go(Xe) g0(X:)? (by (2.8))
=1,

which implies Ag,(x)(R) = t. Here, for the second line, we used the relation (gy ') =
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1/g4(g95 ). Now (2.3) is proved.

3. Proof of Theorem 1.1.
In this section, we prove Theorem 1.1.

3.a. Proof of Theorem 1.1.
We begin with the following lemma.

LEMMA 3.1. Let k(€) (£ > 0) be a non-negative, locally integrable function satis-
Jying

/ Ek(§)dE < oo and /ooé“k(g)d§<oo.
0+

Then it holds that, for all y > 0,

EQ [/Ooo k(RS)ds} < 00.

PRrOOF. The assertion is immediate from Fubini’s theorem and the fact that

28

/oo dsP{® (R, € d¢) = Z(g A y)dE. O

0

Now we take k(§) = J{)(go (E)](go ) (&)>. Then the assumption of Lemma 3.1 is

fulfilled; indeed, by making the change of variables with & = go(2),

/ T er(e)de = [ s (3.1)
0 R

which is finite by (A). Applying Lemma 3.1 to this k, we see in particular that, for each
y >0,

(oo}
E§3)[/ k(Rs)ds} <oo, t>0.
ai(R)

Note that, since a;(R) — oo as t — oo Pé?’)—a.s., the left hand side converges to 0 as
t — oo.

ProposiTiON 3.1.  Under the same assumption as in Theorem 1.1, it holds that,
ast — o0,

ﬁE§3>[/O:R) k(R,) ds} . 7/ F) ol
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A key step to showing Proposition 3.1 is:

LEMMA 3.2.  We have the following decomposition:

E® [ / h k(Rs)ds] — L(t) + Io(b),

t(R)

where

I(t) = /t oodsE§3>[k(Rs)], L(t) = /O ds B [1ga,(ry>ey k(Rs))-

PRrROOF. By the definition of a,(R) and by Fubini’s theorem,

EY [ / k(Rs)ds} =E{ [ / k(Rs)ds}
ai(R) {s;As(R)>t}

(o]
= /O ds E?S‘?) [1{AS(R)>t}k(RS)]'

Now the assertion follows from the fact that As(R) > s for all s > 0 (recall (2.4)). O
We have the following two propositions concerning this decomposition:

PROPOSITION 3.2.  Under the assumption (A),

VI (t) — \/% /Rf(z)fo(z)dz as t — oo.

ProprosITION 3.3.  Under the same assumption as in Theorem 1.1,
Vil (t) = 0 ast — oo.

Proofs are given in Subsections 3.b and 3.c, respectively. We now easily see Propo-
sition 3.1 follows from these:

PROOF OF PROPOSITION 3.1.  The assertion is an immediate consequence of
Lemma 3.2, Propositions 3.2 and 3.3. O

Using Proposition 3.1, we prove Theorem 1.1:

PROOF OF THEOREM 1.1. By the relation (2.5), we have, for each z € R,

/too E, [J{;(XS)] ds = E(Y U:R) k(Rs)ds} t>0.

Here, as before, y = go(z). Then, by Proposition 3.1, we have
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/tooE [f];( ):|d8~t 12 \/7/ f(2)fo(z as t — oo.

Here and below, for positive functions a(t), 3(t) (t > 0), we use the notation «a(t) ~ 5(t)
as t — 0o to mean lim;_,o, a(t)/B(t) = 1. Since the convergence of the left hand side to
0 is monotone, we may differentiate both sides with respect to ¢ to get

B, []{;m)} 2 \/%/Rf(z)fo(z)dz as t — oo,

Now the theorem follows from this and the relation (2.2). O

The rest of the section is devoted to proving Propositions 3.2 and 3.3. In the
following, every argument is done for an arbitrarily fixed y > 0, which means it is
not necessary to relate y to the starting point of the Brownian motion B in such a way
as y = go(z). So we use below x to denote a variable, not the starting point.

3.b. Proof of Proposition 3.2.
Here we prove Proposition 3.2.

