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Abstract. We study the boundedness of integral operators of convolu-
tion type in the Lebesgue spaces with weights. As a byproduct, we give a
simple proof of the fact that the standard Sobolev space H*(R™) forms an
algebra for s > n/2. Moreover, an optimality criterion is presented in the
framework of weighted LP-boundedness.

1. Introduction.

We study the boundedness of integral operators of convolution type in the Lebesgue
space with weights. A special attention will be made on an optimality criterion with
respect to the growth rate of weights.

To illustrate the problem, we revisit the standard property that the Sobolev space
H*(R™) = (1 — A)~*/2L%(R"™) forms an algebra for s > n/2 from the point of view from
the weighted L2(R")-boundedness of convolution. The corresponding bilinear estimate
in the Sobolev space takes the form

lwvl| s < Cllull s [|v]| (1.1)

with s > n/2, where

lullre = 111 = 8)*ul| 2 = [[(1+ [€%)*%all 2,

(€)= §u(9) = (20) " [ exp(-iz - u(a)da,

and A is the Laplacian in R™. The bilinear estimate of this type was may be traced
back at least to the paper by Saut and Temam [15]. There are many papers on further
refinements and improvements on this subject as well as various applications to nonlinear
partial differential equations. (see for instance [2]-[18] and references therein.)

One of the purpose in this paper is to give a simple and elementary proof of (1.1),
which avoids paradifferential technique for instance.

In the Fourier representation, multiplication of functions is realized by convolution
of the corresponding Fourier transformed functions:
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Sun) (€) = (2m)"/2 (@ % 0)(€) = (2m)"? / a(€ — n)o(n)dn

n

and the estimate (1.1) is equivalent to the bilinear estimate of the form
lw(@*0)l| L2 < Cllwalpz(jwd| 2

with w(€) = (1 + |€]2)%/2, which is also rewritten as

H((9)-())

By a duality argument, (1.2) is equivalent to the trilinear estimate of the form

< Cljaf|g2[|9]] 2
L2

‘ [/ nw(&)w(gl_wlma@—n)ﬁ(n)w@)dndg‘

< Cllall g2 (|0 2]l ]| 2

By a simple change of variables, (1.3) is equivalent to

\ L[ wte+ g sra@itmit + dnda]

< Cllal 2] 2]l L2

This gives a motivation to study the boundedness of the integrals of the form

/ n / (e + ) (ehea(y) f @+ y)g()h(y) do dy

(1.3)

(1.4)

(1.5)

with weight functions wq, wy, ws, where wy and wy are supposedly the inverse weight of

wo.
The following theorem is basic in this direction.

THEOREM 1.1. Let 2 < p < oo and let wg, wi, we be nonnegative, continuous

functions on [0,00) satisfying

M, = bli}g w#(Qr)wg(r)||w1(| Dllzr By < o0,

M, = sglgw#(27")w1(7’)||w2(| Dllzr sy < o0,

where

wif (r) = S wo(p),
<p<r

B(r) ={z e R";|z| < r}.

(1.6)

(1.7)
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Then, the trilinear estimate

[ ol ) waliah) wally) 1 + v)g(ahiw)] dody
< (M + M) £ gl o ] o (18)

holds for all f € LP(R™), g, h € Lp/(]R”), where p’ is the dual exponent defined by
1/p+1/p =1.

PrOOF. For f € LP we define the translation by y € R™ by (7, f)(z) = f(z +y).
For S C R™ we denote by xg its characteristic function. Then, by the Holder and
Minkowski inequalities, we obtain

i e sl G+ o)) drly
< //w#(zlyl)xmwy\)(a:)uu(\x|)w2(|y|)|T,yf(x)g($)h(y)|dxdy

< /w#(2|y|)||XB<\y\>wl(| Dzl f - gll Lo w2 (ly) 1A (y)| dy

< Millllmy f - gll o Iy 12 o
= M| fllze llgll Lo 120l 2o

where LI is the LP norm for the variable y. Similarly,
S o s austi)l e+ g e dy
x>y

