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Abstract. In this paper we deduce a local deformation lemma for uni-
form embeddings in a metric covering space over a compact manifold from
the deformation lemma for embeddings of a compact subspace in a manifold.
This implies the local contractibility of the group of uniform homeomorphisms
of such a metric covering space under the uniform topology. Furthermore,
combining with similarity transformations, this enables us to induce a global
deformation property of groups of uniform homeomorphisms of metric spaces
with Euclidean ends. In particular, we show that the identity component of
the group of uniform homeomorphisms of the standard Euclidean n-space is
contractible.

1. Introduction.

In this paper we study some local and global deformation properties of spaces of
uniform embeddings and groups of uniform homeomorphisms of metric covering spaces
over compact manifolds and metric spaces with Euclidean ends.

Suppose (X,d) and (Y, p) are metric spaces. A map h : (X,d) — (Y, p) is said to
be uniformly continuous if for each € > 0 there is a § > 0 such that if z,2" € X and
d(z,z") < d then p(f(x), f(2')) < e. The map h is called a uniform homeomorphism if
h is bijective and both h and h~! are uniformly continuous. A uniform embedding is a
uniform homeomorphism onto its image.

In [3] R. D. Edwards and R. C. Kirby obtained a fundamental local deformation
theorem for embeddings of a compact subspace in a manifold. Based upon this theorem,
in this article we deduce a local deformation lemma for uniform embeddings in a metric
covering space over a compact manifold. Here, the Arzela-Ascoli theorem ([2, Theorem
6.4]) plays an essential role in order to pass from the compact case to the uniform case.

Suppose (M, d) is a topological manifold possibly with boundary with a fixed metric
d and X, C are subspaces of M. Let £*(X, M;C) denote the space of uniform proper
embeddings f : (X,d|x) — (M,d) such that f = id on X N C. This space is endowed
with the uniform topology induced from the sup-metric

d(f,g) = sup {d(f(2),9(x)) | = € X} € [0,00] (f,g € EX(X, M;C)).

Since the notion of uniform continuity depends on the choice of metric d on the
manifold M, it is necessary to select a reasonable class of metrics. In [1] (cf, [5, Section
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5.6]) A. V. Cernavskii considered the case where M is the interior of a compact manifold
N and the metric d is a restriction of some metric on N. In this article we consider the
case where M is a covering space over a compact manifold N and the metric d is the pull-
back of some metric on N. The natural model is the class of Riemannian coverings in the
smooth category. In order to remove the extra requirements in the smooth setting, here
we introduce the notion of metric covering projection. Its definition and basic properties
are included in Section 2.2 below. The following is our main theorem.

THEOREM 1.1.  Suppose 7 : (M,d) — (N, p) is a metric covering projection, N is a
compact topological n-manifold possibly with boundary, X is a closed subset of M, W' C
W are uniform neighborhoods of X in (M,d) and Z,Y are closed subsets of M such that
Y is a uniform neighborhood of Z. Then there exists a neighborhood W of the inclusion
map iw : W C M in EL(W, M;Y) and a homotopy ¢ : W x [0,1] — EX(W, M; Z) such
that

(1) for each h € W
(i) @o(h) =h, (i) ¢1(h) =id on X,
(iii) pt(h) =h on W = W' and oi(h)(W) = h(W) (t € [0,1]),
(iv) if h = 1d on WNOM, then oi(h) =id on WNOM (t € [0,1]),
(2) @uliw) =iw (t € [0,1]).

This theorem induces some consequences on the theory of uniform homeomorphisms.
Suppose (X, d) is a metric space and A is a subset of X. Let HY% (X, d) denote the group
of uniform homeomorphisms of (X, d) onto itself which fix A pointwise, endowed with
the uniform topology. Let HY% (X, d)o denote the connected component of the identity
map idx of X in HY%(X,d). We are also concerned with the subgroup

HY (X, d)y = {h € HY(X,d) | d(h,idx) < oo}

It is easily seen that HY% (X, d)o C H% (X, d)s since HY% (X, d)p is both closed and open in
HY%(X,d). When X — A is relatively compact in X, the group H% (X, d) coincides with
the whole group of homeomorphisms of X onto itself which fix A pointwise endowed with
the compact-open topology. In this case we delete the script “u” from the notation. As
usual, the symbol A is suppressed when it is an empty set.

In [1] it is shown that H*“(M,d) is locally contractible in the case where M is the
interior of a compact manifold IV and the metric d is a restriction of some metric on V.
The next corollary is a direct consequence of Theorem 1.1.

COROLLARY 1.1.  Suppose 7 : (M,d) — (N, p) is a metric covering projection onto
a compact topological n-manifold N possibly with boundary. Then H"(M,d) is locally
contractible.

Next we study a global deformation property of the group H*(X,d). The most
standard example is the n-dimensional Euclidean space R™ with the standard Euclidean
metric. The relevant feature in this scenario is the existence of similarity transformations.
This enables us to deduce a global deformation of uniform embeddings from a local one.
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To be more general, we treat metric spaces with bi-Lipschitz Euclidean ends. Recall
that a map h : (X,d) — (Y, p) between metric spaces is said to be Lipschitz if there
exists a constant C' > 0 such that p(h(z),h(z')) < Cd(z,z’) for any z,2’ € X. The
map h is called a bi-Lipschitz homeomorphism if & is bijective and both h and h~! are
Lipschitz maps. The model of Euclidean end is the complement R = R™ — O(r) of the
round open r-ball O(r) centered at the origin. These complements R” (r > 0) are bi-
Lipschitz homeomorphic to each other under similarity transformations. A bi-Lipschitz
n-dimensional Euclidean end of a metric space (X,d) means a closed subset L of X
which admits a bi-Lipschitz homeomorphism of pairs, 8 : (R}, 0R?}) =~ ((L,FrxL),d|r)
and d(X — L,L,) — oo as r — oo, where FrxL is the topological frontier of L in X
and L, = O(R?) for r > 0. We set L' = O(R}) and L” = 0(R%). Using similarity
transformations, we can deduce the following result from the local deformation theorem,
Theorem 1.1.

THEOREM 1.2.  Suppose X is a metric space and Ly, . .., Ly, are mutually disjoint
bi-Lipschitz Euclidean ends of X. Let L' = L1 U---UL! and L" =L} U---UL! . Then
there exists a strong deformation retraction ¢ of H*(X)y onto HY, (X) such that

oi(h)=h on h"Y(X — L") — L' for any (h,t) € H*(X); x [0, 1].

ExampLE 1.1. (1) H*(R"), is contractible for every n > 0. In fact, R™ has
the model Euclidean end R} and hence there exists a strong deformation retraction of
H“(R™); onto Hiy (R™). The latter is contractible by Alexander’s trick.

(2) The n-dimensional cylinder M = S"~! x R is the product of the (n — 1)-
sphere S"~1 and the real line R. If M is asigned a metric so that S"~! x (—o0, —1]
and S"71 x [1,00) are two bi-Lipschitz Euclidean ends of M, then H“(M), includes
the subgroup Hgn-1xg, (M) ~ Hs(S"™! x [~1,1]) as a strong deformation retract.
In particular, H"(M)o admits a strong deformation retraction onto Hgn-1xg, (M)o ~
Ho(S" ! x [—1,1])o.

