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Abstract. Let S be a finite group with a character, sgn, of order 2, and
S’ its central extension by a group Z = (z) of order 2. A representation 7 of
S’ is called spin if w(z0’) = —7(c’) (6! € S’), and the set of all equivalence
classes of spin irreducible representations (= IRs) of S’ is called the spin dual
of S’. Take a finite number of such triplets (S;-,Zj,sgn]-) 1 <j<m). We
define twisted central product S’ = S} #Sh% - .- %S/, as a double covering of S =
S1 X v+ X Sm, S = 8}/(z;), and for spin IRs m; of S, define twisted central
product m = my¥mo% .- - %my, as a spin IR of S’. We study their characters
and prove that the set of spin IRs 7 of this type gives a complete set of
representatives of the spin dual of S’/. These results are applied to the case
of representation groups S’ for S = &, and 2, and their (Frobenius-)Young
type subgroups.

Introduction.

Let S’ be a central extension of a finite group S by a central subgroup Z = (z) of
order 2. A representation 7 of S’ is called spin if 7w(z0’) = —w(¢’) (¢/ € S’), and the
set of equivalence classes of spin irreducible representations (= IRs) is denoted by g Spm,
and is called the spin dual of S’. The category of such (5’, z) is denoted by ¢. Suppose
moreover that S has a character, denoted by sgn, of order 2, and extend it to S’ through
S’ — §. The subcategory consisting of all such triplets (S’, z,sgn) is denoted by ¥4’. For
(8',2) e 9\ ¥4, we add the superfluous datum sgn = 1 for convenience.

A typical example in ¢’ is given by S = &,,, n-th symmetric group, and its repre-
sentation group &,, = T/, in the notation in [15, Section 3], and that of ¥\ %" is given by
S =2, n-th alternating group, and %5, := @gl(mn) with the canonical homomorphism
s :6, = G, B,isa representation group of 2, for n > 4, # 6,7 [15, Section 4].

We study here the twisted central product S" = S{%5%%---%S], € ¢ of (57, z;,s¢n;)
€9 (jel,={12...,m}) and the twisted central product # = my*mo% - %m,, of
spin IRs 7; of S§ as a spin IR of S’. They turn out to be non-twisted central products
if all (S}, 2;,sgn;) but with at most one exception belong to ¢ \ ¢’. The main idea
comes from Schur’s fundamental work [15] on spin (projective) representations of &,
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and 2,, and the present paper clarifies the generality and the validity of his method,

which at the first glance seems to be very mysterious. Important examples are the case

of (Frobenius-)Young type subgroups 6, = 6,, X 6, x --- x &, — &, and the

corresponding Schur-Young type subgroup &, := ®5'(6,), where v = ())jer,, is a

partition of n : v1 +v5 4+ - -+ v, = n. The latter is canonically isomorphic to the twisted

central product of é,,j (j € I,). Also important is the case of 2, NS, and B,, N S,.
Our main results here are

(1) by the method of taking the twisted central product my%mo# - - - %m,, of spin IRs 7,
of S;, we obtain a complete set of representatives of spin dual of the twisted central
product Si#Sy*---%S), of (57, 2;,s¢n;), j € I, and

(2) we give a formula for calculating the characters of twisted central product
ko % - - - 7, and

(3) applying these methods to the case of Schur-Young type subgroups of én and B,
we obtain a complete parametrization of their spin duals, and certain results on their
characters.

We observe that, contrary to the cases of ordinary tensor products and of non-
twisted central products, the associativity law does not hold in general for the method
of constructing twisted central product of 7;’s, that is, even though (mi%mg)¥ms and
m1¥(mekms) are mutually equivalent, their intertwining operators are non-trivial and to
be determined by explicit calculations (see Section 3).

The category ¢ was first introduced by Hoffman-Humphreys [6], and the twisted
central product of representations is studied in [7, Sections 3-5] and also in [8] (in
modular cases) in case m = 2. Here we study it from a more general standpoint following
ideas of Schur and clarifies the situation for general m > 2 over C.