< [ wtt @lelnen s ehuz(olr. g h(w)] de dy

= /w#(2|x\)||XB(\z|)w2(\ Dlizelimaf - bl o wr([z])]g()] da

< Ma|[l[7ef - Al o o llgll Lo
= M| fllzellgll Lo (12 Lo

Summing those inequalities, we have (1.8). O

COROLLARY 1.1.  Let 2 < p < oo and let wy, wi, wy be nonnegative, continuous
functions on [0,00) satisfying

My = SI;ISWO(?T)W(T)HW(\ “Drese) < oo, (1.9)

Mj = Sup wo(2r)w (r)lwa(l - Nlzr () < o0, (1.10)
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and the estimate

wo(r) < C'wo(R) (1.11)

for any v and R with 0 < r < R with C' > 1 independent of r and R. Then, the trilinear
estimate

[ wolle D waliah wally) 1+ 2)g(a)h(w)] dady

< C'(My + M) llce gl o 7] Lo

holds for all f € LP(R™), g, h € L? (R™).

PrOOF. By (1.11), we have w#(Zr) < C'wp(2r) for any r > 0. Then, the corollary
follows from Theorem 1.1 0

The bilinear estimate (1.1) follows by choosing p = 2, wo(r) = (1 + r2)%/2, wy(r) =

wa(r) = (1 +r2)73/? with s > n/2, which ensures the required square integrability. A
natural question then arises in connection with minimal growth rate at infinity in space
for wg, 1/w1, 1/wy. Weight functions of the form w(r) = (1472)"/2(1+log(1+7))* with
s > 1/2 may be the first candidate with wy = w, w; = we = 1/w. This is not optimal
since w(r) = (1 +1r2)"/2(1 + log(1 + r))*/2(1 + log(1 + log(1 +7)))” with s > 1/2 has a
slower growth with keeping the required square integrability.

To describe emerging extra logarithmic factors in such an iteration procedure, it is
convenient to introduce the following set F consisting of positive, continuous functions
w on [0, 00) satisfying 1/w € L{ _(0,00) and the following assumptions (A1) and (A2):

loc

(Al) For any a € R, there exists C, > 1 such that for any r and R with 0 <r < R, w
satisfies the inequality

w(r)(/oru)(lmdp—i—l)a < Caw(R)(/OR w(lp)dp—i—l)a.

(A2) There exists C > 0 such that the inequality
w(2r) < Cw(r)

holds for all r > 0.

EXAMPLE 1. The function w defined by w(r) = 1 4 r belongs to F with C, =1
for a > —1, C, = e (—a)~® for a < —1, and C = 2.

EXAMPLE 2. The function w defined by w(r) = (1 4+ r)® with s > 1 belongs to F
with C, =1 for a > —s,

Ca — (_a)fa(a +5— as)(asfafs)/(sfl)S(Zerafas)/(sfl)
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for a < —s, and C = 2°.

EXAMPLE 3. The function w defined by w(r) = (1 +r2)%/? for s > 1 belong to F
with C, =1 for a > 0,
Ca _ Sa(_a)—ara (1 —‘r?”2 )—a+(a—1)s/2

s,a s,a

for a < 0, where r; , is defined uniquely by

Ts,a
rsa(l +r§,a)8/2_1(/ (1+p)"*2dp + 1) = %
0

and C = 25,

EXAMPLE 4. Let w(r) =14 log(1l+4r) and a = —2. Then,

as r — oo. This means w ¢ F.

EXAMPLE 5. The function w defined by w(r) = (1 + r)(1 + log(1 + r)) belongs to
F with C, =1 for a > 0,

Co=(—a)"(1+ 71841)_1(1 + log(1 + 7:S,a))_lm + log(7s,a))"
for a < 0, where 7 , is uniquely defined by
(2 +1log(1 4 75,0)) (1 + log(1 + log(1 + 75.4))) = |al,

and C' = 2 + 2log 2.

