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Abstract. Let p be a prime not equal to 2 or 3. In this paper we study
the Q-rational cuspidal group Cg of the jacobian Ji(2p) of the modular curve
X1(2p). We prove that the group Cq is generated by the Q-rational cusps. We
determine the order of Cp, and give numerical tables for all p < 127. These
tables give also other cuspidal class numbers for the modular curves X1 (2p)
and X1(p). We give a basis of the group of the principal divisors supported
on the Q-rational cusps, and using this we determine the explicit structure of
Cq for all p < 127. We determine the structure of the Sylow p-subgroup of Cq,
and the explicit structure for all p < 4001.

1. Introduction.

1.1. The Q-rational cuspidal group.

Let X be a modular curve defined over Q of genus greater than 0, and let Jx be
its jacobian defined over Q. Let us assume that the cusp P, on X represented by the
infinity is rational over Q. Let i, : P — [P — P4 be the cuspidal embedding of X into
Jx sending a point P to the divisor class of P — P,,. When P is a cusp of X, the point
ico(P) is a torsion point of Jxy (Manin [11], Drinfeld [4]). Let T'(Jx)g be the group of
all Q-rational torsion points of Jx. Let C(Jx) be the subgroup of Jx generated by all
cusps of X, and let C(Jx)q be the subgroup of C(Jx) consisting of all Q-rational points
of C(Jx). Then we have C(Jx)g C T(Jx)g. We call C(Jx)q the Q-rational cuspidal
group of Jx.

The group T'(Jx )g is a very important object in the arithmetic theory of the modular
jacobian. But its study requires deep knowledge of the arithmetic algebraic geometry. On
the other hand, for some modular curves, the group C(Jx)g can be studied without the
knowledge of the arithmetic algebraic geometry. Moreover, in some cases it is verified
that C(Jx)gp = T(Jx)g, and also conjectured that the equality holds generally. The
purpose of the present paper is to study the group C(Jx)g and its subgroups in the case
of X = X;1(2p). First we recall some known results.

Let X = Xo(n) (n € N). Then Xo(n) has a Q-rational model with P, a Q-rational
point. If n is square-free, then all cusps on Xy(n) are Q-rational. Therefore, the group
C(Jx)q coincides with C(Jx), and its order is known (cf. Ogg [13] for the case where
n is a prime, Takagi [20] for the case where n is arbitrary). In particular, when n is
a prime, Ogg [14] conjectured and Mazur [12] proved that C(Jx)g = T(Jx)g. When
n = pq with p, ¢ distinct primes, Chua and Ling [2] determined the structure of the
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group C(Jx)g. For the twelve values n = 11,14, 15,17,19,20, 21, 24, 27, 32, 36,49 with
the genus of X one, Ogg [13] determined the structure of the group C(Jx)q and verified
that C(Jx)g = T(Jx)g and it is generated by the Q-rational cusps. When n = 53
Poulakis [16] proved that C(Jx)g = T(Jx)g and it is a cyclic group of order 25. When
n = p” with p a prime such that p > 5 and p £ 11 (mod 12), Lorenzini [10] proved that
the prime-to-2p parts of the groups C(Jx)g and T'(Jx)g coincide, and determined its
structure. Also Ling [9], in the case where n = p” with p > 3 a prime, determined the
structure of the group C(Jx)q, and proved that the prime-to-6p (respectively prime-to-
2p) parts of the groups C(Jx)g and T'(Jx)q coincide if p > 5 (respectively p > 5 and
r=2).

Let X = X1(n) (n € N). Then X;(n) has a Q-rational model with P, a Q-rational
point. When n = p # 2,3 is a prime, Conrad, Edixhoven and Stein [3, Conjecture 6.2.2.]
conjectured that the group T'(Jx)g is generated by the oco-cusps of X;(p), and verified
it for all primes p < 157 except for p = 29, 97, 101, 109, and 113. (A cusp on X;(n) is
called an co-cusp if it lies over the cusp oo of the curve Xo(n). All oo-cusps are Q-rational
points.) This conjecture is stronger than the statement C(Jx)gp = T(Jx)g. Recently,
Ohta [15] proved that the conjecture of Conrad, Edixhoven and Stein is true up to 2-
torsion. For the values n = 13,16, 18 with the genus of X two, Ogg [13] determined the
structure of the group C(Jx)g and verified that C(Jx)o = T'(Jx)g and it is generated
by the Q-rational cusps.

Generally, let T' be a subgroup of SLy(Z)/{£12} with T'g(n)/{£l2} D T D
4T (n)/{£1l2}. Let X = X be the modular curve corresponding to I'. The curve
Xr has a Q-rational model with P, a Q-rational point. The group C(Jx)g contains
several subgroups. We denote by C(Jx)oo, C(Jx)1, or C(Jx )2 the subgroup of C(Jx)g
generated by all co-cusps, the subgroup of C(Jx)g generated by all Q-rational cusps,
or the subgroup of C(Jx)g generated by all cuspidal divisors defined over Q, respec-
tively. (Similarly to the case of X;(n), a cusp on Xr is called an oo-cusp if it lies
over the cusp oo of the curve Xy(n), and all co-cusps are Q-rational.) Then we have
C(Jx)oo C C(Jx)l - C(Jx)g C C(Jx)(@ C T(Jx)@.

The conjecture of Conrad, Edixhoven and Stein claims that C(Jx ) = T(Jx)g for
X = Xi(p) with p a prime. If it is true, then we have C(Jx)o = C(Jx)1 = C(Jx)2 =
C(Jx)g = T'(Jx)g for X = X1(p). (We can prove the first three equalities. For this,
see Subsection 1.3 below.) When X = X;(n), the group C(Jx ) is studied by several
authors. The order of C(Jx)o was determined first by Klimek [6] (the case where
n = p is a prime), next by Kubert and Lang [8] (the case where n is a power of a
prime p # 2,3), and last by Yu [24] (the case where n is arbitrary). (In fact, they
considered the subgroup C(Jx)o of C(Jx) supported on the O-cusps. But it is isomorphic
to C(Jx)oo.) Concerning the structure of C(Jx)oo, Yang [23] constructs an explicit basis
for the group of modular units on X;(n) with n arbitrary whose divisors are supported
on oo-cusps.

However, in general, on the contrary to the case X = X;(p), the group C(Jx)co
does not coincide with C(Jx)g. Chen [1] considers the curve X = Xp with I' satisfying
To(p)/{£12} 2 T 2 £T'1(p)/{£12}, constructs an explicit basis for the group of modular
units whose divisors are supported on the divisors defined over QQ, determines the order
of C(Jx)2, and shows that C(Jx)eo g C(Jx)2. In this case the Q-rational cusps are
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oo-cusps, therefore, we have C(Jx)oo = C(Jx)1. In [1] a numerical table is given. On
the other hand, Conrad, Edixhoven and Stein [3, Table 2-3.] also give some numerical
tables on the bound of the order of T'(Jx)g. Comparing these tables, we can verify that
in several groups I' with I'o(p)/{#12} 2 T 2 &I'1(p)/{£12} the order of C(Jx)> and
the bound of the order of T'(Jx)g coincide, which implies that in those cases we have
C(Jx)2 =C(Jx)o =T(Jx)o-

1.2. Main results.

In the present paper we consider the modular curve X = X;(2p) with p # 2,3 a
prime. In view of the results above, we might expect that C(Jx)g = T'(Jx)g. In fact
there is an example of the equality. Let X = X;(14). The curve X;(14) is an elliptic
curve. We can prove that the group C(Jx)g is of order 6 (cf. Table 4). On the other
hand the group T'(Jx)g is also a group of order 6. This follows from a deep result of
[12] that the only rational points of X;(14) are the rational cusps whose number is 6.
Therefore, in this case we have C(Jx)g = T'(Jx)g. But the study of T'(Jx)g is very hard.
Our objects of the study are the group C(Jx)g and its subgroups C(Jx)eo, C(Jx)1, and
C(JX)Q.

In Takagi [21] we determined the cuspidal class number of the modular curve X5 (2p).
The arguments of this paper is a continuation of [21]. For simplicity we denote the group
C(Jx)g by Cq. Also we denote simply by Coo, C1, and Cy the groups C(Jx )0, C(Jx)1,
and C(Jx )2, respectively. Note that in Introduction of [21] we denoted the group C(Jx )2
by Cg.

In the following we state our main results. Concerning the relation between the
groups Co, C1, C2 and Cg, we have the following.

THEOREM 1.1.  Let p be a prime > 7, and let X = X1(2p). Let Cx, C1, C2 and Cg
be as above. Then we have Coo & Cy = Ca2 = Cy.

The condition p > 7 simply means that the genus of X;(2p) is not 0. The equalities
C1 = C3 = Cq are given by Theorems 3.7 and 4.11. The inequality Coc & C1 follows from
the comparison of the orders of C, and C; as stated below.

The equality Co = Cg can be restated in the language of homological algebra. Let
Ip be the group of principal divisors of all modular units on X;(2p). Since the cusps
of X1(2p) are rational over the field kop = Q((2p) With (o) = exp[27i/2p], the group Ip
is a G-module where G = Gal(ks,/Q). Let H*(G, Ip) (respectively H,(G,Ip)) be the
n-th cohomology group (respectively homology group). Then we have the following (cf.
Theorem 4.13).

THEOREM 1.2.  For alln > 1, we have H*"~Y(G,Ip) = H2, (G, Ip) = 0.

Let
p?—1
a=—, (1.1)
A= Tl v, (12)
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B=p]] (iBM,), (1.3)

¥

where 1) runs over all even, primitive Dirichlet characters modulo p, and Bj , denotes
the generalized Bernoulli number defined by

sl (5) -5 -5}

Then a, A and B are positive integers.
THEOREM 1.3.  The order hg of Cg is given by hg = aAB?.

This is given by Theorem 5.3. The order h$°(2p) of Co is known to be equal to AB
(cf. [24]). Hence we have Co & Cy because aB # 1 (cf. Tables 1 and 3).

The orders of several cuspidal groups of the modular curves X;(2p) and X;(p) can
be expressed by the integers a, A, B. In fact, let hq(2p) be the full cuspidal class number
of X1(2p) (cf. [21]), h1(p) the full cuspidal class number of X;(p) (cf. Takagi [19]), and
h$°(p) the order of the subgroup of the cuspidal divisor class group of X;(p) which is
generated by the oo-cusps (cf. [8, Chapter 6, Theorem 3.4]). Then we have hi(2p) =
aA%?B* hi(p) = B? and h°(p) = B. For the convenience of readers, instead of a
numerical table only for hg, we give numerical tables for a, A, and B with 7 < p <127
separately (cf. Tables 1-3).

For the study of the group structure of Cg = C;, we give an explicit basis of the
group of the principal divisors which are supported on the Q-rational cusps. But, since
it is complicated to state it in this Introduction, we refer the reader to Theorem 6.2. The
determination of the explicit group structure for each prime p amounts to computing
the Smith normal form of the matrix representing the divisors in the basis. A list of the
explicit structures for the primes 7 < p < 127 is given in Table 4.

Lastly, we determine the structure of the Sylow p-subgroup Cg,, of Cg. In order to
state the result, we define an integer W (q) for any prime ¢q. Let n be an integer > 0
satisfying

27" 71 =1 (mod ¢"*1), (1.5)

which holds for any ¢ if n = 0. Then there exists the maximal one of all such n, which
we denote by W(q) (cf. Proposition 7.12). A prime ¢ is called a Wieferich prime if the
congruence (1.5) with n = 1 holds. Then a prime ¢ is a Wieferich prime if and only if
W(q) > 1 (cf. Proposition 7.12). Although the number of Wieferich primes is believed
to be infinite, the only ones that have been discovered so far are 1093 and 3511. Knauer
and Richstein [7] reported that there are no other Wieferich primes less than 1.25 - 105,
Let ¢ # 2, 3 be a prime, and a be an integer with 1 < a < (¢—3)/2. We define an integer
B(q,2a) for all pairs of ¢ and a as follows. Let n > 1 be an integer satisfying

B2a—2)qn-142 = 0 (mod ¢"Zg), (1.6)
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where B, _2)qn-142 denotes the Bernoulli number. If there is no such integer n, then
put B(q,2a) = 0. If there exists at least one, then it can be proved that there exists the
maximal one of all such n, which we denote by B(g,2a) (cf. Proposition 7.17). A pair
(¢,2a) is called an irregular pair if the congruence (1.6) with n = 1 holds. Then a pair
(¢,2a) is an irregular pair if and only if B(g,2a) > 1 (cf. Proposition 7.17).

The group Cg,;, contains two subgroups denoted by Cg ,(k,+) and Cq,,(k, —) corre-
sponding to each integer k with 1 < k < (p — 3)/2. For the precise definition of these
subgroups, see Section 7.3. Then we have the decomposition

(p—3)/2 (r-3)/2
Cor= P Coplk.H)® P Coplk,-) (1.7)
k=1 k=1

(cf. (7.26)). Let § be the order of 2 in the group (Z/pZ)*. Then the group structure of
each subgroup is given as follows (cf. Theorems 7.24 and 7.25).

THEOREM 1.4. Let k and § be as above.

(1) If k =1, then Cg,(1,+) = 0.
(2) If2< k< (1/2)(p—3), then

if 6 is even and k =1+ (§/2)l

B(p,p+1-2k)+W (p)+1
Zfp z {with l an odd integer,

CQ,p (k,+) =
Z/pB(p’pr?k)Z otherwise.

THEOREM 1.5. Let k and § be as above.
(1) If k=1, then Cg,(1,—) = Z/pV P 7.
(2) If2 <k < (1/2)(p—3), then
7,/pBppt1=2k)+Wp)+l7  if k=1 (modd),

Z/pB(p,erl—%)Z otherwise.

Cop(k,—) = {

In particular, when p is regular and not a Wieferich prime, we have the following
(cf. Corollary 7.26). The notation [z] (x € R) denotes the greatest integer that is less
than or equal to x.

THEOREM 1.6. Let p # 2, 3 be a regular prime and not a Wieferich prime. Let
fr=1(1/26)(p —5)] and fo =[(1/26)(p —5) + 1/2]. Then

c (Z./pZ) " if ¢ is odd,
e (Z/pZ)hr+T2 if § is even.
When p is irregular or a Wieferich prime with p < 4001, we have the following

results. The reason why we consider the primes with p < 4001 is that we want to use
the table given in Washington [22, Section 2 of Tables] where all irregular pairs (p, 2a)
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with p < 4001 are given. About the only known Wieferich primes 1093 and 3511, the
prime 1093 is regular and the prime 3511 is irregular. When p is irregular, we can verify
that B(p,2a) = 1 for all irregular pairs (p,2a) with p < 4001 (cf. Example 7.20). We
denote by I(p) the number of the integers a such that (p,2a) is an irregular pair, which
is called the index of irreqularity of p. Then we have the following (cf. Examples 7.27,
7.28, 7.29).

ExAMPLE 1.7. Let p be an irregular prime such that p < 4001 and p # 3511. Let
f1=1(1/26)(p —5)] and fo = [(1/26)(p — 5) +1/2]. Then

; (Z)pz)f1+21(P) if 0 is odd,
wr (Z/pZ) 1+ F2+21®)  if § is even.

ExaMmpPLE 1.8. (1) Let p = 1093, which is the only known regular Wieferich prime.
Then

Cop = (Z/1093Z) & (Z./1093%Z)2.
(2) Let p = 3511, which is the only known irregular Wieferich prime. Then
Cop = (Z/35117)°.

The explicit structures of Cg, for all primes p with 7 < p < 4001 are listed in
Table 5.

1.3. The case X = X;(p).

For the curve X = X (p), we can prove that C(Jx)eo = C(Jx)1 = C(Jx)2 = C(Jx)o,
though their proofs are not given in this paper. The proofs of C(Jx); = C(Jx)2 = C(Jx)g
are similar to and simpler than those of the corresponding equalities in Theorem 1.1 given
in Sections 3 and 4 if we use the arguments in [19]. For the curve X;(p), a cusp is Q-
rational if and only if it is an co-cusp, therefore, we have C(Jx)oo = C(Jx)1. Of course, if
the conjecture of Conrad, Edixhoven and Stein referred to above is true, these equalities
follow immediately.

1.4. The contents of each section.

The present paper is organized as follows. In Section 2, we define a Q-rational model
X1(2p)g of X1(2p), study the Galois action on the cusps of X1(2p)g, and define the three
subgroups C1, C2 and Cg of the Q-rational torsion group of J1(2p)g. In Section 3 we prove
C1 = Cz. In Section 4 we prove C; = Cg. In Section 5 we determine the order of the
Q-rational cuspidal group Cg. In Section 6 we give a Z-basis of the group of the principal
divisors supported on the Q-rational cusps so that we can determine the structure of Cg
explicitly for a given value of p. In Section 7 we determine the structure of the Sylow
p-subgroup Cq,p, of Cgp. In Section 8 we give a few tables of computational results.

