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Abstract. It is known that the Fuchsian differential equation which
produces the sixth Painlevé equation corresponds to the Fuchsian differential
equation with different parameters via Euler’s integral transformation, and
Heun’s equation also corresponds to Heun’s equation with different parame-
ters, again via Euler’s integral transformation. In this paper we study the
correspondences in detail. After investigating correspondences with respect to
monodromy, it is demonstrated that the existence of polynomial-type solutions
corresponds to apparency of a singularity. For the elliptical representation of
Heun’s equation, correspondence with respect to monodromy implies isospec-
tral symmetry. We apply the symmetry to finite-gap potentials and express
the monodromy of Heun’s equation with parameters which have not yet been
studied.

1. Introduction.

The Gauss hypergeometric differential equation

d?y dy

z(lfz)@+(’yf(a+ﬂ+l)z)%—aﬂy:(). (1.1)
is very famous both in physics and especially so in mathematics; it is a canonical form of
the second-order Fuchsian differential equation with three singularities on the Riemann
sphere C U {oo}. There are several important generalizations of Gauss hypergeometric
differential equation. We now treat two examples, Heun’s equation and the sixth Painlevé
equation.

Heun’s differential equation (or Heun’s equation) is a canonical form of a second-
order Fuchsian equation with four singularities, which is given by

d?y €0 €1 €t dy afz—q
haY 2Ly " T =0 1.2
dz2+<z+z—1+z—t)dz+z(z—1)(z—t)y ’ (12)

with the condition €y + €; + € = o+ S+ 1 (see [12]). The exponents at z = 0 (resp.
z=1,z=t z=00)are 0 and 1 — ¢ (resp. 0 and 1 —e;, 0 and 1 — €;, @ and f3).
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The sixth Painlevé system is a system of non-linear ordinary differential equations
defined by

d\ OH  du  OH

& o @ o (1.3)

with the Hamiltonian

= (DO DO =0 — (B = DA =) +000—1) (1)

t(
+(0 — DA = D} pp+ k1 (ke + 1) (A =)}

By eliminating p in (1.3), we obtain the sixth Painlevé equation for A which is a non-
linear ordinary differential equation of order two in the independent variable ¢. It is
known that the sixth Painlevé system is related to monodromy preserving deformations
of certain Fuchsian differential equations. Let A & {0, 1,¢, 00} and D,, (6o, 61,0, Ooc; A, 1)
be the second-order linear differential equation given by

d*y1(2) 1—6y 1-6, 1-6, 1\ dy(2)
di’z +( zo+z—1+z—t_z—)\) dz
K1(kg +1) AA=1)u tt—1)H B

( 2z—1) zz—1)(z=N) Z(z—l)(z—t))yl(z)o’ (1.5)

111:(900—90—01—915)/2, 52:—(0w+90+01+9t)/2,

where H is given as in (1.4). Then (1.5) is a Fuchsian differential equation with five
singularities {0, 1,¢, A\, 0o} on the Riemann sphere. The exponents at z = p (p € {0,1,¢})
(resp. z = A, z = 00) are 0 and 6, (resp. 0 and 2, k1 and k2 + 1), and it follows from
the condition given by (1.4) that the singularity z = X is apparent. The sixth Painlevé
system (1.3) is derived from a monodromy preserving deformation of (1.5) (for details,
see [4]), and the function y;(z) is obtained from a first order 2 x 2 Fuchsian differential
system with four singularities {0, 1,¢, 00}, denoted by Dy (6o, 61,0, 000; A, p; k) in [22],
[23].

Heun’s equation and the Fuchsian differential equation D, (6y, 61,6y, 00; A, 1) admit
integral transformations. We fix a base point o for the integrals in the complex plane
C appropriately. Let f(z) be a holomorphic function locally defined around z = o and
f7(2) be the function analytically continued along a cycle v whose base point is o. Define

(. £ = / F(w)(z — w)dw. (1.6)

This is called Euler’s integral transformation (or an Euler transformation). Let p be an
singularity of the function f(w) in the Riemann sphere C U {oo}, 7, be a cycle on the
Riemann sphere with variable w which starts from w = o, goes around w = p in a counter-
clockwise direction and ends at w = o, and [v., 7] = V275 17; I be the Pochhammer
contour. The following proposition was obtained by Novikov [10], independently by
Kazakov and Slavyanov [8], and also derived by considering an explicit form of a middle

convolution of a 2 x 2 Fuchsian differential system [23]:
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ProOPOSITION 1.1 ([8], [10], [28]). Ifyi(2) is a solution of Dy, (0o, 01,0+, 000; A, 1),
then the function

5(2) = (e Vol 91 )ma 1 = / 1 (w) (2 — w)™~tdw, (L.7)

[v27p]

satisfies D, (50, 01, 0:, 000 5\,/]) forpe {0,1,t, 00}, where

Ko = —(0oo + 00+ 01 +0:)/2, 0,=ra+0, (p=0,1,t00), (1.8)
5\:/\_ . ng _ ﬂzﬂg—f90+lig+91+ﬁ:g+9t+ I€2~.
p—to B b A A—1 A—t A=)\

Kazakov and Slavyanov established an integral transformation for solutions of Heun’s
equation in [7], and it was also obtained by taking suitable limits in Proposition 1.1, which
was discussed in [23] by considering the relationship with the space of initial conditions
of the sixth Painlevé equation.

ProposiTION 1.2 ([7], [23]). Let o, B, €0, €1, € be the parameters in Heun’s
equation (1.12). Set n = « or B and

cg=¢c—n+1l,ei=e—n+1l, e =¢—n+1, (1.9)
{8y ={2-na+B-2n+1}, ¢ =q+ (1 —n)(e + ext + (€0 — n)(t + 1)).

Let v(w) be a solution of

Fo (4, b, 4 \d, oFvg
dw  wlw—1)(w—1)

=0. 1.10
dw? w w—-1 w-—t v ( )

Then the function
§(2) = (Pros s 0y = /[ o)z ) o (1.11)

is a solution of

d*y €0 €1 €t dy aBz—q
ZJ iy Ly T =0 1.12
dz2+<z+z—1+z—t dz+z(z—1)(z—t)y ’ (1.12)

forp € {0,1,¢,00}.

Note that the inverse correspondence of the parameters is given by settingn = « or
and

n=2-n,e=c—n+1L,e=€¢-n+1,e=¢—-n+1, (1.13)
{o, By ={2—0, &+ 8 =20 +1}, g=¢ + (A —1) (€, + 1t + () — ) (t +1)).

In this paper, Euler’s integral transformations given by (1.7), (1.11) are considered.
If we have a solution of the differential equation D, (6o,61,0¢,000; A, 1) (resp. Heun’s
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differential equation (1.10)), then we may study the solution of Dy, (Ao, 01,0;,000; A, i)
(resp. (1.12)) by means of Euler’s integral transformations in (1.7) (resp. (1.11)). We
apply this strategy for the case where the differential equation D, (6o, 61,6, 000; A, 1t)
(resp. (1.10)) has a polynomial-type solution. Then it is shown that one of the singu-
larities {0, 1,¢, 00} of the differential equation D,, (éo, 01,0, 000; )\, 1) (resp. (1.12)) turns
out to be apparent, and the inverse statement also holds (see Theorems 4.3 and 4.2).
As a by-product, we have integral representations of solutions of Heun’s equation for
which one of the singularities {0,1,¢, 00} is apparent (see Theorems 5.2 and 5.4). We
also investigate properties of monodromy by means of integral transformations, which
are used for the study of solutions.

It is known that Heun’s equation has an elliptical representation. Let p(x) be
the Weierstrass doubly periodic function with periods (2wy,2ws), wo(= 0), w1, wa(=
—w;1 — w3), ws be the half-periods and e; = p(w;) (i = 1,2,3). Heun’s equation (1.2) is
transformed to

o 3
( d —|—Zli(li+1)p(az+w,’)—E> f(z) =0, (1.14)

dz? = 4
1=0

by setting z = (p(z)—e1)/(e2—e1), t = (e3—e1)/(e2—e1). For details see section 6. Then
the integral transformation of (1.11) provides a correspondence of (1.14) with a different
parameter described in Proposition 6.2. For the elliptical representation, the invariance
of monodromy by the integral transformation with respect to the shift of a period is
remarkable. For details see Theorem 6.4. We also obtain correspondences of solutions
expressed by quasi-solvability (existence of a polynomial-type solution) and apparency of
one of the singularities {0, w1, ws,ws}. We apply the integral transformation for the case
where Heun’s equation has the finite-gap property, i.e. the case where ly, l1,ls,l3 € Z. For
the case g, l1,12,l3 € Z we can calculate the monodomy in principle for all £ by means
of hyperelliptic integrals [18] and by the Hermite-Krichever Ansatz [19]. By applying
monodromy invariance, we can calculate the monodromy of Heun’s equation for the case
loyl1,la,l3 € Z+1/2 and Iy + 11 + 12+ 15 € 2Z+ 1, which have not been studied previously.

This paper is organized as follows: In section 2, we investigate the transformation
of the monodromy induced by Euler’s integral transformation. In section 3, we ob-
tain some properties of solutions and monodromy of the Fuchsian differential equations
Dy, (00,01,60;,000; A, 1), Dy, (60,01, 04, 0 5\,/3/) and Heun’s equations ((1.10), (1.12)). In
section 4, we have correspondences of polynomial-type solutions and solutions such that
one of the singularities is apparent. In section 5, we obtain integral representations of
solutions of Heun’s equation which have apparent singularities by using polynomial-type
solutions. In section 6, we translate the results to the elliptical representation of Heun’s
equation. In section 7, we review results on finite-gap potentials and calculate the mon-
odromy of the elliptical representation of Heun’s equation for the case lg, l1,l2,l3 € Z+1/2
and lg + 11 + s + I3 € 2Z + 1. In the appendix we provide the technical details.
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2. Monodromy and integral transformation.

In this section we investigate the transformation of the monodromy induced by
Euler’s integral transformation given by (1.6).

We review some facts about cycles in order to discuss the monodromy. Let a,b €
CuU{oo} (a # b) and pyp be a path linking a and b. We put the base point o of integrals in
(1.6) on the left side of the path p,, and the o does not coincide with the singularity of the
differential equation or the point z. Let z be a point on p,,. We consider deformations
of the cycles 7,4, 7 and +, in the w-plane as the point z turns around the singularity a
or b anti-clockwise and the points z, a, b do not cross the cycle. As the point z turns
around the singularity w = a anti-clockwise, the cycle 7, is deformed to v, v.7a7v; 17, 1
the cycle v, is deformed to 7,7.7, ' and the cycle 7, is not deformed (see Figure 1).
As the point z turns around the singularity b anti-clockwise, the cycle «, is deformed to
Y75 L the cycle 7, is deformed to v,757.7; 'v2* and the cycle v, is not deformed (see
also Figure 1).

o) 0

ab

Ya

e e A
o

Yavavs ! Yyt YV YeYy Y

Figure 1. Deformation of the cycles.

The Euler’s integral transformation by the Pochhammer contour admits the follow-
ing expression,

<[72a7a}7f>n :/ o f(UJ)(Z — w)"‘d’u} = (627r\/jln _ 1)<’Yayf>m + <’Yz7f . f”"')m
V=Va¥: Ve

(2.1)

where we used the relations 0 = (v, f)x + (755 ) and 0 = (v,,f)s +

2™V =Ir(y =1 f) . The formula obtained by replacing a with b also holds true. Then
analytic continuation of the transformed functions are calculated as follows;
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ProPOSITION 2.1.

(e 1), )2 = (s W), e + (v Vals £ = (s Yals £ (2.2)
(e val, )2 = ™72, 7al, )

(e Yals 2 = (s Yals ) + €Yz, ], £ — 2™, ), Fs

(v ey 17 = ™7 [, ), )

PrOOF. We show the first equality. It follows from (2.1) that

(o) 02 = (rav72 6l e = (s £+ (s £ — €27 " o,
+ VT oy P €T g ) — (1 P = (a £V — (s e (2:3)

By expanding the right hand side of the first equality, we have the same expression. The
second formula follows from

<[7z>%],f>l" = <'7a'7z['7z7’7a}(7a'72)_17f> 27”/7%([727'7&] 1)k

The other formulas are shown similarly. O

From now on, we assume that the function y(w) is a solution of a second-order
differential equation, the two points a,b € C are regular singularities of the differential
equation whose exponents are 0 and 6,, 0 and 6, respectively, where the case of Heun’s
equation and that of the differential equation D, (6o,61,0;,050; A, 1) are included. We
put the base point o of integrals in (1.7) on the left side of the path pap. Let y® (w) be
a solution of the second-order differential equation such that the functions y(w), y® (w)
form a basis of solutions of the differential equation, and we denote the monodromy
matrices around the singularity w = a by

()™ 5@ (w) ) = (y(w), 5@ (w)) ( ) = (y(w)yP@)M@. (2.4)

Qg1 Q22

The eigenvalues of the monodromy matrix M’(®) in (2.4) are 1 and e2™V=10a_ If one
of the exponents around the singularities w = a is zero, then there exists a non-zero
solution f(w) that is holomorphic about w = a and it follows from (2.1) that the function
(Y2, Yal, f)w is zero. Let afy(w) + aby™® (w) be a non-zero holomorphic solution of the
differential equation about w = a. Then we have

a/1<[7277a]7y>n + a/2<[7277a]7y(2)>m =0. (2.5)

Since a}y1 () + aby® (w)rs = ajy(w) + aby® (w), we have

aj; =1 ahy aj _ (0 (a1, — 1)(agy — 1) — ajpay, =0, (2.6)

ay ap —1) \aj 07 ahy +ahy =trM'(@ =1 4 2V=10 '
We use similar notations for the singularity w = b. If {[v.,Va], ¥}« # 0 and ([v2, ), ¥)x #
0, then y(w) is not holomorphic about w = a,b and a} # 0 # b,,. Combining with (2.2),
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we have

a
<[’7zf7a]ﬂ Z/ﬂb = <[7zy’)’a]> bllly + lely(2)>l€ = <h’za7a]7 bllly - ai/1 /21y> ’ (27)
<[7237b]3y>2a = <[7277b]ay>ﬁ + <[7237a}7y7b>f€ - <["Yz;’}/a]7y>rc

al
= (b’u -1- a/lblﬂ) (2> Yabs U) s + (720 1), W)

2
e2ﬂ\/jln<[ (2)>n

<[727’Ya]ay>1a = 7zvya]aa/11y+al21y

I a’
= TV <['727'7a]a ayy — a,la’zly>
2 K

_ e2ﬂﬁ”(a’11 + a/22 — 1)<[’Yz;’ya]ay>ﬁ’

/

e b

(e = (sl b+ 7 (= 1= gy ) (B e
2
<[7z7’7b]; yﬂb =" 71H(b111 + b/22 - 1)([%,%], y>K

For the case that the functions ([v.,vVal,¥)x, {[Yz; ), ¥)«x are linearly independent, we
denote the monodromy matrix on the cycle v, with respect to ([vz,Val, ¥) s ([V2, V0], ¥)w
by M épb) , Then we have

)

27/ =1k ( 7 I /o _ﬁl
M(Eab):<e (a15+a22 1) by 1 (1/2b21>7 (2.8)

M ! Y ) :
0\ VI (0 -1 Pag ) VTR by - 1)

Thus tr(Méab)) =1+ 2"V 1(5tba) tr(Mé{’g) =1+ e2™V=15+0) and we have

’ b/ ’ b/ ’ b/ ’ b/ a/
u 11+ai2(,121j521 12+a22 2 (b + by — 1)(byy — 1 — Fbhy)
11 22-i; 2 R
/ ' / /
apy — 1 —graxn by + by — 1

(2.9)
(MY M) = ™Vt (M @O M ®), det(MY M) = VIR det (M@ M),

Note that values of the trace and determinant are independent of the choice of basis.