REMARK 1.1. For w € F, we apply (Al) with a = 0 to obtain

"1
/o wip) ™
2r 1 r 1 r 1
ﬁ/o w<p>d”/o w(p)d“/o wip it
T 1
g(1+00)/0 mdp. (1.12)

THEOREM 1.2. Let 2 <p < oo and let w € F. Let wy, wy, wa be defined by

b

wo(r) = (1+ 7‘)("_1)/1’10(7")1/17(/O7 w(0) dp + 1) 7117
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wi(r) = (14 1)~ =D/ (r)~Vp ( /0 ﬁdp 4 1) N

wa(r) = (1+ r)_(”—l)/pw(r)—1/p<A7' ﬁdp N 1> —c

with a,b,c € R satisfying either (i) or (ii):

(i) a+b+c>1/p a+b>0 a+c>0.
(ii) a+b+c>1/p a+b>0 a+c>0.

Then, there exists C' > 0 such that the trilinear estimate

/ / wo ([ + y))wn (e wa ([y)| £ (= + 1) g (2)h(y) | de dy
< O\l e Il ot 1] v (1.13)

holds for all f € LP(R™), g, h € L? (R™).

REMARK 1.2. In the case [ w™!(p)dp < 0o, we can choose any a, b, ¢ for (1.13).
In the case where p = 2 and b = ¢ = 0, assumption (i) is equivalent to a > 1/2. In
the case where p = 2 and b = ¢ > 0, assumption (i) is equivalent to a > 1/2 — 2b with
a > —b. In the case where p = 2 and —a = b = ¢, assumption (i) breaks down and (ii) is
equivalent to —a =b=c> 1/2.

PROOF OF THEOREM 1.2. We prove that wg, wy, wo defined in the theorem sat-
isfy the assumptions (1.9)—(1.11) in Corollary 1.1. Let r and R satisfy 0 < r < R. By

(A1),
w(r) ( / ' L+ 1) ) ( / ’ T 1) -

which yields

wo(r) < CH2 wo(R). (1.14)

By (A2) and (1.12),
2r —a
wa(2r) — P B=1) /Py (2 1/ L
o(2r) = (L 20 w7 apen)

< 20 =1/p(1 4 Y= D/P Py (r) P (1 4 Cp) "9+ (/T %dp + 1) i
o wW\p

= 20=0/P/2 (1 4 C) =Dty (1), (1.15)
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which yields

r —a—b
wo(2r)w: (r) < 2= D/PCMP(1 4 )9+ (/ Ldp + 1) . (1.16)
o w(r)

We estimate wy(] - |) in LP(B(r)) as

r —pc 1/p
1/p 1 Pl b
ey < wl/t — (| ——do+1) dp) 1.1
sl Dllrcay) = o 1(/0 w(p)(/o w(o) ) ’ (L17)

where w,,_1 is the surface measure of the unit ball. To estimate the right hand side of
(1.17) and M7 of Corollary 1.1, we distinguish four cases:

(i) e <. (i) 0<e<1/p. (iii) ¢ = 1/p. (iv) ¢ > 1/p.

(i) In the case where ¢ < 0, we estimate
r 1 /p 1 > —pc / 1 (/T 1 ) —pc
—_— ——do +1 dp < —_— ———do+1 dp
/0 w(p) < o w(o) o w(p) w(o)
1—pc
1
([ o)™
o w(p)

IN

Then, M/ is estimated as follows:

r 1/p—a—b—c
1
M < sup 2=V/PCY/P(1 4 0) =D+ </ ——dp+ 1>
r>0 0 w(r)
- 2(n*1)/p01/p(1 + CO)(*a)Jr.

(ii) In the case where 0 < ¢ < 1/p, we estimate

[t (f wtegerst) "= ([ e t) )
1—pc
1—pc</0 i do—l—l) .

Then, Mj is estimated as follows:

M <

2(n=/pCt/r (1 4 Cp) =D+

1—pc
(iii) In the case where ¢ = 1/p, we estimate

[ ([ e 1) oo e (1 [ ),
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Since a + b > 0, M7 is estimated as follows:

L | —a—>b o
M| < CYP(1 4 Cp) =9+ sup 2(”1)/”</0 mdp + 1> log (1 + /0 w(p)dp>

r>0

- 2(n—1)/pcl/p(1 + CO)(—a)+ supr—2~0log 7
r>1

= 2(n=D/pCl/r (1 4 Cp) =D+

e(a+b)

(iv) In the case where ¢ > 1/p, we estimate

o (] oyt s) o

Since a + b > 0, M/ is estimated as follows:

M < —2 _on=1/p/p(1 4 ) -+
1 pc—1
M is estimated similarly. Then, the estimate (1.13) follows from Corollary 1.1. O

In a way similar to the proof of Theorem 1.2, we have the following theorem for

p = 0.
THEOREM 1.3. Let w € F. Let wy, w1, wo be defined by

a

wo(r) = (/()rw(lp)dp—Fl) )
wl(r):(/orw(lp)dp—l-l>_b,
weo(r) = </OT w(lp)der1>C

a+b+c_>0 and a+b_+c¢>0,

with a,b,c € R satisfying

where b_ = —max(0, —b) = min(0,b), c- = —max(0, —¢) = min(0, ¢).
Then, there exists C' > 0 such that the trilinear estimate
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[ wolle+ v (alyuauDl s+ ig@hio)] do dy < Cllelgls Il

holds for all f € L>®°(R"), g,h € L*(R™).

Theorem 1.2 shows the importance of the class F to the trilinear estimate such as
(1.8). Accordingly, below we study the class F in details. In Section 2, we study a basic
property of F. In Section 3, we introduce arbitrarily and infinitely iterates of logarithm
in connection with F. A part of the arguments in Sections 2 and 3 are essentially given by
Ando, Horiuchi, and Nakai [1]. We revisit them in the present framework for definiteness.
In Section 4, we study optimality of Theorem 1.2.

2. A basic property of F.

In this section we prove:

PrOPOSITION 2.1.  For w € F and a € R, we define W, by

W, (r) = w(r)(/or ﬁdp—l— 1>a, r>0.

Then, W, € F.

PROOF. By definition, we see that W, is a positive, continuous function on [0, 0o)
satisfying 1/W, € L{ (0,00). By (A2) and Remark 1.1,

loc

W, (2r) < Cw(r)(/o Tw(lp)de) < C(Cy + 1) Wa(r),

where a4 = max(a, 0). It remains to prove that W, satisfies (A1l); For any a,b € R, there
exists Cg p such that for any r and R with 0 <r < R,

) e 1)b < C"”’W“<R)(/OR TAPRA 1)b

holds. Let 0 < r < R. We note that (Al) property of w is equivalent to W,(r) <
C,W.(R). We distinguish three cases:

(i) b > 0. (ii) b< 0, a > 0. (iii) b < 0, a < 0.

(i) In the case where b > 0, we estimate

wao( [ Wal(mde)b <emm( [ i)

e | ’ sdp 1)b,

b
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as required.

(ii) In the case where b < 0, a > 0, we first notice that

@[ )
dp + 1>
Wa(R) o Walp)
1 / 1 L el
= dp + / ——dp+ 1)
Wa(R) < o Walp) r Walp)
9([bl=1)+ ((/7“ 1 >b| ( R 4 |b]
([ dert) +(f dp> )
Wa(R) o Walp) r Walp)
C. 2(bl=1)+ </r 1 ol o(lp|—1)+ R |b]
<“ dp + 1> + (/ dp> . 2.1
W)\ Wal) ACRVAAR 21
To estimate the second term on the right hand side of the last inequality of (2.1), we
remark that
R R —a
1 1 L |
——d :/ (/ d0+1> d
/T Wa(p) P - w(p)\Jo w(o) p
R r —a
1 / 1 >
< — ——do+1)] dp
/r (p) ( 0 w(o)
r 1 —a R 1
< ——do + 1> / ——dp
</O w(o) o w(p)

i =t w ) = am (L s 1)

and

g
g
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r [b|
1 1
<Gy T [ (/ T adp+ 1)
'LU(T')(fO ﬁdﬂ + ]‘) 0 U}(p)(fo w(lcr) dJ + ]')

< Oy </ AP 1) :

179

(2.2)

Combining (2.1) and (2.2) and taking the inverse of the resulting inequality, we find that

W, satisfies (Al).