In the present paper we denote by N, Z, Q, R, C, 15, Z,, Q, the set of natural
numbers, the ring of rational integers, the field of rational numbers, the field of real
numbers, the field of complex numbers, the two-by-two identity matrix, the ring of p-
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adic integers, the field of p-adic numbers, respectively.

2. The Q-rational cuspidal group Cq of J1(2p)g.

Let p be a prime # 2,3. In this section we define a Q-rational model X;(2p)g of
X1(2p), study the Galois action on the cusps of X1 (2p)g, and define the three subgroups
C1, Cy and Cg of the Q-rational torsion group of J;(2p)g. Our object of the study is the
group Cg, the Q-rational cuspidal group of J1(2p)g, which is isomorphic to a subgroup
of the cuspidal divisor class group of X1(2p).

2.1. A Q-rational model X;(IN)g of X1 (V).

Let T' be a Fuchsian group of the first kind. We denote by Xr the complete non-
singular curve associated with the quotient I'\$), where the symbol §) denotes the upper
half plane.

Let N be a positive integer. Let I'(N) be the principal congruence subgroup of
SL2(Z) consisting of all matrices (24) (€ SLy(Z)) witha—1=d-1=b=c=0
(mod N). When I' = T'(NV), we denote the curve Xt by X(N). Let I'1(IN) be the
subgroup of SLy(Z) consisting of all matrices (¢ Y) (€ SL2(Z)) witha—1=d—1=c¢=0
(mod N). When I' =T'4(N), we denote the curve Xt by X;(N).

We define a Q-rational model X; (N)g of X (V) as follows (cf. Shimura [18, Chapter
6]).

Let §n (respectively 1) denote the field of all automorphic functions with re-
spect to the group T'(N) (respectively SLy(Z)) such that their Fourier coefficients belong
to the cyclotomic field ky = Q(e*™/N) (respectively Q). Then it is known that the
field §n is a Galois extension of §1, and its Galois group is isomorphic to the group
GLa(Z/NZ) /{+12}.

Let G1(N) be the subgroup of GLy2(Z/NZ)/{£12} consisting of elements of the
form :i:((l) 3) with b, d arbitrary. Let §1(N) be the subfield of Fy corresponding to
the subgroup G1(N). Then the field §;(N) consists of all automorphic functions with
respect to the group I'1 (V) such that their Fourier coefficients belong to Q. It is known
that the field Q is algebraically closed in §1(N) and the field C§1 (V) is the field of all
automorphic functions with respect to I'y (V). Hence the filed §1(N) defines a Q-rational
model X7 (N)g of X1(IN). We shall consider this model.

2.2. A parametrization of the cusps on X;(M) with M square-free.

Here we give a parametrization of the cusps on X1 (V) by an abelian group when N
is square-free.

Let M # 1 be a square-free integer, and put N = M. In order to parametrize the
cusps on X7 (M), we recall the results in [21, Section 2.

Let T be the set of all positive divisors of M. We regard it as a group with the
product defined by 7 o s = rs/(r, s)? where (r,s) denotes the greatest common divisor of
rand s (r,s € T). Let O be the order defined by O =3, Z+/r. We denote by G(vVM)
the subgroup of SLy(O) consisting of all elements « of the form

(2

U dr (2.1)
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where a, b, ¢,d € Z, r € T and r* = M/r. We call r the type of a, and denote it by
t(a). Let I be the ideal of O defined by I = v/ MO. We denote by I'(I) the subgroup
of G(v/M) consisting of all elements a satisfying o = 15 (mod I), and call it a principal
congruence subgroup of G(v/M). When T' = T'(I), we denote the curve Xt by X;. Since
we have

-1

r(r)—(é ¢3\7> Ty (M) ((1) \/3\7> (2.2)

the curve X;(M) is isomorphic to the curve X7.

Let S(IM) (respectively S’EM)) denote the field of all automorphic functions with
respect to the group I'(I) (respectively G(v/M)) such that their Fourier coefficients belong
to the cyclotomic field kps (respectively Q). Let G; denote the subgroup of GL2(O/1)
consisting of all elements o which can be represented by a matrix A (€ M2(O)) of the
form

(o o)
: (2.3)

eV dyr

where a, b, ¢, d € Z, r € T and r* = M/r. It is known that the field SgM) is a Galois

extension of SgM), and its Galois group is isomorphic to the group G;(+) def Gr/{£1.}

([19, Section 1 (1.15)]). Let « be an element of Gy or Gr(£). We denote by o(«) the
element of the Galois group Gal(SgM)/S(lM)) corresponding to a. Let a be represented
by the matrix A in (2.3). Then the element r of T is determined only by . We call r
the type of a, and denote it by ¢(«).

Let P, denote the prime divisor of SS-M) defined by the g-expansion. Let P be a
prime divisor of S(IM), and vp the valuation of P. For any element o of Gal(SgM) /8 EM)),
we define the prime divisor P? by vps (%) = vp(h) (h € §§M)), which defines a right
action of the group Gal(SSM)/ng)). The conjugates PZ, are of degree one, and can
be identified with the cusps on the curve X;. If a« € Gy is represented by a matrix
A € G(vVM), the prime divisor Pgo(a) corresponds to the cusp on X represented by
A~Y(0). The conjugates P are called the cuspidal prime divisors.

Let C7 be the subgroup of G; consisting of all elements « which can be represented
by a matrix A (€ M»(0O)) of the form

a\/r by/r*
A= vr (2.4)
bVr*  av/r
with a, b € Z, r € T and (ar,br*; M) = 1. It is an abelian subgroup of G;, and called a
Cartan group.
Every cuspidal prime divisor can be expressed as Pf,’o(“) with a unique element a €

Cr(%) et Cr/{£1l2}. Thus the set of cusps on the curve X; can be parametrized by
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the abelian group Cr(=£) using the bijective mapping « — Pgo(a). This gives also the
parametrization of the cusps on the curve X;(M).

2.3. The Galois action on the cusps of X;(M)g.

Let M and I be the same as in the subsection 2.2. We define a Q-rational model of
the curve X as follows (cf. [19, Section 1]).

Let H; be the subgroup of G; consisting of the elements of the form ((1) 8) with d
arbitrary. Let 35%) be the subfield of ggM) corresponding to the subgroup H;. Then
the field 5%) consists of all automorphic functions with respect to the group I'(I) such
that their Fourier coefficients belong to Q. It is known that the field Q is algebraically
closed in Sgl\é) and the field Cﬁg\é) is the field of all automorphic functions with respect
to T'(I). Hence the field 3(1%) defines a Q-rational model X; g of X.

The mapping f(7) — f(7/v/M) defines an isomorphism of the function field (M)
onto the function field Sgﬂé) Hence the curve X;(M)q is isomorphic over Q to the curve
X1,0- We shall consider the cusps of X7 g instead of X;(M)g.

Since the cuspidal prime divisors of § IM) are of degree one, the cusps of X g are
rational over kps. We consider the action of the Galois group Gal(kps/Q) on the cusps of
X1,0- Let d be an integer satisfying (d, M) = 1, and let o4 € Gal(kyr/Q) be the element
defined by

o4 Car — Yy (2.5)

where (j; = exp[2mi/M]. Let P be a cusp of X g, and let P?? be the image of P by the
action of o4. Let f be an element of 3%) which is defined at P. Then the value f(P)
of f at P belongs to kj;. The image P¢ satisfies by definition

fP7) = f(P)7. (2.6)

PROPOSITION 2.1.  Letd and oq be as above. Let 4 be the element of Gy represented
by the matriz ((1) 2). Let P be a cusp of X1q, and let P be the cuspidal prime divisor of

SgM) corresponding to P. Then the cuspidal prime divisor of {S’gM) corresponding to the
conjugate cusp P74 is Po(va),

PROOF. Let f be an element of 3%) which is defined at P. Let mp be the maximal
ideal of the valuation ring of P. Then we have

f = f(P) (modmp).

Hence f7074) = f(P)7() (mod(mp)?(4)). Since f € 35%)7 we have f70a) = f. Also we
have f(P)°() = f(P)?e = f(P°¢) and (mp)?@) = mp,(,,. Hence

f = f(PUd) (mOdeU(M)).

This proves that the cusp P?? corresponds to the cuspidal prime divisor P (74). O
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We can describe the action of Gal(k;/Q) on the cusps by the use of the parametriza-
tion by the Cartan group.

PROPOSITION 2.2.  Let d, o4 and 4 be as in Proposition 2.1. Let dy be an integer
satisfying ddqy = 1 (mod M). Let P be a cusp of X1,g corresponding to a cuspidal prime
a\/T b\/F)

171\/77 a\/T
(c¢f. (2.4)). Then the cusp P°? corresponds to the cuspidal prime divisor Pgéal ) ofSSM),

a\/T  bdi\VT*
bd1Vr* ar )

—1
divisor Pgo(a ) ofggM), where « is an element of C represented by a matriz (

where oy is the element of C represented by the matriz (

Proor. By Proposition 2.1, the cusp P?¢ corresponds to the cuspidal prime di-
visor Pgé“_l)"(”) = P&(a_l“). Let Pg’é“_l”d) = Pﬂ“fl) with an element a; € Cr(=+).
Then we have Pgéail%al) = Puo, whence o 1ygaq € £Hj (cf. [21, Section 2.6]). This
implies that

which gives

o}
=
N\
O =
X
I
N
[~
£ o
S
*
N——
g
o
o
=

This proves the proposition. O
We determine the Q-rational cusps of X7 q.

THEOREM 2.3. Let P be a cusp of X1 corresponding to a cuspidal prime divisor

Pgo(a_l) of S(IM) with o an element of Ct of type r. Then P is Q-rational if and only if
one of the following (1)—(4) holds:

()r=1; (2)r=2and M is even; (3)r=3 and M =3,6; (4) r =6 and
M =6.

PrROOF. Let d, 04 and d; be as in Proposition 2.2. Then, by the proposition,

P24 = P if and only if
avr =+ avr (mod I),
bv/r* bdy/r*

which is equivalent to that the following (i) or (ii) holds:

(i) b=bd; (modr),
(ii) a = —a (modr*), b= —bdy (modr).

Since (ar,br*, M) = 1, we have (a,r*) = (b,r) = 1. It is easy to see that the
condition (i) is equivalent to d; = 1 (mod r), and (ii) is equivalent to that 2 = 0 (mod r*)
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and d; = —1 (modr). If (i) or (ii) holds for any dy with (dy, M) = 1, then d; = +1
(modr), ie., (Z/rZ)* =1 or {£1}. This implies that » = 1,2,3,6. If r = 1, then (i)
holds for any dy with (di, M) =1. If r = 2, then M must be even. In this case, for any
dy with (di, M) = 1, we have d; = 1 (modr), hence (i) holds. If r = 3, then M must
be a multiple of 3. For any d; with (dy, M) = 1, we have d; = 1 (modr) or d; = —1
(modr). If dy =1 (modr), then (i) holds. If d; = —1 (modr), then (i) does not hold,
hence we must have 2 = 0 (mod r*), whence r* = 1,2. This implies that M is 3 or 6. If
r = 6, then M must be a multiple of 6. For any d; with (d1, M) = 1, we have d; =1
(modr) or dy = —1 (modr). If d; = 1 (modr), then (i) holds. If dy = —1 (modr),
then (i) does not hold, hence we must have 2 = 0 (mod r*), whence r* = 1. This implies
M = 6. Thus the proof is completed. O

2.4. The cuspidal divisor class group of X;(2p).
Let p be a prime # 2, 3. Henceforth, we assume that

M = 2p. (2.7)

Let D be the free abelian group generated by the cuspidal prime divisors of §, and
Dy the subgroup of D consisting of all elements of degree 0. Let R = Z[C(+)] be the
group ring of Cr(+), and Ry the additive subgroup of R consisting of all elements of
degree 0. Let

p: DR (2.8)

be the isomorphism defined by the mapping Pé;(‘)‘) — Q.

Let F or F¢ be the group of all modular units in S(IM) or CS(IM) respectively. Since
Fec = C*F ([21, Corollary 3.1]), the divisor group div(F) can be identified with the
divisor group div(F¢). We call the factor group

C = Do/ div(F) (2.9)

the cuspidal divisor class group of the curve X; and the order of C the cuspidal class
number of X or of X;(2p).

We denote by Ip the image o(div(F)) of the principal divisors div(F). Then it is
an additive subgroup of Ry, and moreover an ideal of R (cf. [21, Remark 5.1]).

Put Dg = DeQ and Ryg = R® Q. Then we have an isomorphism Dg = Rg the
extension of ¢, which we also denote by ¢. In order to describe the group Ip, we define
two elements 65 and 6, of Rg as follows (cf. [21, (2.42), Proposition 3.1]):

02:214{— Z prat+ Z prat— Z a4+ Z Oé_l}a (2.10)

t(a)=1 t(a)=2 t(a)=p t(a)=2p



1260 T. TAKAGI

1 1 .
+5 o™+ 5 Yo ool (2.11)

where in each summation the element « runs over the group Cy(+) with the described

type, and in (2.11) we assume that « is represented by a matrix (8 2) or (a\/‘/g a\\//ﬁi)

(a € Z) according as t(a) = 1 or 2 respectively.
Let « be any element of Cr(+) of type r. Let a(a) and b(«) be integers such that «
can be represented by the matrix

<a<a>\/7~ b(a)ﬁ) | o1
b(a)Vr* a(a)y/r
Although such integers a(a) and b(«) are not unique, the residue classes a(«) (modr*)
and b(a) (modr) are uniquely determined up to the multiplication by +1. In particular,
the element o determines the residue class a(a)? (modp) (respectively b(a)? (mod p))
uniquely when r = 1,2 (respectively r = p, 2p).

We have the following theorem (cf. [21, Theorem 5.1]). In the theorem we denote
by C}T)(i) (r € T) the subset of Cj(+) consisting of the elements of type r, and by
Cgr’s)(j:) (r,s € T, r # s) the subset of Cr(+£) consisting of the elements of type r or s.

THEOREM 2.4. Let ¢ : D = R be the isomorphism (2.8). Let div(F) be the group
of the principal divisors of the modular units in Fr. Then the image Ip = p(div(F))
coincides with the subgroup of Ry consisting of all elements 2k92+{ ZQGCI(:I:) m(a a}9p,
where k and m(«) are integers such that the following congruences (i)—(iv) hold:

(1) b+ Toceye Haym(@) =0 <mod12>

(ii) Zaecﬁ 2) () M m(a )+pZaeC(p 2) (4 m(a) =0 (mod4),

(iii) Zaec(” () a(a)?m(a )—1—22 ec(z) @) a(a)?m(a) =0 (modp),
(iv) Zaec(2P>(i) b(er)*m(a) + 2ZaeC}P>(i) b(a)?m(a) =0 (modp).

REMARK 2.5. Since p(div(F)) is contained in Ry, this theorem implies that the
elements of the form 2kf + { Y aeCy(4) m(a)a}6, satisfying the congruences (i)—(iv) are
contained in Ry, in other words their coefficients are integers. In the statement of [21
Theorem 5.1] the group Ry is replaced by Rg, but we can use Rg by its proof.

2.5. The Q-rational divisors on X1 (2p)g.

Let D, be the free abelian group generated by the cusps of the curve X; g, and let
Dy be the subgroup of D, consisting of all elements of degree 0. We call the elements
of Dy the cuspidal divisors on Xjg. We identify the cusps of the curve X7 g with the
cuspidal prime divisors of S?p ), and denote by the same symbol ¢ the isomorphism of
D, to R which corresponds to the isomorphism (2.8):
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©: 'Dg =~ R. (2.13)

PROPOSITION 2.6.  Let d and o4 be as in Proposition 2.1 with M = 2p. We denote
by (d) the element of Cr(£) represented by the matriz (g g), Let P be a cusp of X1
with o(P) = « (€ Cr(£)). Let r be the type of . Then p(P%?) = a or a{d) according
as r=1,2 or p,2p respectively.