PROOF. By changing the variables with s = tu in the definition of I (¢),
VIL(E) = Vi x t/ du E® k(R
oo [ee]
= [ au [ dep® by k),
1 0

where p®) denotes the transition density of 3-dimensional Bessel process:

1 =z (2 — x)? 2xz
(3) (e _ Z _ _ _
(s, 2) \/%xexp{ 75 }{1 exp< . >}, s>0, z,z>0.

Noting the function (1 —e~*)/z (x > 0) is dominated by 1 and converges to 1 as = | 0,
we easily see that, for each fixed u and &,

2¢2 2¢
32903 (tyz y, €) < for all t >0, 3/%p® (tu;y,&) — as ¢t — oo.
POty ) < == P (tu; y, €) 5 o
3.2

Moreover,

/ du/ de qu m/oo du d£€2k(€)

:zﬁéwﬂAM@<w
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by (A). The second equality follows from the relation (3.1). Now the assertion is imme-
diate from the dominated convergence theorem. O

3.c. Proof of Proposition 3.3.
Similarly to the proof of Proposition 3.2, we rewrite v/tI5(t) as:

1 [e%s}
Vil(t) = t3/2 / du / PSRy € d€) k(€)P, (Apu(r) > 1)
0 0

1 [e%e)
= [ au [ gk s (3.3)
0 0
where we set
by (u, &) = 323 (tu; y, ) PS) (Aru(r) > t) (3.4)

and, for s > 0 and z, z > 0, we denote by the pair (r = {r,,0 <u < s}, nggs)z) a pinned
3-dimensional Bessel process over [0, s] such that ng‘?s),z(ro =x,rs = z) = 1. We prove
Proposition 3.3 in four steps.

Step 1. We start with the following proposition:

PROPOSITION 3.4.  For each fired 0 <u <1 and £ > 0,

Py (u,€,t) = 0 ast — oo.

As was already seen in (3.2), t3/2p(3) (tu; y, £) is dominated by a quantity independent
of t. Therefore, rewriting the set {Au,(r) > t} = {£ A (r) > 1}, we see the proof of
Proposition 3.4 is reduced to showing the following proposition:

PROPOSITION 3.4".  For each e >0 and £ > 0,
PO (Lari)>14e) =0 asT— o
y,T,€ T T 9 .

The proof given here relies on the fact that the FKG inequality is applicable to the
laws of pinned 3-dimensional Bessel processes (see the appendix).

LEMMA 3.3. For eache >0 and z,z > 0,

1
P;ES%\/TZ (TAT(T) <14 E) —1 asT — oc.

In the following proof, we say that a function F defined on the path space C([0,T]; R)
is non-decreasing (resp. non-increasing) if F'(w1) < F'(wsz) (resp. F(wy) > F(w2)) for all
wy,wy € C([0,T]; R) satisfying wy () < wa(t) for all 0 <t < T.
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PrOOF OF LEMMA 3.3. Since (g; ') is non-increasing, A (r) is non-increasing in
r, hence the indicator function of the set {#Ar(r) <1+ ¢} is non-decreasing in r. So,

by the FKG inequality, we see pe

T 77( Ar(r) <1+ ¢) is non-decreasing in 1. By using

this, we have

P®) <:1FAT(R) <l+4+eRr< ﬁz>

VT2 1
0

1
<P 7 (TAT(T) <1+ 6) PP (Ry < VT2).

Dividing both sides by P. (RT < V/T%), we obtain:

ngg)(%AT(R) <1l+eRr <VTz) < p® (1AT(T’) < 1+€)- (3.5)

Pw(3)(RT§\/TZ) = "2, TNTz

Since, as T — oo, Ap(R)/T — 1 P as. (recall (2.4)), the convergence in probability
is implied:

T—o0

lim P3>< AT(R)<1+5> = 1.

We also note that, by the scaling property,

lim P®(Ry < VTz)=P¥ (R <2)>0.