Our aim in the future is to apply these results to our study of spin (projective)
representations of complex reflection groups G(m,p,n), plm, 4 < n < oo, succeeding to
[2], [3] and [4] (cf. Section 10.5 below).

The present paper is organized as follows.

In Section 1, the twisted central product S" = S7#S5% - - - % S}, of groups (57, z;,sgn;)
€ Y (j € I,) are studied. In Section 2, the twisted central product mi%mo% - .- %, of
spin representations m; of S}, as a spin representation of S/, are defined and studied.
Here my#ma% .- % my, is irreducible if so are all m;’s. In Section 3, properties of these
twisted central products are examined.

In Section 4, a formula for calculating the character of 7y%mo% - - - %m, is given, and
the support of the character is evaluated. In Section 5, the completeness of the set of
spin IRs of type mi%ma% -« - %m,, of S’ is proved, that is, any spin IR of S’ is equivalent
to someone of the above form. In Section 6, the similar results are given for the normal
subgroup B’ := {0’ € §';sgn(c’) =1} of index 2 of 5.

In Section 7, we explain the intimate relations of the present study to the study of
projective representations of finite groups in general, and to our study on projective IRs
in the case of complex reflection groups in particular.

In Section 8, spin representations of én and those of 9B,, are reviewed for preparing
definitions and notations for Sections 9-10. In Section 9 and Section 10, the general
theory in Sections 1-6 is applied to the case of Schur-Young type subgroups S, of &,
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and to the case of their normal subgroups B,, N S, of index 2 defined by sgn(-) = 1.

1. Twisted central products.

1.1. Categories of double covering finite groups.

Suppose a finite group S’ has a central element z of order 2 and a one-dimensional
character of order < 2, denoted by sgn, such that sgn(z) = 1.

Denote by ¢ the category of all such triplets (57, z,sgn) (after [6]), and by ¢’ the
subcategory of all such (S’ z, sgn) that the order of sgn is exactly 2. We denote (5’, z, sgn)
simply by S if there is no danger of misunderstanding.

Put S := 5'/Z, Z := {e,z}, then {e} — Z — &' 25— {e} is exact, where e
denotes the identity element and ® denotes the natural homomorphism S’ — S. The
group S’ is a double covering of S, and sgn induces on S a character, denoted by sgng
or again by sgn if there is no danger of confusion. In the case where sgn is of order 1 (or
trivial), the symbol sgn is superfluous and (S’, z,sgn) means simply a double covering
(5',z2) of S.

A representation 7 of S’ is called spin representation of S’ (also of S) if 7n(z) = —1I,
where I denotes the identity operator. A representation 7 with 7(z) = I is reduced to a
linear representation of S = S§'/Z.

For a representation 7 of S” (or of S), the product representation sgn -7 is called its
associate representation. In case m = sgn -m (equivalent), 7 is called self-associate. For a
character x of S’ (or of S), sgn - is called its associate character, and in case x = sgn -x,
it is called self-associate (in [15, Section 14], Schur called this kind of character as
zweiseitige Charakter).

An element ¢’ € S’ is called even or odd according as sgn(c’) = 1 or = —1, and we
put ord(c’) = 0 or = 1 accordingly (the symbol ord(-) is an abbreviation of the word
order, and this is commonly used in our papers [2]-[4]). For ¢ = ®(¢') € S, it is called

even or odd according to ¢, and we put ord(o) := ord(¢’), sgn(o) := sgn(c”’).

NotatioN 1.1.  For (S, z,sgn) € ¢4, put B’ := sgn=1({1}), C’ := sgn=}({-1}),
and B :=sgng'({1}), C :=sgng'({—1}). Then, S'=B'UC", S=BUC.