PrOOF. The case r = 1,2 follows from Theorem 2.3. Assume r = p,2p. The cusp

-1
P corresponds to the cuspidal prime divisor P{;(ﬂ ) with B =a~!. Let 8 be represented
by a matrix (a\/; b‘/ﬁ). Let d; be an integer with dd; = 1 (mod2p). Then, by

bV/r* a\/T
-1
Proposition 2.2, the cusp P?¢ corresponds to Pgo(ﬂl ), where (31 is represented by the
matrix (bda% bdlf). Since 7 = p,2p and d; = 1 (mod 2), we have adi\/T = a\/T
1V a+\/r
(mod I). This implies 8; = ((d1), therefore (P7¢) = a(d). O

Let d and oq be as in Proposition 2.6. Let D=}, m(P)P be an element of
D, with P the cusps of X g and m(P) € Z. The action of o4 on D is defined by
D=3, m(P)P%. We say that D is Q-rational if D?=D for any d.

Let £ =3, cc,(x) m(a)a be an element of R with m(a) € Z. We define the action
of oq on { by £7¢ =} cc,(a) m(a)a”, where

oy o if t(a) =1,2, -
S {O‘<d> if t(a) = p, 2p. (2.14)

COROLLARY 2.7.  Let D be an element of Dy. Then D is Q-rational if and only if
p(D) € ZaEC§1’2)(i) Lo+ 7 Zaecy’)(i) a+Z Zaecfp)(i) a.
ProOF. This follows immediately from Proposition 2.6. (|

2.6. The cuspidal group of J;(2p)g and its subgroups C1, C2 and Cg.

Let C = Ry/Ip be the isomorphism induced by (2.8). We define three subgroups Cy,
C2 and Cg of C using this isomorphism as follows.

Put R(M2) = Z[C}l’z)(i)] and R(()l’z) = R2) N Ry. The group C; is the subgroup of
C defined by

C1 = R /(Ip N RMY). (2.15)

By Theorem 2.3 this is the subgroup generated by the Q-rational cusps.
For r = p, 2p, put

p = Z a. (2.16)

aeC{” (+)

Let RE = R2N Ry, where
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R® = R:2) 4 7, 4 7,,P) (2.17)

Then the group Cs is the subgroup of C defined by
C» = RY/(Ip N RY). (2.18)

By Corollary 2.7 this is the subgroup generated by the Q-rational cuspidal divisors.

Let d be an integer prime to 2p that generates the cyclic group (Z/2pZ)* /{+£1}.
Let o = g4 be the automorphism of ko, defined by (2.5). Let n be an element of R. We
define the action of ¢ on the divisor class n + Ip by

(m+1p)” =n° + Ip, (2.19)

which is well defined because I3 = I'p. We say that a divisor class nn+ Ip is Q-rational if
and only if n° +Ip = n+ Ip. It is equivalent to that n° —n belongs to Ip. Let R* be the
subgroup of R consisting of the elements 7 such that n” —n € Ip, and put R = R* N Ry.
It is obvious that Ip C R{. Then the group Cg is the subgroup of C defined by

This is the subgroup generated by the Q-rational divisor classes. Since R? C R* by
(2.14), we have

C1 C Cy C Cp. (2.21)

Let g be the genus of X;(2p). Then we have g = (1/8){(p — 4)? — 1}, hence g = 0
or > 0 according as p = 5 or p > 7 respectively. Let p > 7. Let J1(2p)g (respectively
J1,0) be the Jacobian of X (2p)g (respectively X o) defined over Q. Then the Jacobians
J1(2p)q and Jr g are isomorphic over Q.

Let P be the cusp on X;(2p)g (respectively X1 o) represented by the infinity.
By Theorem 2.3, the cusp P, is Q-rational. Let iy, : P +— [P — Py] be the cuspidal
embedding of X;(2p)g (respectively X;g) into J1(2p)g (respectively Jrg) sending a
point P to the divisor class of P — P,. Let D be a divisor supported on cusps. Then
i (D) is a torsion point on J1(2p)g (respectively Jr g).

The cuspidal embedding i, induces an isomorphism of the cuspidal divisor class
group C onto the subgroup of the torsion group of J1 (2p)g (respectively J; ) generated by
the images of the cusps of X1(2p)g (respectively X g), which we call the cuspidal group
of J1(2p)g (respectively Jr ) and denote by i (C). The cuspidal groups of J1(2p)g and
Jr,g are isomorphic. Let D be a divisor supported on cusps. Then iy (D) is Q-rational
if and only if the divisor class of D is QQ-rational.

The images of the three subgroups C;, C2 and Cq are the following.

(1) The group is(Cy) is the subgroup of i (C) generated by the images of the Q-rational
cusps.
(2) The group i (C2) is the subgroup of i, (C) generated by the images of the Q-rational
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cuspidal divisors.
(3) The group i (Cq) is the subgroup of i (C) generated by the Q-rational points of
i00(C), which we call the Q-rational cuspidal group.

For simplicity we omit the notation ¢, and consider the groups C, C1, C2 and Cq as
the subgroups of the Jacobian Jr g (or J1(2p)g) if p > 7.
In the following two sections, we prove C; = Cy = Cg.

3. The proof of C; = Cs.

Let p be a prime # 2, 3. In this section we prove C; = Ca.

3.1. The group Ip N RY of the Q-rational principal divisors.
Put Re = R® C. For any element { = }° o, ) m(@)a € Re (m(a) € C) we
denote by £€) (r € T) the element of R¢ defined by

e = Z m(a)a, (3.1)

aeC{” (£)

and by £€0%) (r # s € T) the element &) + £(5), We denote by u the element of R
defined by

"= Z o. (3.2)

aeCr(+)

Then the notation u(") in (2.16) coincides with that defined by (3.1). Let us recall the
definitions of C; and Cy ((2.15), (2.18)):

C1 = R /(Ip N RYY), (3.3)
C> = RY/(Ip N RY). (3.4)
In this subsection we study the group Ip N RY which is the Q-rational principal

divisors supported on the cusps.
For any r € T, we denote by [r] the element of C’}T)(i) represented by the matrix

(\/‘{L \/\/T;) (cf. [21, (2.45)]). Let 9 be any character of the group C}l)(i). We put

w__ 1 -1
1 aeCV (£)

For an element £ = ZaGCI(:I:) m(a)a of Re, we denote by ffp the number defined by

= Y mlal)ela). (3.6)

acCM (+)
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Since () = {Zaec(”(i a} , we have

€ — { Zsfﬁefﬁ}[r], (3.7)
P

where 9 runs over all characters of the group C;l)(i).

Let us denote by the same symbol ¢ the character of (Z/pZ)* induced by the
character ¢ of the group C}l)(i) (cf. [21, (5.8)]). We denote by B(%) the number
defined by

B(y) = P§¢(G)Bz(2>- (3.8)

If 4 is non-trivial, then B(¢) coincides with the usual generalized Bernoulli number Bs ;.
By (3.7) and the definition (2.11) of 8,, we have

6= (5800)c ”+Z( 9))ele] + P+ P el (s9)

¥

where 1) denotes the complex conjugate of ).
Put RZ = R2® C. Then

RE =C[C" P (£)] + Cu® + Cu®). (3.10)

LEMMA 3.1. Let& € Rc with €0, € Rg. Then, for any character 1 # 1 0fC§1)(:I:),

we have fff) = 51(1)217) =0

ProoF. We have

({91))(210) =¢Wy 2p) + 5(2 (P) 4 g(p),g(z Ty Qp)o

Since [2][p] = (p + 2)[2p] and {(p + 2>e$> = 1/)(2)673}”, we have

e {Zg(p) A {%(im@)efﬁ}m
{3 (veed - 15@) el o

P

Also we have



The Q-rational cuspidal group of J1(2p) 1265

e (gt o {2 )

¥
{55 (e 3o fo
hence
o) +Cro() = {%j ((w( e +2650) - iB(@)efﬁ}[zp]- (3.11)

Since €6, € R, we have (£6,)*?) € Cu®?). By (3.9) we have cDePP) L e@glp) ¢ (C,u(2p
Hence we have & p)91(72 + ) 91(,1 € Cu®P), which implies that the coefficients of ew
with ¢ # 1 in (3.11) are 0. Since B(1)) = By ; # 0 for any ¢ # 1, we have

Y(2)eP + 2687 = 0, (3.12)
We have
(ggp)(p) - 5(1),9[()10) + 5(2)91()21)) + 5(”)91(,1) + 5(217)91()2).

In the exactly same manner, considering this equation, we have

26 + €7V = 0. (3.13)
By (3.12) and (3.13) we have 7 = £ = 0. O

LEMMA 3.2. Let £ € R with &6, € Rg. Then there exists an element n € R(1?)
such that €0, = 06, and & —n € Z(p™® + p®)) + Z(u? + pp)).

Proor. By Lemma 3.1 we have fl(pp) = §(2p) =0 for all ¢ # 1. This implies that,
by (3.7), €P = ePeiVp] € Cu® and €27 = el [2p] € Cu®). Since ¢ € R,
we have €@ = mu® and €27 = nu®P) with m,n € Z. By [21, Proposition 3.2],
we have (M) + pu®)g, = 0 and (u® + p?)0, = 0, whence p®0, = —puMg, and
p?r)g, = —2)6,,. Therefore, we have
€0, = (5(1) +&@ 4 mu® 4 nu(%))gp
= {(5(1) _ mM(l)) + (5(2) — nM(Q))}Hp-

Put n = (€M) — m pM) + (€@ — nu@). Then we have n € RV, €0, = 56, and
¢ —neZp® + pu®) + Z(u® + u?2), which completes the proof. O

Let I12 be the subgroup of R consisting of all elements .., 1) m(a)a of R with
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m(a) € Z such that the integers m(«) satisfy the following condition (i*) and the condi-
tions (ii)—(iv) of Theorem 2.4 (cf. [21, (5.5)]):

(i%) > ta)m(a) =0 (mod12). (3.14)

aeCr(+)

LEMMA 3.3.  The elements u() 4+ pu®) and p® + u®P) belong to Ips.
PrOOF. This can be verified directly. O

The following theorem describes the Q-rational principal divisors supported on the
cusps.

THEOREM 3.4.  The group IpN R consists of all elements of the form 2k, +£0, €
Rc where k € Z and & = ZaGC(1’2)(:I:) m(a)a € RM2) with m(a) € Z such that the
I

following congruences (i)—(iil) hold:

(i) k+ Zaec}”(i) m(a) + QZaEC}z)(i) m(a) =0 (mod 12),
(ii) ZQGC;LZ)(:I:) m(a) =0 (mod4),
(iii) ZaEC}”(i) a(a)*m(a) + 2 Za60§2)(:|:) a(a)?m(a) =0 (modp).

PROOF. Let n = 2kfy + £'6, be any element of Ip N RY, where ¢ =
Yaccrx) M (@) € R, and k and m/(«) are integers satisfying the conditions (i)-(iv)
of Theorem 2.4. Since 2kf, € Rg, we have £'0,, € Rg. By Lemma 3.2, there exists an
element ¢ € R such that ¢'0, = €0, and &' —¢ € Z(p™ +p®P) +Z (@ + 1 2P)). Write
¢ = Eaecf*”(i) m(a)a with m(«) € Z. By Lemma 3.3, the integers k and m(«) also
satisfy the conditions (i)—(iv) of Theorem 2.4. This proves that any element of Ip N RV
can be written in the form stated above.

Conversely, let n = 2k0, + £0, be any element of R¢ with £k € Z, £ =
Zaecgl,z)(i)m(a)a € RM? and m(a) € Z such that k and m(a) satisfy the condi-
tions (i)-(iii) stated above. By Theorem 2.4, we have 1 € Ip. Since £(P) = £2P) = 0, we
have

(ggp)(p) — 5(1)gz()p) + 5(2)91()217) e Cu®,
(fgp)@p) - 5(1)91(7217) + 5(2)91(017) e Cur),
Combining these with 2kfy € Rg, we have n®) € Cpu® and 7*P) € Cu®P). Therefore

we have ) € Rg. Since € Ip C R, we have n € R®. This proves n € Ip N RY. Thus the
proof is completed. O

Let n = 2k + £6,, be an element of Ip N R with k € Z and ¢ € R2). Then k
and ¢ are uniquely determined by 7. More generally we have the following.

PROPOSITION 3.5.  Let n = 2k0y + £0,, be an element of Rc such that k € Z and
€€ RV, Then k and & are uniquely determined by 7.
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PROOF. Tt is proved in [21, Proof of Proposition 5.3] that k is determined uniquely
by 1. Let 160, = &0, with & € R (i = 1,2). Then (£ — &), = 0. By [21, Corollary
5.1] the e,-components of 6, are non-zero for all x # X(0), X(2)- This implies that
&1 — & € Cey,, + Cey,,. Since & — & € R, by [21, Lemma 5.1], we have 1 — & =
m(pu® + p®) 4n(u® + pCP)) with m,n € Z. Since & —& € R we have m = n = 0.
Therefore, & = &;. This completes the proof. O

3.2. Proof of C; =Cs.

First we prove that there exist special elements 1, and 7, of Ip N R satisfying (i)
n%p) = pu®), 77£2p) =0 and (ii) nép) =0, néQp) = u(?P). Let 1 = 2k0; +£0,, be an element of
IpNRY, where k = k(n) € Z and £ = £(n) = Zaecﬁl,z)(i) m(a)a € R with m(a) € Z
such that the conditions (i)—(iii) of Theorem 3.4 hold. Then we have

n® =210 + cWP) 1 Pgr) — A(n)p®), (3.15)
nP) = ngfp) + 5(1)91(}211) + 5(2)%11) = B(n)u™, (3.16)
where
k 1 1

A = - e e® 4 L epe® 1
(n) = —15 + 5 deg& + 5 deg &7, (3.17)
B(g) = 2 + £ deg eV + = deg ). (3.18)

12 12 6

By the Lagrange’s four-square theorem, the prime p can be expressed as a sum of
at most four integer squares:

p=al+---+a}, 2<1<4,a,eN(1<i<l). (3.19)

PROPOSITION 3.6.  There exists an element n; € Ip N RQ such that A(n) =1 and
B(m) =0, and also an element ny € Ip N R such that A(n2) =0 and B(n) = 1.

PROOF. Let [ and a; be as in (3.19). First, assume that | = 2 or 4. Let o; (1 <
i < 1) be the element of C}l)(i) represented by the matrix (¢ (fi ). Put gy = =802 +&6,
where k(1) = —4 and £(m1) = & = (4/D)(ay + -+ + o) (€ RM2). Tt is easy to see
that this element 7, satisfies the conditions (i)—(iii) of Theorem 3.4, and A(n;) = 1,
B(m) = 0. Put o = m1[2]. Since 03[2] = —65, we have 1y = 802 + &20, where k(n2) =4
and £(n2) = & = &]2] (€ RM?). Tt is easy to see that this element 7, satisfies the
conditions (i)—(iii) of Theorem 3.4, and A(n2) = 0, B(n2) = 1. This proves the case | = 2
or 4.

Next, assume that [ = 3. Let a; be as in (3.19). Since a3 + a2 + a3 = 0 (mod p) and
a; #Z 0 (modp) for all i, there exist integers x and y such that 1+ 22 + 32 = 0 (modp),

xZ 0 (modp) and y Z 0 (modp). Let ap be the element of C§1)(:I:) represented by the

matrix ((1) (1)) Let a7 and as be the elements of C’}z)(i) represented by the matrices

V2 /P Y2 P . _ _
( v x\/i) and ( v y\/§> respectively. Put m = —126, + £16,, where k(1) = —6 and
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E(m) = & =200+ a1 +ay (€ R12). Then it is easy to see that this element 7, satisfies
the conditions (i)—(iii) of Theorem 3.4, and A(m) = 1, B(m) = 0. Put 72 = n1[2]. We
have 7y = 1205 + &0, where k(12) = 6 and £(n2) = & = &[2] (€ RV2). Tt is easy to
see that this element 7, satisfies the conditions (i)—(iii) of Theorem 3.4, and A(nz) = 0,
B(nz) = 1. This proves the case | = 3. O

Now we have the following
THEOREM 3.7. (C; = Cs.

PrROOF. By the isomorphisms (3.3) and (3.4) it is sufficient to prove that the
homomorphism ¢ : R\ /(Ip N R1?) — RY/(Ip N RY) induced by the inclusion map
R(()l’Q) — RBQ is an isomorphism. Since ¢ is injective, it is sufficient to show that ¢ is
surjective. Let ¢ be any element of RY. Then £®2P) ¢ Zu® + 7,(?»). By Proposition
3.6, there exists an element 1 € Ip N R? such that ¢P2) = p(»2p) Pyt & = £ —7. Then
& € R(l ? and € + Ip N RY = ¢(¢& + Ip N R12). This proves the theorem. O

4. The proof of C; = Cq.

Let p be a prime # 2,3. In this section we prove Cy = Cq.

