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Abstract. In this paper we consider a general class of second order
stochastic partial differential equations on R¢ driven by a Gaussian noise which
is white in time and has a homogeneous spatial covariance. Using the tech-
niques of Malliavin calculus we derive the smoothness of the density of the
solution at a fixed number of points (¢t,z1),..., (¢, zn), ¢ > 0, with some
suitable regularity and nondegeneracy assumptions. We also prove that the
density is strictly positive in the interior of the support of the law.

1. Introduction.

Consider the stochastic partial differential equation

Lu(t,z) = b(u(t,z)) + o(u(t, z))W(t, x), (1)

t >0, x € R?, with vanishing initial conditions, where L denotes a second order partial
differential operator. The coefficients b and o are real-valued functions and the noise
W(t,x) is a Gaussian field which is white in time and has a spatially homogeneous
covariance in the space variable. A mild solution to this equation can be formulated
using the Green kernel I'(¢, dz) associated with the operator L (see Definition 2.1). This
requires the notion of stochastic integral introduced by Walsh in [18] if T'(¢, x) is a real-
valued function or Dalang’s extension of Walsh integral (see [3]) when I is a measure.

In [13], Nualart and Quer-Sardanyons have studied the existence and smoothness of
the density of the solution u(t,x) at a fixed point (¢,7) € (0,00) x R? using techniques
of Malliavin calculus. The smoothness of the density follows from the fact that the norm
of the Malliavin derivative of u(¢,z) has inverse moments of all orders, assuming some
suitable nondegeneracy and regularity conditions. The basic assumptions are that b and
o are smooth with bounded partial derivatives of all orders, |o0(z)| > ¢ > 0 for all z (in
this paper, we shall assume a weaker condition, see Theorem 3.1) and
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cer< | ) [ 1O @t < 2)

for some 7 > 0 and all € small enough, where p is the spectral measure of the noise and
F denotes the Fourier transform. This general result extends previous work of Quer-
Sardanyons and Sanz-Solé [14] for the case when L corresponds to the three-dimensional
wave equation.

The purpose of this paper is to establish the smoothness of the joint density of the
solution to equation (1) at a fixed number of points (¢,z1),. .., (¢, z,), where ¢ > 0 and
x; € R%. This kind of problem was studied by Bally and Pardoux in [1] for the one-
dimensional stochastic heat equation driven by a space-time white noise. The extension of
this result to equation (1) presents new difficulties and requires additional nondegeneracy
conditions, in addition to (2), because we need to handle the determinant of the Malliavin
matrix of the random vector u(t, x1),...,u(t,x,). The basic ingredient is to impose that
leading terms as € — 0 in the matrix

(/OE /Rd@(r,*+xj)7F(r,*+a:i))Hdr> i

are the diagonal ones given by (2) (see hypotheses (H3) and (H4) below). These hypothe-
ses are related, although different, to the ones imposed by Nualart in [11] to establish
the smoothness of the density for the solution of a system of SPDEs.

The paper is organized as follows. After some preliminaries, Section 3 is devoted
to the proof of the smoothness of the density of the vector w(t,z1),...,u(t,2,). In
Section 4 we derive the positivity of the density in the interior of the support following
the general criterion established by Nualart in [12]. Finally, in Section 5, we apply these
results to the basic examples of the stochastic heat and wave equations and to the spatial
covariances given by the Riesz, Bessel and fractional kernels.

2. Preliminaries.

Consider a nonnegative and nonnegative definite function f which is continuous on
RZ\ {0}. We assume that f is the Fourier transform of a nonnegative tempered measure
u on R (called the spectral measure of f). That is, for all ¢ belonging to the space
S(R?) of rapidly decreasing C* functions on R?

f@yplads = [ Folou(de). @

R4

and there is an integer m > 1 such that

[ 1Ry mntag) < oc.

Here we have denoted by F¢ the Fourier transform of ¢ € S(R?), given by Fp(¢) =
Jra p(x)e™ " da.
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Let C5°([0,00) x RY) be the space of smooth functions with compact support on
[0, 00) x R?. Consider a family of zero mean Gaussian random variables W = {W (), ¢ €
C°(]0,00) x R}, defined on a complete probability space (2, F,P), with covariance

W) = [ [ [ et - ey, (W

The covariance (4) can also be written, using Fourier transform, as

BV (oW () = [ T Fo) ©FTO @ nde)dt.

R4
The main assumptions on the differential operator L in (1) can be stated as follows:

(H1) The fundamental solution to Lu = 0, denoted by I', satisfies that for all ¢ > 0,
I'(t) is a nonnegative measure with rapid decrease, such that for all 7' > 0

T
[ [ ruear < o.
0 Rd

and

sup I'(t,R%) < Cr < 0.
t€[0,77]

The basic examples we are interested in are the stochastic heat and wave equations.
More precisely, it is well-known that if L is the heat operator in R, that is, L = /0t —
(1/2)A, where A denotes the Laplacian operator in R?, or if L is the wave operator in
Re d € {1,2,3}, ie., L = 8?/0t> — A, hypothesis (H1) is satisfied if and only if

p(dg)
<
/Rd 1+1eP =
Let H be the Hilbert space obtained by the completion of C5°(R?) endowed with the
inner product

o= [ do [ duplo)f@—noi) = [ FeOFo@nae). )

Rd Rd

¢, € C°(R?). Notice that H may contain distributions. Set Hy = L2(]0, 00); H).
Walsh’s classical theory of stochastic integration developed in [18] cannot be applied
directly to the mild formulation of equation (1) since I' may not be absolutely continuous
with respect to the Lebesgue measure. We shall use the stochastic integral defined in [4,
Section 2.3] (see also [13, Section 3]). We briefly review the construction and properties
of this integral.
The Gaussian family W can be extended to the space Ho and we denote by W (g) the



1608 Y. Hu, J. HuaNG, D. NUALART and X. SUN

Gaussian random variable associated with an element g € Hy. It is obvious that 1 4h is
in Ho and we set Wy (h) = W (1 4h) forany t > 0 and h € H. Then W = {W;,t > 0} is a
cylindrical Wiener process in the Hilbert space H. That is, for any h € H, {W;(h),t > 0}
is a Brownian motion with variance t||h||%,, and