(3) In dimension 2, we have a more explicit conclusion. Suppose N is a compact
connected 2-manifold with a nonempty boundary and C' = U}, C; is a nonempty union of
some boundary circles of N. If the noncompact 2-manifold M = N —C'is assigned a metic
d such that for each i = 1,...,m the end L; of M corresponding to the boundary circle C;
is a bi-Lipschitz Euclidean end of (M, d), then H*(M,d)o ~ HY, (M) = Hc(N)o = *.

REMARK 1.1. In Example 1.1 (1), one might expect that conjugation by a suitable
shrinking homeomorphism R™ a2 O(1) and extension by the identity on the boundary
would directly reduce the problem to the case of Hy(B(1)), the group of homeomor-
phisms of the closed unit ball relative to the boundary, since this group is contractible
by Alexander’s trick. However, the contraction of H*(R"™); obtained in this way is not
continuous. In fact, it would mean that any h € H*(R™), could be approximated by
compactly supported homeomorphisms in the sup-metric. But this does not hold, for
example, for any translation h(z) =z + a (a # 0).

In [4] we studied the topological type of H*(R), as an infinite-dimensional manifold
and showed that it is homeomorphic to /.. Example 1.1 leads to the following conjecture.
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CONJECTURE 1.1.  H"(R™), is homeomorphic to Ly for any n > 1.

This paper is organized as follows. Section 2 includes some preliminary results on
metric covering projections and spaces of uniform embeddings. Section 3 is devoted to
the proof of Theorem 1.1 and the final section, Section 4, includes the proof of Theorem
1.2.

2. Preliminaries.

2.1. Conventions.

Maps between topological spaces are assumed to be continuous. The word “function”
means a correspondence not assumed to be continuous. For a topological space X and
a subset A of X, the symbols Intx A, clx A and Frx A denote the topological interior,
closure and frontier of A in X. The identity map on X is denoted by idx, while the
inclusion map A C X is denoted by i4, t4 or id4, etc. When F is a collection of subsets
of X, the union of F is denoted by |F| or |JF. For A C X the star of A with respect to
F is defined by St(A,F) =AU (U{FeF|FNA£D}) CX.

For an nm-manifold M, the symbols OM and Int M denote the boundary and interior
of M as a manifold.

2.2. Metric covering projections.

Suppose (X, d) is a metric space. (Below, when the metric d is implicitly understood,
we eliminate the symbol d from the notations.) The distance between two subsets A, B
of X is defined by d(A,B) = inf{d(z,y) | * € A,y € B}. For § > 0 the closed J-
neighborhood of A in X is defined by C5(A4) = {z € X | d(z,A) < 4}.

A neighborhood U of A in X is called a uniform neighborhood of A in (X,d) if
Cs(A) C U for some § > 0. For € > 0 a subset A of X is said to be e-discrete if
d(x,y) > € for any distinct points x,y € A. More generally, a collection F of subsets of
X is said to be e-discrete if d(F, F’) > ¢ for any F, F' € F with F' # F’. We say that A
or F is uniformly discrete if it is e-discrete for some € > 0.

For the basics on covering spaces, one can refer to [6, Chapter 2, Section 1]. If
p: M — N is a covering projection and N is a topological n-manifold possibly with
boundary, then so is M and OM = m~}(dN).

DEFINITION 2.1. A covering projection 7 : (X,d) — (Y, p) between metric spaces
is called a metric covering projection if it satisfies the following conditions:

(£)1 There exists an open cover U of Y such that for each U € U the inverse 7= (U) is
the disjoint union of open subsets of X each of which is mapped isometrically onto
U by 7.

()2 For each y € Y the fiber 7~ 1(y) is uniformly discrete in X.

()3 p(r(x),n(z") < d(z,z') for any z,2’ € X.

When an open subset U of Y satisfies the condition in (f);, we say that U is iso-
metrically evenly covered by m. In this case, if U is connected, then each connected
component of 771(U) is mapped isometrically onto U by =.

Riemannian covering projections are typical examples of metric covering projections.
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LEMMA 2.1.  Suppose m: (X,d) — (Y, p) is a metric covering projection and Y is
compact.

(1) There exists € > 0 such that each fiber of m is e-discrete.

(2) Suppose U is an open subset of Y and V is an open subset of = (U) which is
mapped isometrically onto U by 7, E is a subset of V and F = w(E) C U. Then
d(X —V,E) >min{e/2,p(Y - U, F)}.

PrOOF. (1) By (B)1, (k)2 for each y € Y we can find

(i) e, > 0 such that 7—1(y) is 3¢,-discrete and

(ii) an open neighborhood Uy of y in Y such that diam U, < ¢, and U, is isometrically
evenly covered by , that is, #—!(U,) is the disjoint union of some open subsets
V(A € Ay) of X and each V) is mapped isometrically onto U, by .

We show that the family {Vy’\},\eAy is ey-discrete. In particular, for any z € U, the fiber
n1(2) is g,-discrete.

To see this claim, take any A, u € A, with A # . We have to show that d(VyA, Vi) >
ey. Let yy € V;‘ and y,, € V} be the points such that m(yx) = 7(y.) = y. Then, for any
Ty € VyA and x, € V' it follows that

d(zx,yx) < diam Vy’\ = diamU, < ¢, and d(z,,y,) < diam V) = diamU, < g,
so that 3e, < d(yx,yu) < d(yn, za) + d(zr, z,) + d(zp, y,) < d(za, z,) + 26, and
d(zy, z,) > €y

Since Y is compact, there exist finitely many points y1,...,y, € Y such that
{Uy,,..., Uy, } covers Y. Then € = min{ey,, ..., ey, } satisfies the required condition.

(2) Take any points € E and 2’ € X — V. Let y = n(x) and y' = w(z’).

(i) the case that 2’ € 7=1(U)—V; Let 2" € V be the point such that 7(z") = y'. Since
m:(V,d) — (U, p) is an isometry, we have d(z,z") = p(y,y’). From (4)3 it follows
that p(y,y') < d(x,2’). Therefore, e < d(2/,2") < d(a',x) + d(x,2") < 2d(z’, x)
and d(z',x) > &/2.

(ii) the case that 2’ € X — 7~ 1(U); By (k)3 we have d(z,2') > p(y,y') > p(F,Y = U).

This implies the assertion. U

2.3. Spaces of uniformly continuous maps.

First we list some basic facts on the uniform topology on the space of uniformly
continuous maps. Recall that the definitions of uniformly continuous maps, uniform
homeomorphisms and uniform embeddings are included in Section 1. Below (X, d), (Y, p)
and (Z,n) denote metric spaces. (The metrics d, p and n are also denoted by the symbols
dx, dy and dyz respectively. As usual, when these metrics are implicitly understood, we
eliminate them from the notations.) Let C(X,Y") and C*((X,d), (Y, p)) denote the space
of maps f: X — Y and the subspace of uniformly continuous maps f : (X,d) — (Y, p).
The metric p on Y induces the sup-metric on C(X,Y) defined by

p(f,9) = sup{p(f(z),9(z)) | z € X} € [0, 00].
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The topology on C(X,Y) induced by this sup-metric p is called the uniform topology.
Below the space C(X,Y’) and its subspaces are endowed with the sup-metric p and the
uniform topology, otherwise specified. To emphasize this point, sometimes we use the
symbol C(X,Y),. On the other hand, when the space C(X,Y) is endowed with the
compact-open topology, we use the symbol C(X,Y).,. When X is compact, we have
Cu((X’ d)a (Ya p))u = C(Xa Y)co-

It is important to notice that the composition map

C*((X,d), (Y, p))u x C*((Y, p), (Z,0))u — C*((X,d), (Z,1))u-

is continuous, while the composition map C(X,Y), x C(Y, Z), — C(X, Z),, is not nec-
essarily continuous.