Let d be an integer such that (d,2p) = 1 and it generates the cyclic group
(z/2pZ)* /{£1}. In this section we fix such an integer d. Let ¢ = o4 be the auto-
morphism of kg, defined by (2.5).

4.1. The group Ig.
Let R* and Rj be the subgroups of R defined in subsection 2.6, i.e., R* is the group
consisting of the elements n such that n° —n € Ip, and R = R*N Ry. By (2.20) we have

CQ%RS/IP. (41)

LEMMA 4.1.  Let € be an element of R. Then & = n° —n with some n € R if and
only if € € R®2P) and deg£®) = deg¢(?P) = 0.

PROOF. Assume that f = n? —n with n € R. Then by (2.14) we have { =
n®2P) ((d) — 1) € RW2) ¢®) = ) ((d) — 1) and £3P) = n(?)((d) — 1), which implies
that degé®) = degfup) = 0. This proves the only if part. Conversely, assume that
¢ € RP?P) and degé® = degé®) = 0. Since (d) generate C}l)(:lz), we can write
€= ma (@) [p] + 't na(d)i[2p] with I = (p—1)/2 and my, n; € Z. Since deg @ =
deg £3P) = 0, we have

-1
£=3 mil(d) - +Zm F=1)[2p] = n((d) - 1),

where
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. l_l .
1= o ma e D+ Y () 1] € RO,
i=1

This implies that £ = n? — n, which proves the if part, and the proof is completed. [

Put
IN ={¢e€Ip|€&=n —n with some € R}. (4.2)

By Lemma 4.1, that £ € IY is equivalent to that £ € Ip N R(P2P) with degé®) =
deg £P) = 0. Write & = &[p] with an element &. Then, the property of & is equivalent
to that & € Ip N RM?) with deg 5(()1) = deg 582) = 0 because Ip is an ideal of R (cf. [21,
Remark 5.1]). Hence we have

Iy ={¢ e Ip N RM | deg ¢V = deg ¢®) = 0}[p]. (4.3)

4.2. The study of Ip N R(1:2),
Taking account of (4.3) we study here the group Ip N R(12) | which is the group of
the principal divisors supported on the Q-rational cusps.

LEMMA 4.2.  Letn = 2kfy+£0, be an element of IpN R with k € Z and & € R(1:2)
satisfying the conditions (1)—(iii) of Theorem 3.4. Then we have n € RM?) if and only if
deg ™ = —degé® =E.

PrROOF. By (3.15) and (3.16), we have n € R if and only if A(n) = B(n) = 0,
which is equivalent to deg&® = —degé® = k. O

Let 6 be the element of Rg defined by
6= 05" + 912, (4.4)

The following theorem describes the group of the principal divisors supported on
the Q-rational cusps.

THEOREM 4.3.  The group Ip N RM2) consists of all elements of the form €0 € Re
where £ =3, m(a)a € R (m(a) € Z) such that deg(€) = 0 and the integers m(a)
satisfy the congruence

Z a(a)®m(a) + 2 Z a(a)’*m(a) =0 (modp).

aeCV (£) aeC® (4)

PROOF.  Let 1 = 2k6a + £6, be an element of Ip N RM?) with k € Z and ¢ € R(1?)
satisfying the conditions (i)(iii) of Theorem 3.4. We have n = (1) = 2k9;1’2) —|—§91(,1’2).
By (2.10), we have Hél’z) = Gél) - 9%1)[2] = 951)(1 — [2]). By Lemma 4.2, we have
5(1)99) = (degf(l))eél) = k@él) and 5(2)9é1) = (degf(g))eél)[Q] = —k:@él)[Q]. Hence we
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have
0 = 0 (1 - [2)) = (V) + €D 1 [2)

= k65" (1 - [2))? = 2k65" (1 — [2]) = 2k6L"?.

Here we used the equality 0%1) 2] = Hél). Thus we have n = 2k9§1’2) + 501(71’2) = {0&1’2) +
591(,1’2) = £0. Since deg¢ = deg €W + degé® =k — k = 0, the element 7 has the desired
form.

Conversely, let = &0, where ¢ = 3°_m(a)a € R1?) with deg(¢) = 0 and the
integers m(a) satisfy the given congruence. Put k = deg () (€ Z). It is easy to see that
the integers k and m(«) satisfy the congruences (i)—(iii) of Theorem 3.4. Therefore, the
element 1, = 2k +£6,, belongs to IpNR2 by Theorem 3.4. Since deg €D = —degt® =
k, the element n; = 2kf0; + £0,, belongs to R(12) by Lemma 4.2. The argument above
shows that n; = £0 = n. This completes the proof. O

Let 7 = £6 be an element of IpNR(M?) with & € R(M2). Then £ is uniquely determined
by 7. In fact we have the following.

PROPOSITION 4.4.  The element 0 is invertible in the algebra R((CL?) =R ®C.

PROOF. Let x be any character of C}m)(i), and put

1 _
6;172> R Z x(a)a™t

= 12
CT2 @) eoim s

Let v, denote the character of (Z/pZ)* induced by x (cf. [21, (5.8)]). Let xo be the
character of C}LQ)(:I:) which is trivial on C}l)(:i:) and satisfies xo([2]) = —1. Then we
have

1 1,2) . 1
(157 ) xE@el® ity @) 1,
1 .
fe{l-? = —5 0 - 1)ed? if X = Yo, (4.5)
L o (1.2) iy
—g(p —1)ey, if xy =1.
Since 96&172) # 0 for all x, the element 6 is invertible. O

4.3. A basis of I over Z.

Here we give a basis of the group I over Z.

Let Jo o be the subgroup of R(\?) consisting of the elements ¢ satisfying deg &™) =
deg €@ = 0 and the congruence of Theorem 4.3.

LEMMA 4.5.  We have I¥ = Jy00[p).
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PROOF. Let € € R((C1’2) and put & = &0. Then we have

deg &) = deg €M) deg 0 + deg €@ deg 02, (4.6)

deg 552) = deg €M) deg 0 + deg £ degdV). (4.7)

Assume that £ € Jyo, and put & = £6. Since degé® = degé® = 0, we have
degél) = degff) =0 by (4.6) and (4.7). Also, since deg¢ = deg &™) + degé® =0, we
have & € Ip N RM2) by Theorem 4.3. This implies that Jy o0[p] C IY by (4.3).

Conversely, Let = £;[p] be any element of I8, where & € IpNRM2) and deg §§1) =

deg §§2) = 0. By Theorem 4.3, we can write & = £ with an element & € R(1?) satisfying
deg ¢ = 0 and the congruence of the theorem. We have deg &) + deg £ = degé = 0.

Since degé® = —degé™M, we have deg ¢ (degf™M) — degf®) = 0 by (4.6). Since
deg ) — deg#® = —(1/24)(p> — 1) # 0, we have deg&(D) = 0, hence deg ¢(®) = 0. This
implies £ € Jy,0, thus we have Ig C Jo,00[p]. This completes the proof. O

We define the elements &; (0 < i <[ —3)and \; (i = 1,2) of Rél’z) as follows with

L= (1/2)(p— 1):
& = (d)' ((d) — d*)((d) — 1), (4.8)
M =p({d) = 1), A= (2-1[2))((d) - 1). (4.9)

PROPOSITION 4.6.  Let & (0 <i <1—3) and A\; (i = 1,2) be as above. Then the
set

{6 (0<i<1-3), &2 (0<i<1-3), Ai, Ao}

is a basis of the group Jo o over Z. (When p =5, the elements & and &;[2] do not exist.)

PRrROOF. Let & be any one of the elements &;, &;[2] and A;. Then it is easily verified
that deg €M) = deg&(® = 0 and the congruence of Theorem 4.3, hence ¢ is contained in
Jo,o- Let Jg o be the subgroup of Jy o generated by the elements &;, &;[2] and A; over Z.
Since the rank of Jy o over Z is 2(I — 1) which is equal to the number of the elements
above, it is sufficient to prove that Joo = Jgo. Let £ be any element of Jy . Since (d)

generates C}l)(:lz) and deg &) = deg£? = 0, we can write

-1
§= Zmi«d)i -1) + Zni(<d>i - 1)[2]

with m;, n; € Z. Since (d)’ — 1 = ({(d)""* +--- +1)((d) — 1), we have

-2

-2
£ey Z{dP((d) — 1)+ Y Z{d)*((d) - 1)[2]. (4.10)
k=0

k=0
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Since & € Jg o, we have (d)"*!((d)—1) = d*(d)*((d)—1) (mod J5,) fori = 0,...,1-3,
hence

(@*((d) 1) = () ((d) 1) = -~ = d**((d) — 1) (mod J5 o)
for k=0,...,1 — 2. Combining this with (4.10) we have
¢ € Z((d) — 1) + Z((d) — 1)[2] + J5.o. (4.11)
By (4.11) we can write £ = & + &, where £&* = m((d) — 1) + n((d) — 1)[2] with

m, n € Z and £* is an element of Jj,. Since £ € Joo, we have §* € Joo. Since
& = —m + m(d) — n[2] + n(d)[2] satisfies the congruence of Theorem 4.3, we have

1-(—=m)4+d?> -m+2{1-(—n)+d?-n} =0 (modp),

whence (m + 2n)(d? — 1) =0 (mod p). If p > 7, then d?> — 1 # 0 (mod p) because [ > 3.
If p =5, then d?> = —1 (mod 5), whence d? — 1 # 0 (mod p). We have therefore for any p
(#£2,3) m+2n =0 (modp). Put m+ 2n = ps with s € Z. Substituting —2n + ps for m
we have

& = ps(ld) — 1) — (2~ [2)({d) 1)
= 8)\1 — n)\g,
therefore £* € Jg . This proves { = " + §** € Jg 5, which completes the proof. g
By Lemma 4.5 and Proposition 4.6 we have the following.

ProrPOSITION 4.7. Let l, &, A1 and Ay be the same as in Proposition 4.6. Then
the set

{&pl6 (0<i<1-3), &[2lpl0 (0<i<1—3), \[plf, A2[p]6}

is a basis of the group I5 over Z.

4.4. Proof of C; = Cp.
First we define a subgroup I5 of I by

If ={¢€lp|&=n" —n with some n € Ip}, (4.12)
and prove I5 :Ig.

LEMMA 4.8.  Let n =nob, with ng € R. Thenn® —n = nép’Qp)«d} —1)6.

PROOF. By Proposition 2.6, we have n” —n = n®2P)((d) — 1). Since
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77(p,2p) - népﬂp)gz(}?) + 77(()1’2)9}(71’7219)

2 .2p) 5(1,2 1,2
:n(()p p)ein((]p p)gé )+77(() )9}()17,217)

and 08" ((d) — 1) = 6727 ((d) — 1) = 0, we have nP2P)((d) — 1) = ¥ ((d) — 1)6. This

proves the lemma. O
PROPOSITION 4.9. (1) Put ny = (d)'({(d) — d?)(—p + [p]) and n = nob, withi >0,
€ Z. Then we have n € Ip, and n° —n = (d)*({d) — d2)(<d> )[ 6.

(2) Put no = (d)'({(d) — d*)(—p + [p])[2] and n = nob, with i > 0, € Z. Then we have

n € Ip, and n” —n = (d)*((d) — d*)({d) — 1)[2][p]0.
(3) Putng = p(—p+[p]) and n = neb,. Then we haven € Ip, and n”—n = p((d)—1)[p]6.
(4) Put no = (2 —[2])(—p+ [p]) and n = nob,. Then we have n € Ip, and n° —n =
(2 - [2)((d) — 1.

PROOF. In every case of (1)—(4) we can prove that the element 7y belongs to Io
(cf. (3.14)). In fact, for each ng of (1)—(4), the value of the term on the left-hand side of
(3.14) is 0, and the value of the term on the left-hand side of (ii) of Theorem 2.4 is also
0. It is also easy to verify that each 7o of (1)—(4) satisfies the congruences (iii) and (iv)
of Theorem 2.4. For example, take the element 1y of (2). Put a = (d)*[2][p]. Then we
have b(a)? = (2 + p)2d** (mod p). The term on the left-hand side of (iv) is congruent to
(2 +p)2d? - d? + (2 + p)?d?* ™2 . (—1) modulo p, whence 7, satisfies the congruence (iv).
Since 1y € I, we have n € Ip by Theorem 2.4. The equality for n7 — n follows from
Lemma 4.8. (]

PROPOSITION 4.10. IX =15.

PROOF. Since IIQ C Ig, it is sufficient to prove Iﬁ - IIQ. In order to prove
IN C IE it is sufficient to show that each element of a basis of I3 over Z is contained in
IB. By Proposition 4.7 the elements &;[p]6 (0 <14 <1—3), &[2][p]0 (0 <i <1—3), A\1[p]0
and A2[p]f constitute a basis. The inclusions &;[pl0 € 15, &[2][pld € IE, M\[pl0 € IF
and Az[p]é € IE follow directly from (1), (2), (3) and (4) of Proposition 4.9 respectively.
This proves the proposition. O

Now we have the following
THEOREM 4.11. Cy = Cq.

PROOF. By the isomorphisms (3.4) and (4.1) it is sufficient to prove that the
homomorphism ¢ : Rg /(Ip N R®) — R§/Ip induced by the inclusion map Rg — R} is
an isomorphism. Since ¢ is injective, it is sufficient to prove that ¢ is surjective. Let
1 be any element of R§. Then n” —n € Ip, hence n° —n € Iﬁ. Since Ig = IIQ by
Proposition 4.10, there exists an element & € Ip such that n° —n = £7 — £. Hence we
have (n — £)? = n — ¢. This implies that n — £ € Ré)Q. Put 1 = n — & Then we have
n+Ip = ¢(m + Ip N R?) € ITm(¢). This proves the theorem. O

By Theorems 3.7 and 4.11 we have C; = Cg. If p > 7, then the genus of X;(2p) is



1274 T. TAKAGI

not 0, and we have the following.

THEOREM 4.12.  Let p be a prime > 7. Then the genus of X1(2p) is not 0, and the
Q-rational cuspidal group of Jy(2p) is generated by the Q-rational cusps.

Put G = Gal(ke,/Q). The group Ip is a G-module. Let H"(G,Ip) (respectively
H, (G, Ip)) be the n-th cohomology group (respectively homology group). Then Propo-
sition 4.10 is equivalent to the following theorem.

THEOREM 4.13.  For alln > 1, we have H*"~1(G, Ip) = Ha,(G,Ip) = 0.

Proor. Putl=(1/2)(p—1). Let N : Ip — Ip be the homomorphism defined by
N(§) = Zz;é €. Let D : Ip — Ip be the homomorphism defined by D(¢) = £7 — €.
Since G is a finite cyclic group, we have H*"~}(G, Ip) = H2,(G,Ip) = ker(N)/Im(D)
(cf. Rotman [17, Theorems 9.27 and 9.48]). Since N (&) = 1612 4 (deg @) u®) +
(deg £2P))u(?P) e have N(€) = 0 if and only if €12 = 0 and deg&®) = deg£(2P) = 0.
Hence we have ker(N) = IY by (4.3). Also we have Im(D) = IE by (4.12). Since
IX = IE by Proposition 4.10, we have the proof. O

5. The class number formula for Cg.

Let p be a prime # 2,3. In this section we determine the order of the Q-rational
cuspidal group Cg.

By Theorems 3.7 and 4.11, the group Cg coincides with C;, where C; = R61’2)/II(31’2)
with 11(31’2) = IpNR12) (2.15). Let Jy be the subgroup of Rél’z) consisting of all elements
& satistying the congruence of Theorem 4.3. Then by the theorem we have I}(,1’2) = Jyb,
therefore we have

Co = R/ Job. (5.1)

Let hg be the order of Cq.

Let A and B be two lattices of R(()TJQ?) = R(()m) ®Q, and let C be a lattice contained in
AN B. Then the quotient [A : C/[B : C] does not depend on the choice of C. We denote
this number by [A : B]. It satisfies the usual multiplicative property, namely [A : B] =
[A : D][D : B]. In particular, we have [R(()l’z) 2 Jol] = [Rgl’z) : R(()l’z)G][R(()l’Q)O 2 Jod).
Since 6 is invertible by Proposition 4.4, we have [R((]m)@ s Job] = [R[()l’Q) : Jo]. Hence we
have

hg =[RS : R0 RS : o). (5.2)

PROPOSITION 5.1. [R(()l’z) :Jo] =p.