(iii) In the case where b < 0, a < 0, we use the equality

r r lal+1
1 1 1 lal
———dp+1= / dp + 1) +
/0 Walp) |al +1( o wip)® la +1

to estimate

w0 [ e+ 1>b

- (a|—1'_1)bw(r)(/0rw(1p)+1>a+(|a|+1)b

| ‘ R 1 a+b—ab
< b
< (lal+1) ca+b_abw(3>( / —Ldp+ 1>

o R 4 (lal+1)b
= (la| + D)™ C, aWaR(/ dp+1)
(el + D" CorpmaWol ) [

R

9 b
< a+1|b‘ca —aWaR< d +1> ’
(Ja| +1) +o—abWa(R) SETAT) 0

as required.

3. Infinitely iterated logarithm.

In this section, we introduce arbitrarily and infinitely iterated logarithm functions
in connection with class F. The definition is different from that of [1] in the sense that

convergence factors are introduced in terms of the parameter 6 € (0, 1].

DEFINITION 3.1. Let 0 < 6 < 1. For nonnegative integers n, the following functions

lo.n : [0,00) — R are defined successively by:

l@,O(T) =1 + T,
lop(r)=140loglpp—1(r), k>1.

Moreover, we define Ly, : [0,00) — R by
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k
Low(r) =] 105 (r)-
j=0

REMARK 3.1. For any k > 0, lpx(0) = Lgx(0) = 1. Moreover, lgx(r) > 1 and
Lo y(r) > 1 for all » > 0 since lg and Lgy are increasing functions. Explicitly, the

derivative [j, ;. is given by

1

L)
Lo p—1(r)

lé,k(r) = 0"
By a successive use of the elementary inequality log(1 +r) < r for r > —1,
0 <loglg(r) < Ologlps_1(r) <--- <60"loglpo(r), r>0.

This implies that for any § with 0 < § < 1, the series Y .- ,loglg i (r) converges with
estimates

1
1-6

0< Z loglg k(1) < loglgo(r), r>0.
k=0

DEFINITION 3.2.  For any 6 with 0 < 6 < 1, Ly is defined by
Ly(r) = H lo.r(r), r>0.
k=0

REMARK 3.2. By Remark 3.1, if 0 < 8 < 1, Ly converges with estimates
1< Lo(r) < (14700 5 >0,

If 6 =1 and r > 0, we prove that L;(r) = co by contradiction. Assume that L;(r) < co.
Then, for any k& we have

: k
" d
log Ly (r) > log L1 (1) = / dp(Zloghﬂp))dp
0 =

k
" 1
/0 = L1i(p)

k k
" 1 1 (k+1)r
> E dp=r E > ;
_/0 = Lik(r) g = Luk(r) = La(r)

which yields a contradiction for &k sufficiently large.

The main theorem in this section now reads:
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THEOREM 3.1.  For any 0 with 0 < 6 < 1, Ly € F. Moreover,

< 1
/0 o0 dr = oo. (3.0)

To prove Theorem 3.1, we introduce some preliminary propositions. From now on,
0 denotes a real number with 0 < 6 < 1 without particular comments.

LEMMA 3.1.  For any a € R, there exists Cy, > 1 such that for any r and R with
0<r<R

(1+r)(/OTL01(mdp+1>agcg,a(1+R)</ORL91(p)dp+1)a (3.1)

holds.

ProoOF. For a > 0, (3.1) holds with C, = 1 by monotonicity. Let a < 0 and let
mg be defined by

"1
me(r) :/o Lg(p)dp+ 1.

Then,

1 mg(r) < me(r) ,
Lo(R) ~ lp1(R)lgo(R) ~ Blg(r) *?

mj(R) = (R). (3.2)

By (3.2), we have
R
mo(R) = ma(r) + [ mi(o)dp

molT R
< mo(r) + %ff( 2 tatoo

me(r)

= mg(r) =+ 9[971(7”) (le’l(R) — 19’1(7“))

mg(r)
- 9l9’1 (’I’)

log1(R). (3.3)

By Remark 3.1 and (3.3), we obtain

(I +7r)me(r)* = (
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with some constant C, as required. O
LEMMA 3.2.  For anyr,s >0,
Lo(lg.o(s)r) < Lg(s)Lg(r). (3.4)
PrOOF. It is sufficient to prove that
lo.k(lo,o(s)r) <lgr(s)lgx(r) (3.5)k
by induction on k£ > 0. For k = 0,
loollgo(s)r) =141lgo(s)r=1+ 14+ s)r <(1+s)(1+7)=1s0(s)lgo(r).
Let k > 1 and assume (3.5)5_71. Then,
lo.k(lo,0(s)r) = 1+ 0log (lg,k—1(lg,0(s)r))
< 1+ 6log (lg,k—1(s)lgk—1(r))