Let £(X,Y) and £“((X,d), (Y, p)) denote the space of embeddings f: X — Y and
the subspace of uniform embeddings f : (X,d) — (Y, p) (both with the sup-metric and
the uniform topology). When X C Y C Z, for a subset C' of Z we use the symbol
E(X,Y;C) to denote the subspace {f € £(X,Y) | f =id on X N C} and for € > 0 let
E(ix,e; X,Y; C) denote the closed e-neighborhood of the inclusion ix : X C Y in the
space £(X,Y;C). The meaning of the symbols E¥(X,Y;C), E%(ix,e; X, Y; ), etc are
obvious.

Similarly, for a subset A of X let H4(X) denote the group of homeomorphisms h of
X onto itself with h|4 = id4 and HY% (X, d) denote the subgroup of H 4(X) consisting of
uniform homeomorphisms of (X, d) (both with the sup-metric and the uniform topology).
We denote by HY% (X, d)o the connected component of the identity idx in H% (X, d) and
define the subgroup

HY (X, d)y = {h € HY(X,d) | d(h,idx) < 0o}.

Then HY% (X, d) is a topological group and HY%(X,d), is an open (and closed) subgroup
of HY%(X,d), so that H% (X, d)o C H%(X,d).
The next lemma follows directly from the definitions.

LEMMA 2.2.  For any f € C(X,Y) the following conditions are equivalent:

(1) fe&(X,Y) and f~1: (f(X),p) — (X,d) is uniformly continuous.
(2) for any € > O there exists 6 > 0 such that if z,2' € X and d(z,2') > € then
p(f (@), f(z')) = 6.

Recall that a family fy € C(X,Y) (A € A) is said to be equi-continuous if for any
€ > 0 there exists ¢ > 0 such that for any A € A if 2,2’ € X and d(z,2') < ¢ then
p(fa(x), fr(z")) < e. More generally, we say that a family of maps {f\ : (X,d)) —
(Y, px) }aea between metric spaces is equi-continuous if for any € > 0 there exists § >
0 such that for any A € A if z,2’" € X, and dy(z,2") < ¢ then pr(fa(z), fa(z')) <
€. For embeddings, we also use the following terminology: a family of embeddings
{hx : (Xa,dx) — (Yx,px)}ren is equi-uniform if both of the families {hy : (Xx,dy) —
(Y, px) baea and {(ha) 71 : (ha(X2), px) — (X, dx)}aea are equi-continuous.

For a subset C of C(X,Y), the symbol ¢l,, C means the closure of C in C(X,Y),.
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LEMMA 2.3. (1) ¢, E“(X,Y) C C*(X,Y).
(2) Suppose C C EX(X,Y). IfC' = {f~1: f(X) — X | f € C} is equi-continuous, then
c,C CEY(X,Y).

ProOOF. (1) Given f € cl,, E*(X,Y). To see that f is uniformly continuous, take
any € > 0. Choose g € £“(X,Y) with p(f,g) < /3. Since g is uniformly continuous,
there exists § > 0 such that if z,y € X and d(x,y) < § then p(g(x),g9(y)) < /3. It
follows that if z,y € X and d(z,y) < J then

p(f(x), f(y) < p(f(x),9(x)) + p(g(x), 9(y)) + p(9(y), f(y)) <e.

(2) Given f € cl,C. By (1) f is uniformly continuous. Take any € > 0. Since
C' is equi-continuous, there exists 6 > 0 such that if ¢ € C, x,y € X and d(z,y) > ¢
then p(g(x),g(y)) > 36. Choose h € C with p(f,h) < d. It follows that if z,y € X and
d(z,y) > € then

p(f(z), f(y)) > p(h(z), h(y)) — p(f(x), h(z)) — p(f(y), h(y)) = I.

By Lemma 2.2 this means that f € £%(X,Y). O

LEMMA 2.4. Suppose A is a compact subset of X and f € C(X,Y). Assume that
g,0 > 0 satisfy the following condition: if x,y € A and d(x,y) < 6, then p(f(x), f(y)) < .
Then there exists an open neighborhood U of A in X such that if v,y € U and d(x,y) <4,
then p(f(x), f(y)) <e.

PROOF. We proceed by contradiction. Suppose there does not exist such an open
neighborhood U. Then for each n > 1 there exists a pair of points 2, y, € C1/,(A) such
that d(x,,yn) < and p(f(2zn), f(yn)) > e. Choose points 7, y,, € A with d(z,,2]) <
1/n and d(yn,y;,) < 1/n. Since A is compact, we can find subsequences z;, and y;, such
that 2], — x, y,. — y (n — 00) in A. Then z,, — z, yp, — ¥ (n — o0) in X and so
d(z,y) <6 and p(f(z), f(y)) > e. This contradicts the assumption. O

LEMMA 2.5.  Suppose P is a topological space, f : P — C(X,Y )y, g: P = C(X,Z),
are continuous maps and h : P — C*(Y,Z), is a function. If f, is surjective and
hp fp = gp for each p € P, then h is continuous.

Proor. Given any point p € P and any € > 0. Since h,, is uniformly continuous,
there exists 6 > 0 such that if y1,y2 € Y and dy (y1,92) < 9, then dz(hy(y1), hp(y2)) <
£/2. Since f,g are continuous, there exists a neighborhood U of p in P such that
dy (fp, fq) < 0 and dz(gp,94) < €/2 for each ¢ € U. Then for each ¢ € U it follows
that

dz(hg, hp) = dz(hqfg: hpfq) < dz(gq, 9p) + dZ(hpfmhpfq) <eg/2+¢e/2=e. U

LEMMA 2.6. Suppose S is a compact subset of X which has an open collar neigh-
borhood 6 : (S x [0,4),S x {0}) = (N, S) in X. Let N, = 6(S x [0,a]) (a € [0,4)). Then
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there exists a strong deformation retraction ¢ (t € [0,1]) of Hy, (X)y onto Hiy, (X))
such that

@i(h) =h on h™'(X —N3)— N3 for any (h,t) € Hy (X)p x [0,1].
Proor. Consider the map v : [0,1] — C([0,4),]0,4)) defined by

2u (u € [0,1])
v(s)(u) = 1is(u—l)+2 (uel,24s]) (s €[0,1))

u (u€2+5,4)

and the homotopy A : [0,1] x [0,1] — C([0,4),[0,4)) defined by
Ae(s)(u) = (L= t)u+ty(s)(u) ((s,1) €[0,1] x [0,1],u € [0,4)).
The homotopy A induces a pseudo-isotopy

¢: [Oa 1] X [07 1] - Cu(XvX)u :
0(z, M(s)(w) (z=0(z,u),(z,u) €8S x][0,4))

§i(s)(z) = {m (re X - Ny ((s,) € [0,1] x [0,1])

satisfying the following properties:

1) () &fs) =idyx, (i) &(s) = id on X — Nayy ((s,2) € [0,1] x [0,1]),
(ili) &(s) € H*(X) ((s,t) €[0,1] x [0,1] = {(0,1)}).

Choose a map a : Hj (X), — [0, 1] such that a='(0) = HY, (X),. By (1) (iii) we
can define the homotopy

@ Hy, (X)) x [0,1]
Ee(a(h)) h&(a(h) ™ (h e My, (X)y — Hi, (X)),

Y (X u(h) = { ) (h € H, (X).