PrOOF. Let £ be an element of R(()l’2). Let ¢(&) be the element of Z/pZ defined

by the term on the left-hand side of Theorem 4.3. Then ¢ is a homomorphism of Rél’z)
to Z/pZ, and its kernel is Jy. Put £ = —1 4 [2]. Then we have ¢ € R(()L?) and ¢(§) =1
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(mod p). This proves that ¢ is surjective, whence the proof is completed. O

PROPOSITION 5.2, [R)" : R§"6] = ((0°~1)/24) [1 0 {(4=0(2)) ((1/4) B2,4)?},
where ¥ runs over all non-trivial, even characters of (Z/pZ)*.

Proor. Let f: Réig N RO Q ) be the linear transformation on the vector space
RélQ over Q defined by the multiplication by §. Then we have [Rf)1 2 R((]1 2)0] =

| det(f)| by the theory of elementary divisors and the definition of [Rém) : Rél’z)é].
Let x be any character of C’}LZ)(:N:), and let xq, e S 2>, 1y be the same as in the proof

of Proposition 4.4. Since the elements e;l’m with x non-trivial constitute a basis of

R(1 2) R ( 2) ® C over C, we have det(f) = [[,, x(0), where x runs over all non-

trivial characters of 051,2) (£) and x(0) is the number defined by 96;1’ = x(0)ex {12 By
(4.5), we have

(18522 itx €0 #1
x(0) =

1 .
——(*-1) if X = xo.

(5.3)

therefore

| det(f)] = 5 (0 ~ 1)

I1 {<i32%)(2+x([2])>}‘. (5.4)

X#1, Xo

Let ¢ be a non-trivial, even character of (Z/pZ)*. Then the set of characters x of
C’}LQ)(:I:) with 1), = 1) consists of two elements. Let x be anyone of them. Then the
other is xxo. We prove that

[T @+x@)) =4-v@). (5:5)
XX =1
In fact, since (xxo0)([2]) = x0([2])x([2]) = —x([2]), the left-hand side of (5 5) is equal to

4 —x([2]?). By the definition of [2] the element [2]? is an element of C ( ) represented
by the matrix (2 + p)l,. Hence we have x([2]?) = (2), which proves (5.5). Since we
have

I {(35x)exen) -1 I {(Gax)ee)

x#1, Xo YFEL XX =1
1 2
M(32.5) | (5:6)

- H {(4 _

P#1
by (5.5) and the value of the right-hand side of (5.6) is a positive real number, combining
the equality (5.4) with [R((JI’Q) : Rél’z)e] = | det(f)|, we have the proof. O
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By (5.2) and Propositions 5.1 and 5.2, we have the following

THEOREM 5.3. Let p be a prime > 5. Let hg be the order of Cg. Then we have

hg = p22; 1p1;[ {(4 —¥(2)) (iBzw)z},

where Y runs over all even, primitive Dirichlet characters modulo p.

REMARK 5.4. When p > 7, this gives the order of the Q-rational cuspidal group
of Jl (Qp)

6. A basis of the modular units with divisors supported on Q-rational
cusps.

Let p be a prime # 2, 3. As stated at the beginning of Section 5, the Q-rational
cuspidal group Cg is isomorphic to Rél’z)/Il(gl’Q), and 11(31’2) = Jof where Jj is the subgroup
of Réw) consisting of the elements £ satisfying the congruence of Theorem 4.3. In this
section we give a Z-basis of 1 53172) so that we can determine the structure of Cg explicitly
for a given value of p.

Let d be the same as in Section 4, i.e., an integer such that (d,2p) = 1 and it
generates the cyclic group (Z/2pZ)* /{x1}. Let & (0 < i < I — 3) be the elements
defined in (4.8). We define the elements §_o and n; (0 <j <[—1) of Rém) as follows:

&2 = ((d) = 1) + (@ = 1)(1 — [2]), (6.1)
= (d)!((d) —d*)(1—[2)) (0<j<1-2), m-1=p(l-[2). (6.2)

PROPOSITION 6.1. Let & (0<i<1—2) andn; (0<j<I—1) be as above. Then
the set

{6 (0<i<i=2), n; (0<j<I-1)}

s a basis of the group Jo over Z.

PROOF. It is easy to verify that these elements satisfy the congruence of Theorem
4.3, hence they are contained in Jy. Let Jj denote the subgroup of Jy generated by these
elements. Since the rank of Jy is 21 — 1 which is equal to the number of the elements
above, it is sufficient to prove that Jy = J§. Let & be any element of Jy. Since (d)
generates C’}l)(j:) and deg& = 0, we can write

-1 -1
e=>"mi((d)y —1) + > ni((d)[2] - 1)
i=1 =0

with m;, n; € Z. Since
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(@2 -1=({d)"-1) = (&)'(1 - [2])

and (d)* — 1= ((d)*" ' +---+1)((d) — 1) (i > 1), we have

-2 -1
£€ Y Z@M(d) — 1)+ Y Z(d)*(1 - [2)). (6.3)
k=0 k=0

Since &; € J§, we have (d)*T1({d) — 1)
hence

d2(dy ({d) — 1) (mod Jg) for i = 0,...,1— 3,

(d)*((d) = 1) = d*{(d)* " ((d) 1) = - = d®*({d) — 1) (mod J5) (6.4)

for k=0,...,1—2. Also since n; € Jg, we have (d)?*1(1—[2]) = d?(d)?(1—[2]) (mod .J§)
for 5 =0,...,1 — 2, hence

(@1 -[2)=dd"1-[2) = =d*" (1~ [2]) (mod J5) (6.5)

for k=0,...,0 — 1. Combining (6.4) and (6.5) with (6.3), we have
E€eZ{d)y—1)+2Z(1—-2])+ J;. (6.6)
By (6.6) we can write & = £ + £**, where €* = m((d) — 1) + n(1 — [2]) with

m,n € Z and £** is an element of J§. Since & € Jy, we have £* € Jy. Since £* =
(—m + n) + m(d) — n[2] satisfies the congruence of Theorem 4.3, we have

1-(—m+n)+d*> - m+2-1-(—n) =0 (modp),
whence n = m(d? — 1) (mod p). Put n = m(d? — 1) + ps with s € Z. Then we have
& =m{((d) = 1)+ (® -~ 1)(A ~ 2D} +s - p(1 — [2])
=m&—2 + sm-1,
therefore £* € J§. This proves £ = £* + £** € J§, which completes the proof. (]

Since 11(31,2) = Jpf and 6 is invertible, we have the following

THEOREM 6.2. Let & (0<i<1—2)andn; (0 <j <Il—1) be the same as in
Proposition 6.1. Then the set

{60 (0<i<i-2), 96 (0<j<l-1)}

(1,2)
P

is a basis of the group I over Z.
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7. The Sylow p-subgroup of Cgp.

Let p be a prime # 2, 3. In this section we determine the structure of the Sylow
p-subgroup Cq,p, of Cq.

7.1. The x-eigen components.

As stated at the beginning of Section 5, the Q-rational cuspidal group Cq is isomor-
phic to Rél’2)/11(31’2), and IS’Q) = Job where Jj is the subgroup of ROI’Q) consisting of the
elements ¢ satisfying the congruence of Theorem 4.3:

Co = R/ Ju. (7.1)
Since the Sylow p-subgroup Cq,, of Cq is isomorphic to Cg ® Z,,, we have
Cop = (RSP @ Z,)/(Jof © ). (7.2)

Let o be any element of C}lz)(:t). Then o? € C’}l)(i) >~ (Z/pZ)* /{£1}, therefore
aP~! = 1. Let x be any character of C§1’2)(:|:). Then x(«) is a (p — 1)st root of 1. Since
Z, contains all (p — 1)st roots of 1, we can embed the group of (p — 1)st roots of 1 in C
into Z,'. We fix such an embedding and consider x as a homomorphism into Z;. Then

x(@) € ZX for all @ € CH7 (+).

Let e;l’m be the element defined in the proof of Proposition 4.4:

eil’m _ Z x(a)a™t (7.3)

PG
|CI (:I:)| aeC§1’2)(ﬂ:)

Since |C§1’2)(i)| =p—1 € ZF, we have e;l’m € ZP[C§1’2)(i)] = R @7, Let

D

&= Eaecf’z)(i) z(@)a (2(a) € Z,) be an element of R?) ® Z,. Put

X©= > za)x(a). (7.4)
aeCM? (1)
Then we have
el = x(&)el?. (7.5)

As is well-known, we have 1 = Zx e;l’2> and the elements eﬁcl’Z) satisfy the orthogo-

nality relation. Combining these facts with (7.5) we have the direct sum decomposition
RS @7, = @ Zyelt?. (7.6)
x#1

In the following we identify the group Cg, with the group (R(()I’Q) ® Zp)/(Job @
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Z,) through the isomorphism (7.2). Since Ip is an ideal of R, the additive subgroup
11(31’2) ® Zp = Jol ® Zy, is also an ideal of R Zy. Therefore, the group Cq,, is an
(R1?) ® Z,)-module. Put

Cop(x) = {m € Cqy,p | am = x(a)m for all o € 0}1’2)(1)}. (7.7)

We call the subgroup Cg,(x) of Cg,p the x-eigen component of Cq .

PROPOSITION 7.1. (1) CQ,p D, .1 Cap(X)-
(2) Coplx) = Zpe;m)/(Z §< N (Job ® Zy)) or =0 according as x # 1 or = 1.

PrROOF.  Since 1 = > e§<1’2> and e;l’m are orthogonal idempotents, we have the

ring decomposition R(}?) @7, = @D, e§1’2> (RY2 ®7Z,), hence as an (R1?) ® Z,,)-module
we have

C p = @6;1’2>CQ7P.
X

If m € Cqp(x), then e%’mm = m or 0 according as x; = )X or not, hence we have
6;1’2>CQ,1, = Cgp(x). For the trivial character We have Cg,,(1) = 0 by (7.6). This proves
(1). (2) follows from (7.6) and Cg ,(x) = eX CQ’p O

Since 6 € Q[C;l’z)(i)], we can regard the element 6 as an element of QP[C’§1’2)(i)].
Also we regard Z, [C’}l’g)(j:)] as a subgroup of Qp[Cﬁl’Q)(:I:)]. Then we have

Jo0 ® Zy = (Jo ® Z,)0 C Z,[CY) (4)]. (7.8)

Though 6 ¢ ZP[C§1’2)(:I:)], the value x(8) € Q, can be defined exactly in the same

manner as (7.4). Then we have 96;1’2> = X(9)6§<1’2> exactly in the same manner as (7.5).

PROPOSITION 7.2. Let X be a non-trivial character of C’(1 2)(j:). Let x(0) be as
above. Then we have Zpe§< N (Job ® Zp) = x(Jo @ Zp)x(0)e ;1 2>.

PrROOF. We prove the inclusion C. Let 1 be any element of Zpe§<1’2> N(Job RZ,).
Then we have n = 26;12 = &0 with z € Z, and £ € Jy ® Z, by (7.8). Hence n =
(zeil 2>) = (&0)ey, {1.2) )((f)x(@)e§< 2 This prove the inclusion.

Next we prove the reverse inclusmn D. Let 5 be any element of X(Jo ®Zp)x(9)e§<172>.
Then we have n = x(&)x(9)e §< with £ € Jo ® Zp. Put my = 596,( . Since Job ® Zy,
is an ideal of Z][,[C’(1 2)( +)], we have m1 € Jof ® Z,. On the other hand, we have 1, =
§9€§3’2> = X(f)x(&)e§<1 2 = 7, whence n € Zpe§<l’2> N (Jo# ® Zy,). This proves the reverse
inclusion. Thus the proof is completed. ]

By Propositions 7.1 and 7.2, for any character x # 1, we have
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Cop(X) = Zp/(x(Jo @ Zp)x(0)). (7.9)

7.2. The group x(Jo ® Zyp).

Here we study the subgroup x(Jo ® Z,) of Z,, which is an ideal of Z,.

Let Jy denote the subgroup of R(1? © Z, consisting of all elements £ =
Zaecﬁl,z)(i) z(a)a (2(«) € Z,) such that deg(§) = 0 and the coefficients z(«) satisfy the
congruence

Z ala)?z(a) + 2 Z a(a)?z(a) =0 (mod p). (7.10)

aeC® (£) acC® (£)

PROPOSITION 7.3.  Jo = Jo ® Z,.

Proor. It is easy to verify that Jy ® Z,, is contained in Jo. We prove the reverse
inclusion. Let £ =" (@)a (2(a) € Z,) be any element of Jy. Since deg(¢) =
aeCt (1) z(a)(a —1). For each a € C’;LZ)(:I:), let m(a) € Z and
Z'(a) € Z,, be chosen as z(«) = m(a) + pz’(«). Then by (7.10) the integers m(«) satisfy
the congruence of Theorem 4.3. Since deg(§) = 0, we have 0 = Zaec(“)(i) m(a) +

I

pzaec§1,z)(i) 2'(a), hence

echD (4 #
0, we can write £ =)

Z m(a) =0 (mod p). (7.11)
acCM? (1)
Put
o= Y,  mla)a- ( > m(a)) 1= > m@)(a-1). (7.12)
acCM? (+) acCM? (4) acc{M? (4)

Since the element (Za60(1’2)(:|:) m(c)) - 1 satisfies the congruence of Theorem 4.3 by
I

(7.11), the element &y also satisfies the congruence of Theorem 4.3. By this and the
equality deg(&y) = 0, we have & € Jy. Now we have

E=&+ Y, Z@)-pla-1), (7.13)

acCt? (1)

Since p(a—1) € Jy, the equality (7.13) implies £ € Jy ® Z,,. This completes the proof. [J

Let ¢ = ZQEC§1‘2)(i) z(a)a (z(a) € Z,) be any element of R12) ® Z,. Then

deg(¢) = 0 if and only if £ is of the form Za;ﬂ ec(l,Z)(i)Z(O{)(O{ — 1), so that £ is
» €0y

determined by the elements z(a) with o # 1, € C§1’2) (£). Moreover, by Proposition 7.3,

we have { € Jy ® Z, if and only if these elements z(a) (a # 1, € C§1’2)(:|:)) satisfy the
congruence
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Z (a(a)? = 1)z(a) + Z (2a(a)? — 1)z(a) = 0 (modp). (7.14)

a1, eC' (£) acC® (+)

Put F, = Z/pZ. Let V be the vector space over F, of all IF,,-valued functions on the
set C}l’z)(:lz) \ {1}. For two elements f, g of V', we define the inner product (f, g) by

(f.9) = > fla)g(a). (7.15)

accM? (£)—{1}

For any element § = Za;ﬂ ot (4 z(a)(a—1) of Jy @ Zy, we define a function fe € V
&b
by

fe(a) = 2(a) (modp) for all a € C2) () \ {1}, (7.16)

and denote by X the subspace of V' consisting of all functions fe with £ € Jo ® Z,. We
define a function f, € V' by

a(a)? — mo if )
f(a) = (a(a)® = 1) (modp) ifae 012 () \ {1}, (7.17)
(2a(a)? = 1) (modp) ifa € C} )(:I:).

The function f, is not 0 because f,([2]) = 1. We denote by Y the one-dimensional
subspace F,, f, of V.

A function f € V belongs to X if and only if it satisfies the condition (7.14) with
z(a) (modp) = f(a), which is equivalent to (f, f,) = 0. Therefore, the space X is the
orthogonal complement of the space Y.

Let x be a character of C’}l’z)(:lz). We define a function f, € V by

Frla) = (x(@) — 1) (modp) for all a € C2 (£)\ {1}. (7.18)

Let &€ = Za#17ec§1,z)(i) z(a)(a — 1) be an element of Jy ® Z,. Then by the definition
(7.4) of x(§) we have

x(&) (modp) = (fy, fe)- (7.19)

Let ¢ be any prime. Let w, : (Z/qZ)* — Z; be the Teichmiiller character with

respect to ¢, i.e., wy is the unique homomorphism of (Z/qZ)* to Z; such that its values
are (¢ — 1)st roots of 1 and it satisfies

wy (@ modq) = a (mod q) (7.20)

for all a € Z with (a,q) = 1. Tt is also well-known that the following holds:

wy (a modgq) =a?" (modg™*t?) (7.21)



1282 T. TAKAGI

for all @ € Z with (a,q) =1 and n >0, € Z.

Put w = w,. As is wellknown w(—1) = -1, hence w” is a character of
(Z/pZ)* J{x1}. Since the group C\" () can be identified with (Z/pZ)* /{=1}, we re-
gard w? as a character of C’}l)(j:).