< (1 + flog le’k,l(s)) (1 + flog 197;@,1(7“))

<lok(s)lo.k(r),
which completes the induction argument. O

LEMMA 3.3.  For any nonnegative integers k and j, lg i4; is represented by lg j
and lg ; as

lo.ks(r) = 1o, (lo.x(r) — 1) (3.6)
for allr > 0.
PROOF. We prove (3.6) by induction on j. For j = 0, we have
lor(r)=lgo (lg’k(T) — 1)
for all £ > 0 by definition. Let 7 > 1 and assume that
lo.kti—1(r) =lo-1(lo.k(r) — 1)
holds for all £ > 0 and » > 0. Then,
loots(r) =1+ 0log (lg,rtj—1(r))

=1+0log (laJ’_l(ZG,k(r) - 1))
=lp; (la,k(T) - 1)
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for all kK > 0 and r > 0. This completes the induction argument. O

PrROOF OF THEOREM 3.1. Let r, R satisfy 0 < r < R. Then, by Lemma 3.1,

Lo [ 5 >dp“>a : M(,ﬁlmm)([ Lol )d’”l>a

< cg,aLg(R)(/OR Lel( )dp+1>a.

Moreover, since lg o(1) = 2, we apply (3.4) with s = 1 to obtain
Lo(2r) < Lo(1)Lo(r).

Therefore, Ly € F. We prove (3.0). It suffices to prove that there exists a sequence
{rk; k > 0} of positive numbers such that

[
— _dp— oo
o Le(p)

as k — oo. Let g = 1. Then, for any £ > 1 there exists a unique r; > 0 such
that lgr(re) = loo(ro) = 2 since lgy is an increasing function with Iy ,(0) = 1 and
lim, o0 lg k(1) = 00. Let 0 < p < 14. By Lemma 3.3,

Lo(p) = Lo,k—1( Hle k5 (P
< Ly x-1(p) H lo,k+j(Tk)

= Lor-1(p) ﬁ lo.j (lo.k(re) — 1)

= Lgk—1(p) Lo (lo.x - 1)
= Lox—1(p) o(leo -1)
= Lo,k-1(p) Lo(1). (3.7)

By (3.7),
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1
= — = 0

Lo(1) 6F

as k — oo, as required. O

4. Optimality of Theorems 1.2 and 1.3.

In this section, we consider optimality of Theorems 1.2 and 1.3. To this end, we
divide weight functions w € F into two cases:

* 1 * 1
I:/ ——dr < oo. H:/ ——dr = oo.
o w(r) o w(r)

THEOREM 4.1. Let2 < p < oo and let w € F. Let wy, wy, wy be as in Theorem
1.2 with a, b, c € R.

(1) In the case I, the trilinear estimate in Theorem 1.2 holds for any a, b, ¢ € R.
(2) In the case II, let a, b, ¢ satisfy one of the conditions (iii), (iv), (v), (vi):

(iii) a+ b+ c < 1/p. (iv) a+b<0. (v) a+c<0.
(vi)a+b+c=1/p and “a+b=0ora+c=0"

Then, the trilinear estimate in Theorem 1.2 fails for some f € LP(R™), g, h € LP (R™).

REMARK 4.1.  The conditions (iii), (iv), (v), and (vi) in Theorem 4.1 consist of the
negation of the condition “(i) or (ii)” in Theorem 1.2.

PROOF. In the case I, we easily see the trilinear estimate holds with any a, b, and
c. To give a counter example for the trilinear estimate in the case I, we divide the proof
into three cases:

ia+b+c<1l/p. (ii)a+b<0ora+c<O.
(iii) a+b+c=1/p and “a+b=0ora+c=0".