If h € Hy (X)p — HY,(X)p, then &(a(h))™'(N1) € Ny and h = id on Ny, so that
pi(h) =1id on Nj. Since &(0)(N2) = Ny and &(0) = id on X — Ny by (1) (ii), it follows
that h&:(0) = & (0)h ((h,t) € Hy, (X)p x [0,1]) and so

(2) @i(h) &(a(h)) = &la(h) b ((h,t) € HE, (X)p x [0,1]).

Hence, the continuity of ¢ follows from Lemma 2.5 applied to the parameter space
P ="H%, (X), x [0,1] and the maps

fiP—CYX,X)y: f(h,t)
g: P —CYX,X)y,:g(h,t)

&(a(h)) and
&t(a(h))h.
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For each h € HY (X), — HY, (X)y we have & (a(h))™'(N2) = N1, so ¢1(h) = id on
N3. These observations imply that ¢ is a strong deformation retraction of Hjy; (X), onto
Hiy, (X)p. Finally, the defining property &;(s) = id on X — N3 leads to the additional
property ¢(h) = h on h~1(X — N3) — N3. This completes the proof. O

2.4. Basic deformation theorem for topological embeddings in topolog-
ical manifolds.
Next we recall the basic deformation theorem on embeddings of a compact subset
in topological manifold. Suppose M is a topological n-manifold possibly with boundary
and X is a subspace of M. An embedding f: X — M is said to be

(i) proper if f~1(OM) = X NOM and
(il) quasi-proper if f(X NOM) C OM.

For any subset C C M, let £,(X,M;C) and Ex(X, M;C) denote the subspaces of
E(X, M; C) consisting of proper embeddings and quasi-proper embeddings respectively.
Note that £4(X, M;C) is closed in (X, M;C) (while this does not necessarily hold for
E.(X,M;C)) and that for any f € E4(X, M; C) the restriction of f to Ints; X is a proper
embedding. These properties are the reasons why we introduce the space of quasi-proper
embeddings. In fact, in Section 3 we need to consider the closures of some collections of
proper embeddings when we apply the Arzela-Ascoli theorem.

THEOREM 2.1 ([3, Theorem 5.1]).  Suppose M is a topological n-manifold possibly
with boundary, C is a compact subset of M, U is a neighborhood of C' in M and D
and E are two closed subsets of M such that D C Inty,E. Then, for any compact
neighborhood K of C in U, there exists a neighborhood U of iy in E.(U, M; E) and a
homotopy ¢ : U x [0,1] — E.(U, M; D) such that

(1) for each f €U,
(i) wo(f) =f, ) e1(flle =ic, (i) @(f) = f on U —K (t €[0,1]),
(iv) if f=1d on UNIM, then @i(f) =1id on UNIM (¢ € [0,1]),

(2) peliv) =iv (t €[0,1]).

REMARK 2.1. In [3] the spaces E,(U, M; E) and &, (U, M; D) are endowed with the
compact-open topology. Even if we replace the compact-open topology with the uniform
topology, U is still a neighborhood of iy and the homotopy ¢ is continuous since the
deformation is supported in the compact subset K by the condition (1) (iii).

COMPLEMENT TO THEOREM 2.1. Theorem 2.1 still holds if we replace the spaces
of proper embeddings, &,(U, M; D) and &.(U, M; E), by the spaces of quasi-proper em-
beddings, £4(U, M; D) and E4(U, M; E).

In fact, the quasi-proper case is derived from the proper case by the following ob-
servation. First we apply the proper case to Inty; U instead of U itself, so to obtain the
deformation ¢; of proper embeddings of Inty; U. If h € £4(U, M; E) is close to iy, then
we obtain the deformation o;(h|mt,, v) of the restriction h|mt,, . Then, the condition
(1) (iii) guarantees that it extends by using h itself to a deformation of h.
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3. Deformation lemma for uniform embeddings.

In this section, from the deformation theorem for embeddings of compact spaces
(Theorem 2.1) we derive Theorem 1.1, a deformation theorem for uniform embeddings in
a metric covering space over a compact manifold. When passing to the uniform case from
the compact case, the Arzela-Ascoli theorem ([2, Theorem 6.4]) shall play an essential
role.

3.1. Product covering case.
First we consider the product covering case. Throughout this subsection we work
under the following assumption.

NOTATION 3.1.  Suppose 7 : (M, d) — (N, p) is a metric covering projection and N
is a compact topological n-manifold possibly with boundary. Suppose U is a connected
open subset of N isometrically evenly covered by 7w, C is a compact subset of U and K
is a compact neighborhood of C'in U. Suppose W is a subset of M and V is a collection
of connected components of 7= (U) such that V =UV C W. Let X = 7~ }(C)NV and
P=r"YK)NnV.

The first lemma establishes a fundamental deformation theorem for uniform embed-
dings in the simplest case.

LEMMA 3.1.  Suppose D and E are closed subsets of N with D C IntyE and
Z CY are subsets of M such that Y NV =7 Y(E)NV and ZNV =x"YD)NV. Then
there exists a neighborhood W of the inclusion map iy : W C M in Eg(W,M; Y) and a
homotopy ¢ : W x [0,1] — EL(W, M; Z) such that

(1) for each h e W
(1) wo(h) =h, (i) ¢1(h) =id on X, (iil) p¢(h) =h on W — P (¢t € [0,1]),
(iv) e (h)(P) CV and @ (h)(V) = h(V) (t € [0,1]),
(v) if h=1id on W NIM, then pi(h) =id on W NOM (t € [0,1)),

(2) eiliw) =1iw (t €10,1]).

PROOF. Since N is compact, by Lemma 2.1 (1) there exists A > 0 such that each
fiber of 7 is A-discrete. Choose a compact subset L of U such that K C Inty L and set
Q=m"YL)NV. We can find § € (0,)/2) such that C5(L) C U and Cs5(K) C Inty L.
Let {V;}ica be the collection of connected components of V' and set

for each i € A. Then the restriction m; := =y, : (Vi,d) — (U, p) is an isometry and
Cs(Q;) C V; since d(M —V;,Q;) > min{\/2,p(N — U, L)} > § by Lemma 2.1 (2).

By Deformation Theorem 2.1 and Complement to Theorem 2.1 (with replacing
(M,U) by (U, L)) there exists a neighborhood U of iy, in Ex(L,U; E) and a homotopy
YU x[0,1] — E4(L,U; D) such that

(1) for each f el
(0) o(f) =1, () ea(fle =ic, (i) ¥u(f) = fon L= K (t €[0,1]),
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(iv) if f =1id on LN ON, then ¢,(f) =id on LNIN (¢t € [0,1]),
(2) Ye(in) =ir (t € [0,1]).
We may assume that U = Ex(ip,v;L,U; E) (the closed 7-neighborhood of iy in
E4(L,U; E)) for some « € (0,9).

For each i € A we obtain the isometry with respect to the sup-metrics

ei : g#(QZa‘/l) = E#(L7 U) . ez(f) = 7T7;f7T,;1,
which restricts to the isometries
0;: E4(Qi, Vi Y) 2 E4(L,UE) and 0] : E4(Qi,Vis Z) = Ex(L,U; D).