Let x be a character of C§1’2)(i) such that its restriction to C;l)(i) coincides with
w2, Since [2]2 is an element of C{") (&) represented by the matrix (%3750, ), we have
Y2(12) = x([2)?) = w?(2 + p) = w?(2), whence x([2]) = +w(2). We denote by x,, the
character of C’}l’z)(j:) defined by the following equalities:

2

Xo | CfY () = w? and xu([2)) = w(2). (7.22)
LEMMA 7.4.  The function f, coincides with the function f,.

ProOF. If a € C\" (&) \ {1}, then fy_(a) = (xu(@) — 1) (modp) = (w(a) — 1)
(modp) = (w?(a(a) modp) — 1) (modp). By (7.20) we have w(a(a) modp) = a(a)
(modp). Hence f, (o) = (a(a)? — 1) (modp) = fo(a). If a € C}Q)(:I:), then « is

represented by the matrix (a(«))[2] where (a(a)) = (a(oa) a((;)). Hence we have f, _(«)

(xw({a(@))[2])=1) (mod p) = (xw({a(@)))xw([2])—1) (modp) = (w?(a(a) mod p)w(2)—1
(mod p). Since w(2) = 2 (modp) by (7.20), we have f, (o) = (2a(a)? — 1) (modp)
fa(a). This completes the proof.

~—

oo

LEMMA 7.5. Let x; (i = 1,2) be two characters of C;LQ)(:I:). If fxr = fxo, then
X1 = X2. In particular, if x # 1, then f, # 0.

Proor. If f,, = fy,, then x1(a) = x1() (modp) for all o € C}M)(:l:), hence
(x1x2")(a) = 1 (modp) for all a € 051’2)(:|:). Since the (p — 1)st roots of 1 are the

representatives of Z /(1 + pZ,), we have X1X3 ' =1, i.e, x1 = x2. In particular, since
fi=0,if x #1, then f, # fi(=0). This completes the proof. O

Now we can determine the ideal x(Jo ® Zp).

PROPOSITION 7.6.  Let x be a non-trivial character of C§1’2)(:|:). Then the ideal
x(Jo ® Zyp) of Zy, is pZ, or Z, according as X = Xw OT 7 Xw Tespectively.

PROOF. Assume that x(Jo ® Zy) C pZ,. Then x(§) (modp) = 0 for all £ €
Jo ® Zy,. By (7.19) we have (fy, f) =0 for all f € X, hence f, belongs to the orthogonal
complement of X. On the other hand X is the orthogonal complement of the space
Y =F,f,. Therefore f, is an element of I, f,, i.e., there exists an element ¢ € F,, such
that f, = cf,. Considering the values at [2], we have f,([2]) = cfo([2]), 1., (x([2]) — 1)
(modp) = ¢(2 — 1), hence x([2]) (modp) = ¢+ 1. Again considering the values at
212, we have £([212) = cfa([22), Le, (([2%) — 1) (modp) = c((2 + p)? — 1) (modp),
hence x([2]?) (modp) = 3c + 1. Since x([2]?) (modp) = (x([2]) (modp))?, we have
3c+1=(c+1)? ie, c(c—1) =0, hence ¢ = 0 or 1. If ¢ = 0, then f, = 0. Since
X is non-trivial, this is a contradiction by Lemma 7.5. Therefore we have ¢ = 1, i.e.,
fx = fa- By Lemma 7.4 we have f, = f,_, hence f, = f,, which implies that x = x.
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by Lemma 7.5. This proves that if x # x,, then x(Jo ® Z,) = Z,. Let x = x,. Since
Xw(§) (modp) = (fy., fe) = (fa, fe) =0 for all § € Jy ® Zyp,, we have xo,(Jo ® Zyp) C pZp.
Put £ =p([2] - 1) € Jo ® Zp. Then xu(§) = p(xw([2]) — 1) = p(w(2) — 1). By (7.20) we
have w(2) =1 =1 (modp), i.e.,, w(2) — 1 € Z,’, which implies that x.(Jo ® Z;,) = pZ,.
This completes the proof. O

7.3. The number x(0).

Here we study the number x/(6).

Let x be a non-trivial character of C}l’z)(:lz). Let v, be the character of (Z/pZ)*
associated with y as defined in the proof of Proposition 4.4. Let xo be the character of
051’2)(i) which is trivial on C}l)(i) and satisfies xo([2]) = —1. Then by (4.5) we have

(1800 )4 xt)) il Cf ) 1,
x(0) =

1

*2*4(17 -1) if x = Xo-

(7.23)

PROPOSITION 7.7.  Let xo be as above. Then Cg,(x0) = 0.

PROOF. By (7.9) we have Cq,(x0) = Zp/(x0(Jo ® Zy)x0(0)). Since xo(Jo ® Zy) =
Zy, by Proposition 7.6 and xo(¢) € Z,5 by (7.23), we have the proof. O

By Proposition 7.7, in order to study the y-eigen component, it is sufficient to
consider the case where the restriction of x to C}l) (£) is non-trivial. Let x be a character
of C;LQ)(:I:) such that y | C’§1)(:t) # 1. Since any character of (Z/pZ)* into Z,’ can be
expressed as a power of w, we can write

x| W (£) =w? with 1 <k < =(p—3) (k € Z). (7.24)

l\D\»—l

Since x([2])? = x([2]?) = w?*([2]?) = w?(2), we have
x([2) = $w(2)". (7.25)

We denote by xi+ (respectively xi,—) the character y which satisfies the condition
(7.24) and x(]2]) = w(2)* (respectively x([2]) = —w(2)¥). Also we denote by Cg,(k,+)
(respectively Cq,p(k, —)) the eigen component Cq ,(X#,+) (respectively Cg p(x%,—)). Then
we have

(p—3)/2 (p—3)/2
EB Coplk, +) @ @ Cop(k, ). (7.26)
7.3.1. The study of 2 + x([2]).
Here we study the number 2+ x([2]). Let d be the order of 2 in the group (Z/pZ)*.

LEMMA 7.8.  Let q be any prime. Let a and x be integers. Let n be a non-negative
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integer. Then if x = a (mod q), then 9" = a9 (mod ¢"*+1).
ProOF. Cf. Ireland and Rosen [5, Chapter 4, Lemma 3]. O

LEMMA 7.9. Let x = Xk,+. Then we have 2+ x([2]) € pZ,, if and only if 0 is even
and k =1+ 611 with 61 = 6/2 and I an odd integer.

PROOF. Assume that ¢ is even and k& = 1 4 §;] with ; = §/2 and [ a positive,
odd integer. Then 2% = —1 (modp). Since w(2)* = 2 = 2% (mod p) by (7.20), we
have 2+ x([2]) = 2+ w(2)F = 2(1 +2%%) = 2{1+ (~1)'} (mod p). Since [ is odd, we have
2+ x([2]) = 0 (mod p). This proves the if part.

Conversely, assume that 2 + x([2]) = 2+ w(2)* = 0 (modp). Then, by (7.20), we
have 2 + 2F = 2(1 + 2F~1) = 0 (modp), i.e., 2" = —1 (modp). Since 22(-=1 =1
(mod p), we have 2(k — 1) = 0 (modd). If § is odd, then k¥ — 1 = 0 (mod ), hence we
have 2=! = 1 (mod p). This contradicts the congruence 2*~! = —1 (mod p), therefore
d is even. Put 6 = 24;. Since 2(k — 1) = 0 (mod 26;), we have k — 1 =0 (mod ). Put
k=1+611 with [ >0, € Z. Then 2~ = 25! = (291)! (mod p). Since 2°* = —1 (mod p),
we have —1 = (—1)! (mod p). This implies that [ is odd, and the only-if part is proved.

LEMMA 7.10. Let x = xk,—. Then we have 2+ x([2]) € pZ, if and only if k =1
(mod §).

PROOF.  Since w(2)*¥ = 2% (modp) by (7.20), we have 2 + x([2]) = 2 — w(2)*

2 — 2% =2(1 —2%71) (modp). Therefore, 2 + x([2]) = 0 (mod p) if and only if 28~ = 1
(mod p). Since this is equivalent to &k = 1 (mod d), we have the proof. O

As mentioned in Introduction, a prime q is called a Wieferich prime if it satisfies
2971 =1 (mod ¢?). (7.27)

Although the number of Wieferich primes is believed to be infinite, the only ones that
have been discovered so far are 1093 and 3511. Knauer and Richstein [7] reported that
there are no other Wieferich primes less than 1.25 - 101°.

DEFINITION 7.11. Let g be a prime. If there exists the greatest integer n > 0 that
satisfies

27"~ =1 (mod ¢"*1), (7.28)

then we denote it by W (q).

PROPOSITION 7.12.  Let q be a prime. Then we have the following.
(1) The integer W(q) exists.

(2) Ifn is an integer satisfying 0 < n < W(q), then 2¢"~' =1 (mod ¢"*).
(3) The prime q is a Wieferich prime if and only if W(q) > 1.
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PROOF. (1) There exists at least one integer n > 0 which satisfies (7.28) because
it holds with » = 0. Assume that there is an infinite sequence of integers 0 < n; <
ng < -+ < mg < --- such that all ns satisfy the congruence (7.28). Then 20" = 9
(mod g™+ 1) for all ng. Let w, be the Teichmiiller character with respect to q. Since we
have wy(2) = limy,_o 29" by (7.21), the validity of the congruence for all ny implies
wq(2) = 2. Since wy(2) is a (¢ —1)st root of 1, we have 297! = 1, which is a contradiction.
Therefore, there exists the greatest integer n > 0. This proves (1).

(2) It is sufficient to prove that the congruence 27" ~1 =1 (mod ¢"*+2) implies the
congruence 24" 1 = 1 (mod¢"*t!) for n > 0. If ¢ = 2, then 2¢" 1 2 1 (mod ¢"*+2)
for any n > 0. Therefore we can assume that ¢ # 2. Since 29 = 2 (modgq), we
have 27" = 24" (mod¢"*!) by Lemma 7.8. Since ¢ # 2, we have 2¢" ~1 = 24¢"~1
(mod ¢"*1!). Combining this with the assumption 27" =1 = 1 (mod¢"2), we have
24"~ =1 (mod ¢"*1). This proves (2).

(3) This follows from (2) immediately. O

Now we determine the p-order of 2 + x([2]).
PROPOSITION 7.13.  Let x = x4+ (1 <k < (1/2)(p—3)). Let § and W(p) be as
above. Then we have the following.

(1) If 6 is even and k = 1+ 611 with 6y = 6/2 and | an odd integer, then 2 + x([2]) €
pW(p)HZ;f-

(2) Otherwise, 2+ x([2]) € Z,;.

Proor. (2) follows from Lemma 7.9. We prove (1). By (7.21), 2 + x([2]) =
24+ w(2)F =24 28" =201 420" . 20") (modp™tt) for any n > 0, € Z. Since

290 = —1 (modp), we have 207" = (—1)?" = —1 (mod p"*') by Lemma 7.8. Hence,
since [ is odd, we have 291" = —1 (modp™*t!), therefore 2 + x([2]) = 2(1 — 2¢" 1)
(mod p™*1). This implies that 2 + x([2]) = 0 (modp™*™!) or # 0 (mod p"*!) according
as n < W(p) or > W(p), which completes the proof. O

PROPOSITION 7.14.  Let x = xx,— (1 <k < (1/2)(p—3)). Let 6 and W(p) be as
above. Then we have the following.

(1) If k=1 (modd), then 2+ x([2]) € pV P 17X
(2) Otherwise, 2+ x([2]) € Z);.

ProOOF. (2) follows from Lemma 7.10. We prove (1). By the assumption we
write k = 1 + 6] with I € Z. Then, by (7.21), 2 + x([2]) = 2 — w(2)F = 2 — 2" =
2(1 — 2°" =1 . 28") (mod p"*1). Since 2° = 1 (modp), we have 2°?" = 1 (modp"*+?)
by Lemma 7.8, hence 2°?" = 1 (modp"*!). Thus we have 2 + x([2]) = 2(1 — 2P" 1)
(mod p"*1). This implies that 2 + x([2]) = 0 (modp™*!) or # 0 (mod p"*!) according
as n < W(p) or > W(p), which completes the proof. O

7.3.2. Properties of generalized Bernoulli numbers.
Let v be an even Dirichlet character of conductor p with values in Z). Here we
summarize some properties of the generalized Bernoulli numbers B ,,.
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PROPOSITION 7.15.  Let p = w? (1 <a < (p—3)/2, a € Z). Then we have the
following.

(1) Ifa= (p—3)/2, then
1
BQ’# S —]; -I-Zp

(2) If1<a<(p—15)/2, then By, € Zy, and for any 1 > 0, € Z, we have

1

W = mBQapl+2 (modpl+1Zp).

B,

PROOF. (1) Since w?* = w2, this is the case n = 2 of Washington [22, Exercise
7.6 (d)]. (2) In [22, Exercise 7.5] we replace the notation a by I, and put m = 2,
n =2ap' +2 and xy = w". Since n =2a+2 # 0 (modp — 1), we have x # 1. Also since
m =n (modp'), we have, by this exercise, the congruence

(1= (xw™™)(p) -pm’l)m (1= (xw™™)(p) -p”’l)% (modp'*1).

m

Since yw™ ™ = w2 = 2 # 1, we have (xw™™)(p) = 0. Since xw™™ = 1, we have
(xw™)(p) =1,and 1 — (xw ™) (p)-p" 1 =1—p"~ L Sincen—1=2ap' +1 > (1+1)! >

[+1, wehave 1 —p"~! =1 (modp'*!). Thus we have

By, Bn,i 1
2 n  2apl +2

B2apl+2 (mOdlerlZp)v

which proves (2). O

7.3.3. The study of B, o1
’Fx
Here we study the number B, wit

DEFINITION 7.16. Let ¢ be a prime # 2,3. Let a be an integer with 1 < a <
(g — 3)/2. If there exists the greatest integer n > 1 that satisfies

B(Zaiz)qnfl+2 =0 (mod anq), (729)

then we denote it by B(q,2a). If there are no integers n which satisfy the congruence
above, then put B(q,2a) = 0.

Let g be a prime # 2,3. If By, = 0 (modgZ,) for 0 < 2a < ¢ — 1, then the pair
(¢,2a) is called an irregular pair. The congruence (7.29) with a = 1 does not hold for
any n > 1 because B = 1/6. Hence we have B(q,2) =0 for any ¢ # 2, 3.

PROPOSITION 7.17. Let q be a prime # 2,3. Let a be an integer with 1 < a <

(q—3)/2.
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(1) The integer B(q,2a) exists.

(2) If B(q,2a) > 1 andn is an integer satisfying 1 <n < B(q,2a), then Biaq_g)gn-142 =
0 (mod ¢"Z).

(3) The pair (q,2a) is an irregular pair if and only if B(q,2a) > 1.

PROOF. (1) Assume that the integer B(q,2a) does not exist. Then a # 1, i.e.,
a > 2, and there is an infinite sequence of integers 1 < m; < mng < --- < ng < --- such
that all n;, satisfy the congruence (7.29) with n = ny. Let u = w2*"2. Then by (2) of
Proposition 7.15, we have

1 Nk
By, = @D is 1B(2a72)an71+2 =0 (mod ¢"*Zy)

for all ny, which implies that By, = 0. Since By, # 0 as is well-known, this is a
contradiction. Therefore, the number of the integers n > 1 that satisfy (7.29) is finite.
This proves (1).

(2) It is sufficient to prove that the congruence B(zq_2)qt 12 = 0 (mod q"*17Z,) implies
the congruence B(z,_9)q1-142 = 0 (mod q'Z,) for 1 > 1. Put m = (2a — 2)¢'~! + 2 and
n = (2a—2)¢' +2. Since m # 0 (mod ¢—1) and m = n (mod(q—1)¢'~!), by the Kummer
congruences [5, Chapter 15, Theorem 5] we have

B B
1—gm =" =(1-¢" =" (modq¢'Z,).
(=g ) —==(1-¢"")—= (modqZ)
Combining this with B, = B(a,_2)44+2 = 0 (mod ¢' 1 Z), we have By, = B(ag—2)q1-142 =
0 (mod ¢'Z,). This proves (2).

(3) This follows from (2). O
Now we consider the case ¢ = p.

PROPOSITION 7.18. Let p = w?* (1 < a < (p—1>5)/2, a € Z). Then By, €
pB(p,2a+2)Z}>7< .