(i) In the case where a + b+ ¢ < 1/p, let 6 > 0 satisfy § # 1/p — ¢ and let

|| —1/p—=¢
ﬂmu+mM”W%m®”%A J@“*Q ’

/ , || —1/p'=6
o1) = hia) = 1+ o) D uel) 2 ([T apen)

Then, f € LP(R™) and g, h € L? (R™). For any = € R" with |z| > 2,

Kﬂx|nw“”+MV@+ymxmmwwy

|z+y| 1
:/ (/ ——dp + 1)
1<pyi<iel2 \Jo w(p)
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. -1 1 lvl —1/p'—c=6
el w(lyl)(/o w(p)dp“) dy. (4.1)

By (Al),if 1/p4+a+J > 0, then for any y € R™ with 0 < |y| < |z|/2,

|z+y| 1 —1/p—a—4§
([ e
0 w(p)

300 >—1/p—a—6(/m| 1 >—l/p—a—6
204 — dp+1 . 4.2
2 o W) 2
Similarly, if 1/p + a + 6 < 0, then for any y € R™ with 0 < |y| < |z|/2,
oty 4 ~1/p—a—s
([ o)
0 w(p)
al/2 ~1/p-a=5
> (/ ——dp+ 1>
0 w(p)
1 /z| 1 )—1/p—a—6
== ———dp+1
(2 o w(p/2)

1 l=] 4 —1/p—a—3¢
>\ == ——dp+1
(200/0 w(p) ™ )
|z —1/p—a—4§
> (200)1/P+“+5(/ dp+1) : (4.3)
o wip

In addition, if 1/p — ¢ — 6 > 0, then for any « € R” with |z| > 4,

J AL ([ e
1+ |y~ (/ dp+1> dy
1<|y|<|e|/2 w(ly|) \ Jo w(p)
|=|/2 r n—1 1 T —1/p'—c—6
= Wn— d 1 d
© / (Hr) w<r></o wip) ™ ) '
1-n |=|/2 1/p—c—6 1 1/p—c—3§
>2wn1<(/ 1 dr—i—l) _(/ 1 dr+1> >
l/p —c—9 0 w(r) 0 w(r)
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1 1 1/p—c—=¢ @ e
S 217nwn—1 1— fO w(r) dr+1 (/l 1729 dr + 1) 1/p=c=6
T lfp—c—d Jo wdr+1 o w(r)
B ol=ngy - fol wlr) dr+1 1/p=e=o <1 /Ix 1 i 1) 1/p—c—0o
1/p—c=4¢ f02 wér)errl 2Jo w(r/2)
- 21/17/70767”(4)71,1 - fOl wlr) dr+1 1/p—c—9d
B (1/p —Cc— 5)Cé/P*C*5 f02 w%r) dr+1
|z| 1 1/p—c—6
. dr + 1) . 4.4
([ 4

If 1/p—c— 3§ <0, then

/ axpy- et (M2 e
1+ y))~'""~ (/ dp+1> dy
1<|y|<|z|/2 w(ly[) \Jo w(p)
217’”&)”,1 <(/1 1 )1/pc5 (/x|/2 1 >1/pc5)
= ——dr +1 — dr+1
I/p—c—=0\\Jo w(r) o w(r)
21", ((/l 1 )”"“"5 ( 21 )“f"”)
D ——dr+1 - / dr+1
1/p—c—2¢ o w(r) o w(r)

(/Oz u}zmdr—kly/pca. (45)

By (4.1), (4.2), (4.3), (4.5), and (4.5), there exists a positive constant C' such that for
any ¢ € R" with |z| > 4

/1<| I<lzl/2 wo(|z +y|) f(z + y)wa(|yl)h(y)dy

>C ( /0 . wgp) dp + 1) R (4.6)

Finally by (4.6), we have

//wo(lz+y\)w1(|zl)wz(|y\)|f(x+y)g(x)h(y)ldxdy
ol 4 1)~ L S
2C/.Wﬁ' e () e

4 n—1 ,c0 1 || 1 —1/p'—a—b—c—36
> Cwp_1| = —d 1 d
=0 (5) / w<r></o w(p) ”) g
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(e[l ) ([ )

=0

withd < (1/p—a—b—c¢)/3.