We consider the case where {[v.,Val, ¥)x, {[Yz,7],¥)r are linearly dependent. We
further assume that the point w = c is also a regular singularity, ([v., V], y)x # 0 for
p = a,b,cand {[Yz,Yal, Y)ws {[V2s7Ve),¥)w are linearly independent. Then ([v., V], y)x =
d<[’727 ’Ya]v y>n for some d 7& 0. It follows from (27) that <[PYZ7 7a]> y>:€a = all(['Yz»'Ya]’ y>n =
(1 + a‘12/d)<[’727'7a]1 y>f€ and <[’Vz»"/a]7y>zb = b22<[’727'7a}7y>n = (]- + db21)<[7277a]7 y>m
where a1, = 2™V 15 (a}, 4+ aby — 1), a1 = by, — 1 — by a)/ab, boy = 2™V =15 (ah, —1 —
aly by Jbh), bag = €2V =I5 (b 4B, —1). Hence we have ay; = 1+a12/d, byo = 1+dbyy and
a12b21 = (a11 —1)(b22—1). By applylng (26), (28), the relation a12b21 = ((111—1)(1)22—1)
can be written as
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VIR det (M@ MDY — 2V TR (M@ D)) 41 = 0. (2.10)

Assume that the points a, b, ¢ are located anticlockwise with respect to the point o. In
a similar way as we obtained (2.8), we have

vz vl 00 vz vel, )00) = (= 20l 9 s (172 vels W) w) (2.11)
(e%mn(bil +byy—1) fy —1— o C21>
0 1
vz vl w)ke s vz vel 9)0e) = vz ) w)e <hz,%} )x)
1
<‘327T\g"i ( n—1- %bél) %FK(CM + chy — >
(<hz’70}7y>zca <[727’Ya]a y>;lc) = (<[’sz’7c]v y> <[727’Ya]
<€2ﬂmn(c/11 +cpy—1) ayy —1-3 a21>
0
vz vels e s vz vals w)i) = vz vels w)ws <[vz,m
1
<62ﬂ\/jﬂ (0/11 -1- %0/21) QWFR(CLU + ahy — )
By applying ([, V], ¥)x = d{[Vz,Va], ¥)x, We obtain
(<[7z,7a],y>l,“, <['YZa'YC]a yﬂ“) = (<[’YZa’Ya]ay>m <[72a76]7y>n) (2'12)
C%ﬁmm+%—n ﬁf“&uﬂ—zam,
0 1

(Vs Yabs 2 [z vels 1)00) = (V25 Yal, Y (72 Vel YD)

™ K b/
<2¢< L+ by — 1) @fJ—g%m>
0 1

Then det(M{UMSY) =  eAVIrdet(M' @M ®)  and  tr(MY M)
VIR det (M@ M) + 1. Combining with (2.10), we have tr(M(Sac)M(g’c)
eQWm“tr(M’(a)M’(b)), which is also shown for the case where the points a, b, ¢ are
located clockwise with respect to the point o.

3. Solutions and monodromy.

In this section, we start with the proposition on the existence of a global simple
solution of a second-order Fuchsian differential equation and the reducibility of the mon-
odromy. The monodromy representation of solutions of a Fuchsian differential equation
is said to be reducible, iff the monodromy matrices M for fixed basis of solutions have
a non-trivial invariant subspace which does not depend on the cycle ~, i.e. there exists a
non-trivial subspace of the solutions which is invariant under analytic continuation along
any cycle.
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PROPOSITION 3.1.  Let Dy = 0 (D = d?/dw? + a1 (w)d/dw + az(w)) be a second-
order Fuchsian differential equation with singularities {t1,...,t,,00(= tn+1)}, and let
91(1) and 91(2) be the exponents at the singularity w =16, ({=1,...,n+1).

(i) If the monodromy representation of solutions of the differential equation Dy = 0 is
reducible, there ezists a non-zero solution y(w) such that y(w) = h(w) [T, (w — ;)™
h(w) is a polynomial in the variable w and [[_, h(t;) # 0.

(ii) If there exists a non-zero solution y(w) of Dy = 0 such that y(w) = h(w) [];—, (w —
), h(w) is a polynomial of degree k and [];—, h(t;) # 0, then a; € {Hl(l), 91(2)} for each
l=1,...,n and 97(;)_1 =—k—-), 0 or 9,224)_1 =—k— .

PROOF. Assume that the monodromy representation of solutions of the Fuchsian
equation Dy = 0 is reducible. Let 4, (I =1,...,n+41) be a cycle on the Riemann sphere
which traces a path around the singularity w = ¢; anti-clockwise. Since the dimension
of the space of solutions of the differential equation Dy = 0 is two, it follows from
reducibility that there exists a non-zero solution y(w) such that y (w) = €27V~ 1%y (1)
for some constants ¢&; and [ = 1,...,n+1. The monodromy of the function y(w) [T}, (w—
t1)~% on C is trivial, because ,,+1 is written as products of 7, ' (I = 1,...,n). Since y(w)
satisfies the Fuchsian equation Dy = 0, the function y(w) [];_, (w —#)~% does not have
any singularities except for {¢;...,t,11}, and the singularity w = co is regular at most.
Hence the function y(w) [];—,(w — ¢;)~% may have poles at w = #; (I = 1,...,n), it is
holomorphic on C\{#1,...,t,} and the regular singularity w = oo is apparent. Therefore
we have y(w) [T, (w—1t)"% = p(w) [[}_, (w—#;)~™ for some integers m, ..., m, and
a polynomial p(w). Thus y(w) may be written as y(w) = h(w) [[;-, (w — t;)*, where
h(w) is a polynomial in the variable w and [];"_; h(t;) # 0. Therefore we have (i).

If y(w) = h(w) [T (w — t)* (h(w): a polynomial of degree k, [, h(t:) # 0)
satisfies the Fuchsian equation Dy = 0, it follows from that the exponents at w = ¢,
(Il e{l,...,n}) are 91(1),91(2) and h(p) # 0 that oy € {951),91(2)}. Write h(w) = cpw” +
ch_1wP 44 ¢o (e # 0). Then we have the expansion y(w) = (1/w)~F~Xi=1 % (¢}, +
(Ch—1—cCr Yy tiay)/w+--+) around w = oo and the index —k —>_;" ; oy must coincide
with one of the exponents at w = oo, which are 9,(3_1 and 9;2_21. Therefore we have
97(11421 =-k-3 L aor ‘97(521 =—k—-3 U

Proposition 3.1 is applicable to the Fuchsian equation D, (6y, 01, 6;,0.0; A, 1) and
Heun’s equation (1.10) readily.

We introduce a proposition which connects polynomial-type solutions (the ones de-
scribed in Proposition 3.1) to the ones such that one of the singularities is apparent
through the Euler’s integral transformation. A regular singularity z = p of a second-
order linear differential equation is called apparent, if and only if the monodromy matrix
along the singularity z = p is a scalar matrix. Note that it is equivalent that the differ-
ence of the exponents is an integer and the logarithmic solution along z = p disappear,
which means A"’ = 0 in (A.2) in the case that one of the exponents is zero.

For a cycle v, we set

(1) = (7, Y ro—1, if y(w) satisfies Dy, (8o, 01, 04, 003 A, 1),
’ (7,Y)—n, if y(w) satisfies Heun’s equation (1.10).
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It follows from Proposition 1.1 (resp. Proposition 1.2) that if y(w) is a solution of
Dy, (60,01,04,000; A, 1) (resp. (1.10)) then ([vz,7],y) (p € {0,1,%,00}) is a solution of
Dy, (60,61,0:,050; A, 1) (resp. (1.12)). The local expansion of the function ([7.,7p],v)
(p=0,1,t,00) about z = p can be calculated using (A.8), (A.13) for the case kK = kg — 1,
9((;)) = K1, 9&2) =tkg+ 1 (tesp. 0, =1—¢, (p=0,1,1), Kk = -, 0&13) =a+p-2n+1,
02 =2 n) by using the local expansion of solutions of D, (6o, 01,68, 0s0; A, 1) (resp.
(1.10)) (see (A.1), (A.2), (A.10), (A.11)). They are used to obtain the condition that
the function ([v.,v],¥) (p € {0,1,¢,00}) is identically zero for all solutions y(w) to
Dy, (60, 61,0:,050; A, 1) (resp. (1.10)).

PRrROPOSITION 3.2. (i) Let p € {0,1,t} and assume k2 & Z (resp. n & Z). The

function ([vz,vp),y) is identically zero for all solutions y(w) of Dy, (60,01, 0:,050; A, 1)
(resp. (1.10)), if and only if 0, € Z>o (resp. €, € Z<1) and the singularity w = p
is apparent (i.e. AP = 0 in (A.2)), or 0, + ko € Ze_y (resp. €, € Z>) and the
differential equation Dy, (6p,61,0:,000; A, 1) (resp. (1.10)) has a solution of the form of
a product of (w — p)% (resp. (w — p)'=%) and a non-zero polynomial of degree no more
than —0, — ko — 1 (resp. €, — 2).
(ii) Under the assumption ko & Z (resp. n € 7), the function {[v.,Vool,y) is identically
zero for all solutions y(w) of Dy, (0o, 61,0, 0005 A, 1) (resp. (1.10)), if and only if O €
Z>1 (resp. a+ B —n € Z>1) and the singularity w = oo is apparent, or k1 € Z<o (resp.
a+ f—2n € Z<_1) and the differential equation D,, (6o, 61,0, 000; A, 1) (resp. (1.10))
has a non-zero polynomial in the variable w of degree —rq (resp. 2n —a —  —1).

Proposition 3.2 will be proved in the appendix.
We investigate a sufficient condition for the functions ([v.,7vol,v), ([vz, 7], 1),

([v2,74], y) to span the two-dimensional space of solutions of D,, (8, 61,6, Ooo; A, ) (resp.
(1.12)).

PROPOSITION 3.3.  There exists a solution y(w) of Dy, (0o, 61,0, 000; A, 1) (Tesp.
(1.10)) such that ([vz,70l,y) # 0, {[v=smly) # 0, {[vz,vl,y) # 0 and the func-
tions ([vz,%),9), {[vz,71],9), {[V2,Ve),y) span the two-dimensional space of solutions
of Dy, (éo,él,ét,éoo;j\,,&) (resp. (1.12)), if ko € Z and 0,;,9}, & 7 for all p € {0,1,t,00}
(resp. n, €0, €1, €, 00 — B, €0, €1, €,0/ — 8 € 7).

Although the proposition might be obvious to the experts, we give a proof in the
appendix with a more detailed proposition.

By applying the results on the monodromy of integral representations in section 2,
we have the following theorem for monodromy matrices:

THEOREM 3.4. Let a,b € {0,1,t} (a #b), M'®) be a monodromy matriz of a cer-
tain basis of solutions of Dy, (0o, 61,0;,0s0; A, 1) (resp. (1.10)) on the cycle 7, (p € {a,b})
and M®) be a monodromy matriz of a certain basis of solutions of Dy, (9~0, 61,0, 000: N, )
(resp. (1.12)) on the cycle v,. Then we have

tr((M(a)M(b))n) _ 6271'\/—717”@2tr((‘z\4l(a)]\4/(19))n)7 (32>
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(resp. tr((M (@MY = =27V =Trngr((A(@) pp/ Oy,
forneZ.

PROOF. Set K = Ky — 1 (resp. k = —n) for the case of the differential equa-
tion D, (0,601,060, 000; A\, 1) (vesp. (1.10)). Firstly we show that tr(M(@M®) =
2™V =Tt (M@ M'®)) and det(M@M®) = eAmV=Trdet (M@ M'®) under the as-
sumption of Proposition 3.3. It follows from Proposition 3.3 that there exists a
solution y(w) of Dy, (6o,01,0¢,000; A, 1) (resp. (1.10)) such that ([v.,%],y) # O,
([v2,mly) # 0, {[vz,7],y) # 0 and the functions <[W’5a’@]»?~/>v~<h’z~, Yl y)s ([ves vl v)
span the two-dimensional space of solutions of Dy, (6o,01,0:,050; A, 1) (resp. (1.12)).
Let ¢ be the element in {0,1,¢} which is different from a and b. Then ([v.,7.],¥),
([v2, 7], y) are linearly independent or ([v.,7a],y), {[Vz,7],y) are linearly independent
and ([Vz,Yal,¥) = d{[vz, V), y) for some d(# 0). Hence it follows from the calcula-
tions of monodromy in section 2 that if ko & Z and 9p,§p ¢ 7 for all p € {0,1,t,00}
(resp. 1), €0, €1, €1, a— B, ), €}, €, o/ — 3 & Z) then tr(M (@ M®)) = 27V =Trgr( M) ppr0)
and det(M (@D M®) = AmV=Trdet(M'(@ M'®)). Tt is known the analyticity of the coef-
ficients of the equation leads to the analyticity of the monodromy matrix, when the
solutions of the equation which describe the monodromy are analytic with respect
to the parameter and form a basis of the space of the equation. Hence we have
tr(M@M®) = 2V =Trngr(M" @ M) and det(M(@DM®)) = edmV=Trdet (M (@) N1/ ®)
for all cases by taking a limit from the case ko ¢ Z and 6, 0}, ¢ Z for all p € {0,1,t,00}
(resp. 1, €p,€1,€, 0 — Byeh,€l, €4, — ' & 7). Note that the trace and the determi-
nant of a matrix is independent from the choice of the basis. Let I}, I} (resp. I, l2)
be the solutions of the quadratic equation x? — tr(M"(@M'®))z + det(M'(@)M'®)) =
0 (vesp. 22 — tr(M@WM®)z + det(M(@M®) = 0). Then we have {l,lo} =
{271, VIR and te((MOM©O)) = (1)" + (I2)" = 2™ (1) + (15)")
2™V =TIty (M@ MY for n € Z.

(|

It follows from the relations M'(9 M/ A" A1) = 1 and MO MO Ar® pr(ee) =
1 that tr((M® M) = e=2nV=TInmatr((Nf/@) Af/(2))n) (resp. tr((M®) M) =
2™V =Tt (M) M())™)) for p € {0,1,t} and n € Z. It seems that we do not have a
simple formula connecting tr(M (@ (M®)=1) and tr(M'(@) (M'®)=1) for a,b € {0,1,t},
a # b. Note that (3.2) can be written as tr((M (@ M®)™) =tr((M"@ M'®)™) for a 2 x 2
sla-Fuchsian system with four singularities, and it was obtained by Inaba—Iwasaki-Saito
[3] and Boalch [1].

4. Correspondence between polynomial-type solutions and apparency of
a singularity.

In this section, we establish correspondences between polynomial-type solutions and
apparency of a singularity, which are induced by integral transformations.

Let y(w) be a solution of Dy, (6o, 61,0¢,000; A, 1) (resp. (1.10)), p € {0,1,t}, and
consider the local expansion of the solution about w = p as (A.1), (A.2) by setting
Kk = kg — 1 (resp. 0, = 1 — ¢, K = —n). It follows from the local expansion of ([, 7y, y)
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about z = p (see (A.8) for the case 0, € Z<_1,0, + K & Z<_o) that if §, € Z<_,
ko & Z (resp. e € Z>2, n ¢ Z) and the singularity w = p of the dlﬂerentlal equation

y1(90,01,9t,900,)\,,u) (resp. (1.10)) is apparent, then A® = 0 in (A.2), (A.8), the
function ([, 7p),y) is non-zero and it is a product of (z — p)elf‘"‘“2 (resp. (z — p)>~ %~ ")
and a polynomial of degree no more than —6, —1 (resp. €, —2). Since ([yz,7,), y) satisfies

Dy, (60,01,0:,000; A, 1) (vesp. (1.12)), we have the following proposition:

PROPOSITION 4.1.  Let p € {0,1,t}. If 0, € Z< 1, ko € Z (resp. €, € L>a2, n & 1)
and the singularity w = p of the differential equation D, (90, 91, Ht, 000, A, 1) (resp. (1.10))
is apparent, then there exists a non-zero solution of D, (90, 01,0, 000: N , i) (resp. (1.12))
which can be written as (z—p)%» T2 h(2) (resp. (z—p)'~?h(z)) where h(z) is a polynomial
of degree no more than —0, — 1 (resp. €, — 2).

The following theorem asserts various correspondences between polynomial-type so-
lutions and apparency of a singularity for Heun’s equation.