T—o0

Combining these, we see that the left hand side of (3.5) converges to 1 as T" — oo, and
so does the right hand side. This shows the lemma. O

By using this lemma, we prove Proposition 3.4:

PROOF OF PROPOSITION 3.4".  Conditionally on 77,5 = 7, the process {r;,0 <t <
T} is identical in law with the process r! @ r? defined by:

ri(t), 0<t

IN

(7’1 or2)(t) =
r2(T —t), % <

where 1! (resp. 72) is a pinned 3-dimensional Bessel process over [0,7/2] with 71(0) =

rY(T/2) = n (resp. with r2(0) = &,72(T/2) = n), and r! and 7? are taken to be
independent. It then holds that
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p&) lA (r)y>1+¢
yTe\ 7T

_ [T pe 3) @ (L 12
_/0 Py,T,g(T% € dn)Py%,n(@P&%m (TAT(r o) > 1+E>. (3.6)

Note that the integrand on the right hand side is non-increasing in 7 by the FKG in-
equality (recall the argument in the proof of Lemma 3.3). Therefore, using the FKG
inequality again, we see that (3.6) is dominated by

=

vl

> 1
/ P3o(rz € dn)P?) @ P (AT(rl or?) > 1+ g). (3.7)
A ,

n Lo\ T

Changing the variables with n = v/T'z, and noting

v

{;AT(rl or?) > 1+€} c {;Ag(rl) > 1+5} U {;A (r?) > 1+5}’

we see further that (3.7) is dominated by

<3
/0 Pé,l),o (r% € dz)
x 41— pP® 2Ac) <142)PO®) 2 Ar(?) <1+4e
v, I NTz\T = - &L VT \ T = - ’
which converges to 0 as T'— oo by Lemma 3.3. So the proposition is proved. g

Step 2. First we introduce the cut-off of |(gy')'|?:

2

0,(x) = (9o ) (@A) = (g W)|°, = >0.

Here A means the minimum. We fix vy € (0,1) in such a way that ug < 1/[(gy ")’ (v)|?.
We divide the strip {(u,£);0 < u < 1,£ > 0} into three regions:

D1 = (O,Uo) X (O,y), DQ = (O,Uo) X ['Ll,l,OO)7 D3 = [Uo,].) X (0,00)

In this step, we prove:

PrOPOSITION 3.5.  For each firted 0 <u <1, £ >0,

¢y(ua§7t) S J’y(uag) fOT all t > 07

where
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¢ 3 ) Y
Cl\/ﬂ</0 2°0y(z)dz +§/€ z%(z)dz) on Dy,
Wy (u,§) = C’z% on Dy,
2¢2
N on D3,

with constants C1,Cy independent of u and &:
y
O =8/(VERP (- wl@ Y WP} G=Ci [ 2o,
0

REMARK 3.1. The constant Cy above is finite; to see this, we only have to check,
by the definition of 6§, f0+ 22|(g5 ") (2)|? dz < oo, which is immediate from (v) of Lemma
2.1.

The bound on Dj is obvious (recall (3.2)). So we keep u < wug for a while and will
not indicate this unless it is necessary. Since y is fixed, we often suppress it from the
notation; e.g., we write ¢ for 6,. Put tu =T.

LEMMA 3.4. It holds that
1 1 1 [T
Py(?%,g (TAT(T) > u) < C3UE$)T,5 [T/o 9(rs)d3}

Here C3 = 1/(1 —uo|(gy ") (v)[?).

ProOOF. Note that the following inclusions hold:
1 1 1t 2 1
{TAT(T)>U}C{T/O !(go )(rs/\y)| ds>u}
Lt 1 —ul(95 ) (W)
=4 = O(rs)d s
{T/o (rs)ds > "
T

C {111/0 O(rs)ds > 1-— u0|(%)—1)/(y)‘2 }’

Here, for the first line, we used the fact that (g; ')’ is non-increasing (Lemma 2.1 (iii)),
and the definition of 6 for the second. Now the assertion follows from Chebyshev’s
inequality. O

By using this lemma, we shall prove:

LEMMA 3.5. 9(u,&,t) is dominated by
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y\/% Y200z /:j:da(exp{—W}—exp{—W}).