E(Wi(h)W(g)) = (s At)(h; g)n-

Let F; be the o-field generated by the random variables {Ws(h),h € H,0 < s < t} and
the P-null sets. We define the predictable o-field as the o-field in Q x [0, 00) generated
by the sets {A x (s,t],0 < s <, A € Fy}. Then we can define the stochastic integral of
an H-valued square-integrable predictable process g € L?(2 x [0, 00); H) with respect to
the cylindrical Wiener process W, denoted by

g-W = /OOO /]Rd g(t, x)W(dt, dx),

and we have the isometry property

Elg- W[> = E / g0 Bde. (6)

Using the above notion of stochastic integral one can introduce the following defini-
tion:

DEFINITION 2.1. A real-valued predictable stochastic process u = {u(t,x),t >
0,z € R} is a mild solution of equation (1) if for all t > 0, z € RY,

u(t,x) = /0 /Rd T(t—s,x —y)o(u(s,y))W(ds, dy)

t
+ / b(u(s,z —y))T'(t — s,dy)ds a.s.
0 Jre

Now we state the existence and uniqueness result of the solution to equation (1).
For a proof of this result, see, for example, [4, Theorem 4.3].

THEOREM 2.2.  Suppose hypothesis (H1) holds, and o, b are Lipschitz continuous.
Then there exists a unique mild solution u to equation (1) such that for allp > 1 and
T>0,

sup Elu(t, z)|P < oo. (7)
(t,z)€[0,T)xR*

Next we recall some elements of Malliavin calculus which will be used to prove
the main results of this paper. We consider the Hilbert space Hy and the Gaussian
family of random variables {W(h),h € Hy} defined above. Then {W(h),h € Ho} is a
centered Gaussian process such that E(W (h1)W (ha)) = (h1, h2)#,, b1, b2 € Ho. In this
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framework we can develop a Malliavin calculus (see, for instance, [12]). The Malliavin
derivative is denoted by D and for any N > 1 and any real number p > 2, the domain
of the iterated derivative DV in LP(£); H(?N) is denoted by DV:P. We shall also use the
notation

D> = () () D"

p>1k>1

Note that for any random variable X in the domain of the derivative operator D, DX
defines an Hy-valued random variable. In particular, for some fixed r > 0, DX (r, *) is
an element of H, which will be denoted by D, . X.

If z1,...,2, are points in R?, we will make use of the notation u(t,z) = (u(t,z1),
...yu(t,xy,)). In order to study the smoothness and strict positivity of the (joint) density
of a random vector of the form u(t,z), we need to assume some moment estimates for
the increments of the solution. We will also need to assume some integral bounds of the
fundamental solution I'. We list these assumptions below.

(H2) There exist positive constants x; and xg such that for all s,¢ € [0,T], z,y € R4,
T>0andp>1,

Elu(s, z) — u(t,z)|” < Cprlt — 57, ®
Elu(t,z) — u(t,y)[P < Cp | —y|™? 9)

for some constant C, r which only depends on p,T".

(H3) There exist n > 0 and €9 > 0 such that for all 0 < ¢ < g,

cer< [ o) ar
0

for some constant C' > 0.

(H4) Let n be the constant appearing in (H3) and let x; and %2 be the constants
appearing in (H2).

(1) There exist 77 > n and €1 > 0 such that for all 0 < ¢ < ¢,

/ P D(r)|2ydr < O™ (10)
0

(ii) There exists 12 > 7 such that for each fixed nonzero w € R%, there exist a positive
constant C, and €5 > 0 satisfying

/:(I‘(?", %), D(r,w + *))pdr < Cpe™ (11)

for all 0 < & < &9.
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(iii) The measure ¥(¢) defined by |z|"2T'(¢, dz) satisfies fOT Jra [FE)(E)|Pu(dE)dt < oo
and there exists n3 > 71 such that for each fixed w € R?, there exist a positive
constant Cy, and €3 > 0 satisfying

/ (| % "2 (r, %), D(r,w + %)) pgdr < Cpe™ (12)
0

forall 0 < e < e3.
Along the paper, C}, and C will denote generic constants which may change from
line to line and C), depends on p > 2.

3. Existence and smoothness of the density.

Fix ¢t > 0 and fix distinct points z1,..., 2, of R Let u(t,x) denote the solution
of equation (1). Recall that u(t,z) = (u(t,z1),...,u(t,z,)). In this section we give
sufficient conditions for the existence and smoothness of the density of the law of the
random vector u(t, z), using Malliavin calculus. The main result is the following theorem.

THEOREM 3.1.  Assume that conditions (H1)-(H4) hold, and the coefficients o,
b are C* functions with bounded derivatives of all orders. Assume that there exists a
positive constant Cy such that |o(u(t,z;))| > Cy P-a.s. for any i =1,...,n. Then the
law of the random vector u(t,z) has a C* density with respect to the Lebesgue measure
on R™.

REMARK 3.2. (1) Our assumption on o in Theorem 3.1 is implied by |o(z)| > ¢ > 0.
(2) Using a localization procedure developed in [1, Theorem 3.1], we can prove a
version of Theorem 3.1 without assuming that |o(u(t,x;))| > Cy P-a.s., for any i =
1,...,n. In this case, we conclude that the law of w(t,z) has a smooth density on

{yeR:o(y) #0}".

PROOF. We begin by noting that according to Proposition 6.1 in [13], for each
fixed (t,x) € [0,00) x RY, u(t,z) € D*®°. If we denote by M;(x) the Malliavin covariance
matrix ((Du(t, z;), Du(t, ©;))#,)1<i,j<n, then, taking into account Theorem 2.1.4 in [12],
we only need to show that the determinant of the Malliavin covariance matrix of u(¢, x)
has negative moments of all orders, that is

E(det M;(x))™? < o0

for all p > 2. It suffices to check that for any p > 2, there exists an dp(p) > 0 such that
for all 0 < ¢ < do(p)

P{det M;(z) < 6} < C¢?,

for some constant C' independent on §.
We begin by noting that
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det My (z) > (lgﬂlg M;(x )f) . (13)

The derivative of the solution satisfies the following equation (see Proposition 5.1 in [13])

D, u(t,z) =Tt —r,x — *)o(u(r,*))

# [T s 0o )yt )W s, )

+ /T /Rd V' (u(s,z —y)) Dy su(s,x — y)T(t — s, dy)ds.