THEOREM 4.2. Let a,b,c be elements of {0,1,t} such that a # b # ¢ # a and
n,a, B, €, €1, €, , §' €}, €1, €, be the parameters defined in (1.9) or (1.13).
(i) If €}, € Z>2, n € Z and the singularity w = a of (1.10) is apparent, then there exists
a non-zero solution of (1.12) which can be written as (z — a)'~““h(z) where h(z) is a
polynomial of degree no more than €, —2. Moreover if o/, 8’ ¢ Z, then degg h(z) = €, —2.
(i) If €, € Z<o, N € Z, !, B, €p,€c & Z and the singularity w = a of (1.10) is apparent,
then there exists a mon-zero solution of (1.12) which can be written as (z — b)1=% (2 —
c)t=¢h(z) where h(z) is a polynomial with degh(z) = —¢.,.
(iii) If €q € Z>a, o, B & Z and there exists a non-zero solution of (1.10) which can be
written as a product of (w—a)' =% and a polynomial, then the singularity z = a of (1.12)
1S apparent.
(iv) If €4 € Z<o, o, B, eb, ! & 7 and there exists a non-zero solution of (1.10) which can
be written as (w—b)' =% (w—c)' " h(w) where h(w) is a polynomial, then the singularity
z=a of (1.12) is apparent.
(V) Ifa+ B —n € Z<o, n ¢ Z and the singularity w = oo of (1.10) is apparent, then
there exists a non-zero solution of (1.12) which can be written as a polynomial of degree
n—a—p.
(Vi) If a4+ B —1n € Z>2, 0, €0, €1, € € Z and the singularity w = oo of (1.10) is apparent,
then there exists a non-zero solution of (1.12) which can be written as z* =€ (z—1)17¢1 (2 —
t)1=¢¢h(z) where h(z) is a polynomial of degree o+ 3 —n — 2.
(vil) If a+B—2n € Z<_1, n,€5 & Z and there exists a non-zero solution of (1.10) written
as a polynomial in w, then the singularity z = oo of (1.12) is apparent.
(viil) If o+ B — 2n € Z>1, 0, €, €1, €, & Z and there exists a non-zero solution of (1.10)
which can be written as w0 (w — 1)1~ (w — t)1 = h(w) where h(w) is a polynomial,
then the singularity z = oo of (1.12) is apparent.

We will prove Theorem 4.2 in the appendix with a more detailed proposition.
Correspondences between polynomial-type solutions and apparency of a singularity
for the differential equations Dy, (6o, 01, 04, 000; A, ) and Dy, (00, 01,0, 000; \, i) can also
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be described as follows:

~ THEOREM 4.3. Set k1 = (oo —0p — 01 — 01)/2, k2 = —(0oo + 00 + 61 + 0:)/2,
0p =rko+ 6, (p=0,1,t,00) and

Ko ~7l€2+00 /432-’-91 K)2+9t+ K2

ASAT Ty ) 60— PSR T T

-\

(4.1)

Let a, b, ¢ be elements of {0,1,t} such that a # b # ¢ # a. Assume that \, ¢ {0,1,¢,00}.

() If 0, € Z<_1, ko € Z and the singularity w = a of the differential equation
Dy, (600,01,0:,000; A, 1) in the variable w is apparent then there exists a mon-zero so-

lution of the differential equation D,, (90,91,9t,900,)\ i) in the variable z which can be

written as (z — a)9 h(z) where h(z) is a polynomial of degree no more than —0, — 1.

Moreover if k1 € Z, then degg h(z) = —6, — 1.

(ii) If 0, € Z>y, 51,52,5;,, ] ¢ 7. and the singularity w = a of the differential equation
Dy, (00,01,60;,000; A, 1t) is apparent, then there exists a non-zero solution of the differen-

tial equation Dy, (0,01, 0:,000; N, 1) which can be written as (z — b)gb (z— c)e h(z) where

h(z) is a polynomial with degh(z) = 0,.

(iii) If 6, € Z<o, k2,000 & Z and there exists a mnon-zero solution of
Dy, (60,01,60:,000; A, 1) which can be written as a product of (w — a)% and a polyno-

mial, then the singularity z = a of Dy, (00,91, 0y, 0003 A , [) is apparent.

(1v) If 0, € Z>1, K2,000,0,0. & 7 and there exists a mnon-zero solution of
Dy, (60,01, 04,0503 A, ) which can be written as (w — b) o(w — ¢)Ph(w) where h(w) is

a polynomial, then the singularity z = a of Dyl(ﬁo, 01,04, 000; N, i) is apparent.

(V) If Ooo € Z<o, ko & Z and the singularity w = oo of Dy, (0o, 01,0+, 000; A, 1) is appar-

ent, then there exists a non-zero solution of Dy, (90,51, ét,éoo; S\,ﬂ) which can be written

as a polynomial of degree —0

(vi) If 0 € Z>1, ka,00,01,0, € Z and the singularity w = oo of Dy1 (90,917915,9007)\ 1)

is apparent, then there exists a non-zero solution of D, (907 01, Ht, 900, A , [t) which can be

written as 2% (z — 1) (2 — )gfh( ) where h(z) is a polynomial of degree 6, — 1.

(vii) If k1 € Z<o, k2,00 & Z and there ezists a non-zero solution ony1 (90, 01,04, 0005 A, 1)

written as a polynomial in w, then the singularity z = oo of Dy, (90,91,975,900,)\ i) is

apparent.

(Viii) If k1 € Z>1, k2,00,61,0, & 7Z and there exists a non-zero solution of
Dy, (60,01,0:,000; A, 1) which can be written as weo( — 1)91( —t)efh( ) where h(w) is

a polynomial, then the singularity z = oo of Dy, (90, 01,04, 000; A , 1) is apparent.

5. Quasi-solvability and apparency of a singularity for Heun’s equation.

We recall the quasi-solvability of Heun’s equation.

PROPOSITION 5.1 ([12], [17] etc.). Letv; € {0,1 —¢}} for j =0,1,¢, ' € {o/, B’}
and assume that —(n'+vo+uv1+1vy) € Z>o. Setn = —(n'+vo+v1+1vy). Then there exists
a polynomial P(q") of degree n + 1 in the variable ¢’ such that if ¢’ satisfies P(q') = 0
then there exists a solution of (1.10) written as w* (w — 1) (w — t)**p(w), where p(w)
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18 a polynomial of degree no more than n in the variable w.

ExXAMPLE 1. We investigate polynomial-type solutions of Heun’s equation for the
case €, — ' +2=0. Set vy =0,y =1 — €}, 1 =1 — €, and ' = ¢ in Proposition 5.1.
Thenn=—(a'+2—€} —€;) = —(e, — '+ 1) = 1. We look for a solution of (1.10) of
the form (w — 1)1 (w — )1~ (¢ + w). By substituting it into (1.10), we have

ol = Bleft+ Bt+2et —2t — 2+ B — B'e, +2¢;) + 2t — 't =0, (5.1)
(B —e—€+2)+q¢ +et+28t—2t—Bet+28 —2— B¢+ ¢ =0.
Hence
_ =B =D =2)t+¢—2)
e +e—p0 —2
(0)? + ((—28'¢, + 38" + 3¢, — )t + (—28¢, + 38’ + 3¢, —4))q’
+ (8" = 2)[(e) — 1)(e) —2)(8' — Dt*t

+{(8" = 1)(2¢4€} —3€1 — 3¢, +5) — €] — €, + 3} + (6, — 1)(e; — 2)(8' = 1)] = 0.
(5.3)

c , (5.2)

Therefore, if ¢’ satisfies the quadratic equation in (5.3), then the function (w—1)"~1 (w—
t)1 = (¢ 4 w) satisfies (1.10) where ¢ is chosen as (5.2).

We are going to obtain explicit expressions for solutions of Heun’s equation which
have an apparent singularity by using solutions which are expressed by quasi-solvability.

THEOREM 5.2.  Let a,b,c be elements of {0,1,t} such that a # b # ¢ # a and
N, o, B, €0, €1, €, 0, B €), €1, €, be the parameters defined in (1.9) or (1.13).
(i) If €q € Z<o, @, B, €}, €. & Z and the singularity z = a of (1.12) is apzl)arent, then, there
exists a non-zero solution of (1.10) which can be written as (w — b) =% (w — ¢)!~ch(w)
where h(w) is a polynomial of degree —e, and the functions

/[ (=01 ) )z ), (p=be) (5.4)

are non-zero solutions of (1.12).

(i) If a+ B —2n € Z>1, n,€),€1,¢, € Z and the singularity z = oo of (1.12)
is apparent, then there exists a non-zero solution of (1.10) which can be written as
w0 (w — 1)1 (w — )1 h(w) where h(w) is a polynomial of degree o+ 5 — 2n — 1
and the functions

[ et e 0 ) e - ) e, (=010, (655)
[v2,7p]

are non-zero solutions of (1.12).

PrROOF. By Theorem 4.2 (ii) (resp. Theorem 4.2 (vi)) and the duality of the pa-
rameters («, 8, €g, €1, €2, 1) and (o, B, €}, €], €;,1’) in (1.9) and (1.13), we obtain the exis-
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tence of a non-zero solution of (1.10) which can be written as (w — b)! = (w —¢)' ¢ h(w)
(resp. w = (w — 1)1~ (w — )~ h(w)) where h(w) is a polynomial of degree —e, (resp.
a+ f—2n—1). It follows from Proposition 1.2 that (5.4) (resp. (5.5)) is a solution of
(1.12). We show that (5.4) for p = b is non-zero. We expand (w — ¢)'~“h(w) about
w = b as Z;io ¢j(w — b)7. Then there are infinitely many terms such that ¢; # 0,
because €, ¢ Z. (5.4) for p = b is written as (A.8) for the case O, = 1 — ¢, & Z<o,
Op+r+1=2—¢ —n=1—¢ € Z<_1, and it is not identically zero. It is also shown
that (5.4) for p = ¢ and (5.5) for p = 0,1, ¢ are not identically zero. O

ExXAMPLE 2. We investigate solutions of (1.12) for the case ¢g = —1 and the sin-
gularity z = 0 of (1.12) is apparent. The condition that the singularity z = 0 is apparent
is described as an algebraic equation of ¢ by following the method in the appendix, and
it is written as

@+ (1t + € —t—1)g+ aft =0, (5.6)

which is equivalent to (5.3) by applying (1.9) for n = S. If (5.6) is satified, then the
function (w — 1)1~ (w — )1~ (w + ¢/« satisfies (1.10), which follows from Example 1.
By applying the integral transformation, the functions

/h - D = 0 (w4 D) (- ) P, (5.7)

are solutions of (1.12), if ¢ satisfies (5.6).

If € € Z>2, o, ¢ 7Z and the singularity z = a of (1.12) is apparent, then there
exists a non-zero solution of (1.10) which can be written as (w — )=« h(w) where h(w)
is a polynomial of degree €, — 2, and the functions

/[ ](w - a)lfeflh(w)(z —w) "dw, (p=0,1,t,00), (5.8)

are solutions of (1.12). But it is shown that (5.8) is identically zero for p = 0, 1,1, co.
(For the case p = a, it follows from (A.8) on the case 0, &€ Z, 8, + k € Z<_5. For the
case p = b, ¢, it follows from holomorphy of (w — a)l’elah(w) about p = b,c. For the
case p = 00, it follows from ~pv17:70c = 1.) We have a similar situation for the case
a+f—2n € Z<_1,n,¢, ¢ Z. To obtain non-vanishing expressions of integrals, we apply
the following proposition.

PROPOSITION 5.3.  Let 1, €q, €1, €1, €, €1, €, be the parameters defined in (1.9) or
(1.13) and v(w) be a solution of (1.10). Then the function

y(z) = 2170 (z = 1)1 (2 — 1)1 / wo ™ (w — 1) (w — )% o(w) (2 — w)"2dw
['YZa'Yp]
(5.9)

is a solution of (1.12) for p € {0,1,¢,00}.
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PROOF. Let v(w) be a solution of (1.10). Then the function &(w) = w ! (w —
1)1 (w — )% Lo(w) is a solution of

d217+ 2—€6+2—€/1+2—6,/5 @4_(2—0/)(2—,8’)10
dw? w w—1 dw w(w —1)(w —t)
q=q —(g+e—2) = (e + e — 2.

!
5=0, (5.10)

It follows from Proposition 1.2 that the function g(z) = fh ., ]f)(w)(z _ w)—(z_n)dw
(p=0,1,t,00) is a solution of

gj 2—¢€ 2—¢€ —a\dy  (2-a)2-B)z—q.
T ( "+ z—1+z—t)dz+ z2(z=1)(z—1) y—O, (5.11)
G=q+0-n{2-a+2-€e)t+2——n)(t+1)}.

By setting y(z) = 217 (2 — 1)174 (2 — t)17¢g(2), it follows that y(z) is a solution of
(1.12). 0

THEOREM b5.4.  Let a,b,c be elements of {0,1,t} such that a # b # ¢ # a and
n,a,ﬂ,eo,el,et,eg,e’l,eé be the parameters defined in (1.9) or (1.13).
(i) If €q € Z>2, , B, €y, €. & Z and the singularity z = a of (1.12) is apparent, then there
exists a non-zero solution of (1.10) which can be written as (w —a)'~“eh(w) where h(w)
s a polynomial of degree €, — 2, and the functions

Aoz — 1)z — )l /[ ](w — b)) (w = ) h(w)(z — w)" 2dw, (p=Db,c),
o (5.12)

are non-zero solutions of (1.12).

(ii) If a+B—2n € Z<_1, 0, €y, €1, €, € Z and the singularity z = oo of (1.12) is apparent,
then there exists a non-zero solution of (1.10) which can be written as h(w) where h(w)
s a polynomial of degree 2n — o — B — 1 and the functions

Ao [ w1 - 0% ) e - ),
[vz57p]

(5.13)
(p=0,1,t) are non-zero solutions of (1.12).

PrROOF. By Theorem 4.2 (i) (resp. Theorem 4.2 (v)) and the duality of the param-
eters in (1.9) and (1.13), we obtain the existence of a non-zero solution of (1.10) which
can be written as (w — a)'~%h(w) (resp. h(w)) where h(w) is a polynomial of degree
€q — 2 (resp. 2n —a — B — 1). It follows from Proposition 5.3 that (5.12) (resp. (5.13))
is a solution of (1.12). It can be shown by a similar argument to that in the proof of
Theorem 5.2 that (5.12) for p = b, ¢ and (5.13) for p = 0, 1,¢ are not identically zero. [
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6. Elliptical representation of Heun’s equation.

Heun’s differential equation has an elliptical representation as we mentioned in the
introduction. In this section, we rewrite several results on the integral transformation of
Heun’s equation to the elliptical representation form.

We review the elliptical representation of Heun’s differential equation. Set

3

’ ! ’ d
HUohotaols) ——= +Y 1 (z 4 w;). (6.1)
i=0

Let o) be a number such that o, = —I} or o} =1, + 1 for each i € {0,1,2,3}. By setting

z = pl) — e , t= S , flx) = Uzall/Q(Z - 1)0/2/2(2 - t)aé/Z; (6.2)
€x — €1 €2 — €1

the equation

d*v N € 4 €\ dv o/B'z—¢
dz2 z z—1 z—t

is transformed to

HUI) fla) = B f(2), (6.4)
where
2 2

! ! ! ! 1 ! / 1
=0t a=atg §=a3tg,
/= = n (—(o = B")* +2(e))* — 4ep + 1)(t +1)

4(62 — 61) 12

n Bepey + 2(e;)” — dep — (€1)® + 2¢) n (6eger +2(e1)* — dej — (e})* + 2¢))t

12 12 ’

We investigate a correspondence of cycles on the Riemann sphere and the torus. For
the transformation z = (p(xz) — e1)/(ea — e1), the path from = to —z (resp. —x + 2wy,
—2 + 2wy, —x + 2w3) which traces a semicircle around wq (resp. wi, wa, ws) corresponds
to a cycle which surrounds oo (resp. 0, 1, ¢) on the Riemann sphere C U {co} whose
coordinate is z. Let 7o, (resp. 71, V¢, Y0) be a cycle on the Riemann sphere which
surrounds the point z = 0 (resp. z = 1, z = ¢, z = o) anticlockwise. We choose the
cycles so that ¥9v17¢tVeo ~ id. Then the shift of the period x — = + 2w; corresponds to
a cycle which is homotopic to yey1, v1ve, V¢ 171_ Lor Y1 17{ ! on the punctured Riemann
sphere, whose choice is dependent on specifying the point z and the zone where the shift
x — x + 2wy passes (see Figure 2).