(ii) In the case where a +b < 0 or a + ¢ < 0, by symmetry, it is sufficient to give a
counter example only in the case where a +b < 0. Let f and ¢ be as in the case (iii)
with § < —(a+b)/2and a+1/p+ 6 # 1. Let

1

h(x) = XB(1)($)W~

Then, by (1.15), (4.4), and (4.5),

//wmx+MMM@WWMMﬂx+wﬂ@MMdwh

L[ )
L) o
C(log (/Ooo o )dp—i— 1) — log (/02 w(lp)dp—i-1>>

with some positive constant C, as required.

Y

Y
Q

Y

(iii) In the case where a + b+ ¢ = 1/p and a+b =0 or a + b = ¢, by symmetry, it is
sufficient to give a counter example in the case where a + b = 0. Let

J@):[fwbﬁ<lpwéyw+q>_}p+L
~1/p

||
ﬂw=u+er“mmmrw<A Jm“*Q J(Jal) V=0,
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||

/ -1/’ ,
=l el ([T e n) gt

for 6 > 0. By (A1),

/OQTw(lp(/p(z)do—Fl)_ldp—l-l
[ o[ oo 1 )‘ilp“
e (/ w<1a>d"“)1dp“

< (14 Co)J(r). (4.7)

IN

In addition, with any k& > 0 let r; > 0 satisfy

Tk 1
/ ——dp=2F—1,
o w(p)

where 7 is determined uniquely, since for 1/w(p)dp is a monotone increasing function of

r. Then, we estimate
EE /P 1 )1
— ——do+1 dp
/r-l w(p)( o w(o)

J

[ i) (st [ i)

279 (27 — 291 = g (4.8)

J(ry) =

M-

<
Il
—

<
Il
—

I \Y
M- -

<
Il
—

This shows lim, o J(r) = co. By (4.4), (4.5), and (4.7), for any = € R™ with |z| > 4
and 0 < d<1/p

/<| I<| |/2w0(|33+y|)f($+y)w2(|y|)h(y)dy

lz+yl 4 —1/p—a s
:/ (/ —dp+ 1) J(Jw +y)) 7P
1<lyl<lzl/z \Jo  w(p)

-1

. ey L (M1 s
(1+ Jyl) w(|y|)</0 w(p)dp+1> J(|yl) dy
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l| 1 —1/p—a
> C(/ dp + 1) J(2|z|)1/P=0
o w(p)

: /130/2 wér)(/o ﬁp)dp + 1> _1J(r)*1/P’*5dr

T —1/p—a
> C(1+ Cp) oot / L) s
B I/p=36\Jo w(p)

()7 = I (0)70)

1

> et o pmpey e ([
N I/p—9 0

—1/p—a
dp + 1)
w(p)

()7 (4.9)

with some positive constant C. Then, by (4.9) and (4.8), for 0 < § < 1/(3p), we estimate
[ watte+ s ews(iv) e + vg(e)hty) dyda

woll + yljwr{iz])w2 x )h(y) dy dz
Z/|g,:>4/1<y<|ml/2 o(lz + ywi(je))wa(ly) f (z + y)g()h(y) dy

b
1/p—24¢

: Am wb)(/o ﬁp)dp + 1> 71J(r)’1/p"35dr

> Co(1+ co)—l/f’—‘sﬁ (1 - (7)/7@)"7~) (lim log J(r) ~ log J(4))

= 00,

> C(1+Co) /P70 (1= (J(W)/I (@)=

as required. O

THEOREM 4.2. Let w € F and let wg, wy, we be as in Theorem 1.2 with a, b,
ceR.

(1) In the case I, the trilinear estimate in Theorem 1.2 holds for any a, b, ¢ € R

(2) In the case II, let a, b, ¢ satisfy either (iii) or (iv) or (v) in Theorem 4.1, then the
trilinear estimate in Theorem 1.2 fails for some f € L*(R"), g, h € L*(R").

(3) In the case II, let a =b = c = 0. Then, the trilinear estimates holds.

PROOF. The proofs of (1) and (2) are the same as in the proof of Theorem 4.1,
while (3) follows from the Hélder and Young inequalities as below:
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[ watle + shun(eus(oh i@ + va(@hiw)] dedy
< [[ 11+ o)) doay
~ [[ 1@t~ 9w dy dz
< 1 fllze<llg * hllLs
< fllzee llglizr 11l O
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