Therefore, we can write

"M, (z / ZDT*utxz dr> A1 Az,
=1
where
t n 2
A= [ orte ras - ot 0|
t=ellj=1 H
t
Ao = [ latr o) e
t—e
and

alr 1,2, %) Z/Ad — )0 (u(s,9)) Dy (s, )W (ds, dy)é

nooat
+;[4ywmimmwwmwmwm@

The term A; can be estimated as follows

[:<§;”t“”*WW“%»%§zﬂtn%*wwww»@>dr

H

/t Z Z&'Sﬂ r,x; — *)o(u(t,z;)), Dt —r,x; — «)o(ut, x;)))ndr

=1 j=1

l/ S5 665 [(0t = s = 9)oulr ), Dt = 1,5 — s)o(ulr )

77.1]1

— (Pt —rzi —*)o(u(t,z;)), Tt —r,z; —*)o(u(t,z;)))n|dr
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t n
= [ ISP = i = ottt ) Far

i=1

+ /t_ Z &&(D(t —rymy —*x)o(u(t,x;)), Tt —r,z; —x)o(u(t, z;)))ndr

€ ij=1,i#j

+ / Z Z & {(I‘(t —r,x; —*x)o(u(r,*)), Lt —r,xz; —*)o(u(r, *)))x
t=€ =1 j=1
— (Pt =7z —*)o(u(t,z:), T(t —r z; —*)o(ult, z;)))r | dr

> Ai1 — |Aiz| — |Ausl,

where

t n
A = / Z I lI*IT(t = 7,25 — %) (u(t, 22)) | Fdr,
t—e

i=1

Aiz = /t—e Z &Lt —r s — *)o(u(t,z;)), I'(t —r,z; — x)o(u(t, z;)))ndr,

i,j=1,i#j
Az = /Fe Z; Z;ﬁzfj [(F(t —rx; —*x)o(u(r,*)), Tt —r,z; —*)o(u(r,*)))x

— (Tt —ryzy —*)o(u(t,z;)), Tt —r,z; — *)o(u(t,z;)))n | dr.

Then, using the fact that |o(u(t,z;))| > C1, for all i =1,...,n, we have

1 1
M (2)€ > A — §|A12\ - §\A13| - A

DN = N =

1 1
> ~Cig(e) — §\A12\ - §|A13| —Aa,

where

o) = [ [ reeruas

Taking ¢ such that Cyg(¢)/4 = §'/™, we obtain

inf &7 T §L/m
P{ nf, & M)t < }

1
< P{ HE\IP (|A12] + |Aws| +2A45) > 2019(5)}
=1

< Gote B s LAl +2( swp 1P ) +B( s L)) a9

llgli=1 llgli=1 llgli=1
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Next, we treat each of the above expectations separately. For the first expectation of
(14), using (7) and property (ii) in condition (H4), we can write

E( sup A12|p>
lgll=1

)

/OE Z && (T (r a —x)o(ult, z;)),T(r,x; — *)o(u(t, z;)))ndr

4,j=1,i#j
p:|

= E( sup
li€l=1

G 3 Ello(utt, otz )P [ (0005 = 0. Dlr —

< Cpe™?. (15)

For the second expectation of (14), using Minkowski’s inequality and property (i) and

(iii) in condition (H4), we get

E( sup |A13|p)

lgl=1

<o, 8| [ ar [ [ fotutr otutr) - otttz otate. )

ij=1
p

xT(t—ra, —dz)I'(t —r,z; —dy)f(z —y)

<q, Z_ ( / :dr / d / Notutr, 2o (u(rv) ~ o{ult, 2o w(t,2)]l oo

P
xT(t—ra, —d)I(t—r,z; —dy)f(z — y))
G2 ([ar [ ] oo el 1y =)
P
x I'(r,xz; —dz)T'(r,z; — dy) f(z — y)>

DS

i,j=1

€ p
/ (I %20 (ry ), D(ry 2z — i + %)) pdr

<c,

/ P3|, )| Bodr
0

< Cpe™P 4+ CeP. (16)

Finally, we treat the last expectation of (14) and we obtain the following inequalities
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IE( sup |.A2”)
li€l=1

t
< C’pIE( sup /
lell=1Jt—e

n

Z/T /Rdr(t—S,ﬂfi —y)o’ (u(s,y)) Dy u(s, y)W(ds, dy)&;

2 p
dr)
H

i=1

t n 2 p
+ CPE< sup / Z/ V (u(s,z; — y))Drsu(s,x — y)T(t — s, dy)dsé; dr)
lell=1Ji—c || = Jr Jra y
= Tl + TQ.
For any ¢, ¥ in Hy we use the notation
t
(o= [ Lol )05, s
t—e
Using equation (3.13) and the inequality (5.26) in [13], we obtain
n ¢ 2p
1< 63 8| [ [ 1= s =)o ulosa ) Do = )W ids, )
i—1 t—e JRA Hi—e,t
<g(e)’  sup  E||Du(s, )7
t—e<s<t,zcRd fret
< Cpg(e)?. (17)

For Ty, using Cauchy-Schwartz inequality, our assumption on ¥, Minkowski’s inequality
and the estimate (5.26) in [13], we obtain the bound

n ¢ 2p
T, <C, ZEH /t » V' (u(s,z; —y))Du(s, z; — y)T(t — s,dy)ds
i=1 —€

Ht—a,t

t 2p
< Cp</ / I(t — s, dy)ds) sup E||Du(s,x)||3ftis .
t—e JRA o

t—e<s<t,z€Rd

< Crgle)Pe. (18)

The estimates (17) and (18) imply that

E( sup A2|p> < Cpg(€)2p + C’pg(s)p62p. (19)
Igl=1

Then by (13), (14), (15), (16) and (19), for § < 1, we obtain

P{det M;(z) < 6} < Cpg(e) P (eMP 4 gMP 4 P 4 g(5)2” + g(s)pazp)

< G0,
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where A = min{(n; —n)/nn, (n2—n)/nn, (ns —n)/nn, 1/n,2/nn}. The proof is completed.
]
4. Strict positivity of the density.