It is also shown that the shift of the period x — x+42ws3 corresponds to the cycle which
is homotopic to vyo7vy1, Y170, Yo 17{ Lor Y1 175 ! on the punctured Riemann sphere, whose
choice is dependent on specifying the point x and the zone where the shift x — x + 2ws3
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w3 w1 + w3 2(.4}1 + w3 E \i
K > . C% n :
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O(: wo) w1 20)1 e

Figure 2. Correspondence of cycles.

passes.

We rewrite the integral transformation of Heun’s equation (i.e. Proposition 1.2) in
elliptical representation form, which was announced in [24]. It is remarkable that the
eigenvalue F is unchanged by the integral transformation.

THEOREM 6.1.  Let o(z) be the Weierstrass sigma function, o;(x) (i = 1,2,3) be
the Weierstrass co-sigma function which has a zero at x = w;, and I; (i =0,1,2,3) be the
cycle on the complex plane with the variable & such that points £ = x and £ = —x + 2w;
are contained and the half-periods Zwi + Zws are not contained inside the cycle. Let o be
a number such that o, = —l} or o, =1, +1 for each i € {0,1,2,3}. Setd = — Z?:o of/2
and n=d+ 2. If f(x) satisfies

HUOM0) F(z) = Ef(x), (6.6)
then the functions

f(x) = o(x)0T g, (2) 1+t gy ()02t d gy ()25 FdHL
/ F©)o () 001(€)' ™ 10(€) " *203(8) " (o(x + oz — §))T"dE  (6.7)

(1 €{0,1,2,3}) satisfy
H(ehtdaitdobtdalrd) £y — B f(g). (6.8)

PROOF. Let f(x) be a solution of H(o1:i2:13) f(z) = E’ f(x). By the transforma-
tion given by (6.2), the function f(w) = f(§ " (w))w=*1/?(w — 1)=2/2(w — t)~°4/2 is a
solution of (6.3) where {1 (w) is the inverse function of w = $(&) = (p(&) —e1)/(e2 —e1),
the parameters are given by (6.5) and we choose ' = (o} + o + af + ) /2 = —d.
Next we apply Proposition 1.2 with the parameter n = 2 — /. Then the func-
tions f[vz,vp] f(w)(z — w)™"dw (p = 0,1,t,00) are solutions of (1.12) and we have
e0 =€ —n+1=0a+d+3/2, &6 = ab+d+3/2, ¢ = o +d+ 3/2 and
{a, 5y = {2 -p",—a' + 8 + 1} = {2+ d,af + 1/2}. The value ¢ is expressed in
terms of E' and other parameters. We set a; = of +d + 1(€ {—(cf + d), o, + d + 1})
(i =0,1,2,3) and transform to the elliptical form by (6.2), (6.5) where the prime (') is
omitted. It is shown by a direct calculation that the value E coincides with the original
value E’, and the functions

flz) = Z(a;+d+1)/2(z _ 1)(0/2+d+1)/2(z _ t)(ag+d+1)/2
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R e ) ) ) e (69)

are solutions of H(@otd.oitdastdos+d) £y — F'f(z) for p € {0,1,t,00}, where z =
(p(z) —e1)/(e2 — e1). On the transformation w = (p(§) — e1)/(e2 — e1), the cycles
[V, Yools [VzsY0ls [z 71]s [V257e) correspond to the cycles Iy, I, Is, Is. By changing the
variable as w = (p(£) — e1)/(e2 — e1) in (6.9) and applying the relations 1/p(§) — e; =
0i(§)/a(§) (i = 1,2,3), p(z) — p(§) = —o(z + oz — §)/(o(x)o(§))? and ¢'(§) =
—201(&)02(€)03(€)/o(£)3, we obtain the proposition. O

PROPOSITION 6.2.  Set

ag—1l1 —1lx—1 ag+1li =1l —13

ag € {—lo, Lo+ 1}, 1) = — 5 Sl = 5 —~1, (6.10)
15:%_17 lg:%”””%'

If f(x) satisfies H012:13) f(2) = Ef(x), then the functions
f(x) = o(2)* 01 (x) "oz (2) 2 o5(2) 7"

(x
' /I F©)a(€) o+ o1 (&)1 o2(6) 2 o5(€) 5+ (0(x + E)o(x — €))T"dE  (6.11)

(1 €40,1,2,3}) satisfy
HUolulols) () = E f(x). (6.12)

PROOF. We obtain the proposition by applying Theorem 6.1 for oy = 1 + (ap +
Lh4+la+103)/2, af =1+ (—ag—l+1l2+13)/2, ab = 1+ (—ag + 11 — o +13)/2,
oy =1+ (—ag+ 1y + 1o —13)/2. Note that H(~lo=1—h=1—l=1—ls=1) — pr(lo,l,l2.ls) - ]

We review an aspect of the monodromy of a differential equation with periodic
potential. Let g(x) be a periodic function with a period T and {f;(z), f2(x)} be a basis
of solutions of the differential equation

2
(-2 + ) £0) = B @) (6.13)

Then fi(z +T) and fo(x 4+ T) are also solutions. Let M7 be a monodromy matrix for
the shift + — x + T with respect to the basis {f1(z), f2(x)}, i.e.

(il + 7). fole +T)) = (fo(@), fal@))Mr = (fu(2), folx)) (m“ m”) o (614)

ma1 Ma2

Since the coefficient of the first-order derivative in (6.13) is zero, the following lemma is
satisfied;

LEMMA 6.3. We have det My = 1.
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Proor. Since f/'(z) = (q(x) — E)fi(z) (i = 1,2), we have (fi{(z)fa(z) —
fi(z)fi(x)) = 0. Hence fi(z)f2(z) — fi(z)fi(x) = C for some constant C' # 0 which
follows from the linear independence of fi(z), fa(z). We have

C=flle+D)f2(x+T) = fr(z + T)f3(x +T)
= (mi1mas — miamar)(f1(2) fo(2) — fi(2) f3(2)) = (Ma1maz — miam21)C.  (6.15)

Hence det My = 1. O

Note that this situation is applicable to the elliptical representation of Heun’s equa-
tion by setting T' = 2w, or 2ws (or any period of the elliptic function p(x)). If trMp > 2
or trMyp < —2 (resp. —2 < trMyp < 2), then there exists a basis of solutions fy (), f_(z)
such that fu(z+T) = e fu(x) (resp. fu(z +T) = V=1 fi(z)) for some v € R such
that e2” — (trMyp)e” +1 =0 (resp. €2V~ — (trMyp)eV~ " +1 =0). If trMp = 2 (resp.
trMp = —2), then there exists a non-zero periodic (anti-periodic) solution, i.e. a solution
f(x) such that f(x +T) = f(z) (vesp. f(x +T) = —f(x)). It does not simply follow
from trMp = 2 (resp. trMp = —2) that every solution is periodic (resp. anti-periodic).
Whether this is the case is determined by the Jordan normal form of Myp.

THEOREM 6.4. Let k € {1,3} and Mz(i?];ll’lz’l3)(E) be the monodromy matriz by
the shift of the period x — x + 2wy with respect to a certain basis of solutions to
Holulzols) f(3) = Ef(x). Let o, be a number such that o/, = —l; or o, =1, + 1 for
each i € {0,1,2,3} and set d = — Zf:o af/2. Then

ter(iék:l/l’l;’lé)(E) _ trM2(52+d,a’1+d,a;+d,ag+d) (E). (6.16)

PROOF. We prove the case k = 1 such that the §hift of the period z — x + 2w,
corresponds to a cycle which is homotopic to y¢v1. Let f(z) (resp. f(z)) be a solution of
(6.6) (resp. (6.8)). Then the function f(G—(w))w=1/2(w — 1)~2/2(w — £)~*/2 (resp.
(o7 (2))z~ (@ Hd+1/2 (5 1) = (a"24d+1)/2( ;) =(a’3+d+1)/2) i5 3 solution of (1.10) (resp.
(1.12)). Thus we have exp(—2mv/—1(a + af)/2)tr M2 (B) = /O /D) and

exp(—2my/—1(ah+af +2d+ 2)/2)trM2(Sé+d’al1+d’a/2+d’a;’+d) (E) = trM® M) Tt follows
from Theorem 3.4 that tr(M®M™M) = exp(—2my/—1n)tr(M'® M’M). Combining these
relations with the relation 7 = d + 2 in the proof of Theorem 6.1, we obtain (6.16). The

other cases can be proved similarly. O

COROLLARY 6.5.  Assume that the parameters lo, 11, la, I3, 1f), 1}, 15, 15 satisfy
(6.10). Let k € {1,3}. Then

trM(l(),lll,léJé) (E) _ tI‘Méi?);lhlz’ls) (E) (617)

2wk

COROLLARY 6.6. We keep the notations in Theorem 6.4. Let k € {1,3}.
If there exists a non-zero solution f(x,E) of (HUl2k) — EYf(x,E) = 0 such
that f(x 4 2wy, E) = Cy(E)f(x,E), then there exists a non-zero solution f(z,E) of
(H(eotdertdostdostd) _ By f(g E) = 0 such that f(z + 2wy, E) = Cu(E)f(z, E). In

other word, periodicity is preserved by the integral transformation.



Integral transformation of Heun’s equation 869

PROOF. Let t (resp. t;) be a solution of the quadratic equation (})?
trM(l"’ll’l”l )(E)t’ +1 =0 (resp. t; — trp{Cotdertdartd a3+d)(E)tk +1 =0). Since

2w
det Mz(lol 2l )(E) det Mz(aoer oatday+d, a3+d)(E) = 1, the value t, (resp. t) is an

eigenvalue of the monodromy matrix M(l‘“l]’l?’le‘)(E) (resp. Micotder +d optd, (’3+d)(E))

2w 2w
and we have {Cy(E),Cx(E)~'} = {t;,(#,)"'}. Thus Corollary 6.6 follows from
tr Mz(i, NN )(E) tI‘Mz(aU—i_da {+d,ab+d, 013+d)(E). 0
COROLLARY 6.7. Assume that the parameters ly, 1, lg, I3, 1), 1, 15, 15 satisfy

(6.10). Let k € {1,3}. If there exists a non-zero solution f(z,E) of (H(lo’ll’l% 8) —
E)f(z,E) = 0 such that f(x + 2wy, E) = Ci(E)f(x, E), then there exists a non-zero
solution f(x, E) of (6.12) such that f(x + 2wy, E) = Cx(E) f(x, E).

If w; € Ry and ws € v/—1R, then the potential Zf:o Li(li+1)p(r+w;) in (1.14)
is real-valued for x € R. From the viewpoint of quantum mechanics, we are interested
in finding square-integrable eigenstates in a suitable Hilbert space for the elliptical rep-
resentation of Heun’s equation, and periodicity with respect to the shift z — = + 2w, is
related to square-integrable eigenstates (see [17], [18]). Ruijsenaars [13] established that
the spectrum of (6.6) coincides with that of (6.12) by investigating a certain Hilbert—
Schmidt operator. Theorem 6.4 can be regarded as a complex-functional version of
Ruijsenaars’ result. Khare and Sukhatme [9] earlier made a conjecture about correspon-
dences between quasi-solvable solutions of (6.6) and those of (6.12), and Corollary 6.6
gives an approach for a reformulation of their conjecture in terms of monodromy.

For elliptical representations, quasi-solvability is described as follows:

PROPOSITION 6.8 ([17, Proposition 5.1]).  Let 3} be a number such that 8, = I}
or B =1+ 1 for each i € {0,1,2,3}, and set d = — E?:o B/2. Suppose that d € Z>o,
and let Vg g gr g be the d + 1-th dimensional space spanned by

0°F12F2°F3

{Sea)p@r} (6.18)
n=0,...,d

where ®(z) = (z—e1)P1/2(z—e3)P2/2(z—e3)%5/2. Then the operator Ho:l12:15) preserves
the space Vg g1 s g1 -

To find eigenvalues of the operator H(0:l1:12-15) on the space Vi 51,858, We obtain
an algebraic equation of order d + 1 in the variable E, which is related to P(¢') = 0 in
Proposmon 5.1 for the case vy = (8] — a})/2, v1 = (B — ab) /2, ve = (B — ) /2, where
af € {-I,1; 4+ 1} and the transformation between Proposition 5.1 and Proposition 6.8 is
determmed by (6.2). The eigenvector corresponding to the eigenvalue E can be written
as a product of C/I;(p(x)) and the polynomial in the variable p(z) of degree no more than
d.

Since the functions p(x 4+ 2w;) (i = 0,1,2,3) are even and doubly periodic, the

solutions of (6.12) about = = w; (i =0,1,2,3) can be expanded as
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ct ch‘i)(x —w;) bt 4 D@ Zég“(x — )t I 1/2 4+ Z,
Jj=0 j=0
fay =14 Y Sl (@ — wy) 122425 4 pl) L el/2+7Z,
=0
Zégi)(x B wi)f\li+1/2\+1/2+2j +A ZC z) u +1/2|+1/2425
Jj=0 7=0

(6.19)

where C" and D% are constants, c(()i) = Eéi) =1, and cy) and c(z) (j =1,2,...) are
determined recursively. If I; € 1/2+7Z and A # 0 (resp. A% = 0), then the smgularity
2 = w; is non-apparent (resp. apparent). Note that if I; = —1/2, then the singularity
T = w; is always non-apparent, i.e. A # 0. By the transformation given by (6.2), the
condition that Iy € 1/2+Z (resp. Iy € 1/2+Z, 15 € 1/2+ 7Z, I3 € 1/2+ Z) and the
singularity @ = 0 (resp. £ = wy, & = wa, * = w3) is (non-)apparent is equivalent to that
a—f €Z (resp. g € Z, €1 € Z, & € Z) and the singularity z = co (resp. z =0, z = 1,
z = t) is (non-)apparent. The condition that the singularity * = w; (i € {0,1,2,3})
is apparent (i.e. A% = 0) for the case l; € —1/2 + Zo is described as follows: Set

= —|li+1/2[+1/2, &7 =1, f(z) = 2%, &Y (2 — w;)70+% . By substituting f(z) into

J=0"g
(6 12) and expanding (6. 12) as a series in « —w;, we obtain an equation for c( % ng)’ . 650
on the coefficients of (x — w;)’°*% =2, We determine c( 2 (G'=1,...,]l+1/2| = 1) by
solving the equation for c(()z), ng)’ . cg/) recursively for each j” and we have degp c( D= =7

On the coefficient of (xz — wi)30+‘21 it1=2 the term concerned with cl(l'i)+1/2| disappears
and we have an algebraic equation of degree |l; + 1/2| with respect to the variable E,
which we denote by P()(E) = 0, where P%)(E) is monic. Then the condition that the
singularity z = w; (i € {0, 1,2, 3}) is apparent is equivalent to the eigenvalue E satisfying
P(i)(E) = (0. The following proposition can be proved by rewriting Theorem 4.2 in its
elliptical form.