ExXAaMPLE 1.1. For n > 2, let &,, be the n-th symmetric group, and s; = (i i+1),
i€ I,1:=1{1,2,...,n— 1}, be simple transpositions. Further let S,, be the double
covering group of &,, with a central subgroup Z = {e, z} of order 2 and a canonical
homomorphism ®g : én — &, such that {e} - Z — én 2e, S, — {e} is exact, and
with generators {z,r;;4 € I,_1} satisfying a set of fundamental relations

22=ve, 2r; =12 (iel,_1), rf =e, (mri+1)3 =e, rry=zrr (Ji—j] > 2),

and ®g(r;) = s; (i € I,_1) (in more detail, cf. Theorem 8.1 below). For n > 4, &, is
a representation group of &,, which is introduced and denoted by ¥/, in [15, Section 3].
Put (5, z,sgn) = (én, z,sgn) for n > 2. Then they are typical elements of the category
@' and B' = 05 (), ' = €, 1= 6, \ By, § = &, B =2, C =&, \ A, Note
that (B’, z,sgn|p/) belongs to % For n =1, put &; := {e, 2}, then &; € ¥\ ¥
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DEFINITION 1.1.  For (S}, 2;,s¢n;) € ¢4, j € I, = {1,2,...,m}, we define their
twisted central product in two steps.

First step. Prepare a central element z of order 2, and consider a set § of elements
expressed as 201050y, (a =0,1,0; € S} (j € I,)). Preserving the product rule in

each S}, we introduce in §) a product by
00 = zord(”;)ord(”;)(f;(f; (J#k, j,k € L), (1.1)
and accordingly, for b= 0,1 and o} € S} (j € Inn),

(z%ciah o) (zball’ag ceom)

= 2D ) ) (o] o) (o) - (o). (1.2

Then $ becomes a group. Define a one-dimensional character sgn of $ by

sgn (z%010y - 0p,) = H sgn;(a7). (1.3)
jeIT‘rl

Second step. Let Z' be the central subgroup of §) generated by zjz_l = 2z
(j € I,), and take the quotient group $ := $/Z’. Then a character, denoted again by
sgn, is induced from that on £, and the triplet (9, z, sgn) is an element of the category ¢.
$ is called the twisted central product of S% (j € Ip,) and is denoted by S7#S5% - - %Sy,

Note that, when all S? (j € I,,) are from ¢ \ ¢’ with at most one exception, then
S{#&Sh% -+ - &SI is actually a non-twisted central product.

Each group S’ is contained in S’ := Sj#Sj*--- %S, isomorphically and its image
is identified with S7. Then S NS} = Z := (2) (j # k), and each element ¢’ € S5’ is
expressed as o' = 0105 -0y, (0} € S}). Introduce notations S = 5'/Z, S; := S}/(2;),

then S is canonically isomorphic to the direct product Sy xSy x - - - x Sy, and is identified
with it. Furthermore we put

B} = {0} € S;sgn (o) =1}, Cj:= {0} € 57; sgn;(0}) = —1}; (1.4)
14
Bj = {0 € Sj; sgn;(o;) =1}, C;:={o; € Sj; sgn;(0;) = —1}.
Each (Bj, zj,sgn; |B;) is an element of & with trivial sgn; |B;7 and the product
BiBy - By, = {bjby---b,;05 € B (j € I,)} in " is a group isomorphic to the non-
twisted central product Bi*Bj%---%B] .

1.2. Conjugacy in a twisted central product.
PROPOSITION 1.1.  FExpress two elements of a twisted central product S’ :=
my 0" =0y on (0f, 0] €8] (j € In)).

!5 > Q! A !/
Si¥---%x8) aso' =010, ™

(i) o' and o" coincide with each other if and only if

a';, = Zaja';./ (,] c Im)7 ar+---4+an,=0 (m0d2)
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(i) If o' and 0" are conjugate to each other under S, then for each j € L, o) is
conjugate to 2%’ with some a; = 0,1, under S;. Conversely if o’ is conjugate
to 2% under S}, then o' and z%0" are conjugate to each other under S’ with

some a =0,1.

PROOF. (ii) Suppose that o' and ¢” are conjugate to each other under & =
§1&m (& € 5)), that is, &o'él = ¢”. The left hand side equals 0’61 =
24(&olETY) - (Emot,€0Y), with

Z ord(o},) ord(&;) + Z ord(&;) ord(&;) (mod?2).