In this section, we proceed to the study of the positivity of the density p; ,(-) of the
law of u(t,z), where t > 0, x = (x1,...,x,) are distinct points of R%. The main theorem
of this section is:

THEOREM 4.1.  Assume that conditions (H1)-(H4) hold, and the coefficients o,
b are C*>® functions with bounded derivatives of all orders and o is bounded. We also
assume o # 0 on R. Then the law of the random vector u(t,z) has a C* density p; »(y),
and py 5 (y) > 0 if y belongs to the interior of the support of the law of u(t,z).

To prove this theorem we will use the criterion given by Theorem 3.3 in [1]. To state
this criterion in the context of our framework, first we introduce some notation and
concepts.

Given predictable processes (g',...,¢") € Hp and z = (21, ,2,) € R", for any
h € H and t > 0 we define a translation of Wy(h):

Wi(h) = W(Lpgh) = W(Lpgh) + > z(Lo.h g")n,
k=1

-~

Then {Wht > 0} is a cylindrical Wiener process in H on the probability space (Q, F,P),
where

dP
LR Z// (5,)W (ds, ) — sz/ o) s ).

Then, for any predicable process Z € L?(£2 x [0, 00); H), we can write

/OOO /Rd Z(s,y)W (ds, dy) /OOO /Rd Z(S,y)W(ds,dy)Jrézk /OOO<Z(S,*),gk(s,*)>Hd3,

For any (t,z) € [0,00) x R, let @ (¢, ) be the solution to equation (1) with respect to
the cylindrical Wiener process W, that is,

@(ta) = [ [ (s =)o (@ ) Wids,dy)

+sz/ x— *)o(T*(s,%)), g% (s, %)) nds

/ /Rd (t— s,z —y))T(s,dy)ds. (20)
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Then, the law of v under P coincides with the law of @* under P.

Now we consider a sequence {gm }m>1 of predictable processes in H and z € R™.
Let uZ,(t, z) be the solution to equation (1) with respect to the cylindrical Wiener process
(Wt > 0}, where W (k) = W™(1y 4h) for any h € H, and

n

W™ (Logh) = W(ogh) + > 261l gk ) 1o-
k=1

Set 7, ;(t, ) == 0,,u;,(t, ) and denote by 7, (t,z) the nxn matrix {¢7, ;(t,7:)}1<ij<n-

Also, denote the Hessian matrix of @7, (¢, x) by ¥z, (¢, x) := 020z, (t, z), and let ¥Z, (t, z) :=
(YZ,(t, 1), ..., 2, (t, zp)). In fact, it can be shown that

t
0., T (t2) = [ Dy 0,2). e

We denote the operator norms of these matrices by ||@Z, (¢, )| and ||z, (¢, )|, respec-
tively.

We say that y € RY satisfies H; . (y) if there exist a sequence of predictable processes
{gm}m>1 in HY, and positive constants c¢1, c2, 7o and ¢ such that

(1) limsup,, o P{(lu(t,z) -yl <7) N (|det @, (t, )| > 1)} >0, ¥r € (0,70].
(ii) limpy oo P{supp <5(l9f, (6 2) | + |05, (¢ 2)]) < e} = 1.

Now we can state the criterion in [1] (Theorem 3.3) that we are going to use: Suppose
that y € R? belongs to the interior of the support of the law of u(t,z). If y satisfies
H, ,(y), then p; ,(y) > 0.

PROOF OF THEOREM 4.1. From the above criterion it suffices to check that y
satisfies the two conditions in H; ,(y). We will do this in several steps.

Step 1. Consider the sequence of predictable processes {gm }m>1 in H{, defined by
gk (s,%) = ’U,;Ll]_[t72fm7t](5)r(t — s,z —*) for 1 <k <mn,

where

Vo = / / FT(r)(E) Pu(de) dr.
0 R4

Taking the partial derivatives on both sides of (20) with g replaced by g.,, we obtain
that

0z, ur, (tx) = /_ (D(t — 8,2 — ¥)o(0?,(s, %)), g2 (5, %) )nds

t—2—m

t
+ Z 2k / (T(t — s, —*)o' (uz,(s, %))0., Ur, (5, %), gfn(s, *) ) ds
t—2-m
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t
+ / / D(t — 8,2 — y)o’ (@5 (,))0s, @5 (5, y) W (ds, dy)
t—2-m JRd

¢
+ / / W (ug, (t— s, @ —y))0.,u, (t —s,x — y)L(s, dy)ds
t—2-m JRd
= A7, (tx)+ By, () + CF, i (t @) + Dy, (¢, ). (21)

Step 2. We are going to bound the moments of the four terms on the right hand
side of (21). We assume that ||z|| < § for some § > 0. Since o is bounded, there is a
positive constant K such that

|47, ;(t,2)| < K. (22)

Using Minkowski’s inequality and the fact that the partial derivatives of o are bounded,
we get that forall p > 1, ¢t < T,

E|Bfnj(t,a;)|p < CoP sup E|0., 7, ( y)‘p. (23)
’ (5,)€[0,T]xR?