PROPOSITION 6.9.  Let o be a number such that o, = =1, or of, =1} + 1 for each
i€{0,1,2,3}. Setd= -2 /2.
(i) If oy € 3/2 + Z>o (resp. of € 3/2 + Z>o, oy € 3/2 + Z>p, o € 3/2 +
Z>o), d ¢ Z and the singularity x = 0 (resp. ¢ = wi, «
ws) of (6.6) is apparent, then there exists a non-zero solution of (6.8) which be-

= wy, T =
longs to the space V—a6—d,a’1+d+1,a’2+d+1,aé+d+l (resp. Va6+d+1,—a’1—d,a’2+d+1,ag+d+1;
Vol tdt 1,0 +dt1,—ah—d,ag+d+1s Vap+dtl,a)+d+1,ah+d+1,—ay—d)-

(ll) Ifa6 S _1/2+Z§0 (’I“CSp. 0/1 S —1/2+Z§0, 0/2 S —1/2+Z§0, Oéé S —1/2+Z§0),
o) +d,ay+das+d E 12+ 7 (resp. ag+d,ay +d,as +d € 1/2+ 7, o+ d, o) +
dios+d & 1/2+Z, af + d,oy +d,ob+d & 1/2+Z), d € Z and the singular-
ity x = 0 (resp. © = w1, & = wy, * = w3) of (6.6) is apparent, then there erists a
non-zero solution of (6.8) which belongs to the space Vo 1at1,—af—d,—al—d,—af—d (€SP
V_ap—d,a)+d+1,—aly—d,—al—ds Vol —d,—o, —daly+d+1,—al—ds V—ol—d,—o}—d,—al—dal+d+1)-
(iii) If ag+d € 1/24+Z>¢ (resp. oy +d € 1/24+Z>q, ah+d € 1/24Z>¢, as+d € 1/24Z>y),
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1,0 & /242 (resp. Uy, Uy & /242, Iy, 05,05 € 1/24Z, 1,0y ¢ 1/2+2), d ¢ 7
and there exists a non-zero solution of (6.6) which belongs to the space Vi—al,0),ab.0/
(resp. Vag 1o ah.als Voot 1—ab.ahs Vab.al.ahi—ay), then the singularity x = 0 (resp.
T=wi, T =wy, x=ws) of (6.8) is apparent.

(iv) If oy +d € —=3/2 + Z<0 (resp. of +d € =3/2 + Z<p, oy +d € —3/2 + Z<o,
as+d € —=3/2+Z<o), U,15,15 € 1/2+ 7 (resp. 1§, 15,15 € 1/2+7Z, 15, 11,15 € 1/2+ Z,
0,0, & 1/2 + 7), d ¢ Z and there exists a non-zero solution of (6.6) which
bEIongS to the space Va(’),lfo/l,lfozé,lfocé (resp. Vlfaé],a’l,lfaé,lfag; Vlfaf),lfa’l,aé,lfag;
Vicapi-a,1-ay.ay), then the singularity x = 0 (resp. = w1, T = w2, T = w3) of
(6.8) is apparent.

With respect to the elliptical representation of Heun’s equation, Theorems 5.2 and
5.4 can be rewritten as follows:

PROPOSITION 6.10.  Let ag € {—lo,lo + 1} and 1},11,15,15,n be the parameters
defined in (6.10).
(1) If —ap € 1/2+ZZO (resp. L € 1/24—220, o € 1/2—‘1-220, I3 € 1/2+Zzo),
U, 0,0 €1/2+ 7 (resp. 10,15, € 1/2+Z, 15,11, € 1/2+Z, 15, 11,15 € 1/2+Z), n € Z
and the singularity x = 0 (resp. © = w1, © = wa, ¢ = ws) of (6.12) is apparent, then
there exists a non-zero solution f(as) of (6.6) which belongs to the space V_y; 11 1115 41.1441
(resp. Vig 1,1y a1, Vigrng+1,—15.05+1, Vigg1,+1,15+1,-15) and the functions

f(@) = a(x)™01 () on(x) Roy(z) ™"
/ F)o@)o o1 (y) i o2 (y) 2 o3(y) 5T (o(2 + y)o(e — ) "dy  (6.20)
fori=1,2,3 (resp. i = 2,3, i =1,3, i = 1,2) are non-zero solutions of (6.12).
(ii) If —ag € —3/2+Z§0 (T@Sp l1 € 3/2 +Z<0, Iy € 3/2 +Z<0, lg € —3/2 +ZS0)7
l/lul/27lil3 ¢ 1/2+Z (T@Sp. l ll27ll g 1/2+Z l()7lllvl/ ¢ 1/2+Z l[)ul/17ll2 ¢ 1/2+Z)7 n gZ
and the singularity x = 0 (resp. © = w1, © = wa, ¢ = ws) of (6.12) is apparent, then

there exists a mon-zero solution f(z) of (6.6) which belongs to the space Viy 11 11 1 1,
(resp. Voy i1,y —1ys Vouy —15ap41,—14, Vory i —15.0541) and the functions

F(x) = 0(2) 0y (1) (@)'+ o )+
/ ) o) oa(w) hoa(y) blota + oo —y) Py (62)
fori=1,2,3 (resp. i =2,3,i=1,3, i = 1,2) are non-zero solutions of (6.12).

7. Finite-gap potentials and integral transformations.

We now review the definitions of a finite-gap potential and its properties.

DEFINITION 1. Assume ¢(z) is real-valued and continuous for x € R. We set
H = —d?/dx? + q(x). Let oy(H) be the set such that
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E € oy(H) < All solutions of (H — E)f(x) = 0 are bounded on z € R,

and oy, (H) is the topological closure of op(H) in R. If the set R\ o,(H) can be written
as

R\ op(H) = (=00, Eo) U (E1, E2) U~ -+ U (Eag—1, Eay), (7.1)
with Ey < By < --- < Eyg then ¢(z) is called a finite-gap (g-gap) potential.

If ¢(z) is real-valued and continuous for x € R and periodic with period T'(> 0), then
[trMr| > 2 = E & op(H) and |trMr| < 2 = E € op(H), where Mr is a monodromy
matrix for the shift x — x + T with eigenvalue F.

DEFINITION 2.  If there exists an odd-order differential operator A = (d/dx)* " +
Z?igl bj(x) (d/dx)*? "7 such that [A, —d?/dz? + q(x)] = 0, then g(z) is called an
algebro-geometric finite-gap potential.

Note that the equation [A, —d?/dz? + g(x)] = 0 is equivalent to the function ¢(z)
being a solution of some stationary higher-order KdV equation. It is known that if ¢(z)
is real-holomorphic on R and ¢(z + T') = ¢q(z), then ¢(z) is a finite-gap potential if and
only if ¢(z) is an algebro-geometric finite-gap potential (see [11]).

For the elliptical representation of Heun’s equation, the following theorem is known.

THEOREM 7.1 ([25]).  The potential 3°_, l)(I} + 1)p(x + w;) is algebro-geometric
finite-gap, if and only if I; € Z fori=0,1,2,3.

The function Z?:o L(li+1)p(x+w;) is called the Treibich—Verdier potential. Subse-
quently several other researchers have produced results on this subject (see [2], [15], [16],
[17], [18], [19], [20]). IfIj, =1} =0, w1 € Rz and w3 € v/—1R, then the potential is
real-valued and holomorphic on R, and we have the following corollary:

COROLLARY 7.2. Ifw; € Ry, wy € V—1Ryo and ly,15 € Z, then the potential
L, + Dp(x +ws) + (15 + 1p(z + ws) is a finite-gap potential.

We review a method for calculating the monodromy for the elliptical representation
of Heun’s equation for the case l),1},1},15 € Z. Note that (6.6) is invariant under the
change [} «» —I; — 1 for each i € {0,1,2,3}.

Let h(x) be the product of any pair of solutions of the elliptical representation of
Heun’s equation. Then the function h(x) satisfies the following third-order differential
equation:

43 3 d 3
(M —4 (Z Ll 4+ Dz +wi) — E) - =2 (Z LI+ 1) (z + m)) h(z) = 0.
=0 i=0
(7.2)

It is known that if I{),11,15,15 € Z then (7.2) has a non-zero doubly periodic solution for
all E.
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PROPOSITION 7.3 ([16, Proposition 3.5]).  IfI{,1},15,15 € Z, then (7.2) has a non-
zero doubly periodic solution Z(x, E), which has the expansion

3 max(lj,—1;—1)—1
E(z, B) = co(E) + Z Z b (B)p(x + w)mexl-t=b=i  (7.3)

where the coefficients co(E) and b;i)(E) are polynomials in E, they do not have common
divisors and the polynomial ¢o(E) is monic. We set g = degy co(E). Then the coefficients

satisfy degp, by)(E) < g foralli and j.

Set

.

Then Q(F) is independent of z and it is a monic polynomial in E of degree 2g + 1 (see
[16]). Solutions of Heun’s equations can be written using =(z, F) and Q(E).

PROPOSITION 7.4 ([16, Proposition 3.7]).  The functions

Az, E) = \/E(z, FE)exp V=O(E)dr (7.5)

E(z, F)

and A(—z, E) are solutions of (6.6).

Write
E(z, F) +23:maxwzl/ )71a(-i)(E) <d>2j p(r 4+ w;) (7.6)
J dx v '
and set
3
a(B) =Y a) (E). (7.7)
i=0

Then the monodromy with respect to the shift of a period can be written in terms of a
hyperelliptic integral.

PROPOSITION 7.5 ([18], [19]). Assume lj),1},1},1; € Z.
(1) If Q(Ep) = 0, then there exists q;, € {0,1} such that A(z + 2wy, Ey) = (—1)%A(x, Ep)
for each k € {1,3}.
(ii) If Q(E) # 0, then the functions A(x, E) and A(—z, E) are linearly independent and
we have
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. .
A(E(z + 2wp), E) = (1) A(£2, E) exp q:/E ”’“C(E);)(”;(E)

dE | . (7.8)

We introduce another expression of monodromy arising from the Hermite—Krichever
Ansatz [19]. Set

olx +w; —a)

i@, ) = oz + w;)

exp(¢(a)x), (i=0,1,2,3), (7.9)

where o(x) (resp. ((z)) is the Weierstrass sigma (resp. zeta) function.

PropoSITION 7.6 ([19]). Assume [,1},15,l5 € 7Z. There exist polynomials
Pi(E),...,Ps(E) such that, if the eigenvalue E satisfies Po(E) # 0, then the function
A(z, E) in (7.5) can be written as

3 |lj+1/2|-3/2 [ d j
_ 7@
Az, E) = exp (kz) ; j:ZO b (dz) D(x,a) |, (7.10)
and the values o and K can be expressed as
_ P(E) i P3(E) _ P5(E)

E)
The periodicity of the function A(tz, E) in (7.10) is described as

A(£(r + 2wy), E) = exp(£ (2w ({(@) + 2k) — 2npa))A(x2x, E), (k=1,3). (7.12)

If P,(E) = 0, then the function A(x, E) in (7.5) can be expressed as a product of an
exponential function and a doubly periodic function.

We review a relationship between the polynomial Q(F) and finite-dimensional in-
variant subspaces. We define a vector space V by

Ui~y —1, @ U—py 1y 11,0501 O U—gg 1,1y 0501 S U—gg 11105 41,-1
(I +1 +15 415 even);

Uiy vy -y 5+1 ©U—py iy ap41,-1, © Uiy 1,—1, -1, D Unyp,—1g, -1, -1
o+ +15+15: odd),

V =

(7.13)
where Uag a1 ,00,05 are defined by
3
Vog,an,0z,05: Yoo )2 € Z<o;
Uag,ar,a2,05 = Voo 1—ar,1—as,1—ass Z?:() a;/2 € Z>9; (7.14)
{0}, otherwise.

Then Hol1:1213) .V < V and it can be shown that if 1,1}, 15,15 € Z then V is the maxi-
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mum finite-dimensional H-invariant subspace of the space spanned by the function f(x)
such that f(z+2wy)/f(x) € {£1} for k = 1,3. Let P(E) be the monic characteristic poly-
nomial of the operator Ho-11:12:13) on the space V, i.e. P(E) = dety (E-1— HUol12:5)),

PROPOSITION 7.7 ([20]). We have P(E) = Q(E).

The curve I': 2 = —Q(E) is called the spectral curve, which plays an important
role in (7.5) and (7.8). It follows from Proposition 7.7 that edges of the hyperelliptic
curve I' are eigenvalues of the operator H (10:11:12:13) on the invariant space V. The genus
of the curve I' is g, where g is defined in Proposition 7.3.

Let us consider the case Q(E) = 0. Let Ey be a zero of Q(E). Then we have
P(Ey) =0, Az, Ey) = v/E(z,Ep) € V and the functions A(x, Ey) and A(—z, Ey) are
linearly dependent. Another solution of (6.6) can be derived as \/Z(x, Ey) [ %(:
As(z, Ep)). The monodromy with respect to the shift of a period was calculated in [21]

and it can be written as

(A(x + 2wg, Eo), Aa(z + 2wy, Ep))

2w c(E) —2nka(E)
= (~1)% (A, Eo), Aoz, Eo)) ( &) ‘MU> . (7.15)
0 1

EXAMPLE 3. The case I, = 2,1} =15 =1, = 0. The doubly periodic function
E(x, E) which satisfies (7.2) and the polynomial Q(E) are evaluated as

E(x, ) = 9p(x)* + 3Ep(x) + E* — 9g2/4, (7.16)
3
Q(E) = (E* = 3g2) [ [(E — 3¢)). (7.17)
i=1

The function A(z, E) defined by (7.5) is a solution of (6.6). For the monodromy with
respect to the shift x — z+ 2wy (k = 1,3), we have a formula described by a hyperelliptic
integral of genus two;

dE | . (7.18)

1 /E wi(2E% — 3gs) — 61,
2

Az 42wy, E) = Az, E)exp | —= S ! =
VBT (2 — 392) T, (E - 3¢:)

The function A(z, E) can be expressed in the form of the Hermite-Krichever Ansatz

A(z, E) = exp (1) (i)gmcﬁo(m,a) +5{0 (;i) <I>0(x,a)> : (7.19)

and «, k satisfy

o (E — 361)(E + 661)2 . 2
p(Oé) = €1 — 9(E2 — 392) , K= m —Q(E) (720)

Set
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V =V_20,00®Vo,-1,-1,0® Vo,-1,0,-1 © Vo,0,—1,-1- (7.21)

Then dimV =2+ 1+ 1+1 =5 and Q(E) is the characteristic polynomial of H(2:0:0:0)
on the space V. The characteristic polynomial of H(20,0,0) oy V_2.00,0 (resp. Vo,—1,-1,0,
Vvo’,l’o’,l, VO,O,fl,fl) is E2 — 392 (resp. FE— 363, FE— 362, FE— 361).

By applying integral transformation to the case of a finite-gap potential (i.e. ap-
plying Theorem 6.1 for the case If),1},1},1 € Z while choosing of, € {-I{,l + 1} to
be n € 1/2 4+ Z), we obtain Heun’s equation for the case lo,l1,l2,l3 € Z + 1/2 and
lo+11+1s+ 13 € 2Z + 1. Conversely we can express solutions and monodromy for the
case lo,l1,l2,l3 € Z+1/2 and lg+ {1 + 12+ 13 € 2Z+ 1 by using solutions and monodromy
calculated by the finite-gap potential method for the case Ij), I}, 15,15 € Z. The following
proposition is obtained by combining Proposition 6.2, Corollary 6.5, Propositions 7.5 and
7.6.

PROPOSITION 7.8. Let ag € {—lp,lo + 1} and set

—ap—li—la—Il3+1 , —agt+lhi+ila+iz+1

n = 5 , lp = 5 , (7.22)
,:—a0+ll—lg—l3—1 ,:—ao—l1+l2—lg—1 l{:—ao—ll—lz—‘rlg—l
1 9 > 2 2 3 2 .

If lo,l1,la,ls € Z+1/2 and lg + 11 + o+ I3 € 2Z + 1, then we have n € Z + 1/2 and
10, 15,15,15 € Z. Let Ma,, (k=1,3) be a monodromy matriz of solutions of (1.14) with
respect to the shift x — x + 2wy, for the parameters ly,l1,12,1l3, E. Then we have

trMa,, = 2(—1)% cos /EE wkC(E)Q(;k)a(E)

where ¢(F) and a(E) are defined in (7.6), (7.7) and Ey is a zero of Q(E) for the param-
eters 1(),11,15,15, E such that A(x + 2wy, Ey) = (=1)%A(x, Ey) for each k € {1,3}. We
also have

dE |, (7.23)

trMa, = 2cos (V—1(2wi({(a) + k) — 2mar)) , (7.24)
where a and k are determined by (7.11) for the parameters I, 11,1515, E.