Then, W; = (0)7'(U) = E4(ig,,7; Qi, Vi;Y) and the homotopy 9 induces the corre-
sponding homotopy

Lpi : Wi X [07 1] - g#(Q'u‘/HZ)a

which satisfies the following conditions

(3) for each feW;
() ob(f) =f, (i) ¢i(f) =idon X;,  (iii) j(f) = f on Q; — P (t € [0, 1)),
(iv) if f=1d on Q; NIM, then ¢i(f) =id on Q; NOM (¢t € [0,1]),

(4) ¢iliq) =iq, (t€[0,1]).

Let W= Ei(iw,’y; W, M;Y) and define a homotopy ¢ : W x [0,1] — S;fﬁ(I/V, M;7)
as follows. Take any h € W. Since v < 4, for any i € A we have h(Q;) C Cs(Q;) C V;
and h|g, € W;. Therefore we can define ¢;(h) (¢t € [0,1]) by

oMo, = ¢i(hlo,) (i€ A) and py(h)=hon W —P,

Since ¢i(h|g,) = h on Q; — P;, the map ¢(h) is a well-defined embedding and the
required conditions (1), (2) for ¢ follow from the corresponding conditions (3), (4) for ¢
(i € A). For (1) (iv) note that ¢(h)(Q;) = pi(hlg,)(Q:) = h(Q;) (i € A). It remains to
show that

(¥)1 @t(h) is a uniform embedding for any h € W and t € [0,1] and
(%)2 ¢ is continuous.

Take any h € W. For each i € A let h; = 6;(h|g,). Since h is a uniform embedding,
the family hlg, € W; (i € A) is an equi-uniform family of embeddings. Therefore,
the families C(h) = {hi}iean and C'(h) = {h;'}ica are also equi-continuous. Since
Imh; € Cs5(L) C U (¢ € A) and Cs(L) is compact, by the Arzela-Ascoli theorem ([2,
Theorem 6.4]) the closure ¢/ C(h) of C(h) in C(L,U) is compact. It also follows that
cC(h) CU C E4(L,U; E) by Lemma 2.3 and the equi-continuity of C’(h).

Now we show that ¢ (h;) € E4(L,U; D) (i € A, t € [0,1]) is an equi-uniform family
of embeddings. Since ¥(clC(h) x [0,1]) C Ex(L,U; D) is compact, the family v (h;)
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(i € A,t € ]0,1]) is equi-continuous. The equi-continuity of the family (¢ (h;))~t (i €
A,t € [0,1]) is shown as follows. Since Im(f) = Im f for each (f,t) € U x [0,1], we
have the map

XU X[0,1] — H(L) : x:(f) = W (f) LS.

Since x(cl C(h) x [0, 1]) is compact, the family x:(h;) (i € A,t € [0, 1]) is equi-continuous.
Since C'(h) = {h; '}iea is equi-continuous, the family

(e(hi)) ™" = xa(hi)h; ' (i € At €[0,1])

is also equi-continuous as desired.

(x); Pulling back each map 1:(h;) by the isometry 67, it follows that ¢i(h|g,)
(i € At € ]0,1]) is an equi-uniform family of embeddings. The map ¢;(h) is uniformly
continuous, since ¢.(h)|lw—_p = hlw_p is uniformly continuous, the family ¢,(h)|g, =
©i(h|g,) (i € A) is equi-continuous and Cs(P;) C @; (i € A). Similarly the map p:(h)~'h
is uniformly continuous, since ¢(h)"*h = id on W — P, the family ¢:(h)"'h|g, =
©i(h|g,) " hlg, (i € A) is equi-continuous and Cs(P;) C Q; (i € A). Therefore, ¢;(h)~1 =
(p¢(h)~th)h~1 is also uniformly continuous.

(%)2 To see the continuity of the homotopy ¢, take any (h,t) € W x [0,1] and & > 0.
Since ¢l C(h) is compact, the homotopy

¢ U X [0,1] — E4(L,U; D)

is uniformly continuous on ¢l C(h) x [0, 1]. Hence there exists n € (0,¢) such that

if (fv u)7 (g’v) € clC(h) x [07 1] and p(f,g) <, ‘u_v‘ <7, then P(%(f)a%(g))

E.

A

By Lemma 2.4 we can find a neighborhood O of ¢l C(h) in U such that

if (f,u), (9,v) € O x[0,1] and p(f,g) <7, [u—v| < n, then p(u(f), ¥u(g)) <e.

Choose ¢ € (0,7) such that O contains the open (-neighborhood O(() of ¢lC(h) in U.
Then it follows that

if (k,s) € W x [0,1] and d(h, k) < ¢, |t — s|] < (, then d(p:(h), ps(k)) < e.

In fact, take any (k,s) € W x [0,1] with d(h, k) < ¢ and |t — s| < {. Then, for any i € A,
we have p(h;, k;) = d(hlg,,k|g,) < ¢ and h; € C(h), so that h;, k; € O(C) C O. Hence,
by the choice of O and 7 we have p(1;(h;),¥s(k;)) < € and so d(pi(h|g,), % (klg,)) < e.
This implies d(¢¢(h), ¢s(k)) < e. This completes the proof. O

The next lemma deals with the problem on the pattern of intersection of each sheet
of V with Y (which is represented by a set Iy, defined in the proof). Here, V represents
the subset of W on which we shall deform the uniform embeddings, while Y represents
the subset on which the uniform embeddings have already been deformed to the identity.
In Lemma 3.1 the pattern is same for all sheets of V' (corresponding to the inverse image
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of a subset of N), while in Lemma 3.2 appear finitely many patterns of intersections
(relating to the inverse images of finitely many subsets of N) and Lemma 3.1 is applied
to each pattern separately.

When Og is a connected open subset of N isometrically evenly covered by =, let
S(0p) denote the collection of connected components of 7=1(0p). For each O € S(Oy)
the restriction 7|p : O — Oy is an isometry. For subsets Ag, By C Oy, let

S(Oo,Ao,Bo) = {(O,A7B) | Oe S(OO)7A = (W‘O)_l(AO)vB = (WlO)_l(BO)}'

We keep the notations given in Notation 3.1.

LEMMA 3.2.  Suppose {(O;,E;,D;)}jes is a finite family of subsets of N such that
(a) for each j € J, Oj is a connected open subset of N and E;, D; are closed subsets of N
with D; C IntyE; and E; C O; and (b) O; (j € J) and St(U,{O;}jecs) are isometrically
evenly covered by . Suppose F is a subcollection of Uje{j} x S(O;, E;, D;) and let

Y=U{E|( (0 ED)eF}t and Z=U{D|(j(0,E D))eF}
Then there exists a neighborhood W of the inclusion map iy in 5;1(1/[/, M;Y) and a
homotopy ¢ : W x [0,1] — EL(W, M; Z) such that

(1) for each h € W

(i) wo(h) =h, (i) p1(h) =id on X,

(iii) e(h) =h on W — P and @i(h)(W) = h(W) (¢t € [0,1]),

(iv) if h =1id on W NOM, then pi(h) =id on W NOM (t € [0,1]),
(2) @eliw) =iw (t €[0,1]).

Proor. For each Vj € V consider the subset Iy, of J defined by
Iy, ={j€J]|3(,(0,E,D)) € F such that ENVy # 0}.

For each I C J let

Vi={VeV|ly=1I}), Vi=uV, X;=r'C)nV;, Pr=rYK)nV;

Er =UierE; and Dy = UierD;.
It follows that V; c V. € W and Dy C Inty E;. We show that
O YNVi=rYENNV; and (ii) ZNV; =7YDr)NVr.