J#kin I, Jj<kin I,,

S
Il

Accordingly @03{]-_1 = 2%07 (Jaj, j € Iny), with a1 + - + ay = a.
Converse discussion is also valid. O

EXAMPLE 1.2. Fora o’ € &, put 0 = ®(¢’) € S,,. After Schur [15], we call ¢’
(and o) of the first kind or the second kind if ¢’ is conjugate under én to zo’ or not.
Decompose o into a product of mutually disjoint cycles o; as 0 = 0102---0¢ and let
Z; be the length of cycle o;. Adjoining cycles of length 1 for conveniences, we assume
bL+la+---+L4, =n. Wecall o’ € B, (or o € A,) of the third kind if £;’s are all different.
We know from [15, Section 7, Satz IV] and [15, Section 9, Satz V] the following;:

(1.2.1). ¢ € &, is of the second kind if and only if one of the following conditions
holds:

(2-ev) sgn(o) =1 and ¢,’s are all odd (or sgn(o;) = 1);
(2-0od) sgn(o) = —1 and ¢;’s are all different.

(1.2.2). For o’ € B, o’ and zo’ are conjugate under &,, but not under %B,, if and
only if it is of the third kind.

A complete set of conjugacy classes of S, (or of B,,) is given as follows. For a
subinterval K = [p,q] = {p,p+1,...,q} of I,, put o = rprpp1---1q-1 (g = e if
p = q), then ®g (0% ) is the cyclic permutation (p p+1 ... ¢). For a partition

= (b1, by, ... ly), Ly 2l > 24 >0, b+l + Ll =n, (1.5)

of n, put My = 0, M, =0 +---+ Y (’L € It)7 and let K; := [Mifl,Mi] (’L S It) be
subinterval of I,, and call o := 0 0%, - - - 0, the standard element of S, corresponding
to £. Let L(o’) = L(o) be the length of o with respect to simple transpositions s; =
(i i+1) (i € In—1), then L(o) = > ,cp, (65 — 1). Put s(€) := #{j € I:;{; even}, then
sgn(o) = (—1)*®. From (1.2.1) and (1.2.2) we obtain the following:

(1.2.3). A complete set of representatives of conjugacy classes of S, is given by

{o},z0p;5(€) =0} |_| {0}, z0p; s(£) odd, ¢; all different } |_| {op; other £}.



1196 T. Hiral and A. HORA
Such a set for B, is given by
{a's(z), za's(e); s(€) =0} |_| {U/s(z)7 za's(l); s(£) > 0 even, ¢; all different}
|_| {O';(e); s(€) > 0 even, £;’s have multiplicities}.
EXAMPLE 1.3. Take an ordered decomposition v = (v})jer,,, |V| ;=11 +va+---+
Uy = n (here we do not assume the order of large or small among v;’s), and take a

subgroup of (Frobenius-)Young type of &,, as &, := &,, x &,, x --- x &,,_, then the
full inverse image &, := Q)él (6,,1 X e X GVm) is called a subgroup of Schur-Young type

m?

of én Here &,, is identified with the symmetric group &, acting on the sub-interval
Jj =+ +viaa+ 1L, v+ +y] of I, = [1,n] = {1,2,...,n} (in particular,
J1 =[1,11]). In this case, S, is naturally isomorphic to the twisted central product of
é,,j =3:'(6,,) (j € I,), where é,,]. ={ez}ifv;=1: S, 26,5 %6, .

A complete set of representatives of conjugacy classes of é,, is given by using (1.2.3).

2. Spin representations of twisted central product groups.

2.1. Spin representations of double covering groups.

Let (57, z,8gn) € 4. If sgn is of order 2, B’ = {¢’ € S’;ord(¢’) = 0} is a normal
subgroup of S” of index 2, and C' = {0’ € S’;ord(¢’) = —1} = k’'B’ for any x’ € C".
When sgn is trivial, B" = §’, C" = 0.

Let S be the set of all equivalence classes of irreducible spin representations of
S’ and call it the spin dual of S’. This is nearly a half of the total dual S as is shown
in the following proposition. Denote by [r] the equivalence class of 7.