Note that Heun’s equation in Proposition 7.8 for the parameter I, {1, l5, I§ for the
case ag = —lp is isomonodromic to the one for the parameter I, I}, 15, I5 for the case
ag = lp+ 1, and they are linked by the generalized Darboux transformation described in

[20]. If we replace the definition of the set oy,(H) by the following; E € op(H) < —2 <
trMay,, < 2, then the set R\ oy, (H) for the case lo, l1,l2,l3 € Z+1/2, log+11+12+15 € 2Z+1
and wi,vV—1lws € R0 has finite gaps, which coincides with the one for the case [,
14, 14, I in Proposition 7.8. But the potential for the case lo,l1,1l2,l3 € Z + 1/2 and
lo+ 11 + 13413 € 2Z + 1 is not an algebro-geometric finite-gap potential.

It follows from Propositions 6.9 and 6.10 that the eigenvalues of the four spaces

for 1), 1}, 1, 15 in (7.13) corresponds to eigenvalues such that one of the singularities
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{0,w1,wq,ws} is apparent. By combining these remarks with Proposition 7.7, we have
the following proposition:

PROPOSITION 7.9. Let ag € {—lo,lo + 1} and define the numbers I}, 1},15,15 by
(7.22). Assume lo,l1,lo,l3 € Z+1/2, lo+ 11 + 1o+ 13 € 2Z + 1 and let Q(E) be the
polynomial in (7.4) for the parameters 1{, 1}, 15, 15(€ Z).

(i) The condition Q(Ey) = 0 is equivalent to the condition that there exists i € {0,1,2,3}
such that the singularity x = w; is apparent in (6.12) for the parameters lo, 11,12, 3.

(ii) If 1,414 41, +14 is even, then the characteristic polynomial of the operator Ho:lt2:1s)
on the space U_yr _yr _yy —y (resp. U_yp v w11, Ui vrvn, 1y 04+1 Ui 1,41, -1)
coincides with the polynomial PO (E) (resp. PV (E), P®)(E), P®)(E)) for the param-
eters lo, 11,12, 13 which are defined between (6.19) and Proposition 6.10.

(iil) If Iy +15 +15+15 is odd, then the characteristic polynomial of the operator HUo:l1:02,05)
on the space U_y; 1y iy 141 (resp- Uy iy invr—1, Ui vivn 11y U1y~ —11)
coincides with the polynomial P®)(E) (resp. P®(E), PY(E), PO)(E)) for the param-
eters lo, ll, lg, 13.

(iv) We have Q(E) = PO(E)PM(E)PR)(E)PC)(E).

It was shown in [16] that if (), 1],1},15 € Z, then any two spaces of the four spaces
in (7.13) have no eigenvalues in common. Hence we have

PROPOSITION 7.10.  Assume lo,l1,l0,l3 € Z+1/2 and lo + 11 + a2 + 13 € 2Z + 1.
Then any two of the four equations PO (E) =0, PMW(E) =0, P?(E) =0, P®(E) =0
have no common solutions. In other words, if one of the singularities {0, w1, ws, w3} is
apparent, then the other three singularities are non-apparent.

Under the assumptions and notations in Proposition 7.9, we have degp Q(E) =
degy PO(E) + degp PN (E) 4 degy PP (E) + degy PO (E) = |lg +1/2] + |l1 +1/2| +
|l +1/2| + |3 + 1/2|. Hence the genus of the curve I': v? = —Q(E) for If),1},15,14(€ Z)
is obtained by applying Proposition 6.9 and by setting af, = —Ij, (resp. af = Il + 1) for
the case that I{, + 1} 4+ 1, + 15 is even (resp. odd).

PROPOSITION 7.11.  Assume 1{,1},15,15 € Z. Let g be the genus of the curve I':
v? = -Q(E).
(i) If I + 13 + 15 + 15 is even, then

_1
975

(i) If Iy + 15 + 15 + 15 is odd, then

I+ =1 —1
2

=1 =1+
2

lo+1+1+15
2

lo—1+15—15
2

) . (7.25)

1(‘lg+l’1+l’2+lg+1‘

l61’1+l’2+lg+1‘

za+l’1—l2§+z§,+1‘ za+la+l2é—lé+1‘_1). (7.26)
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Note that the expression in Proposition 7.11 is different from the one in [18, Propo-
sition 3.3].

EXAMPLE 4. For the case Ij; = I} = l, =I5 = 0, (6.6) is written as (d?/dz? +
E)f(z) = 0 and a basis of solutions can be written as e, e~ "% for the case E # 0 by
writing E = —x?. Hence we have trMj,, = "k 4 e~ (k = 1,3), where Mj,, is
a monodromy matrix of solutions of (6.6) for the case Iy = I§ =15, = 15 = 0. There
exists a non-zero periodic (resp. anti-periodic) solution with respect to the period 2wy,
if and only if F can be written as E = 72n?/w? (resp. E = 72(2n+1)?/(2w;)?) for some
n e Zzo.

We apply an integral transformation of Theorem 6.1 for the case of, = 1, o} = af, =
o = 0. By replacing the contour integral I; by twice of the integral from —z 4 2w; to
and setting F = —k2, it follows from (6.11) that the function

3 1/4 T RE
(o — o o (2)o(€)
fa) = @1(@( ) o) / o T (7.27)

is a solution of (6.12) for the case lp = 1/2,1; =1y =13 = —1/2 for i € {0, 1, 2,3}, which
reproduces the result in [22]. By Corollary 6.5 we have trMa,, = €<k 4 ¢~ 25%k (k =
1,3), where Ma,, is a monodromy matrix of solutions of (6.6) for the case lo = 1/2, 11 =
lo =13 = —1/2. Tt follows from Corollary 6.7 that there exists a non-zero periodic (resp.
anti-periodic) solution with respect to the period 2wy, if and only of E can be written as
E =m2n%/w? (resp. E = 7%(2n+1)?/(2w;)?) for some n € Z>g. As a sequel, if w; € Rxg
and wy € v/—1R, then the spectrum of the operator H(1/%=1/2=1/2-1/2) (gee (6.1))
with respect to the interval [0,w;] can be expressed as L%([0,w:]) = {m*n?/(2w1)? | n €
Zso}, which reproduces the result by Ruijsenaars which was presented at the Bonn
conference in 2008 (see [13]). Note that Heun’s equation for the case lp =1/2, 11 =z =
I3 = —1/2 was previously studied by Valent [26] to understand an eigenvalue problem
related to certain birth and death processes.

ExaMPLE 5. We apply Proposition 7.8 to the case lo = 3/2, 11 =1y =13 = 1/2.
By setting ag = 5/2, we have I = =3, 1} =15 =15 =0 and n = 1/2 in Proposition 6.2.
Let My, (k= 1,3) be a monodromy matrix of solutions of (1.14) with respect to the
shift @ — x + 2wy, for the case lg = 3/2, 1; =1y =13 =1/2. Since H(=3,000) — f(2,0,0,0)
it follows from (7.18) and (7.23) that

1 /E wi(2E? — 3g2) — 6n1.

trMa,,, = 2cos | —= = = dE | , (7.28)
VaEE (B2 — 3g2) T2, (E — 3¢,)

2

and it follows from Corollary 6.7 that for each k € {1, 3} there exists a non-zero solution
fi(z, E) of (6.12) for the case lg = 3/2, {; = ly =3 = 1/2 such that

dE | . (7.29)

1 /E wi(2E? — 3g2) — 6 E

fe(x + 2w, E) = fr(z, E) exp -3 = T
VBT \[—(2 ~ 392) T, (E — 3¢:)
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We also have
trMa,, = 2cos (V—1(2wy(¢(a) + k) — 2mpv)) , (7.30)

where « and k are defined by

(E — 3e1)(E + 6€1)2 2 | T (E - 3e))
— e — == 1= . 7.31
pla) = e 9(E2 —3¢) "7 3 E? —3g, (7.31)

It follows from Proposition 7.9 that the singularity « = 0 (resp. x = wy,ws,ws) for (1.14)
on the case lo = 3/2, I3 = lo = I3 = 1/2 is apparent if and only if £ = +./3g> (resp.
E = 361, 362, 363).

By setting ag = —3/2, we have I = —1, I} =1, =I5 = —2, which can be replaced
by i, =0, 11 =15 =15 =1. The case (I},11,15,15) = (0,1,1,1) is isomonodromic to the
case (I}),17,15,15) = (2,0,0,0), and the two cases are linked by the generalized Darboux
transformation in [20].

8. Summary and concluding remarks.

In this paper, we investigated correspondences of special solutions of
Heun’s differential equation (1.2) and the second-order linear differential equa-
tion Dy, (6o,61,0¢, 0005\, 1) (see (1.5)) by Euler’s integral transformation. Namely,
polynomial-type solutions are connected to the solutions such that one of the regular
singularities is apparent. On the monodromy, the trace of a product of the local mon-
odromy matrices is essentially preserved by the Euler’s transformation (see Theorem
3.4), and it is written more clearly on the elliptical representation of Heun’s equation
(see Theorem 6.1). The monodromy of the elliptical representation of Heun’s equation
(1.14) in the case lo,l1,1l2,l3 € Z+1/2 and 1y + 11 + l2 + I3 € 2Z + 1 can be calculated
by using the results on finite-gap integration.

The results of this paper would also be valid for confluent families of Heun’s equation
(see [12]) and the linear differential equation related with the other Painlevé equations.
They should be presented clearly in a near future.

ACKNOWLEDGMENTS. The author thanks Professor S. N. M. Ruijsenaars for dis-
cussions and for sending a draft of his paper.

Appendix. Local expansions and the proof of Propositions 3.2, 3.3 and
Theorems 4.2, 4.3.

We investigate local expansions of solutions of a second-order linear differential equa-
tion about a regular singularity and the image of the expansion mapped by an integral
transformation.

We assume that the function y(w) is a solution of a second-order linear differential
equation about a regular singularity w = p(# 00), and the exponents of the second-order
linear differential equation at w = p are 0 and 6,,.

Then the function y(w) can be expanded as
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y(w) = ce) pp) (w) + D gip) (w), (C<”>,D<p> € ), (A1)
such that
ch'p)(w _p)J7 ep gZZO7
FP (w) = $77° o0 (A.2)
(w — p)b» Z cgp)(w —p)?, 0, € Lo,
7=0
(w—p)" Y & (w—p), A
j=0

g0 (w) = { w=p)" | S &P w=p) | + A9 ¥ w)log(w =p). 0, € Zes,

7=0
S (w—p) | + AP fP (w)logw ~ p), 0, € Zs0,
§=0
where cgp ) = 58” ) = 1. The function f{P)(w) is holomorphic about w = p. The function

g'P)(w) is branching about w = p, if 6, ¢ Zo or AP’ £ 0. If 6, € Z, and AP = 0,
the singularity w = p is apparent

We now describe a criterion that the singularity w = p is apparent for the case
0p € Zzo. We denote the differential equation which the function y(w) satisfies by

B (- ) E i (Csw-p ) y-0. A
dw? — dw —~
Let F(£) = &2+ (po — 1)€ + qo = £(€ — 0,) be the characteristic polynomial about w = p.
If the function y = w” (3 ;o ciz?) (co = 1) satisfies (A.3), then we have F(p) = 0 and

F(p+n)e, + Z{(n — i+ p)r; + s;iten—i = 0. (A.4)

=1

If F(p+n) # 0 for all n € Z>1, then the coefficients ¢,, are determined recursively. In
particular, the coefficients ¢, are determined recursively for the case 8, ¢ Z. We consider
the case 0, € Z>1. Set p = 0. The coefficients c1,...cg,—1 are determined recursively.
We substitute n = 6, in (A.4). Then

Op

> {0, —i)ri + siYeo,—i = 0, (A.5)

i=1

and it gives an equivalent condition to that the singularity w = p is apparent (i.e. AlP)
= 0). A condition of apparency of the singularity w = p for the case 6, € Z<_; is given
by (A.4) for the case p =6, and n = —6,.
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We investigate the local expansion of the function fh y(w)(z — w)*dw about

25Yp]
w = p for the case k € Z. Set ’

2/ —la 2my/ =18 F(O[)F(ﬁ)
(e 1)(e 1)7“06_'_5)7 adZ,
da’B = 271'\/—71(627”/?1’8 — 1)((52_)'1:)[‘0{(1;(6»)&)) o € ZSO, (A6)
27T\/—71(€27r\/jlﬁ — 1)1]_;({;)5_(5)), [N Z21~
If BEZ,thendy g #0 < o+ 8 & Z<op and we have
a— — o da,ﬁ: o ¢ Zzlv
/[711'70] ’ 1(1 - S)B s = {07 S ZZl> (A7)

/ 5”*1(1 — s)ﬂfl(log s)ds = d, g,
[71,70]

for n € Z>1. For the function y(w) in (A.1), we have

(o)) = /[ Ve wrd (A8)
YzVp
0, trt1 = () } j 0y & Z,
D) (z—p)r 'Zocj djto,41.141(2 = D)7, 9§+ ke Ze o,
=
o () : 0, ¢ 7,
ZC] K—0p—1 J l-cn—i-l(zfp)ja 0§+I{€Z§,2,
6,1
- > E§p)dj+9,,+1,n+1(z—p)J
§=0 9p S ngl,

D (z — p)9p+n+1

o0 "0y + K & Lic_,
+AP) Z C;Tepd.j+9p+17n+1(2—p)j
Ji—
D AP (5 — p)Botnt Zc(p ]+ep+1,n+1(z — ), 05;;61(”@2%;_2,
by applying the transformation w = p + (z — p)s. Hence
(v w) )7 = VT O [y, ], ). (A.9)

If 6, + x € Z, then the function ([v.,7,),y) is holomorphic about z = p. Under the
assumption k ¢ Z, the function ([v,,7,],y) is identically zero for any function y(w)
written as (A.1), if and only if 6, € Z>¢ and the singularity w = p is apparent (i.e.
AP = 0), or 0,+k € Z<_5 and the function g7’ (w) in (A.2) is a product of (w—p)’» and
a non-zero polynomial of degree no more than —0,—x—2 (i.e. é;p) =0forj>—0,—x—1).
By putting & = w2 — 1, (resp. 0, = 1 — ¢, (p = 0,1,t), K = —n), we obtain Proposition
3.2 (i). If 0, € Z<_1, k € Z and the singularity w = p is apparent, then A = 0 and the
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function ([v.,7,],y) is a product of (z — p)?»***1 and a polynomial of degree no more
than —6, — 1.

Let us consider the local expansion about w = co. We assume that the function
y(w) is a solution of a second-order linear differential equation about a regular singularity
w = oo, and that the exponents of the second-order linear differential equation at w = oo
are 9&) and 0&2). Then any solution y(w) can be written as

y(w) = € (1) () + DI gl>) (), (C>), D> e C), (A.10)
such that
)% & 1\’ 1 2
(w> ZCE‘OO) <w> ;0 — 62 ¢ 7,
N & o (LY 0 @
(w) ZC] <w> y 000 —000 S ZZO,
§=0
1\ & o (1Y 1),
) 2 (@) o
7=0
(=) (1) <1>0°? i~<oo> <1>j + AW ) (1) log<1> 00 @ g
g w) = - 1 - — 1> oo T Voo <-1,
w = J w w
N\ (& o (1Y 1 (1) a2
() & <> + AP £ (1) log (> fsc — 055 € Z>o,
w =0 w w
where c((]oo) = 5600) =1.