PROOF. Assume that B(p,2a + 2) = 0. Then (p,2a + 2) is not an irregular pair,
i.e., Bagy2 # 0 (mod pZy). By (2) of Proposition 7.15 we have By, = (1/(a + 1)) Baa+2
(mod pZy). This implies that By, # 0 (modpZ,), i.e., Ba, € Z). Next, assume that
B(p,2a +2) > 1. By (2) of Proposition 7.15 we have By, = (1/(ap'~' + 1)) Bagpi-112
(mod p'Z,) for I > 1. This implies that B , = 0 (mod p'Z,) or # 0 (mod p'Z,) according
as | < B(p,2a+2) or > B(p,2a+ 2), which proves B; ,, € pB(p’2a+2)Z;. This completes
the proof. O

The following proposition determines the p-order of B, ot

PROPOSITION 7.19.  Let x = Xk,+ or Xk,— (1 <k < (1/2)(p —3)). Then we have
the following.

(1) If k=1, then By o1 € —(1/p) + Z,,.
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(2) If2< k< (1/2)(p—3), then B, ;-1 € pBPrH1=2k)7

2,9

PRrROOF. Since 1/);1 = w = w172k put 26 = p—1—2k. Then 1 < a <
(1/2)(p—3), and a = (1/2)(p—3) if and only if £ = 1. (1) follows from (1) of Proposition
7.15. (2) follows from Proposition 7.18 because 2a + 2 = p + 1 — 2k. This completes the
proof. O

7.3.4. The determination of B(p,2a) for all irregular pairs (p,2a) with
p < 4001.
In [22, Section 2 of Tables] all irregular pairs (p,2a) with p < 4001 are given.
We can determine the values of B(p,2a) for all of them by a method explained in this
subsubsection. The result is the following.

EXAMPLE 7.20. For all irregular pairs (p, 2a) with p < 4001, we have B(p, 2a) = 1.

In the following we explain the method of computation. Let m and n be positive
integers. We define S,,,(n) by

n—1

Sm(n) =Y k™. (7.30)
k=0
Then we have the following well-known equality (cf. [5, Theorem 1 in Chapter 15]):

(m+1)Spm(n) = i <m + 1) BnmT1=F, (7.31)

k=0 k

PROPOSITION 7.21.  Let p be a prime # 2,3. Let r > 1 be an integer satisfying
2r £ 0 (modp —1). Let 1 >0 be an integer. Put m = 2rp! +2. Then

B = Sy (p) (mod p'™37Z,,).

PROOF. If we put n = p in the equality (7.31) and divide it by m + 1, we have

1 m+1
k=0

Since m is even with m > 4, the integer m — 1 is odd with m — 1 > 3, whence B,,_1 = 0.

Since
1 m—+1 1 m—+1
B m+1—k _ Bm _ h
m_|_1< k ) kD m+1 h +1—hP

with h=m + 1 — k, put

1 m+1
b= ("

m+ 1 >Bm+1—hph'
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Then we have pB,, = S,(p) — D, where D = Y74 D,.
As to the term D3 we have
-1
D3 = m(mT)p?)Bm_2. (7.32)
Since m — 2 = 2rp! = 2r # 0 (modp — 1), we have B,,_2 € (m — 2)Z, by a result of
Adams [5, Proposition 15.2.4], whence B,,_2 € plZp. Since p # 2,3, we have

D3 € 'z, (7.33)
by (7.32).
As to the terms Dy, with h > 4 we have
Dy = (m —2)35— 1)(];:—12)(11 —gymm = 1) (7:—_3)]33”“” (7.34)
We prove that
A € p°Z,. (7.35)

h(h —1)(h — 2)(h — 3)

In fact, if the integers h —i (0 < ¢ < 3) are all prime to p, then (7.35) holds because
h —1 > 3. Let one of the integers h — i (0 < 4 < 3) be a multiple of p. Since p > 5,
only one of them is divisible by p and the others are prime to p. Let h — i = p®q where
e and ¢ are positive integers and (g, p) = 1. Then the p-order of the number of (7.35) is
(h — 1) — e, for which we have

(h—1)—e=p°q+i—1—-e>(1+4)°—-1—c¢
>1+4e—1—e=3e>3.

This proves (7.35). Since m — 2 € p'Z and pBy,+1-1 € Z,, combining these with (7.35),
we have

Dy, € p'37Z, (7.36)

by (7.34).
By (7.33) and (7.36) we have D € p!™3Z,. This completes the proof. O

Though it is difficult to determine the value of B(p, 2a) by its definition, the following
proposition gives a useful method. Since B(p,2) = 0, it is sufficient to consider the case
a> 2.

PROPOSITION 7.22.  Let a be an integer with 2 < a < (p — 3)/2, and assume that
the pair (p,2a) is an irregular pair. Let 1 > 0 be an integer. Let m; = (2a — 2)p' + 2.
Then we have the following.
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0 (mod p'*?), then B(p,2a) > 1+ 1.
0 (mod p'*2), then B(p,2a) <.
0 (mod p'*2) and Sy, (p) # 0 (modp'™3), then B(p,2a) =1+ 1.

(1) If Sm, (p)
(2) 1If S, (p)
(3) 1f S, (p)

1

PROOF. Since 2a — 2 # 0 (modp — 1), by Proposition 7.21, we have B,,, = 0
(mod p'*1Z,) or # 0 (mod p'+17Z,) according as S,,, (p) = 0 (mod p!*2) or # 0 (mod p!*2)
respectively. By Definition 7.16 and Proposition 7.17, these hold according as B(p, 2a) >
I+ 1 or <. Thus we have (1) and (2). (3) follows from (1) and (2). O

COROLLARY 7.23.  Let a be an integer with 2 < a < (p—3)/2, and assume that the
pair (p,2a) is an irreqular pair. Let my = (2a — 2)p + 2. If S, (p) #Z 0 (mod p?), then
B(p,2a) = 1.

PROOF. Let mg = (2a—2)p°+2 = 2a. Then by Proposition 7.21 we have S,,,, (p) =
pBa, (mod p®Z,). Since (p,2a) is an irregular pair, we have Ba, = 0 (mod pZ,), whence
Sme(p) = 0 (mod p?Z,). Combining this and the assumption Sy, (p) # 0 (mod p?®) with
(3) of Proposition 7.22, we have the proof. O

We computed the residue of S,,, (p) modulo p? for all irregular pairs (p,2a) with
p < 4001, and verified that all of them satisfy that S,,, (p) # 0 (modp?). Hence, by
Corollary 7.23, we obtain the result stated in Example 7.20.

7.4. The determination of the Sylow p-subgroup.

Here we determine the structure of the Sylow p-subgroup Cg, of Cg. In view of
the decomposition (7.26), it is sufficient to determine the structures of Cg,(k,+) and
Cop(k,—). As before, let § be the order of 2 in the group (Z/pZ)*. For the notation
W (p) (respectively B(p,2a)), see Definition 7.11 (respectively Definition 7.16). Then we
have the following theorems.

THEOREM 7.24.  Let k be an integer with 1 < k < (1/2)(p—3). Then the structure
of the group Cq,p(k,+) is given as follows.

(1) If k=1, then Cg,(1,+) = 0.
(2) If2< k< (1/2)(p—3), then

if 6 is even and k =1+ (§/2)1

B(p,p+1-2k)+W (p)+1
Zip z {withl an odd integer,

CQ,p (kv +) =
Z/pB(p,erlf%)Z otherwise.

PrOOF. By (7.9) and (7.23), we have
Cap(k, +) = Zp/ (xh4 (Jo @ Zp) (2 + Xk, 4+-(2D) By )-

Since X, = X1,4, by Proposition 7.6, we have xy +(Jo ® Z,) = pZ, or Z, according

as k = 1 or # 1 respectively. By Proposition 7.13, 2 4+ x1,+([2]) € Z}, and by (1)

of Proposition 7.19, B, wot € —(1/p) + Z,, with x = x1,+. These results imply that
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X1.+(Jo ® Zp)(2 + x1,+([2])) By o1 = Zp with x = x1,4. This proves (1). Let k # 1.

Since xk,+(Jo ® Zy,) = Z,, the statement (2) follows immediately from Propositions 7.13

and 7.19. O

THEOREM 7.25.  Let k be an integer with 1 < k < (1/2)(p—3). Then the structure
of the group Cqp,(k,—) is given as follows.

(1) If k=1, then Cop(1,—) = Z/p" V)7,
(2) If2<k<(1/2)(p—3), then

Z,)pBept1=20)+ W) +l7, it k=1 (mod ),
C@,p(kv -) =

Z/pB(p,p+1—2k)Z otherwise.

PROOF. Since xx,— # Xw(= Xx1,4), we have xx _(Jo ® Z,) = Z, by Proposition
7.6. Hence, by (7.9) and (7.23), we have

Cop(k, =) 2= Zp/ (24 X0~ (120) By gzt )2

By Proposition 7.14, 2+x1,-([2]) € pW(p)‘HZIf, and by (1) of Proposition 7.19, By 1 €
—1/p+ Zp with x = x1,—. Hence we have ((2 + x1,—([2]))By y-1)Zp = p"P)Z, with
X = x1,—. This proves (1). Let k # 1. Then the statement (2) follows immediately from
Propositions 7.14 and 7.19. (|

When p is regular and is not a Wieferich prime, the Sylow p-subgroup can be com-
pletely determined as follows. In the following corollary, we denote by [z] (z € R) the
greatest integer that is less than or equal to z.

COROLLARY 7.26. Let p # 2,3 be a regular prime and not a Wieferich prime. Let
J1=1(1/20)(p —5)] and f2 =[(1/26)(p — 5) +1/2]. Then

o o (Z/pZ) " if 6 is odd,
Gy = (Z)pZ) 1 H12 if § is even.

PrOOF. Let 1 <k < (1/2)(p — 3). By the assumption we have W(p) = B(p,p +
1 —2k) = 0. Hence, by Theorems 7.24 and 7.25, we have

Z/pZ if ¢ is even and k =1+ (§/2)l with [ an odd integer,
CQ,p(k', +) = .
0 otherwise,
and
Z/pZ if k=1 (modé) and k > 2,
CQ,P(kv -) = .
0 otherwise.
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Let f1 be the number of k with Cg ,(k, —) = Z/pZ. Since in that case k = 1 + nd with
n € Nand k < (1/2)(p—3), we have 1 <n < (1/2§)(p—5), therefore f1 = [(1/26)(p—5)].
If ¢ is odd, we have Cg ,(k,+) = 0 for all k. This proves the case of odd é. Let ¢ be even.
Let fo be the number of k with Cq p,(k,+) = Z/pZ. In that case we have k = 1+ (5/2),
l=2m—1withm € Nand k < (1/2)(p—3). Hence we have 1 <m < (1/26)(p—5)+1/2,
therefore fo = [(1/20)(p — 5) + 1/2]. This proves the case of even J. O

In the following examples we consider the irregular primes or the Wieferich primes
with p < 4001. In [22, Section 2 of Tables] all irregular pairs (p,2a) with p < 4001 are
given. The only known Wieferich primes are 1093 and 3511. The prime 1093 is regular
and the prime 3511 is irregular. First we consider the irregular primes such that p < 4001
and p # 3511. For any irregular prime ¢, the number of the integers a such that (g,2a)
is an irregular pair is called the index of irregularity of . We denote it by I(q).

EXAMPLE 7.27. Let p be an irregular prime such that p < 4001 and p # 3511. Let
f1=1(1/26)(p — 5)] and fo = [(1/26)(p — 5) + 1/2]. Then

c (z)pz)f1+21(P) if 4 is odd,
wr (Z/pZ)f1+f2+21®) if § is even.

PROOF. Let (p,2a) be an irregular pair. Let k, = (p+1)/2 — a. Then 2 < k, <
(p — 3)/2. We can verify, for all irregular pairs (p,2a) such that p < 4001 and not a
Wieferich prime, that k, £ 1 (modd), and also k, Z 1 (modd/2) if ¢ is even. This
implies that if ¥ = 1 (modd), or if ¥ = 1 (mod §/2) when ¢ is even, then k # k, for
any irregular pair (p,2a), hence B(p, p+ 1 — 2k) = 0. Since p is not a Wieferich prime,
we have W (p) = 0. Also, by Example 7.20, we have B(p, p + 1 — 2k,) = B(p,2a) = 1.
Therefore, by Theorems 7.24 and 7.25, we have, for each k with 1 < k < (1/2)(p — 3),

ey if (i) ¢ is even and k =1+ (§/2)! with [ an odd integer,
Cop(k, +) = p or (ii) k = k, for some irregular pair (p,2a),
0 otherwise,
and
if (i = >
2)p {1f (1) k=1 (mod) and. k>2, .
Copk, —) = or (ii) k = k, for some irregular pair (p,2a),

0 otherwise.

Let g1 be the number of k with Cq,(k,—) = Z/pZ. Let fi be the number of k with
k=1 (modod) and k > 2. Then f; = [(1/26)(p — 5)] as is shown in the proof of Corollary
7.26, and g1 = fi1 +I(p). Let go be the number of k with Cq ,(k,+) = Z/pZ. If § is odd,
then go = I(p). Hence Cq, = (Z/pZ)9++92 = (Z/pZ)/++21(P). This proves the case of
odd §. Let § be even. Let fo be the number of &k such that k =1+ (§/2)! with I an odd
integer. Then fo = [(1/26)(p — 5) 4+ 1/2] as is shown in the proof of Corollary 7.26, and
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g2 = fo+ I(p). Hence Co,p, = (Z/pZ)9+92 = (Z/pZ)f1+/2+21(P) | This proves the case of
even d. O

Next we consider the only known Wieferich primes.

EXAMPLE 7.28. Let p = 1093, which is the only known regular Wieferich prime.
Then

Cop = (Z/10937) @ (Z/1093%Z).

PROOF. We have 6 = 364, and W(1093) = 1 because 2°~1 = 581794064 # 1
(mod p?). Let 1 < k < (1/2)(p—3) = 545. Since p is regular, we have B(p,p+1—2k) = 0.
Hence, by Theorems 7.24 and 7.25, we have

Cva(k, +) ~

7)p*Z if k = 1+ 1821 with [ an odd integer,
0 otherwise,

and

Z/pZ itk=1,
Coplk,—) =2 Z/p*Z if k=1 (mod364) and k > 2,

0 otherwise.

If 1 <k <545 and k = 1+4182] with [ an odd integer, then k = 183. Hence, Cq ,(k,+) =
Z)p*Z or 0 according as k = 183 or not, respectively. If 2 < k < 545 and k = 1 (mod 364),
then k = 365. Hence, Cq,p(k, —) = Z/pZ, Z/p*Z, 0 according as k = 1, 365, otherwise,
respectively. O

EXAMPLE 7.29. Let p = 3511, which is the only known irregular Wieferich prime.
Then

Cop = (Z/35117)5.

PROOF. We have § = 1755, and W (3511) = 1 because 2P ~! = 628683172 # 1
(mod p?). Let 1 < k < (1/2)(p — 3) = 1754. By Theorems 7.24 and 7.25, we have
0 if k=1,

Z/pB(p,pH—?k)Z otherwise,

CQ»p(k’ +) = {

and
Z/p7Z ifk=1,
Coplk,—) = Z/pBWPPH1=2k)+27  if k =1 (mod 1755) and k > 2,

Z/pB(p,erlf?k)Z otherwise.
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The irregular pairs (p,2a) are (3511,1416) and (3511,1724), hence a = 708, 862. Put
ke = (p+1)/2 —a. Then k, = 1048, 894 according as a = 708, 862 respectively. By
Example 7.20, we have B(p, p+1—2k) = 1(= B(p, 2a)) or 0 according as k = k, for some a
or not, respectively. Hence, B(p, p+1—2k) = 1 for k = 1048, 894, and = 0 for other values
of k. Thus, we have Cg.p(k,+) = Z/3511Z for k = 894,1048, and Cg_,(k, —) = Z/3511Z
for k = 1,894, 1048. For other values of k, we have Cg p(k,+) = Cgp(k,—) = 0. a

8. Numerical results.

Let p be a prime # 2,3. In this section we give several tables of computational
results.

8.1. Several cuspidal class numbers of X;(2p) and X1 (p).

Let
pP-1
i (8.1)
A= - v, (8.2)
Py

B= pl;[ (iBw) (8.3)

where 1 runs over all even, primitive Dirichlet characters modulo p. Then a, A and B
are positive integers.