From the Burkholder-Davis-Gundy inequality and from the definition of v,,, we have

t p/2
Bl al <¢ sw Bl ([ [ FTe- 9@ Puas)
(s,9)€[0,T]xR4 t—2-m JRd
< CwP/? sup E|3Zjﬂfn(s,y)|p. (24)
(s,9)€[0,T] xR4
Since b is bounded and by condition (H1),
]E}Dfnj(t,x)|p <(C27mP sup E|8Zjﬂfn(s,y)|p. (25)
' (s,9)€[0,T]xR4
Combining (22), (23), (24) and (25) we obtain
sup |8z uz, (t, m)‘p
(t,z)€[0,T]xR4
< K+ C(6P +vB/? 4 27TP) sup E|o., a3, y)|p. (26)
(s,9)€[0,T] xR
Proceeding as in the proof of Proposition 6.1 in [13], we can show
sup E|0., a7, (t x)’p < oo0. (27)

(t,z)€[0,T)xR4,|z|<5

Then, when m is large enough and § is small enough, C(67 + vp/2 + 27™P) on the right
hand side of equation (26) is less than 1/2 and we obtain
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sup E|0., 7, (t, a:)|p <C (28)
(t,2)€[0,T)xR4,|z| <8

for some constant C.

Recall that o7, ;(t,x;) = 8.,u3,(t,x;). Take z = 0 and decompose @), ;(t,z;) as
follows

SO(r)n,j(t,zi) = A?n,j(tafci) + C?rz,j(t7zi) + D?n,j(t7xi)' (29)
From (24) and (25) it follows that
E|CY, ;(t,2;) + DY, i(t,z;)[" < C(wB/? +27™P). (30)

For A, ;(t, ),

As(t) = [ (D= s = 9)a(us. ). g ) s

/t_2_m<T(t =5, = *)[o(u(s, %)) = o(ult,z:))], gh (s, %))rds

t
+ a(u(t,xi))/ (D(t = 5,25 — %), g7 (5, %)) 2edls
t—2-m
= Om,i7j + 6m,i,j- (31)

By the assumption (H2) and Minkowski’s inequality, we have

1 t
BOnol = |- [ [ [ e s dplotuts.) - ofutt o)
Um Ji—o-m Jrd JRd
P
xT'(t—s,z; —dz)f(y — z)ds
Lr(Q)
1 t
< ([ L L 1ot = otut.alue
Um, t—o—m JRd JRd
P
xT(t—s,z; —dz)fly—2)({t—s,z; — dy)ds>
C K K
< S ([ [ra s e sl -
p
xT'(t—s,z; —dz)f(y — z)ds)
< (27 4 27MP — 0 as m — oo.

Um
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For 6,,”»,]»7 when 7 = j, it is easy to see that

O7n,i,i = O’(U(t,l‘i)), (32)

while when i # j, we have the pth moment bound

t

B10misl” < Blo(uttse)P( [ (0= 5= 0,5,

_2*771
1 - P
< Cp(/ / / P(S,CCZ- — dy)f(y — z)l—‘(s,xj — dz)ds)
Um Jo Rd JRd
2—m772 p
< cp( h ) | (33)

which goes to 0 as m — oo.

Step 3. We check condition (i) in hypothesis H; . (y). Recall that y € Supp(Py¢.2)),
there exists 1o > 0 such that for all 0 < r < ry,

P{u(t,z) € B(y;r)} > 0.

By the assumption on o, there is a ¢; > 0 such that

ﬁa(u(t,xi))‘ > 201)} >0 (34)

i=1

P (utt.2) vl < o (

where

1 n
=3 inf ) )
o= (zegiy;r)ﬂ oz >|)

i=1

here z = (21,...,2n). Recall that ¢} (t,z) is the matrix (09, ;(t,2:))1<ij<n- By (29),
(30), (31), (32) and (33), we obtain

n

det @0 (t,z) — H o(u(t,zi))

i=1

p

E — 0 as m — oo. (35)

Combining (34) and (35) yields

limsup P{(||u(t, z) — y[| <) N (|det g7, (t, )| > e1) } > 0.

Step 4. We check condition (ii) in hypothesis H; ,(y).
We first show that there exist co > 0 and § > 0 such that
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lim P{ sup o (t,2)] < } —1

mmee L z|<8

Consider the following equation

U i(tx) = A, (t —i—sz/ D(t — 5,2 — %)’ (U, (s, %))vy, ;(5,%), g* (s, %)) ds.

2—m

(36)

By the contraction mapping theorem we can prove that this equation has a unique
solution v7, (¢, ) and there exists a constant C' such that

sup [vg, ;(t,2)] <C V1 <j<n, (37)
(t,2)€[0,T] xR |z|<5

when ¢ is small.

Then we claim that for each j, v;, ;(t,7) — 05,45, (¢, =) converges to 0 in LP({2) norm,
uniformly in (¢,z) € [0,T] x R¢, and | | < 6 when ¢ is small. Indeed, we have

E|0., a7, (t, x) — U (1) |p

<G, Z|zkp</t

x  sup  E[0.,07,(s.y) — vl (s, y)|
(s,y)€[0,T]xR?

— s,z — %)’ (U7, (s,%)), g" (s, sp
Dl )0 @5 (5,0 9 59 )

P
L(t— s,z —y)o'(u;,(s, ))[LJ uz,(s,y)W(ds,dy)
t—2-m JRd Lr ()
P
V' (ug,(t —s,x —y))o.,us,(t — s,z — y)L'(s, dy)ds
t—2—m JRd4 LP(Q)

< Cpo? sup E|0.,uy, (t, ) — vy, ;(1, ;v)|p
(t,2)€[0,T] xR? ’

! p/2

X sup E|8 az (s y)’p
(s,5)€[0,T] x R4

+Cp (/ / (s,dy)d > sup ]E|8zjﬂfn(s,y)|p
t—2—m JRd (s,y)€[0, T xR%

< Cpd? sup (t, 1:)|p

(t,z)€[0,T) xR

|Z] mtm) Tnj
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—m

p/2 »
+Cp (/ / T (s)(&)[*p(d€)d ) sup  E|0.,u7,(s,y)|
(,y)€[0,T] x R

t P
—I—Cp(/ / F(s,dy)ds) sup E|8Zjﬂfn(s,y)|p.
t—2-m JRd (s,9)€[0,T]xR4

We can choose § small enough such that C,0” < 1/2. Then, using condition (H1) and
(28) to conclude that

sup E|0., a7, (t, z) — vf, ;(t, x)‘p (38)
(t,2)€[0,T]x R4, | 2| <6 ’

goes to 0 as m tends to oco.
Next, we will calculate the pth moment of the increments with respect to z of
0, ur, (t, ) and vy, (t, ).