ProOPOSITION 2.1.  For the spin dual g of a group S" € ¢, there holds

S (dimr)? = % 15 = |S]. (2.1)

spi

PROOF. Note that &' = S 1U'S. Then the above formula comes from the

following two equalities for S” and S:

1
> (dimm)? =8, > (dimm)® =S| = 5191 O

W€§7 71'0€§

For (S', z,sgn) € ¢4’  an intimate relation between IRs of S’ and those of its normal
subgroup B’ is given as follows. We prepare a notation: for a representation 7 of S,
denote by Res%nr the restriction w|p/.

PROPOSITION 2.2.  Let 7 be a spin IR of S' € 4'.

(i) Assume that 7 is non-self-associate, that is, ™ % sgn-mw. Then the restriction
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Resgnr of ™ onto B’ remains to be irreducible. Denote it by p, then ”lp >~ p
for any & € C', where ("p)(r') := p(x’"'7'k) (' € B'), and for the induced
representation of p from B’ to S’,

Indg, pETd (sgn-m).

(i) Assume that 7 is self-associate, that is, m = sgn-mw. Then the restriction w|p: splits
into a direct sum of two non-equivalent IRs p and p', and p' is equivalent to "‘lp
for any &' € C":

’

Resp,m=p®p/, p 2="p.

In this case, Ind%l/ p = Indg, p .

PrROOF. (1) Let p be an irreducible component of the restriction 7|p:,. Let V(7)
and V(p) be their representation spaces. Then, since S’ = B'UC’, ¢! = k'B’, we
have only two cases as follows: (Case 1) V(7) = V(p), n(k")V(p) = V(p), and (Case 2)
V(r) =V(p) + m(x")V(p) (direct sum).

On the subspace 7(k')V(p), B’ acts according to *p. In fact, 7(7') (7 (' )w) =
(k) ((*p)(r")w) (7' € B', w € V(p)). Hence, in Case 1, we have necessarily *'p = p.

In Case 2, we have ”/p 2 p. In fact, if "””/p 2 p, as is proved by calculations, there
exist non-trivial intertwining operators of w. This contradicts the irreducibility of 7. So

“p % p.
(2) On the other hand, consider II := Indg, p. We realize this as follows. The space
V(II) consists of V(p)-valued functions ¢ on G’ satisfying the homogeneity condition
p(r'0’) = p(')p(0”) (7' € B,0" € 9), (2.2)

and the operator II(o()) is given by II(a()¢(c’) = p(c'c}) (cf,0’ € S'). Taking a
complete set of representatives of the coset space B'\S" as {e, s’ '}, we define a map

T V() 3 ¢ (ple), o( 7)) € VD) @ V(p).
Then, for ¢’ :=T(7")p and ¢” :=TI()y,
(&'(e), @' (&) = (p(r), (&) = (p(r")ple), (p) () ™1)),
("(e). " (K" )) = (p(r") p(e) = (p(")p ('™, (e)).

Therefore II' := ¥ - II- ¥ ! is expressed in a matrix form as

v () ). W= (GF) s
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where 74 := x'? € B’, and I denote the identity operator on V (p).
Now, in Case 1, there exists an intertwining operator A on V/(p) such that (*p) (') =
A7 lp(r")A (' € B’). Then, for 7' € B/,

() " pl")p(7h),

>
—
Sk
L
N
S
SN—
|
)

and since p is irreducible, it follows that A%p(7))~! is a scalar operator. Replacing A by
its scalar multiple appropriately, we obtain A2 = p(7)). Transform I’ to 11" = &-II"- !
with ® = diag(7, A), then

o= ("G o) = (5 0): .

A basis of the space of intertwining operators of II" is given by two projections

1 . 10 O I
Pi::ﬁ(I:I:Q) with I::<O I)’ Q::(I O)'

For two irreducible components II'] := PLII"” PL of II”, we have by simple calculations
7 (r") = ('), I” (1'k") = 11" (7'K") = sgu(r'x’) - 1" (7'x') for 7" € B’.

Lastly in Case 2, since p % "p, we see from (2.3) that II' is irreducible. For the
character x1 of II', we see immediately from (2.3) that y;r = 0 on C' = k’B’, and so
X1 = sgn -xmr. This means that IT" = sgn -IT'.