We consider here several cuspidal class numbers of the modular curves X;(2p) and
Xl (p)

We denote the order hg of Cg by h2(2p). Then, by Theorem 5.3, we have

h(2p) = aAB®. (8.4)

Let h1(2p) be the full cuspidal class number of X;(2p). Then, by [21, Theorem 5.2|, we
have

hi(2p) = aA’B*. (8.5)

Let hi(p) be the full cuspidal class number of X;(p). Let h$°(2p) (respectively hi°(p))
be the order of the subgroup of the cuspidal divisor class group of X;(2p) (respectively
X1(p)) which is generated by the co-cusps. (A cusp on X;(n) with n € N is called an
oo-cusp if it lies over the cusp co of Xy(n).) The formula for hq(p) is given by [19,
Theorem 4.1]. The formula for h$°(p) is given by [8, Theorem 3.4 in Chapter 6]. The
formula for h$°(2p) is given by [24]. Then we have

hi°(2p) = AB, (8.6)
hi(p) = B27
hi*(p) = B.
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In Tables 1-3 we list the values a, A and B for all primes p with 7 < p < 127. Note
that if p =5, then the genus of X;(10) is 0, and a = A = B = 1. In Table 4 we give the
structure of the Q-rational cuspidal group Cg = C1(2p)g of J1(2p)g for all primes p with

.| denotes the group (Z/n1Z) ® (Z/noZ) @ - - .

In Table 5 we give the structure of the Sylow p-subgroup Cg, = Ci(2p)g,, of the Q-
rational cuspidal group C;(2p)g for all primes p with 7 < p < 4001. In that table, if
p # 1093, then the number e indicates that Ci(2p)g, = (Z/pZ)°, and if p = 1093, then
the numbers e = 1,2 indicates that C1(2p)g, = (Z/pZ) & (Z/p*7)*.

Table 1. The value of a = (p* — 1)/24.

p| a |p a |p a D a

712 311235 |61|5-31 97 (23 .72

1115 3713-19 |67|11-17 1015217

13(7 41(2-5-7|71(2-3-5-7 |103|2-13-17

17(22-.3(43|7-11 |73|2-3-37 |107|3%-53

19(3-5 [47(|22-23 |79(22-5-13 |109(3%-5-11

23(2-11[53(3%-13 |83|7-41 113|22-7-19

29(5-7 [59(5-29 |89(2-3-5-11]127|2°-3-7

Table 2. The value of A.

P A P A
713 61 |3-52-7-11-13-31-41-151-331-1321
11|31 67 [3-7-23-89-683-20857-599479
13(3-5-7 71 [11-31-43-127-281-86171-122921
173 -52-17 73 |31 .74.19%.733
19(3%2.7-73 79 |3-7-2731-8191 - 121369 - 22 366 891
2389 - 683 83 (13367 - 164511353 - 8831418697
29|5-43-113-127 89 [33.23%.893.683*
31(32-11%. 312 97 [33.52.72.132.172.97-241% - 257% . 6732
37132-5-7-13-19-73-109 |101|5%-11-31-41-251-601-1801 - 4051 - 8101 - 268 501
41(3-5%.112.31%2 - 41 103 |3 -7-307-2143-2857-6529- 11119 - 43691 - 131071
4332 .43%.1273 1076361 - 69431 - 20 394 401 - 28 059 810 762 433
47178481 - 2796 203 10938 - 5% .73.133.193.37%.73% . 1092
53(5-157-1613-2731-8191 |113|33.5%.29%.434.113%.127*
59233 - 1103 - 2089 - 3033169 [ 127 | 3% - 43° - 1278
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Table 3. The value of B

B

11
13
17
19
23
29
31
37
41
43
47
53
99
61
67
71
73
79
83
89

97

101

103

107

109

113

127

5

19

23.73

32.487

1137181

26.3.7-43-17837

22.52.7.11-2302381

32.5-7-19-37-73-577-17209

24.5.13-31%2-431-250183 721

22.7.19-29-463 - 1051 - 416 532 733

23139 - 82397087 - 12451 196 833

7-13-85411-96331 - 379549 - 641 949 283

29 - 59 - 9988 553 613 691 393 812 358 794 271
5-72.112-19-31-2081 - 2801 - 40231 - 411241 - 514216621

11-67-193- 6612 - 2861 - 8009 - 11 287 - 9383 200 455 691 459
5-7-31-113-211-281-7012 - 12713 - 13070 849 919 225655 729 061
23.32.11-79-89-241-23917- 3341773 - 11596 933 - 31 964 959 893 317 833
13-157 - 199 - 5212 - 1249 - 4447 - 1130429 - 323 623 - 68 438 648 614 508 149 381
41-17210653 - 151251379 - 18934 761 332 741 - 48 833 370476 331 324 749 419
23.5-11-13-37-397-4027-262 504 573 - 15 354 699 728 897 - 49 135 060 828 995 551
670374357

24.52.72.17-149 - 241 - 367 - 421 - 2753 - 147 689 - 651 997 - 21 205 889 - 41 481 169
- 5429704 177 - 2758 053 952 369
52.19-101-1201-52951 -54 371 - 599 491 - 1493 651 - 12 355 051 - 709 068 505 801 -
58 884 077 243 434 864 347 851

72 .13 - 172 - 103 - 613 - 100458 793 666 879 - 123953 701 101455911613 - 60
417254 667 158 883 466 061 055 469

53 - 304009 - 1598587 - 7762787405 087851 - 1827219997 313 025 527 - 340
411510885100 431 606 787 699 221
24.39.372.103-1272-3187-22483-129 763-2230 759-144 218 626 120 352 809-7225
241 488211218811 391927451
220.32.5.7.13%-41-1597 - 2689 - 5419 - 7393 - 33181 - 47609 - 83 685 281 - 1338
273009 109 - 3747 533 743 340 403 014 797 054 313
28.32.72.19%.113-181 - 197 - 1303 - 2647 - 8461 - 36 037 - 62497 - 310631 203 -
10360 369 321 - 404 502 990 175 243 - 1383 982 596 554 597 891 267 948 732 467
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Table 4. The structure of the group Ci(2p)g.

P C1(2p)g

=2

11
13
17

[
[5,
133, 1995]

[8760, 595 680]

19 |[9, 4383, 33595 695]

23 | [408 991, 546 949 390 174]

29 | [4, 4, 4, 172, 322136 220, 32 360 838 252 540]

31 |[2, 110, 110, 164873503410, 36272 170 750 200]

37 | [19, 87381, 160516 686 697 605, 3411 782 175 757 594 275]

41 |[155, 775, 5927 283 967 445 469 200, 10 206 782 991 941 097 962 400]

43 |[2, 254, 25615681 147 891 287 499 998, 1972 407 448 387 629 137 499 846

47 |[3279937 688 802933 030 787, 150 596 232 943 748 173 091 148 093 312 463 772)]
53 | [182427 302879 183 759 829 891 277, 604 558 524 480 886 037 852 237 469 814 929
069 041 745]

59 | [17090 415 233 025 974 812 945 896 997 681, 4035 404 732 342 277 108 170

716 765 844 763 161 918 273 801 455]

61 | [11, 2387, 11935, 56 225 660 010204 969 117 708 316 979 075, 41 551 702
665883 717 153 363 255 281 876 574 280 013 975]

67 | [661, 661, 228 166 524 544 404 715 482 454 653 548 693 117, 15663 080 867 536
742150 839 527 629 458 568 154 286 994 804 349 521 577]

71 | [701, 6106411, 846 772 703911 192 558 471 548 563 811 885 556 615, 113

145 744 367 708 244 484 094 396 172 159 112 123 891 138 288 052 908 150]

73 | [2, 18, 18, 7182, 524286, 289531 651 675514 560 686 218 323 729 279 418 167
306307934, 10 712671 111 994 038 745 390 077 977 983 338 472 190 333 393 558
79 | [521, 521, 29427 100 164 209 457 485 089 447 933 533 181 481 550 301 759,

9756 906 232 145 215 045 426 321 958 474 091 161 603 333 533 130 029 106 098
424 849 722 260]

83 | [98 686 349372029 170 201 616 572 533 501 298 687 049 100 544 333 193, 550
046 338 223 536 944 537 177 801 039 598 479 975 252 869 789 692 614 645 701
297 283 093 053 307 377]

89 | [2, 2, 2, 94254, 41943030, 70265 056 281 482 671 660 937 420 666 518 844 451
392907 429 147 495 037 877 039 790, 772 915 619 096 309 388 270 311 627 331
707 288 965 321 981 720 622 445 416 647 437 690]

97 | [7, 35, 35, 143395, 143395, 1244 192 473 582 723 094 429 387 076 766 808 629
065 856 227 229 359 353 230 662 320 127 421 680, 20 275 360 549 504 055 546 821
291802991913 419 257 193 078 929 640 020 246 873 168 796 463 697 280)

101 | [25, 383 117416 917 938 352 821 669 377 816 486 750 985 276 713 608 300 916
153 150 414 182 182 375, 1089 927 841 549 376 523 065 381 215 693 745 802

372 768 032 196 246 699 028 918 876 820 398 242 643 144 597 836 660 823 482
589 375]




1298

T. TAKAGI

C1(2p)o

103

107

109

113

127

[17, 221, 514 392 345 891 589 895 637 048 628 820 472 810 730 201 209 034 367 243
706 045 518 045 882 353, 286995 107 375 502 283 436 235 629 741 272 483 303 400
322442 880 784 642 402 227 938 248 338 023 704 082 167 228 437 263 282 542 534
[124 368 774 979 658 821 687 008 991 761 829 524 338 976 491 262 179 565 361 941
056 699 780 117 649 583, 14993 542 105 818 702 095 231 514 512 965 884 941 527
289 785 953 606 709 533 622 214 968 128 417 472 411 947 197 406 991 349 579 948
549843 373]

333, 333, 999, 7612 380, 2882 435299 380, 2098 254 297 692 675 704 196 841 472
130099 322 860 334 318 873 515 928 004 254 333 139 440 932 364 772 140, 23 080
797 274 619 432 746 165 256 193 431 092 551 463 677 507 608 675 208 046 797 664
533850 256 012 493 540]

[4, 4, 4, 16, 16, 16, 80, 80, 494 111280, 55834 574 640, 5483 524 885 024

393 161 762 841 970 809 345 247 950 732 845 933 100 542 058 585 370 932

546 237 525 349 573 520, 2187 926 429 124 732 871 543 373 946 352 928 753

932 342 405 527 307 116 281 375 563 002 085 948 772 614 479 834 480]
2,2,2,2,2, 2, 2,2, 258, 32766, 32766, 32766, 32766, 4357 878, 4357

878, 355545 311 789 286 764 686 582 131 743 881 757 199 809 814 062 904 079
693 483 879 940 487 081 326 438 386 594 437 423 721 679 286, 39 821 074 920

400 117 644 897 198 755 314 756 806 378 699 175 045 256 925 670 194 553

334553 108 561 099 298 576 991 456 828 080 032]
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Table 5. The structure of the Sylow p-subgroup of Ci(2p)q.

1299

p e P e p e P e p e p e P e

7 0] 191 0] 421 2| 661 0] 941 01217 13]1493 O
11 0| 193 1| 431 4| 673 17 | 947 01223 011499 2
13 0] 197 0] 433 71677 21 953 1511229 2| 1511 O
17 1| 199 0] 439 2] 683 32| 967 0]1231 01523 2
19 0 211 0| 443 0] 691 6| 971 61237 2]1531 O
23 0] 223 2| 449 1] 701 0] 977 111249 71543 O
29 0] 227 0| 457 51 709 0] 983 011259 01549 O
31 2| 229 2| 461 21 719 0] 991 01277 0]1553 7
37 21 233 5| 463 21 727 41 997 211279 2]1559 2
41 11 239 0| 467 41| 733 2 | 1009 111283 21567 O
43 2| 241 9| 479 0] 739 211013 10| 1289 31571 O
47 0] 251 4| 487 0| 743 0| 1019 01291 41579 2
53 0] 257 17| 491 6| 751 211021 211297 51583 O
59 2] 263 21 499 2| 757 211031 01301 2]1597 4
61 0] 269 0] 503 0] 761 3| 1033 311303 01601 3
67 21271 2| 509 0| 769 1| 1039 01307 41607 O
71 0] 277 2] 521 1] 773 2| 1049 311319 21609 5
73 3| 281 31 523 2| 787 0| 1051 211321 211613 32
79 0] 283 4| 541 21 797 2 | 1061 211327 41619 2
83 0] 293 2| 547 4| 809 5 | 1063 0]1361 11621 2
89 3| 307 4| 557 2| 811 4 11069 21367 21627 2
97 1| 311 21 563 0] 821 2 | 1087 01373 01637 2
101 2] 313 1] 569 1| 823 0| 1091 211381 21657 17
103 2| 317 0] 571 4| 827 211093 1,2|1399 21663 4
107 0] 331 10| 577 5| 829 0| 1097 311409 31667 O
109 2| 337 7| 587 4| 839 2| 1103 18| 1423 2 |1669 4
113 3| 347 21 593 5| 853 0| 1109 01427 01]1693 O
127 8| 349 0] 599 0| 857 1] 1117 211429 18 1697 1
131 21 353 7| 601 11| 859 01123 01433 31699 2
137 1| 359 0| 607 21 863 01129 311439 21709 6
139 0] 367 0] 613 2| 877 211151 6| 1447 01721 5
149 21 373 0] 617 9| 881 9| 1153 51451 01723 2
151 41 379 41| 619 2] 883 01163 61453 01733 4
157 6| 383 0| 631 10| 887 21171 0]1459 21741 O
163 0] 389 2] 641 9| 907 01181 41471 21747 0
167 0] 397 8| 643 21 911 4| 1187 01481 3|1753 13
173 0] 401 3| 647 6| 919 211193 511483 2 |1759 2
179 0] 409 3| 653 21 929 5 | 1201 51487 0| 1777 25
181 01| 419 0] 659 2| 937 3] 1213 01489 1]1783 O
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P e P e P e P e P e P e P e
1787 212099 212399 0] 2719 0| 3049 513389 63701 O
1789 6 | 2111 2| 2411 6 | 2729 1| 3061 16 | 3391 18 | 3709 O
1801 35| 2113 47 | 2417 1| 2731 104 | 3067 0]3407 43719 O
1811 10 | 2129 3| 2423 4| 2741 013079 0]3413 03727 O
1823 02131 02437 0] 2749 2 | 3083 213433 33733 O
1831 4| 2137 3 |2441 7| 2753 3 | 3089 513449 33739 6
1847 6| 2141 0| 2447 0 | 2767 41 3109 6| 3457 5| 3761 19
1861 0| 2143 22| 2459 0 | 2777 3| 3119 213461 0| 3767 O
1867 0| 2153 2 |2467 0| 2789 413121 19 | 3463 2| 3769 1
1871 2| 2161 1 |2473 3| 2791 4| 3137 313467 03779 2
1873 12179 2 |2477 0| 2797 0] 3163 213469 23793 1
1877 212203 22503 2| 2801 1| 3167 01]3491 23797 2
1879 22207 02521 1] 2803 0] 3169 113499 013803 O
1889 52213 22531 0] 2819 0] 3181 413511 53821 6
1901 22221 02539 02833 25| 3187 013517 43823 2
1907 02237 02543 2| 2837 0]3191 28|3527 03833 9
1913 3| 2239 22549 0| 2843 0| 3203 213529 53847 O
1931 02243 02551 02851 0| 3209 113533 4381 4
1933 6| 2251 2| 2557 2| 2857 29| 3217 313539 4383 2
1949 0| 2267 2| 2579 2| 2861 2| 3221 63541 143863 O
1951 212269 02591 4| 2879 0| 3229 413547 03877 O
1973 02273 72593 15| 2887 0] 3251 413557 0] 3881 13
1979 2| 2281 11 |2609 1 | 2897 1| 3253 0]3559 43889 5
1987 2| 2287 212617 12903 0| 3257 513571 03907 O
1993 312293 22621 2| 2909 413259 213581 213911 O
1997 42297 112633 2| 2917 213271 213583 23917 2
1999 2| 2309 42647 3| 2927 2| 3299 013593 513919 O
2003 10 | 2311 0| 2657 17| 2939 6 | 3301 413607 413923 0
2011 412333 012659 0] 2953 5 | 3307 0]3613 23929 1
2017 72339 02663 2| 2957 413313 513617 513931 O
2027 02341 2|2671 6| 2963 013319 0]3623 03943 8
2029 02347 2|2677 0] 2969 3| 3323 213631 43947 O
2039 22351 24|2683 02971 26| 3329 313637 4397 2
2053 2| 2357 2| 2687 16| 2999 2| 3331 1413643 03989 2
2063 02371 42689 13| 3001 13343 213659 04001 5
2069 02377 32693 0] 3011 2| 3347 0]3671 2

2081 12381 612699 0] 3019 0] 3359 0]3673 3

2083 02383 62707 0] 3023 2| 3361 19 | 3677 2

2087 42389 2|2711 0| 3037 013371 0]3691 O

2089 352393 3 |2713 13041 13373 213697 3
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