Zj Y m

E|0.,u;, (t,x) — 0,17, 2 (t, x)’

p

<E /t_z_m (Tt = s, = ) [0(@, (5, %)) — (@5, (5,%))], g (5, %)), ds

n

Z/t o (D(t — 5,0 — *) [24,0" (U2, (5, %)) D2, U (5, %)

k=1

+E

P

— 240" (5, (5, %))z, W (5, )], g (5, %) ) s

t
+]E‘/ , /R L(t—s,z—vy) [g’(ﬂfn(s,y))é‘zjum( )
t—o-m JRd

— (@5 (5,)) 0,2, (s, )| W (ds, dy)

p

¢
-HE‘/ / [b’(ﬂfn(t—s,x— )0z, Ur, (t — s, — )
t—2-m JRd

— (@, (t — 5,2 — y))0s, Uy (t — 5,7 — )| T (s, dy)ds

P

Proceeding as before, we obtain that

E|d., 1z, (t, ) —

s mt x) }p<C’|z—z\p
uniformly in (¢,z) € [0,T] x R, |2| < & and m. Similarly, we have

E|vin,j(t’x) - ”ié,j(ﬂ@’p <Clz—=2P

uniformly in (¢,z) € [0,T] x R?, |2| < § and m. Using Kolmogorov’s continuity theorem
and (37), (38) we obtain
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lim P{ sup ||¢2, (¢, z)|| < C} =1
mmee L zl<s

for some positive constant C.
Next we will show that there exists a positive constant C' such that

lim P{ sup |02, (t, )| < c} =

mTree |z|<6&

This proof is analogous to that for ¢Z (t,z), but the computations are more involved.
Let us just write the equation for the quantity of interest and the main steps. Taking
the partial derivative on both sides of (21), we obtain

0,0.,u,,(t,x)

t
- / (Dt — 5,2 — %)0" (@2 (5, )0y W20 (5, %), G (5, %)), s
t—2—m
t
+ / (D(t — s, — %)0’ (W5, (s, %)), U5, (5, %), ghy (5, *)>Hds
t—2-m

m t
+3 5 / (Dt — 8,2 — %) (0" (@2 (5, %))Du0 2 (5, 1), o (5, %)
k=1 Jt=27T"

+ o' (U5, (s, %)) 92,02, 0, (s, *)), ar (s, *)>Hds

t
+ / / Dt — s,z —y) (0" (U5, (5. 9)) 0z, (5, 4) 0z, (5, )
t—2-m JRrd
+0'(a, (s, 9))0:,0:,07, (s, y) ) W (ds, dy)

t
[ @ s = )0 T sa - )0, Tt~ s )
t—2—m JR

+ 0 (W5, (t — 5,2 — y))02,0.,uz, (t — s,x — y))[ (s, dy)ds

Zj'm

and a similar equation for 9,,v;, ;(t, ).

We can show that for every 1 <1[,j <n,

sup E|8zl8zjﬂfn(t, x) — 8zlvfnj(t,a:)‘p — 0,
(t,2)€[0,T]xRY,|z|<§ ’

as m goes to oo. Bound 0,,v;, ;(t,7) and calculate the pth moment of the increments
with respect to z of 0,0,,u7, (¢, z) and 0,,v7, ;(t,z). The result follows as in the previous
steps.

Step 5. By combining the results in step 3 and step 4, together with the criterion
developed by Theorem 3.3 in [1] that we cited just before the proof, we complete the
proof. O
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5. Examples.

In this section we will give some examples of fundamental solutions I' and covariance
functions f satisfying hypotheses (H1) to (H4). This implies that Theorem 3.1 and
Theorem 4.1 can be applied to these examples. We consider the fundamental solution
to the heat equation in any dimension and the wave equation in dimensions up to three
and the covariance functions given by the Riesz, Bessel, and fractional kernels.

5.1. Heat equation.

Let I'(r, dx) be the fundamental solution to the heat equation on RY, i.e., I'(r,dz) =

pr(x)dz, where p,(z) = (2rr)~4/2e-1el*/2r
potheses (H1) to (H4) are satisfied for the following covariance functions:
(A) Riesz kernel. Let f(x) = |z|~? with 0 < 8 < 2Ad. It is well-known that (H1) holds.
According to [17], (H2) is satisfied with 0 < k1 < (2 —§)/4 and 0 < k2 < (2 — 3)/2.
In [11] it is proved that (H3) holds with n = (2 — 3)/2, and property (i) in (H4) holds
with n1 = (2 — 3)/2 + k1.

Next we check conditions (ii) and (iii) in (H4). To show (11) we use the fact that
there exists a constant C' > 0 such that for any nonzero y € R% and r > 0

is the d-dimensional heat kernel. Then, hy-

[ @l =i~ az < clyl (39)
For a nonzero w € R?, using (39) we can write
[ ot ptw s e = [ [ [ gty -+ w)le -y~ dodyds
0 0 Jre JRe

1=
SC/ / pr(y +w)ly|~Pdydr
0 R4

< C’s|w|_ﬁ.

So (11) is satisfied with 73 = 1 > n. For (12), using the fact that sup,cpa |9U|°‘e_“’”‘2 < 00
for any positive a, we have

€ €
[ astm ot e = [ [ jalp @+ w)le - ) dodyar
0 0 Rd JR4
g
0 R4 JR4
<C’/E7’”2/2/ ¢TI = (/2TIER g5~ ge gy
—Jo R
_ C/E P52=B)/2 gy — Cplma—B) /241
0

Therefore, (12) is satisfied with 3 = (ko — 8)/2+1 > 7.



1624 Y. Hu, J. HuaNG, D. NUALART and X. SUN

(B) Bessel kernel. Let f(z) = [;° wo=d=2)/2c—ue=la*/tugy g — 92 < o < d. In this
case p(d€) = ca.a(l + |€?)7*/2d¢. Hypothesis (H1) can be easily verified by direct
computation. According to [17], (H2) is satisfied with 0 < k1 < (2 —d 4+ «)/4 and
0 < kg < (2—d+ a)/2. For (H3), we note that, assuming ¢ < 1,

//R &) u(de)dr = C // eI (1 4 |e?) o 2dgdr
—C/OE /Rd e*|9‘2(|9’“|;:wd9dr

€
1
>0 (a—d>/2d/ e
- / A (R

— Ce(afd)/2+1.