(i) Given x € YNV;. Since z € Y, it follows that « € E for some (i, (O, E, D)) € F,
thus (O, E,D) € 8(0;, E;, D;) and E = (7o) (E;), so w(x) € E;. Since x € V7, it is
seen that x € V; for some Vy € Vy and Iy, = I. Since x € ENVy # 0, we have i € Iy, =T

and E; C Er. Hence 7(x) € Er and x € 7~ Y(Er) N V7.
Conversely suppose x € 7~ '(E;) N V;. Then 7(z) € Ej, thus 7(z) € E; for some
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i € I. Since x € Vi, it follows that z € V; for some Vy € Vr and Iy, = I 3 i so that
EnVy # 0§ for some (¢,(0,FE,D)) € F,so (O,E,D) € §(O;,F;,D;) and E C Y. By
the assumption U= St(U,{O,},c) is a connected open subset of N isometrically evenly
covered by . Since 7(z) € UNE; € UNO;, we have O; C U, so Vo, 0 C ™ LU). Since
Vo and O are connected and VoNO D VoNE # 0, there exists Uy € S(U) with V4,0 C Up.
Since 7 : U0—>Ulbanlsometry,ECOCUO,JCEVOCUO and 7(x )eEiCOiCﬁit
follows that x € E C Y so x € Y NV as desired.

The assertion (ii) follows from the same argument as (i).

By Lemma 3.1 there exists a neighborhood Wy of iy in €4 (W, M;Y) and a homo-
topy @’ : Wi x [0,1] — E4(W, M; Z) such that

(1) for each h € Wy
(i) ph(h) =h, (i) ¢{(h) =id on X7, (iii) ¢{(h) =h on W — Py (t € [0,1]),
(iv) @i (h)(Pr) C Vi and ¢f(h)(Vi) = h(V7) (t € [0,1]),
(v) if h = id on W NOM, then ! (h) =id on W NIM (t € [0,1]),

(2) #i(iw) =iw (t €0,1]).

Since V is the disjoint union of the subcollections V; (I C J), it follows that V
is the disjoint union of V; (I C J). Then W = Nyc;Wy is a neighborhood of iy in
&L (W, M;Y) and we can define a homotopy ¢ : W x [0,1] — E4(W, M; Z) by

oi(h) =@l (h)on V; and (k) =hon W — P.

Since there exists v > 0 such that C,(Pr) C V; (I C J), the uniform continuity of ¢.(h)
follows from those of the maps h and ¢! (h) (I C J). Similarly, the map o;(h)~'h is
uniformly continuous since ¢;(h)~'h = id on W — P and the maps ! (h)~*h (I C J) are
uniformly continuous. Thus ¢;(h)~! = (¢4(h)~th)h~! is also uniformly continuous. [J

3.2. General case.

Theorem 1.1 is easily deduced from Theorem 3.1, whose proof is based upon a
recursive application of Lemma 3.2 to a finite family of local trivializations of the metric
covering projection 7. Here, the key is to set up the correct data to which Lemma 3.2 is
applied.

THEOREM 3.1.  Suppose 7 : (M, d) — (N, p) is a metric covering projection, N is a
compact topological n-manifold possibly with boundary, X is a closed subset of M, W' C
W are uniform neighborhoods of X in (M,d) and Z, Y are closed subsets of M such that
Y is a uniform neighborhood of Z. Then there exists a neighborhood W of the inclusion
map iw : W C M in EL(W, M;Y) and a homotopy ¢ : W x [0, 1] — EL(W, M; Z) such
that

(1) for each h € W
(i) wo(h) = h, (i) p1(h) =id on X,
(iii) pi(h) =h on W = W' and oi(h)(W) = h(W) (t € [0,1]),
(iv) if h =1d on W NOM, then ¢i(h) =id on W NIM (¢t € [0,1]),
(2) eiliw) = 1w (t €[0,1]).
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Proor. For m € Nlet [m] ={1,2,...,m}. Choose v > 0 such that C,(X) Cc W’
and C,(Z) C Y. Since N is compact, there exists a finite open cover U = {U}icpm of
N such that for each i € [m)

diam U; < v, U; is connected and St (U;,U) is isometrically evenly covered by .

There exists a finite closed covering F = {Fj};c[m) of N such that F; C U; for each
i€ [m].

By Lemma 2.1 there exists A > 0 such that each fiber of 7 is A-discrete. Choose
d € (0,\/2) such that Cs(F;) C U; for each i € [m]. Take real numbers

6>0)>01>->0, >0.
For each i € [m] we apply Lemma 3.2 to the following data:
U=U; CN, (K;C;)=(Cs,_,(F;),Cs,(F;)), W CM,
Vi={V'eS() |V NX#£0}, Vi=uV, X;=r'(C)NV,, P=nYK)NV
(05, B}, DY) = (U;,Cs,_, (Fy), Cs,(Fy)) (j € [m]),

F = {(k,(O,E,D)) e |J {4} x 8(0;,E;, D3)

J€[m]

() ENX #0and k<i—1or (b)EﬂZ#@}.
Y;=U{E | (k,(O,E,D)) e 75} and Z; =U{D | (k,(O,E,D)) e F}.

By the choice of v it is seen that V; C C(X) C W’ C W. Thus we obtain a neighborhood
W; of i in (W, M;Y;) and a homotopy ¢ : W; x [0,1] — E4(W, M; Z;) such that

(1) for each h e W,

() gb(h) = h, (i) wi(h) =id on X;,

(iii) ¢j(h) = h on W — P; and ¢i(h)(W) = h(W) (t € [0,1]),

(iv) if h =1d on W NAOM, then ¢i(h) =id on W NIM (t € [0,1]),
(2) eiliw) =iw (t € [0,1]).

To compose these homotopies we use the following implications;

(3) }/H-l C Z; UX; (Z S [m — 1}),
4 ) Zcz (iem]), @()XcCcX,UZ, ()Y cCY.

We will verify these statements later and continue the construction of the required
homotopy ¢. By (3) and (1) (ii) we have the maps ¢} : W; — E4(W, M;Yiq1) (i €
[m —1]). Since ¢} (iw) = iw € Wiy1, by the backward induction the neighborhoods
W; (i € [m — 1]) can be replaced by smaller ones so to achieve the condition ¢} (W;) C
Wit1. Since EL(W,M;Y) C E4(W,M;Y1) by (4) (iii), there exists a neighborhood
W of iw in EY(W,M;Y) such that W C Wj. Then we have the composition maps
it c W = W (i € [m]), where @it} = iy for i = 1. Finally, since
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ELW,M;Z;) C E4(W, M; Z) by (4) (i), we can define the required homotopy
P Wx[0,m] — ELW.M; Z) by =i ey g (HE[i— L), i € [m]).

By (1) (i) the homotopy ¢ is well-defined and the required conditions (1), (2) for ¢
follow from the corresponding properties (1), (2) of the homotopies ¢* (i € [m]). For
(1) (ii) note that @, (k) = 7 (P - pl(h)) = id on X,, U (W N Z,,) and that X C
WnN(X,UZy) =Xn,UWnZy,) by (4) (ii).

It remains to verify the assertions (3) and (4).

(3) Take any y € Y; 1. We have y € E for some (k, (O, E, D)) € F;y1,s0 (O, E, D) €
SO, E;7 Dty and (a) ENX # 0 and k < i or (b) ENZ # (. Tt follows that
mlo : O — O is an isometry and E = (n|o)~1(D}) since "' = Dj.