PrROOF. By Lemma 3.4, and by the definition (3.4) of ¢ (u, &, 1),

(uft)<0t1/2(3)(Ty§ [/97“5 ]

Using the law of r at time s, we see:

(3) GY(T —
3 )P (519, 2)p™) (T — 572,§)
EyT£|:/ O(rs) ds} / ds/ dz0(z 2O Ty, 6)

The second integral is taken only over (0,y) because, by definition, 6(z) = 0 for z > y.
We also note that

T
/ ds p® (s;y, 2)p®(T — s 2,€)
0

2
§ db/ exp{—(a+b) }
o=yl JIz—g] 27TT‘3 2T

R TR —

for z < y. Combining these yields the lemma. 0

Now we are prepared to prove Proposition 3.5.

PRrROOF OF PROPOSITION 3.5. The bound for the case (u, &) € D3 follows from the
former of (3.2). For the other two cases, we use the following fact: for 0 < a < (3, the
function e=** — e=A% (z > 0) is bounded from above by 1 — (a/3). Using this, we easily
see that, for each a > 0 and z < y,

(a+y—2)? (a+y+2)? 4z
-— - — < for all T > 0.
exp{ 5T exp 5T S or all T >

Combining this with Lemma 3.5, we have, for all ¢ > 0,

1/)(“7 ga t) S 403

3 /y /Z*f da
dz z6 _
yv2mu Jo 2 20(2) z—g|0ty+z

Note that the integral with respect to da above is dominated by 2(z A £)/y; indeed,
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z+€ _ _
[ (1 )
le—gl O T Y+ 2 |z =&l +y+2
z+E&—|z—¢ < z+E&—|z—¢
Tle=&lty+tz T y

Now the bounds for the cases D; and Do follow from these. O
Step 3. The purpose of this step is to show the following;:

PRrROPOSITION 3.6. Under the same assumption as in Theorem 1.1,

/01 du /0 " de KO, ) < .

Once this proposition is shown, then, combining this with Propositions 3.4 and 3.5,
we see Proposition 3.3 follows immediately from the dominated convergence theorem.
The integrability of k(£)¥(u,&) on Dy and D3 is obvious; indeed, by definition,

uo du (oo} .
02/0 7 ) ko, =2,

2 1 d (e’
\/TTT/ \/%/0 deE2k(€), i=3,

both of which are finite by the relation (3.1) and the assumption (A). So we need only to
prove the integrability on D;. For this purpose, we prove the following proposition first.

/ dudé k(€)W (u,€) =
D;

PropoSITION 3.7.  Under the same assumption as in Theorem 1.1, it holds that

/ dg €21 () /y dzz|(g5) (2)|° < oo. (3.8)
0+ 3

To see this proposition holds, first note that, by changing the variables, the left hand
side of (3.8) is rewritten as:

x* 22
| ansn | PRLIC (3.9)

n g()(Z)

Here we write 2* = g5 ' (y). Recall o = sup{y > 0;liminf, ., |z|~>7¢(z) > 0}.

LEMMA 3.6. (i) If v <1, then there exists a constant ¢ > 0 such that

/w dz fo(2)? <c(l+1nl) foralln<z*.
n 9o(2)
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(i) If v0 > 1, then

/-”f dz fo(z)2 < 00

—00 gO(Z)

Once this lemma is shown, then Proposition 3.7 follows immediately:

PROOF OF PROPOSITION 3.7. Using (i) of Lemma 3.6, we see that, in the case
Y <1, (3.9) is dominated by

c / dn £(n) fo(n)(1 + [n])-

Note that this is finite by the assumption (B). For the case 79 > 1, we may bound (3.9)
from above by

/ _dn ool x / < fo?