We investigate the local expansion of the function f[v o] y(w)(z—w)eg)*zdw about

w = oo for the case 953)) ¢ 7. Since

(A.12)

/ (1/w)‘9g)_1+“(z - w)ag)_zdw = e”\/ng)_l)(l/z)ada 0@ _1>
[7zv"/oe] e

n,Héz)—l’

/ (1/w)"< 147 (2 — )% =2 (log(1/w))dw = €™ 10D (1/2)7d
[V25Yool

for n € Z>1, we have

o TT(1—0®
eV 1070y, vo ), )
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o (1N 1\’ 0% — 02 ¢,

s 2 g (Z) o ¢ Zso

i=0 o

-0 42 oo J (1) _ p®2

D<Oo> 1 ZE(OO) 1 4 " " 1 ’ 000 W goo ¢ Za

2 P i—oW 4102 12,02 -1\ 0y € Z<o,

-0V 40 1 1\7
~(o0)
9&),0g)+1 Z Cj dj+9gi)—9g)+1,9éz)—1 <Z>
_) p (1> 7=0
z > 1\’
+Al) Z cngfeg)dj+eg>_eg§)+1,eg§>_1 (z)
=—0)+0?
9&1)) — 9&3) < Z<717
0 ¢ Z<o.
9(1) 9(2)+1 fo%e) J (1) (2)

1 1 900 - 900 S Z>O7

D) g(2) [ Z Zc oW _p@_ 1@ 1 (2] > (1) -

P j+oo o’ 1,00 z 000 €Z§0
(A.13)

Hence
/=T _p(2)

(72 Yool ) = TR0 [y e ). (A-14)

Under the assumption 92 ¢ 7, the function {([y.,7Veo),y) is identically zero for any
function y(w) written as in (A.10), if and only if 05 — 02 € Z>o and the singularity
w = oo is apparent (i.e. A(>) =0), or 08 e Z<p and the function g‘) (w) in (A.11) is
a non-zero polynomial in the variable w of degree 0( ) (i.e. ~( =0forj>1- 9(1 ).
By putting 9&,) = K1, 9&2) = Ko + 1 (resp. 9(1) =a+p-2n+ 1 9 =2 —17), we obtain
Proposition 3.2 (ii). If o) — 02 +1 € Z<o and the singularity w = oo is apparent,
then A(>) = 0 and the function ([., Ve, ¥) is a polynomial in the variable z of degree
% + 6% — 1.

We investigate a sufficient condition that the functions ([v:,%],y). ([v=, 7l ),
([v2, vt} y) span the two-dimensional space of solutions of Dy, (6o, 01 0,000; N, i) (resp.
(1.12)) for some solution y(w) of Dy, (6o, 01, 04, 0503 A, 1) (resp. (1.10)) for the case ko & Z
(resp. n € 7).

PROPOSITION A.1.  Assume that ko & Z (resp. n &€ Z), there exists a branch-
ing solution of Dy1(90,01,9t,900,)\ ) (resp. (1.10)) for each singularity w = 0,1,¢
(i.e. 0, & Z (resp. €, & Z) or AP) £ 0 for p = 0,1,t), the differential equation
Dy, (60,01,0:,000; A, 1t) (resp (1.10)) does not have a solution written as a product of
(w —p)¥ (resp. (w—p)* =% ) and a non-zero polynomial on the case Ky + Op € L
(resp. 2—n—e, = 1—¢, € Z<_1, €, € L>2) for eachp € {0,1,t}, and the differential equa-
tion Dy, (00,01, 0t, 0oo; N, fi) (resp. (1.12)) does not have a solution written as a product of
2retlo(y — 1)Ret0i(z — )r2t0i (pesp. 2170 (2 — 1)1 (2 — )1 =) and a non-zero polyno-
mial. Then there exists a solution y(w) of the differential equation D, (0o, 01,60, 0c0; A, 1t)
(resp. (1.10)) such that the functions {[v.,Y0),y), {7z, 71],¥)s (Y2, 1], y) span the two-
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dimensional space of solutions of the differential equation D, (éo,él,ét,éoo;j\,ﬂ) (resp.
(1.12)), ([v=,70],9) # 0, ([v=,ml y) # 0 and ([vz, %], y) # 0.

PROOF. Set K = ky — 1 (rtesp. Kk = —n and ¢, = 1 -0, (p = 0,1,¢)). If
(=, ) y) = 0 (p € {0,1,t}) for all solutions of Dy, (6o, 61,0, 0505 A, 1) (resp. (1.10)).
Then it follows from Proposition 3.2 (i) that 8, € Z and the singularity w = p is
apparent, or 6, + K + 1 € Z<_; and the differential equation D, (6o, 01,6, 000; A, 1t)
(resp. (1.10)) has a solution of the form which is a product of (w — p)? and a non-
zero polynomial of degree no more than —6, — x — 2. Hence it follows from the as-
sumptions of Proposition A.1 that ([y.,7,],¥®) # 0 for some solution y®) (w) for each
p € {0,1,t}. By setting y(w) = coy@ (w) + 1y (w) + ¢y (w) and choosing con-
stants co, ¢1, ¢; appropriately, we have ([v;,7,],y) # 0 for all p € {0,1,¢}. Assume that
the functions ([v.,vol,¥), {[vz, 7]}, {[V2,7],y) do not span the space of solutions of
Dyl(QOaalaot,eoo;Aaﬂ) (resp. (112)) Then <[7z770]ay> = d<h/za'71]7y> = d/<[’7zv7t}7y>
for some d # 0 and d’ # 0. Since ([v.,70],y) satisfies the differential equation
Dy, (80, 01,0:,000; A, 1) (vesp. (1.12)), ([v2,70], ») is locally holomorphic in C\{0, 1,}, and
it follows from (A.8) that the function z=%="=1(z — 1)~ =r=1(z —#)=0=r=1([y_ 0] 7
is holomorphic in C, and the singularity z = oo is regular at most and apparent. Hence
zmlomr 1z — )=l (z — )5 [y, y0],y) s a polynomial, and ([v:,70],y) =
Zlotrtl(y — 1)0itrtl(y — 4)0etst1] () for some polynomial h(z). But this contradicts
the assumptions of the proposition. O

COROLLARY A.2 (Proposition 3.3).  There exists a solution y(w) of

Dyl(eoaehet»aoo;)‘wu’) (Tesp' (110)) such that <[’727'70]7y> 7é 07 <[’727'71]7y> 7é 07
([vz,mlsy) # 0 and the functions ([vz,7%],9), ([v=;m],9), ([vz, %)) span the two-

dimensional space of solutions of Dy, (6o,61,0:,000; M\, 1) (resp. (1.12)), if ko & Z and
0,0, € Z for all p € {0,1,t,00} (resp. n, €, €1, €, — B, €, €, €5, 0/ — ' € 7).

PrOOF. It follows from the fact that 6y, 601,0; & Z (resp. €}, €}, €, & Z) that there
exists a branching solution of Dy, (0o, 01, 6:, 0oc; A, 1) (vesp. (1.10)). If there exists a solu-
tion of Dy, (Ao, 01, 0¢,000; A, i) (resp. (1.12)) that can be written as 22400 (z —1)%2 01 (2 —
t)"2 9% h(z) (resp. 2170 (2 — 1)174 (2 — )1~ h(2)) for some non-zero polynomial h(z), it
follows from Proposition 3.1 (ii) that 0. + (ke + 00+ Ko+ 61+ ke +60;) = —deg h(z) € Z<o
or —ko+ 14 (ke +0p+ra+61+Ko+0,) =—degh(z) € Z<p (resp. a+(3—€p—€1—¢€;) =
—degh(z) € Z<o or B+ (3—€p—€1—€) = —degh(z) € Z<y), i.e. Ky € Z<o Or O € Z>1
(resp. 2 — B € Z<g or 2 — a0 € Z<y), which contradicts the assumption of the corollary.
The condition ép € Z<_1 (resp. 1 —¢, € Z<_q) for p =0, 1, is covered in the assumption
of the corollary. Thus, the assumption of Proposition A.1 follows from the assumption
of the corollary, and the corollary is obtained by applying Proposition A.1. O

We derive the following proposition which is used to prove Theorem 4.2.

PROPOSITION A.3. Let a,b,c be elements of {0,1,t} such that a # b # ¢ # a and
Ny, By e, €1, €, 0, B, €, €1, €, be the parameters defined in (1.9) or (1.13).
(i) If €, € Z>2, n € Z and the singularity w = a of (1.10) is apparent, then there exists
a non-zero solution of (1.12) which can be written as (z — a)!~ah(z) where h(z) is a
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polynomial of degree no more than e, —2. Moreover if o/, 8’ € 7, then degg h(z) = €, —2.
(ii) If €, € Z<o, n € Z, the singularity w = a of (1.10) is apparent and there do not
exist any non-zero solutions of (1.10) written in the form (w — b)** (w — ¢)*p(w) where
p(w) is a polynomial and (ap, cc) = (0,0), (1 —€;,,0) or (0,1 — €..), then there exists a
non-zero solution of (1.12) which can be written as (z —b)1= (2 — )1~ h(z) where h(z)
is a polynomial. Moreover if o, 3 & Z, then degh(z) = —¢/,.

(iii) If €q € Z>2, n € Z, there exists a non-zero solution of (1.10) which can be written as
(w—a)l_ﬁith(w) where h(w) is a polynomial and there do not exist any non-zero solutions
of (1.12) written as polynomials in z, then the singularity z = a of (1.12) is apparent.
(iv) If €q € Z<o, 1, €,,€, & Z, there exists a non-zero solution of (1.10) written as a
product of (w — b)1*5; (w— 0)1*6; and a polynomial, and there do not exist any non-zero
solutions of (1.12) written as a product of 217 (z — 1)1=<1 (2 — t)1=¢ and a polynomial,
then the singularity z = a of (1.12) is apparent.

V) Ifa+ B —n € Z<o, n € Z and the singularity w = oo of (1.10) is apparent, then
there exists a non-zero solution of (1.12) which can be written as a polynomial of degree
n—a-—p.

(Vi) If a+B—n € Z>a, n € Z, the singularity w = oo of (1.10) is apparent and there do
not ezist any non-zero solution of (1.10) written as w®® (w —1)* (w —t)*p(w) such that
p(w) is a polynomial and (cg, a1, o) = (1—¢€(, 0,0), (0,1—€4,0) or (0,0,1—¢,), then there
exists a non-zero solution of (1.12) which can be written as z1=€ (z—1)1= (2 —t)1 =< h(2)
where h(z) is a polynomial of degree o+ 8 —n — 2.

(vil) If o+ B —2n € Z<_1, n € Z, there exists a non-zero solution of (1.10) which is
written as a polynomial and there do not exist any non-zero solutions of (1.12) which are
written as (1/z)"p(1/z) where p(1/z) is a polynomial in 1/z, then the singularity z = oo
of (1.12) is apparent.

(vill) If a + 8 — 2n € Z>1, 1,€,,€1, €, & Z, there exists a non-zero solution of (1.10)
which can be written as a product of w' = (w— 1)176/1 (w— t)l’ei and a polynomial, then
the singularity z = oo of (1.12) is apparent.

PROOF. Set e, =1—0,,¢, =1~ ép (p=0,1,t). Then ép =0,—n+1. We apply
local expansions in this appendix by setting x = —.

To prove (i), it follows from Proposition 4.1 that it remains to show that if o/, 8’ & Z,
then degy h(z) = €, — 2. If there exists a non-zero solution of (1.12) which is written
as (z — a)!=h(z) where h(z) is a polynomial, then it follows from Proposition 3.1 (ii)
that deggp h(z) = —a—14+e¢, 0or =8 — 1+ ¢4, i.e. deggph(z) =—-—n—14+¢€, =€, —2or
—(a+pB—-n)—-1+eg=2n—a—-F+¢€,—2. If o/, €7, then we have 2n—a— S ¢ Z
and degy h(z) = €, — 2. Hence we obtain (i).

Assume that 0, € Z>1, n ¢ Z and the singularity w = a of (1.10) is apparent. Then
it follows from Proposition 3.2 (i) that ([v.,7.],y) = 0 for all solutions y(w) of (1.10).
Combining this result with (2.2) and a similar equality, we have

<[’7z77b]ay>’ya = <[’sz’yb]ay>a <[’sz’)/c]ay>’ya = <[’sz’yc]ay>~ (A15)

I ([Vz, Yol, ¥)s ([v25 7], y) are linearly independent for some solution y(w) of (1.10), then it
follows from (A.15) that the monodromy matrix about z = a is a unit and the exponents
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of (1.12) at z = a are integers. Hence 0o = 0, —n + 1 € Z, and this contradicts
n &€ Z. Therefore ([v.,7],y), (72,7, y) are linearly dependent for any solution y(w).
If ([v2,7),y) # 0 for some solution y(w) and ([v,7.],y) # 0 for some solution y(w),
then there exists a solution y(w) of (1.10) such that ([v.,7c|,y) = d'{[Vz, ], y) # 0 for
some constant d’ # 0. It follows from local expansions (A.8) for the case p = b, ¢, (A.15)
and the condition 6, ¢ Z that the function h(z) = (z — b)~%(z — ¢) % ([y.,w],y) is
holomorphic in C. Hence h(z) is a non-branching function in C U {co} which may have
a pole at z = oo, and (1.12) has a non-zero solution (z — b)éb (z — c)(;Ch(z), where h(2)
is a polynomial. Let k be the degree of h(z). It follows from Proposition 3.1 (ii) that
—k—0,—0. =mnor —n—+a+ A, and by applying the relation 0, + 0, + 0, + a + 8 = 2 we
havek:§a+a+5—n—2:9a—2n+a+ﬁ—lork:§a+n—2:6‘a—1. Hence, if
o, 08 € Z, then —2n+a+ 3 ¢ Z and we have degh(z) =0, —1 = —e,. If {[v2,%],y) =0
for all solutions y(w), then it follows from Proposition 3.2 (i) that 6, € Z>o and the
singularity w = b is apparent or €, € Z>2 and the (1.10) has a solution of the form
which is a product of (w —b)% and a non-zero polynomial of degree no more than e, — 2.
For the case 8, € Z>( and the singularity w = b is apparent, by taking a solution
y(w) of (1.10) which is holomorphic at w = ¢, the function y(w) is holomorphic on the
points w = a, b, c and it is a polynomial in w, because the point w = oo is an apparent
singularity. Hence we have a polynomial solution y(w) of (1.10). By combining this result
with a similar statement for the case ([7.,7],y) = 0 for all solutions y(w), it follows that
if 6, € Z>¢, the singularity w = a is apparent and ([v.,7],y) = 0 or ([vz,7.),y) = 0 for
all solutions y(w), then there exists a non-zero solution of (1.10) which can be written
as (w —b)*(w — ¢)*p(w) where p(w) is a polynomial and (ay,a.) = (0,0), (65,0) or
(0,0.). Therefore we obtain (ii).

We show that if 0,(= 1 —€,) € Z<o, n &€ Z, there exists a logarithmic solution of
(1.10) about w = @ and there do not exist any non-zero solutions of (1.10) written
as a polynomial, then there do not exist any non-zero solution of (1.12) written as
(z —a)!=Cp(z) such that p(z) is a polynomial. We write a logarithmic solution of (1.10)
asin (A.1), (A.2). Then D{® #£ 0, A = 0 and it follows from the absence of a non-zero
polynomial solution of (1.10) that VK € Z, 3j € Z>k such that cg.a) # 0. A solution
([v2+7al, y) of (1.12) can be written as (A.8) for the case 0, € Z<q, 8, +r+1 & Z<_1, and
it cannot be written as (z—a)% ~"*1p(z) such that p(z) is a polynomial because A¢* # 0
and VK € Z, 3j € Z>k such that cg-a) £ 0. Since (1—¢,4 =)0, = 0, —n+1 & Z, the space
of solutions of (1.12) that are written as (z — a)éah(z) such that h(z) is holomorphic
about z = a is one-dimensional. Hence there does not exist a non-zero solution of (1.12)
written as (z — a)! = p(z) such that p(z) is a polynomial. It follows from the duality of
the parameters (e, €1, €z, 1) and (ef, €}, €}, 1) in (1.9) and (1.13) that we obtain (iii) for
the case 1 — ¢, € Z<o by contraposition.