Thus, (H3) is satisfied with n = (o — d)/2 + 1. To show (H4) we use the fact that for
any v € R?, f(r) < Clz|~9+ (see Proposition 6.1.5 in [5]). Therefore, proceeding as
in the case of the Riesz kernel with 8 = d — a we obtain that conditions (10), (11) and
(12) in (H4) hold, with 1 = (o —d)/2+ 1+ k1, e =1 and 3 = (a — d)/2+ 1+ K2/2,
respectively.

(C) Fractional kernel. Let f(z) = H;‘i:1 |z;1?Hi=21/2 < H; < 1 for 1 < j < d such that
Z?:I H; > d — 1. First notice that although we have assumed f(z) to be a continuous
function on R?\ {0}, it is clear that all of our theory still works for this case. Then we
note that since f(z) = H;l:l |z;12Hi=2 we have u(d¢) = Cy H?Zl |&; 1125 d¢, where
Cy only depends on H := (Hy, Hs, ..., Hy). According to [17], (H1) holds and (H2) is
satisfied for 0 < #1 < (1/2)(X0_, H; —d+1) and 0 < kp < Y7_; H; —d+ 1. For (H3),
using the change of variable v/t£ — &, we obtain

5 e d
/ |FL(t) (&) u(d€)dt = / / e T g1t -2 dedt = CeXims Himdtt,
0 JRd 0 JRd =1

Therefore, (H3) is verified with n = Z;l:l H; —d+ 1. For (10), we can proceed as in
checking (H3) to get

€ 1>
/ ' HP(T)H%d?“ = C/ PRt Hi—d gy Cszj’lzl Hj—dtltr
0 0

So (10) is satisfied with 7o = ijl H; —d+ 1+ k1 which is strictly greater than 7.
To check (11), fix a nonzero point w = (wi,ws,...,wy) € RY, without loss of
generality, we may assume that w; # 0. Then using Fourier transform and (39) we have
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/:(F(r, %), D(r,w + %))y dr

£ d
_ / / / pe(@)pe(w + ) [ 2 — v P~ 2dydadr
0 Jrd Jra iy

1 2 1 2
— —lz;17/2r —lwity; 17/2r 00 0 12H5 =2 00 doe s
- /0 H (/R (271'7“)1/26 (27rr)1/2e ! |5 =y dyjdx]>dr
: 41 —lz1|?/2r 1 —|wi+y1]?/2r 2H, -2

-¢ o \Jr @rr)12° (@2mr)1/2° 21 = dydz,
/ 6_“"'2@"‘““%1—2Hfd£j>dr

R
([ g e ey g P2y,

R (27rr)1/2 (27r7")1/2 1= 41 1421

€
< Clun[2-2 / P Hy=d+1 gy 0 Ty Hymdt2
0

where in the last inequality we have used the change of variable /r§ — £. So (11) is
satisfied with n; = min1gk§d(2?¢k H,; —d+2), which is strictly greater than 7. For (12),
fixing again a nonzero element w € R? and using the bound |z|*p,(z) < Cr®/?ps,(z),
for all z € R4, we have

£
/ (| % |"2T(r, %), T(r,w + *))pdr
0
e d

A RN | (e

0 R4 JRA j=1

€ d
SC/ / / 522 (@)pr (y + w) [ | — y; 27~ 2 dadydr
0 Jrd JRrd =1

R d
< C/ / pa/2e=3r/20¢1? H |§j\172defdr
— Jo Jra

j=1

€
— C/ rn2/2+zf;:1 ijddr _ CEN2/2+Z;I:1 ijd+1.
0

So (12) is satisfied with 73 = ka/2 + Z;l:l H; — d+ 1, which is strictly greater than 7.
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5.2. Wave equation.
Let T4(t,dz) be the fundamental solution to the wave equation on R?, for d =
2,3, i, T (t,dr) = (1/2)1(z <y de, Ta(t,dx) = (1/27)(¢2 — |22 Pdw, Ts(t, do) =
(1/4nt)oy(dx), where o, denotes the surface measure on the two-dimensional sphere of
radius ¢t. We recall that the Fourier transform of I'4(t, dx) is given by

sintlel)

(A) Riesz kernel. Let f(z) = |x|7% with 0 < 8 < 2 Ad. It is known that hypothesis
(H1) is satisfied. According to [7], (H2) is satisfied with 0 < k1 = k2 < (2 — )/2.
In [11] it is proved that condition (H3) is satisfied for n = 3 — 8 and (10) holds with
m = k1 +3—0>mn. Toshow (11), we fix w # 0, and taking € such that 4e < |w| we get
lw|/2 < |z —y| < 3|w|/2if |z| < e and |w+ y| < e. Then, |z —y|~* is bounded by some
constant C' depending on |w|. Hence we have

15 £
/ (Ty(r,*), Ta(r,w + *))pdr = / / / Ty(r,dz)Ty(r,w + dy)|x — y|_5dr
0 o Jrd JRrd

SCw/ / Fd(r,dac)/ Ty(r,w + dy)dr
0o Jrd Rd

< Cw/ r2dr < Cpe’.
0

So (11) is satisfied with 1 = 3 > 7. For (12), any fixed w € R%, using again the same
arguments, we have

€ €
/<|*|"2Fd(r7*),I‘d(r,w+*))Hdr:/ / / \x|”2Fd(r,d$c)Fd(r,w—|—dy)\a?—y|_6dr
0 0o Jrd JRd
£
g/ \r|"2/ / Ty(r, dz)Ty(r,w + dy)|z — y|~Pdr
0 Rd JRd
§C€H2+3_B.

Therefore, (12) is satisfied with 3 = ks +3 — 3 > 7.