—o0 go(Z)

Note that this is also finite by the assumption (A) and (ii) of Lemma 3.6. So the
proposition is proved. O

With the help of Proposition 3.7, we give a proof of Proposition 3.6, the main
objective of this step:

PROOF OF PROPOSITION 3.6. We have already seen above that k(&)¥(u,&) is
integrable on Dy U D3. For the integrability on Dy = (0,ug) x (0,y), it suffices to
prove, by the definition of ¥,

y 13
/ dé €k (&) / dz 2%0(z) < oo, (3.10)

0 0
/y de £2k(€) /y dz 20(z) < 0. (3.11)

0 §

Note that, by (v) of Lemma 2.1, we may find a constant ¢ > 0 such that

/E 2|05 1) (2)[2 dz < et
; 2790 z z<c

for every sufficiently small £. Therefore

0

¢ 201/ —1\/ 2 2
/oﬂ“’““)/o dz 22| (g5 (2)| SC/+d§§ k),

which is finite by the relation (3.1) and the assumption (A). From this and the definition
of 0, (3.10) follows. (3.11) is a consequence of Proposition 3.7 and the definition of 6. OJ
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It now remains to prove Lemma 3.6. To this end, we prepare the following lemma:

LEMMA 3.7. Suppose that there exists a v > 0 such that

liminf |2|~*7¢(x) > 0.

Tr—— 00
Then there exist constants a < 0 and ¢ > 0 such that

fo(z)?
go(z)

<clz|™  forall z < a.

PROOF. By the assumption, there exist a < 0, ¢ > 0 such that ¢(z) > c|z|*? for all
z < a. Combining this with fJ/ = 2¢fo, we see that, for all z < a, f/(z) > 2¢|z|*" fo(2).
Multiplying both sides by f} > 0, we have

() £(2) > 2¢|2)*7 fo(2) fi(2)  for all 2 < a.

Integrating both sides over (—oo,z) for x < a, we see:

3?22 [ 1P ) ds

T

— c|x|27f0(ac)2 + 207/ |z\27_1fo(z)2 dz

— 00

> c|x|27f0(z)2.

Here we used integration by parts formula for the equality. (As was seen in Remark 2.1,
fo decays exponentially or faster at —oo, provided that liminf,_, ., ¢(z) > 0. So the
assumption here also ensures lim,_ . |2]*7 fo(z)? = 0.) We thus obtain fo(z)/f}(z) <
V2c|z|™7 for all # < a. Note that, by (iv) of Lemma 2.1, f2/go < fo/f;. Combining
these ends the proof. O

Using this lemma, we prove Lemma 3.6:

PrOOF OF LEMMA 3.6. For the case (i), we may apply Lemma 3.7 with v = 0
and get

a 2
/ dz folz) <cla+]n]) foralln<a,
n go(z)

for some a < 0 and ¢ > 0. This implies (i). For the case (ii), we may take 1 < v < g so
that liminf, . [2|7?7¢(z) > 0. Applying Lemma 3.7 to this v yields, in particular,

Jo(2)? .
/,oo 0l <
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indeed, by Lemma 3.7, for some a < 0 and ¢ > 0,

a fO(Z)2 a ﬁ
/_oo N EE C/_oo o <%

So the assertion (ii) is also proved. 0

Step 4. We are now in a position to prove Proposition 3.3:

PROOF OF PROPOSITION 3.3. Recall the expression (3.3) of v/#I5(t). We then see
that the proposition is a consequence of Propositions 3.4, 3.5 and 3.6, and the dominated
convergence theorem. O

4. A remark on Corollary 1.1.

We shall consider taking ¢ as f in Corollary 1.1. Then we see every assumption in
Theorem 1.1 is fulfilled; indeed, by the equation (1/2)fy = ¢fo,

3 | s

= L{fy(o0) — fo(—s0)} = 1 <o,

/ o) folz) dz
R

and, from integration by parts, it is also seen that, for all a < 0,

| Eeone =5 [ e

— 00

= %(|a\f6(a) + fo(a)) < 0.

As a consequence, (1.4) holds with f = ¢:

s vi [ ase oo - [omaf] - NErTE)

Note that

B oo { - [Cemal] = -Loleo{ - [(omoaf]

Moreover, since ¢ can be bounded from below by ¢1(_4, q) for some a <0 and ¢ > 0 by
the condition (P2), it can be easily checked that

limsup E, [exp{ — / ©(By) duH < limsup E, [exp{ — c/ 1(—oc,a)(Bu) duH =0,
S—00 0 8§—00 0
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with the help of the scaling property of Brownian motion. Combining these, we have

i ViE e { - [ (B s} - NErTe)

which partly recovers the result of [7, Section 3].