We show that if n € Z, 6, € Z>1, 0,0, ¢ Z, there exists a logarithmic solution of
(1.12) about z = a, there exists a non-zero solution of (1.10) written as (w — b)% (w —
¢)%h(w) such that h(w) is a polynomial, and there do not exist any non-zero solutions
of (1.12) written as (z — a)f (2 — b)% (2 — ¢)%py(z) where Po(z) is a polynomial, then
we have a contradiction. Assume that there exists a non-zero solution of (1.10) written
as y(w) = (w — b)% (w — ¢)%h(w) such that h(w) is a polynomial. Then the functions
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([v2, 7], y) and {[vz,7e],y) are solutions of (1.12) and they are non-zero, which follows
from 0y, 0, & Z and (A.8). Since it has been shown that 37 = €27V =10y 47e = 27V =10cy,
and ([vz,7al, y) = 0, we have ([vz, 1], 9)7* = ([vz, Wl y) and ([vz,7e], )7 = ([7z,7e), v)-
If (V2 1), ), (V2 Yel, y) are linearly independent, the monodromy matrix about z = a is
a unit, and this contradicts the existence of a logarithmic solution. Hence ([7., 73], y) and
([v2,Ve), y) are linearly dependent. It follows from a similar argument to the proof of (ii)
that there exists a non-zero solution §(z) of (1.12) written as g(z) = (2 — b)éb (z fc)éCﬁ(z)
such that f(z) is a polynomial. Since f, € Zso and there exists a logarithmic solution
of (1.12) about z = a, it follows from (A.2) that y(z) can be expressed as y(z) =
(zfa)éa (sz)éb (zfc)éCﬁo(z) such that pg(z) is a polynomial, and we have a contradiction.
Hence we obtain that if n € Z, 0, € Z>q, 0,0 ¢ Z, there exists a non-zero solution of
(1.10) written as (w—b)% (w— c¢)%h(w) such that h(w) is a polynomial, and there do not
exist any non-zero solutions of (1.12) written in the form (z — a)éf" (z— b)é” (z— c)§“ﬁo(z),
where po(z) is a polynomial, then the singularity z = a of (1.12) is apparent. Therefore
we have (iv).

We show (v) and (vi). We apply the expansions in (A.11), (A.13) by setting o) =
a+pB—-2n+1 andeg) =2-—7. Ifa—&—ﬁ—n:@é}))—@g))—i—l € Z<o, 1 € Z and the
singularity w = oo of (1.10) is apparent, then oLy & Z<o and the function ([, Yool ¥)
in (A.13) is a product of (1/2)**#~" and a polynomial in the variable 1/ of degree no
more than n — a — 3, and it satisfies (1.12). Hence there exists a solution of (1.12) which
is a polynomial in z of degree no more than n —« — 8. If there exists a solution of (1.12)
which is a polynomial in z, then the degree of the polynomial is —a or —8, i.e., —n(¢& Z)
or n —a — B(€ Z). Therefore we have (v).

If n+a+p= oY) — o2 € Z>o, n ¢ Z and the singularity w = oo of (1.10)
is apparent, then it follows from Proposition 3.2 (ii) and a similar argument to obtain
(A.15) that ([v., Vo), y) = 0 for all solutions y(w) of (1.10) and

(Ves )y )7 = 2™V, ] y), p=0,1,t. (A.16)

If (2, Yal, ) and ([v., V), y) (a,b € {0,1,t}, a # b) are linearly independent for some
solution y(w) of (1.10), it follows from (A.16) that the monodromy matrix of (1.12)
about z = oo is scalar, the difference between the exponents of (1.12) at z = oo (i.e.
9(()2) — 9((,3) + 1 and 2 — (9((,2)) is an integer, and this contradicts 9((,? — 9((3)) € 7Z and
n=2- 92 ¢ Z. Therefore ([V.,7a],y) and ([v.,Vs],y) are linearly dependent for any
solution y(w) of (1.10) and a,b € {0,1,¢} such that a # b. If there exists a solution
yP)(w) of (1.10) such that ([v.,7,],y)) # 0 for each p € {0,1,¢}, then there exists
a solution y(w) of (1.10) such that ([v.,7,),y) # 0 for any p € {0,1,¢} by setting
y(w) = coy @ (w) + c1y™ (w) 4 ¢,y™ (w) and choosing ¢, ¢1, ¢; appropriately. Then we
have ([vz,7)],y) = d{[vz,1],¥) = d ([, 7], y) # 0 for some constants d,d # 0. It is
shown that the function z=%(z — 1)=% (2 — t)=%([.,v0],%) is holomorphic in C, and
(1.12) has a non-zero solution 2% (z — 1) (z — ¢)%h(z) where h(z) is a polynomial. Let
k be the degree of h(z). It follows from Proposition 3.1 (ii) that —k+ o+ —2=mn or
a+ f —mn. Since n ¢ Z, we have degh(z) = a+  —n—2. If ([v,,7],y) = 0 for all
solutions y(w) and some p € {0,1,t}, then there exists a solution of (1.10) which can
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be expressed as a product of (w — p)?» and a polynomial, or 0, € Z>; and there are no
logarithmic solutions about w = p. Assume that 6, € Z>; and there are no logarithmic
solutions about w = p. Let p’ € {0,1,¢t} such that p’ # p and y(w) be a solution of
(1.10) which is holomorphic at w = p’. Then y (w) = y(w), y’»(w) = y(w). Since the
singularity w = oo is apparent, we have y7=(w) = eQWﬁeg)y(w) = e’QWﬁ"y(w) and
it follows that 37" (w) = 2™V~ 1y(w) (p” € {0,1,t}, p # p” # p'). Since e>™V =11 £ 1,
we have %" (w) = e*™V~1%" y(w). Hence the function y(w) can be expressed as y(w) =
(w — p"")%" h(w) such that h(w) is a polynomial, which follows from the monodromy of
y(w). Therefore if ([y.,7p],y) = 0 for all solution y(w) and some p € {0, 1,t} then there
exists a solution y(w) of (1.10) such that y(w) = w* (w — 1)* (w — t)**h(w), h(w) is a
polynomial and (g, a1, ;) = (69,0,0), (0,61,0) or (0,0,6;), and we have (vi).

We show (vii) and (viii). We apply the expansions in (A.11), (A.13) by setting
o) =a+pB—2n+1and 62 =2 —n. We show that if (=2 —n =2 —02) ¢ Z,
at+B-n=d+p -2 +1 = o) — 02 + 1) € Z<o, there exists a logarithmic
solution of (1.10) about w = oo and there do not exist any non-zero solutions of (1.10)
written as a product of (1/w)" (= (1/w)0g<2>)) and a polynomial in 1/w, then there do
not exist any non-zero solutions of (1.12) written as a polynomial. We write a solution
of (1.10) as in (A.10), (A.11). Then D¢ # 0, A(®) £ 0 and VK € Z, 3j € Z>x
such that c§»°°) # 0 in (A.11). Tt can be shown as in the proof of (iii) that the function
{[v2, Yool; ¥} can be written as in (A.13) for the case o) — 02 € Z<_1, o5 & Z<o, and
it is not written as (1/,2)9&)*9&2)*11)(1/,2) such that p(z) is a polynomial. It follows from
o) — 0P +1-— (2 - 9&?) ¢ 7Z that there do not exist any non-zero solutions of (1.12)

a§>—9g§)+1p(1/z) such that p(z) is a polynomial. If there exists a non-zero

written as (1/z)
solution of (1.12) written as a polynomial h(z), then it follows from Proposition 3.1 (ii)
that deg h(z) = a+B—n or . Because n € Z, we have deg h(z) = a+8—n = 9&,) —9&2)—1—1
and h(z) can be written as (1/z)%% ~9%'+1p(1/2) where p(z) is a polynomial of degree
no more than 9&13) - 9((,? + 1. Therefore we obtain that there do not exist any non-zero
solutions of (1.12) written as a polynomial. It follows from the duality of the parameters
(€0, €1,€,m) and (e, €1, €4, 1) in (1.9) and (1.13) that we obtain (vii) by contraposition.

We show that if 1,600,01,0; € Z, a+ 3 — 2n(= 6% — 02 +1— (2 - 602)) € Zs,
there exists a logarithmic solution of (1.12) about z = oo, and there do not exist any
non-zero solutions of (1.10) written as w? (w — 1)% (w — )% p(w) such that p(w) is a
polynomial, then we have a contradiction. Assume that there exists a non-zero solution
y(2) of (1.10) written as y(w) = w? (w—1)% (w—1t)%p(w) such that p(w) is a polynomial.
Then the exponent of y(w) at w = oo is 08 + 682 — deg p(w) — 2 and the function y(w)
can be expressed as f(°)(w) in (A.10) for the case 08 — 02 ¢ 7. Hence [V, Vool ¥) =
0 and we have ([v.,7),9)7> = €™V "1([y,,,],y) (p = 0,1,t). Since there exists a
logarithmic solution about z = oo, any two of ([v.,%],¥), {[vz, 1], ¥), {[vz, W), y) are
linearly dependent (see the proof of (iv)) and it follows from 6, ¢ Z (p = 0,1,t) that
there exists a solution y(z) of (1.12) written as zé"(z - 1)51(2 — t)éfp(z) such that p(z)
is a polynomial. Then we have degp(z) = n—2 or « + 8 — n — 2 and this contradicts
n¢Zand o+ —2n € Z. Hence if a + 8 —2n € Z>1, 1,00,01,0; € Z, there exists a
non-zero solution of (1.10) which can be written as a product of w? (w — 1)% (w — t)%
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and a polynomial, then the singularity z = oo of (1.12) is apparent. Therefore we have
(viii). O

Theorem 4.2 (i), (v), (viii) follows from Proposition A.3 (i), (v), (viii).

We show Theorem 4.2 (ii). Assume that there exists a non-zero solution of (1.10)
which is written as p(w) (resp. (w — p)'~p(w)) where p(w) is a polynomial. It follows
from Proposition 3.1 (ii) that degp(w) = —a’ or =’ (resp. degp(w) = €, —a’ — 1 or
€,—B'—1). Thus o/ € Z<g or B’ € Z<g (vesp. €,—a' € Z>y or €, — 8" € Z>1). Therefore,
if o', 8" € Z (vesp. €, — ', €, — 8" ¢ Z), then there do not exist any non-zero solutions of
(1.10) written in the form p(w) (resp. (w — p)'~»p(w)) where p(w) is a polynomial. It
follows from o/, ' ¢ Z that ” ¢ Zand n ¢ Z. If €, € Z and ¢, = €, — ' + 1 & Z (resp.
ec€Z), thene, — (o' +5 —n)=—€, —e,+n +1&Z (resp. ¢, — (¢/ + 5" — 1) € Z).
By combining with Proposition A.3 (ii), we have Theorem 4.2 (ii).

We show Theorem 4.2 (iii) and (iv). It follows from «, 5 & Z that n ¢ Z. If there
exists a non-zero solution of (1.12) which is written as p(z) (resp. z'7<(z — )17 (2 —
t)1=¢p(z)) where p(z) is a polynomial, then degp(z) = —a or —3 (resp. degp(z) =
a—2or 8—2). Hence if o, & Z, then there do not exist any non-zero solutions of
(1.12) written as a polynomial nor as a product of z!7(z — 1)17¢1(2 — #)1=¢p(z) and
a polynomial. By combining with Proposition A.3 (iii), (iv), we have Theorem 4.2 (iii)
and (iv).

fa+pf-n=a +8 -2n+1€Zand ¢ ¢ Z, then ¢, =1 = ¢, —1 ¢ Z and
e — (@ +8 —n)=¢,—n'+ (o' + 5" —21) ¢ Z. Hence ¢, — o', ¢, — ' ¢ Z and there
do not exist any non-zero solutions of (1.10) written in the form (w — p)'~»p(w), where
p(w) is a polynomial. Hence we have Theorem 4.2 (vi) by combining with Proposition
A3 (vi).

If there exists a non-zero solution of (1.12), written as (1/2)"p(1/z) where p(1/z) is
a polynomial in 1/2, then the exponent of the function (1/2)"p(1/2) is —n—deg, . p(1/z)
and —n — deg; ,, p(1/2z) = 0 or €. Hence if n, ¢ € Z, then there do not exist any non-
zero solutions of (1.12) written as (1/2)"p(1/z) where p(1/z) is a polynomial in 1/z. By
combining with Proposition A.3 (vii), we have Theorem 4.2 (vii). Thus Theorem 4.2 is
proved.

The following proposition concerning solutions of D, (6o, 01,60;,000; A, 1) and
D,, (0~0, 61,0, 0.0\, ii) is proved similarly to Proposition A.3.

PROPOSITION A.4. Let a,b,c be elements of {0,1,t} such that a # b # ¢ # a.
Assume that A\, \ & {0,1,¢,00}.
(i) If 6, € Z<_1, ko & Z and the singularity w = a of the differential equation
Dy, (00,01,60:,000; A, 1t) in the variable w z'f apparent, ti}en there exists a non-zero So-
lution §(2) of the differential equation Dy, (8o, 61,0, 000; A, t) in the variable z which can
be written as (z — a)% h(z) where h(z) is a polynomial of degree no more than —0, — 1.
Moreover if k1 & Z, then degp h(z) = —0, — 1.
(i) If 0, € Z>o, ke & Z, the singularity w = a of the differential equation
Dy, (60,61,60:, 0505\, 1) is apparent and there do not exist any non-zero solutions of
Dy, (60,01, 60:,000; A, 1) written in the form (w — b)** (w — ¢)*p(w) where p(w) is a poly-
nomial and (ap, ae) = (0,0), (65,0) or (0,6.), then there exists a non-zero solution of the
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differential equation D, (0o, 01,0, 000; A, 1) which can be written as (2 —b)% (2 —¢)?h(2)
where h(z) is a polynomial. Moreover if k1 € Z, then we have degh(z) = 0,.
(iii) If 6, € Z<y, ko & Z, there exists a non-zero solution of Dy, (60,01, 0+, 0005 A, 1t) which
can be written as (w — a)% ‘h(w) where h(w) is a polynomial and there do not exist any
non-zero solutions of Dy1 (90,91, at,eoo, /\,ﬁ) written as a polynomial in z, then the sin-
gularity z = a of Dy, (00, 61,0, 000 \ , ) is apparent.
(iv) If 0, € Z>1, k2,0p,0c € 7, there exists a non-zero solution of Dy, (0o,61,0¢,00; A, 1)
which can be written as a product of (w—b)% (w—c)? and a polynomial and there do not
exist any solutions of Dy, (0o, 01,0%,000; N, i) written as a product of 2% (z —1)%1 (2 — )
and a polynomial, then the singularity z = a of Dyl(éo, 51, ét,éoo; ;\, i) is apparent.
(V) If 0o € Z<p, K2 & Z and the singularity w = co of Dy, (90,91,975,900, A\, 1) 1s appar-
ent, then there exists a non-zero solution of D, (00, 91,0,5, 900, A , [t) which can be written
as a polynomial of degree —0s,
(Vi) If oo € Z>1, Ko & Z, the singularity w = oo of Dy, (0o, 01,0+, 000; A, 1) is appar-
ent and there do not exist any non-zero solutions of Dy, (0o, 01,0, 000; A, 1) written as
w*(w — 1)* (w — t)**p(w) such that p(w) is a polynomial and (ao, o, ) = (6o, 0,0),
(0,61,0) or (0,0, F)t) then there exists a non-zero solution of Dy, (00, 01,0, 000: X , [t) which
can be written as 2% (z — 1) (z — t)e‘h( ), where h(z) is a polynomial of degree 0o, —
(vil) If k1 € Z<o, Ko & Z, there exists a non-zero solution of D, (90,91,9t,900;)\,p)
written as a polynomial and there do not exist any mnon-zero solutions of
Dy, (00,01,0:,000; A, 1) written in the form (1/2)_"“2‘Irl (l/z) where p(1/z) is a poly-
nomial in 1/z, then the singularity z = 0o of Dy, (00,01, 0;, 0003 X , [b) s apparent.
(viii) If k1 € Z>1, ko,00,61,0, ¢ Z, there exists a mnon-zero solution of
Dy, (60,01, 04,0003 A, 1) written as a product ofw o(w —1)% (w — )% and a polynomial,
then the singularity z = oo of Dy1(90,91, 0, 000: A , [b) s apparent.

Theorem 4.3 follows from Proposition A.4.
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