In the case (a) with k& = 4; Since Oy = U; and D} = D! = C,, it follows that
y € E = (nlo) (C;) C #=1(C;). Since ONX D ENX # 0, it follows that O € V; and
Vi D0 D E >y. Hence we have y € 7= 1(C;)NV; = X;

In the case (a) with &k < i —1 or (b); Let ' = (n|o)"*(E}). Then (O,E',E) €
S(O, EL,D}) and (k, (O, E',E)) € F; since E'NX D ENX # ) in the case (a) with
k<i—1land E'NZ D> ENZ#0 in the case (b). Hence we have y € E C Z,.

(4) (ii) Give any = € X. Then 7(z) € Fj, for some k € [m].

In the case where k < m — 1; Since n(z) € F, C Uy = Oy, it follows that x € O
for some O € S(Oy) and 7o : O — Oy is an isometry. Put E = (n]o) " (EJ") and
D = (7|lo)"Y(D}*). Then, it follows that € D since w(z) € Fy, C D}, and that
(k,(O,E,D)) € F, since (O,E,D) € S(Oy, Ej*,D*),x € ENX # 0 and k < m — 1.
This implies that x € D C Z,,.

In the case where k = m; Since 71(z) € F,, C Cpy C Uy, it follows that x € 771(Cy,)
and there exists V' € S(U,,) with z € V'. Since x € V' N X, we have V' € V,,, and
x € V! C V,,. This implies that z € 771(C,,) NV, = Xo.

The statements (4) (i) and (4) (iii) are verified similarly. This completes the proof.

O

4. Groups of uniform homeomorphisms of metric spaces with bi-
Lipschitz Euclidean ends.

In this section we study some global deformation properties of groups of uniform
homeomorphisms of manifolds with bi-Lipschitz Euclidean ends. The Euclidean space
R™ admits the canonical Riemannian covering projection 7 : R™ — R™/Z" onto the flat
torus. Therefore we can apply the Local Deformation theorem Theorem 1.1 to uniform
embeddings in R”.

PRrROPOSITION 4.1.  For any closed subset X of R™ and any uniform neighborhoods
W' C W of X in R™ there exists a neighborhood W of the inclusion map iy : W C R"
in EL(W,R™) and a homotopy ¢ : W x [0,1] — EX(W,R"™) such that

(1) for each h e W
(i) wo(h) =h, (i) p1(h) =id on X,
(iii) pt(h) =h on W = W' and o (h)(W) = h(W) (t € [0,1]),
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(2) eiiw) =iw (t €[0,1]).

The relevant feature of Euclidean space R™ in this context is the existence of simi-
larity transformations

ky:R"~R":ky(x) =~z (y>0).
This enables us to deduce, from the local one, a global deformation in groups of uniform

homeomorphisms on R™ and more generally, manifolds with bi-Lipschitz Euclidean ends.

4.1. Euclidean ends case.

Recall our conventions: For r € R we set R? = R™ — O(r), where O(r) = {x € R" |
lz]| < r}. For s >r > 0ande >0, let E%(1s,¢; RT,R?) denote the open e-neighborhood
of the inclusion map ¢, : R} C R? C R” in the space £“(R?,R}),. We can apply
Proposition 4.1 to (X, W', W) = (R}, R?,R?) and replace W by a smaller one to obtain
the following conclusion.

LEMMA 4.1. Forany0 <r < s < u < v and e > 0 there exist § > 0 and a
homotopy

p: EU(LS,T,(S;R?,Rf) x [0,1] — 5“(L37T,5;R:’,Rf)

such that (1) for each h € E¥(tsr, §; RE,R?)
() po(hy=h, (i) gr(h) =id on RY, (iil) wi(h) = h on RY — KL (¢ € [0,1]),
(2) (pt(LSJ’) = ls,r (t € [07 1])

Now we apply a similarity transformation k. for a sufficiently large v > 0 to Lemma
4.1.

LEMMA 4.2.  For any c,so > 0 and B > o > 1 there exist s > so and a homotopy
P 5“(Ls,c; RZJR") x [0,1] — Eu(Ls,s;RZ,R")

such that (1) for each h € E¥(1s,c; RZ, R™)
) Yo(h) =h, (i) ¥1(h) =1id on Rj,,  (iii) ¥4(h) = h on R} — R, (t € [0,1]),

(ts) =15 (t €]0,1])

(i
(2) ¥t
P(E¥(Ls, ; RTRY) x [0,1]) C E%(ts, 8; RZ,R™) for any r < s.

(3)

ProOF. We apply Lemma 4.1 to 0 < 1 < 2a < 26 and ¢ = 1. This yields
§ € (0,¢/sp) and a homotopy

@ E%(u1,6;RY,RY) x [0,1] — £%(e1, 1;RY,R™).

as in Lemma 4.1. Let s := ¢/d. Then s > sy and we have the homeomorphism
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n: € (RY,RY) ~ EY(RY,R") 2 0(f) = ks f ks
Since n(i1) = s and d(n(f),n(g)) = sd(f,g), for each ¢ > 0 we have the restriction
Ne E“(Al,a;R?,R") ~EY (LS, sa;R?,R”).
Then the homotopy v is defined by

e = el
The conditions (1), (2) on ¥ follow from the corresponding properties of . By (1) (iii)
Im (k) = Imh for each h € E%(1s, ¢; R?,R™), which implies (3). O

4.2. Bi-Lipschitz Euclidean ends case.

Suppose (X, d) is a metric space and L is a bi-Lipschitz n-dimensional Euclidean
end of X. This means that L is a closed subset of X which admits a bi-Lipschitz
homeomorphism 6 : (R}, 0RY}) = ((L,FrxL),d|r) and d(X — L,0(R?)) — oo as r — oo.
Let £ > 1 be the bi-Lipschitz constant of § and for a > 1 let L, = 6(R}}) and 0, = 0|ry :
R ~ L,.

LEMMA 4.3.  For any X\ > 0 and sg > 1 there exist s > sg, p > 0 and a homotopy
©:HY(X;A) x [0,1] — H“(X; 1) such that for each h € H*(X; \)

(i) wo(h) =h, (ii) ¢1(h) =id on Lss, (iil) pe(h) = h on X — Los (t € [0,1]),
(iv) if h =1id on L, then @i(h) = h (¢t € [0,1]).

PROOF. Take any A > 0. Since d(X — L, L) — oo (r — 00), there exists
(1) 7 > sg such that h(L,) C Ly for any h € H*(X; \).

Let ¢ = Ak > 0. Applying Lemma 4.2 to ¢,r and o = 2, § = 3, we obtain s > r and
a homotopy

e SU(LS,C; R?R’?) x [0,1] — SU(LS, s;R?,R’f)

such that (2) for each f € £%(1s,c;RY,RY)

() Yo(f) = f. (i) va(f) —id on RE,, (iii) v(f) = h on RY — Ry, (¢ € [0,1]),
(3) Yules) = 1o (£ € [0,1]).

Consider the homeomorphism

O, : E%(Ls, L) = E“(RY,RY) : O4(f) = 0,1 f0,.