(B) Bessel kernel. Let f(z) = [;° w(@=d=2)/2¢—ue=lol*/4ugy max(d — 2,0) < a < d.
According to section 3 in [11] and [7], (H1) holds and (H2) is satisfied with 0 < k1 =
ke < (o —d + 2)/2. Making the change of variable r§ — ¢ and assuming € < 1, we get

that
_ sin” 7’|f| 2 —a/2

sin” €] pot2—d
_C ded
/(4d|a2 (€p + 2y i
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g - 2 1
2 C/ Ta+2_dd’l" SH1 |£| df
0 re [S12 (JE2+ 1)/

_ Cga+3_d

Therefore, condition (H3) is satisfied for n = a + 3 — d. To show (H4) as in the case
of the heat equation we use the fact that for any x € R, f(x) < C|x|~9+. Therefore,
proceeding as in the case of the Riesz kernel with § = d — o we obtain that conditions
(11), (10) and (12) in (H4) hold, with 7y = a+3—d+k1, 72 = 3 and 3 = a+3 —d+ ko,
respectively.

(C) Fractional kernel. Let f(x) = H;l:1 |z;|?Hi=21/2 < H; < 1 for 1 < j < d such
that Z?Zl H; > d— 1. Hypothesis (H1) is verified by direct calculation. By Section 3
n [11], (H2) holds when d = 1 with k1, k2 € (0, H1) and when d = 2, it is satisfied for
Ki,k2 € (0,Hy + Hy — 1). By Theorem 6.1 in [7], when d = 3 (H2) is satisfied with
K1, ko € (0,min(Hy + Ho + Hs — 2, Hy — 1/2, Hy — 1/2, Hy — 1/2)). For (H3), direct
calculation and the change of variable t£ — £ yields

€ sin t\§| 1-2m,
| [ rranrudga—c [ [ EREDE 1|s]| ddt

Jj=

g . 2 d
_ C/ 230 Hj—2d+2dt/ (sin([¢])) (1-2H; g
o Rd |£‘2 ]1;[1 |€J| §

— g2 >i H;j—2d+3

So (H3) is satisfied with n = 2 ijl H; —2d+ 3. For (H4), we will check (10) and (12)
first. For (10), proceeding as before,

/ anl—\d ||Hd’l“ _ / /Rd Sln£||§ ) H |§j‘1_2HJ dedr

Jj=1

€
_ C’/ pr1+2 >4, Hj=2d+2 5, i oht2 >4, Hj—2d+3

So (10) is satisfied with 7, = K1 + 22?:1 H; — 2d + 3, which is strictly greater than
n. For (12), noting that the support of I'4(r, %) is contained in the ball centered at the
origin with radius r, we get

€

/0 ([ Talr ), Talr, 4 #))edr < / 2(Ta(r, ), Ta(r 5+ #))dr

sin(r |§| 1-2H;
/ /Rd |§‘2 |§]| dé.d’l“

j=1

_05~2+22J L Hj—2d+3
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So (12) is satisfied with n3 = kg + 2 Z?Zl H; — 2d + 3, which is strictly greater than 7.
For (11), we need to treat the cases d = 1,2, 3 separately. When d = 1, fix w # 0. We
have

£ 1 £
/0 (D1 (), Ty 0+ )y = /0 /R /R L ienle — Y1221 4 crydydadr.

When ¢ is small enough, we need to have |x — y| > C for some positive constant C' for
the above integrand to be nonzero. Hence,

/ Ty (7, *)7F1(7‘,w+*)>nd7“§0/ //1{|z\<r}1{\y+w\<r}dydxdr
0 0 RJR

= c/ r’dr = Ce®,
0

and when d =1 (11) is satisfied with e = 3, which is strictly greater than 7.
When d = 2, fix a nonzero point w = (wy,ws). Without loss of generality, we may
assume w; is not zero. We have

/ (Ca(r, ), La(r,w + *))ydr = — 2 / / / 2|331 — P02
s o] <r J|y+w|<r \ |

|2H2 -2

X |Ta — Y2 dxdydr.

Vr? —|y+w|

Again, if € is small enough, we must have |21 — y;| > C for some positive constant C' for
the above integral to be nonzero. Hence, using the Fourier transform we obtain

/E<F2(T ), Do (r, w + *))pdr

dxdydr

_ 1
<C/ / / 72|x2_92|2H2 2ﬁ
lz|<r J|y+w|<r | | VA |y+w‘

:CIim// / e—(6/2>|x1—y1|2
6—0 |lz|<r J|y+w|<r ‘$|2

|2H2 2

X |zg — dxdydr

Ve —|y+w\
— oy [ [ SR e 2 sy
R2

= €2
<o [ ], bm|£||§| pi(E)€al' =" dedr

—C/ / sm|§||§22 &P 2 2 gy dr = C2H 1
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Therefore, (11) is satisfied with 17y = min(2H; + 1,2Hs + 1), which is strictly greater
than 7.

When d = 3, fix a nonzero w = (wy,ws, w3) € R3, without loss of generality, we
may assume that wy # 0. We have

/:(I‘g(r, %), Dg(r,w + ))pdr

) 3
0o JR3 JR3 u

Again, when ¢ is small enough, to make x and w+y in the support of the measure I's(r),
we must have |21 — y1| > C for some positive constant C. So

/ (T3(r, %), Ta(r,w + %))y dr
0
S 3
< C’/ / / Ds(r, dz)Ts(r, w + dy) H lz; — y;|2H " 2dr
o Jrs Jgs i

=C lim/ / / Ts(r,dz)Ts(r,w + dy)e” (8/2)|w1—y1|? H |z — y; |2 2dr
§—0 R3 JR3

j=2
. s1nr|§| 3 o,
: C‘%Lr%/ /Rs |€]2 (61)]1;[2 191 d&dr
_ 5111 62753)”) 3 —
C/ /Rz (€2 +¢€2) H €51 d€od€sdr

=2

e / ) 2y 2 )~
0

and (11) is satisfied with N2 = mln(2(H2 + Hg) — 172(H1 + Hg) — 1,2(H1 + HQ) — 1),
which is strictly greater than 7.
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