Appendix.

In this appendix, we prove the FKG inequality is applicable to the laws of pinned
3-dimensional Bessel processes (or, more precisely, to their finite-dimensional marginals).
For the formulation of the FKG inequality, we refer to [6], [8].

For t > 0 and z,y > 0, let q(¢; 2, y) denote the transition density function of absorb-
ing Brownian motion:

Note that

PP () = Zqltie,y). (A1)

LEMMA A.1. For each fized t > 0, it holds that
q(t;z1 vV yr, 22V y2)a(tz Ayr, x2 Ay2) = q(t 21, 22)q(t; y1, y2) (A.2)

for all (z1,x2), (y1,y2) € (0,00) x (0,00). Here xVy =max{x,y}, ¢ Ay = min{z, y}.

PrROOF. We divide the case into four cases: (i) 1 > y1, 2 > yo; (il) 1 < y1,
2 < yo; (iii) 1 > Y1, x2 < yo; (iv) 21 < y1, T2 > ya. In both cases (i) and (ii), (A.2)
holds as an equality. So, by symmetry, we only need to consider either (iii) or (iv). Here
we give a proof in the case (iii). By the definition of ¢(¢;z,y), the proof is reduced to
showing the following: for z; > y; and x5 < yso,

sinh (xlt”) sinh <5”2ty1> > sinh (xlt“) sinh (‘ylty?) (A.3)

Rewriting (A.3) as

sinh(£22,) _ sinh(2y;)

>
sinh(%22;) ~ sinh(%2y;)’

we see that it suffices to prove, for 3 > a > 0,

sinh(fz)

- is non-decreasing in x > 0.
sinh(ax)
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This can be easily checked as:

d [sinh(Bz)\ _ (6% —oP)z (sinh{(B8+a)z} sinh{(8 —a)z} -0
dz | sinh(azx) [ 2{sinh(az)}? B+ a)x (B — )z -
where the last inequality follows from the fact that sinh(y)/y is increasing in y > 0. So
the lemma is proved. O

For T > 0,let A ={0<t <--- <t, < T} be a partition of the interval [0,T].
For a,b > 0, we denote by ®a(x;a,b) (x = (z;)1<i<n) the finite-dimensional distribution

(3)

function of the pinned 3-dimensional Bessel process Py taken at the time sequence

(ti)1<i<n:

) (#4: B3 (to, — tq: CNT = tp: 2, b
@A(.’E,a7b):p (1,(17551)17 (2 lagxla‘rQ)X Xp ( yTn,y )
p3)(T;a,b)
The next lemma shows @A (; a,b) fulfills the assumption of [6, Theorem 3|:

LEMMA A.2. Fora>a >0 andb>b >0, it holds that
Da(zVy;a,0)Pa(x Ny;a',b) > Palz;a,b)Paly;a’,b)

for allx = (x;)1<i<n € (0,00)" and y = (yi)1<i<n € (0,00)". Here xVy = (2;Vyi)i<i<n
and x ANy = (2; N Yi)1<i<n-

PrOOF. Note that, by the relation (A.1), ®a(x;a,d) is rewritten as

q(ti;a,x1)q(te — iy, 2) X - X (T — tp; 0, b)

QSA(x;avb) = q(Ta b)

Therefore the assertion follows immediately from Lemma A.1. O

REMARK A.1. Tt is easily checked that the assertion of this lemma still holds even
if either a’ or b’ is (or, both of them are) equal to 0; in that case, Pa(x;a’,b") should be
replaced by, say, if ' =0,

q(t1;21)q(te — t1; o1, 22) X -+ - X q(T — ty;xp, V)
q(Ts ) ’

@A(l‘, 07 b/) =

where

~ T x?
q(t;x)z\/mexp o )
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