Since 0 is k-bi-Lipschitz, it is seen that O, is also k-bi-Lipschitz with respect to the
sup-metrics. Since O4(1%) = 14, the maps O, and © ! restrict to
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(S 5”(L§‘7)\;LS,L1> — u(LsaC; R?vR?) and

&
9_1 : gu(bsac; RZ7R?) — &

S

“(LSL,FJC; LS,Ll).
Hence we obtain the homotopy
X EU(LL N Ly, Ly) x [0,1] — (el ke; L, L) = xe = (05) ™ 'O,

From (2), (3) it follows that
(4) for each h € E4(uE Ay Ly, Ly)

(i) xo(f) = f, (i) xa(f) =id on Las, (iii) x+(f) = f on Ly — Lo (t € [0,1)),
(5) xe(ed) = (t€[0,1]).

Since s > 7, by (1) we have the restriction map
Ry H*(X;A) — E“(uL N Ly, Ly)  Ry(h) = Ry,
Let p = ke. Due to (4) (iii), the required homotopy is defined by

XtRs(h) on Ly

cHY(X;A) x [0,1] — HY(X; b h) = O
¢ HU(XGA) < [0,1] (X51) by ¢i(h) {h on X — Ly..

LEMMA 4.4. For any A\ > 0 and r > ro > 1 there exist N > 0 and a homotopy
X : HY(X;A) x [0,1] — H*(X; X)) such that for each h € H*(X; \)

(i) xo(h) =h, (i) x1(h) =1id on L,,

(iii) x¢(h) =h on "X (X — L,,) — Ly, (t €10,1]),

(iv) if h =1id on L., then x:(h) = (t € [0,1]).

ProOOF. Let s,u > 0 and ¢ be as in Lemma 4.3 with respect to A and so = r.
Using the product structure of L, we can find an isotopy £ : X x [0,1] — X such that

(a) §o = idx, (b) &1 (Lr) = Lss, (C) & =1id on (X - Lro) U Lys (t € [07 1])
By (c¢) the map [0,1] 5 ¢t — & € H"(X) is continuous and v = max{d(&,idx) | t €
[0,1]} < co. Thus, we obtain the homotopy

X HYX;A) % [0,1] — HYX) = xe(h) = & i (R)E;.

Since d(&; ', idx) = d(&,idx) < v, it follows that d(x:(h),idx) < N = u+2v (h €
H“(X;A)) and that Imx C H*(X;)\). The required conditions on x follow from the
properties of ¢ and &. O

LEMMA 4.5.  For any r € (1,2) there exists a homotopy v : H*(X), x [0,1] —
H“(X)p such that for each h € H*(X)y
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(i) Yo(h) = h, (i) ¢1(h) =id on L,

(iii) ¥¢(h) =h on Y (X — L,) — L, (t €]0,1]),

(iv) if h =1d on L,, then ¢ (h) = h (t € [0,1]),

(v) for any X\ > 0 there exists 1 > 0 such that ¥, (H*(X;\)) C H*(X;p) (t € [0,1]).

PrROOF. For A\ > 0 let H*(X;> X) = {h € H*(X)p | d(h,idx) > A}. Take any
sequence r =11 < ro < --- < 2. By repeated applications of Lemma 4.4 we can find
Ai >0 (i € N) and homotopies

X HY (XN 1) x [0,1] — HY(X; X\iy1) (i €N)

such that for each i € N

(1) )\i+1 >\ + 1,
(2) for each h € H*(X; A +1)

(i) (x)o(h) =h, (i) (x D1(h) =id on Ly,
(iii) (x*)e(h) =h on h™H(X — Ly,) — Ln (t € [0,1]),
(iv) if h =id on L,,, then (x):(h) = h (¢t € [0,1]).

For each i € N take a map

(3) a; : HY(X;\; + 1) — [0,1] such that o;(h) = 1 if d(h,idx) < A\; and «;(h) = 0 if
d(h,idx) = X\; + 1.

We modify x* to obtain the homotopy
n' HY(X)p x [0,1] — HYX)y, (n')e(h) = {;X et E: i Z“g{(::;i))l’))
Then, n* has the following properties:
(4) for each h € H*(X)y
() (n)o(h) =h, (i) (7")e(h) =h on h™Y(X = Ly,) — Ly, (t €[0,1]).
(5) (1) (n")e(h) = h (t €[0,1]) for any h € H} (X), UH"(X;> X +1).
(ii) (")e(H" (X5 i + 1)) € HY(X; M) (¢ € [0,1]).
(6) () (A (X A) © 1Y, (X
From (5) it follows that

(7) (5) () (X3 0) € HU(X5 A (G < i =1, £ € [0,1)),
i) ()i (h) = h (he My, (X)) (G >i+1,1€0.1).

Hence we have

(8) () )1 M- () (HU (X3 X)) € ()1 (U (X3 M) € M, (X,

+1

(i) ()1 ()1 ()a(h) = 1. )(h) (b € HUY (X N), j 2 i +1,
t €10,1)).
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Replacing [0, 1] by [0, oo], the homotopy v : H*(X)p % [0, 00] — H*(X)y is defined
by

(7 )e—jar ("1 ()a(h)  (E€lj—1,7],5 €N)

PO dim ) ) (t = o0).

By (8)(ii) we have
(9) ¥e(h) = ()1 (n")1(h) (h € HU (X5 ), t € [i, 00]).

This means that ¢ is well-defined and continuous. The required conditions on 1) follow
from (4)~(8). For (v) note that ¢ (H*(X;\;)) C H*(X;X\i+1) (i € Nt € [0,1]). O

PROPOSITION 4.2. For any 1 < s < r < 2 there exists a strong deformation
retraction ¢ of H*(X)y onto H} (X)y such that

oi(h)=h on "' (X —L,) — L, for any (h,t) € H*(X)y x [0,1].

PRrOOF. Let ¢ : H"(X), x [0,1] — H"(X); be the homotopy given by Lemma
4.5. Then v is a deformation of H"(X), into H}, (X), which fixes H} (X), pointwise
and satisfies

(1) Y¢(h) =hon h™"(X — L,) — L, (h € H*(X)p,t € [0,1]).

Let Y =X —IntL3, S= L3z —Int L3 and N = Int L — Int L3. Then N is an open
collar neighborhood of S in Y and for any s € (0,7) it admits a parametrization

(2) 9: (S x10,4),5 x {0}) = (N,S) such that N; = Ly — Int L3, No = L, — Int L3,
N3 = LS — Int L3
Here, N, = 6(S x [0,s]) (s € [0,4)). Under the canonical identification
(HY,(X)p, HY (X)) = (Hy, (Y)s, HY, (Y)s), Lemma 2.6 yields a strong deformation
retraction x; (¢ € [0,1]) of H}, (X), onto H} (X)p such that

(3) x¢e(h) =h on h™'(X — L) — L, for any (h,t) € HY_(X)p x [0,1].

Finally, the homotopy

Vat (t €[0,1/2)),

(,DZHU(X)bX [0,1] —>HU(X)1, Yt =
x2e—1¢1 (€ [1/2,1])

is a strong deformation retraction of H"(X), onto H} (X), satisfying the required con-

dition. g

PROOF OF THEOREM 1.2. For each i € [m]y we can replace the bi-Lipschitz
homeomorphism ¢; for L; by another ¢; such that L; = 0;(R}),) and Li = 0;(Ry),).
Then, by Proposition 4.2 there exists a strong deformation retraction ¢* of H*(X); onto

HY (X)) such that

(@Ye(h) =hon h"Y(X — L)) — L for any (h,t) € H“(X), x [0, 1].
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Define the homotopy ¢ by ¢ = (¢™)¢--- (1) (¢ € [0,1]). O
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