Summarizing altogether, we see that Case 1 and Case 2 correspond exactly to the
assertions (i) and (ii) of the proposition respectively. O

PROPOSITION 2.3. In the converse way, take a spin IR p of B’ and put Il :=
Ind%, p. ThenTl|p = p & ~p for any &' € C'.

(i) Assume that ’“””'p = p. Then I is equivalent to a direct sum of non-equivalent spin
IRs 7 and sgn -7 : 11 = Ind%, p = 7 & (sgn 7).
(ii) Assume that Nlp 2 p. Then 11 is irreducible. Denoted it by mw, then m = sgn 7.

PROOF. Starting from a spin IR p of B’, we can read the part (2) of the above
proof for Proposition 2.2 as a proof of this proposition. U

For an S’ € ¢, we introduce in the set of its representations an equivalence relation
X obtained by adding to the usual equivalence 2 a new relation (new if S’ € ¢’) that 7
and its associate sgn -m are mutually equivalent, that is,

ass ; def ’ ’
T~ ST =EmTorm =sgn-m.

The equivalence class of spin IR 7 under %’ is denoted by [7]ass and is called the associate
equivalence class of w. If m is self-associate or non-self-associate, then [r],ss = [71] or
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[Tlass = [7] U [sgn 7] correspondingly. Denote by aSSS\’ ™ the set of all equivalence
classes of spin IRs under ‘~, which is a quotient of g,

For the set of spin IRs of B’, introduce an equivalence relation % defined by p’ P
p PN p = porp =*p (3 € ). This means that p’ is equivalent to “p for some
x € Ad(S")|p = {Ad(¢')|p;0" € S’} which may contain outer automorphisms of B’,
where Ad(0”)(s') := o's'0’ " (s' € §’). The equivalence class of p for %' is denoted by
[Plout. Then, [plows = [p] or [plowt = [p] U [*p] according as p & %'p or not. The set of all

—spin

such equivalence classes is denoted by °"* B’

Noting that Frobenius reciprocity law says that, for any IRs my of S’ and py of B’,
[Ind3, po : mo] = [Reszmo : pol, we obtain from Propositions 2.2 and 2.3, the following
theorem.

THEOREM 2.4. Let (S',z,sgn) € ¢'.
(1) There exists a natural bijective correspondence between the sets of equivalence
classes 5" and OUtE\’bpm, and it is given by Resg, and Ind%l/ as follows. For
[T]ass, take the equivalence class of out B hich is represented by irreducible

~ spin

components of Res%l,. Conversely for [plout, take the equivalence class of 5’
which is represented by irreducible components of Indg, p.

ii) When 1 runs over a complete set of representatives of 58", the set of irre-
P 14 ,
ducible components of RGS%/W forms a complete set of representatives of the spin

dual B of B

For a self-associate spin IR =, the difference of characters of two IRs p, p’ of B’ is
called the complement of the character x, (and of 7 too), after the terminology Komple-
ment in [15, Section 16], and is denoted by d0,:

3(7") = X (7)) = xpr (7)) = X (7)) = X (W' 7'K) (' € B). (2.5)
Here we should specify p (from p’). We have irreducible characters of B’ as
1 1
Xp = §(X7l' + 67‘(‘)7 Xp’ - §(X7r - 67‘{') (26)

We extend §, from B’ to the whole S’ = B’ U C’ by putting 6,(k’) = 0 for k' € C.

LEMMA 2.5. Let m be a self-associate spin representation of S’ € 4' on a vector
space V(w). Then there exists a linear operator H on V(w) satisfying

{H?T(T’) =n(r"YH (7' eB),
Hr(x') = —7(k"YH (k' €C).
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In case 7 is irreducible, H is unique up to the sign +. Choose the sign appropriately,
then

tr(n(7")H) = 6(7') (' € B'), tr(n(s)H) =0 (" € C"). (2.9)

PROOF. Suppose 7 is irreducible. As is seen in part (2) of the proof of Proposition
2.2, 7 is realized in the form of (2.3), so that we have an expression of m by matrices as

= () ) = %) wemeo)

where p = dim p = dim p’, 0, and E, are respectively zero matrix and identity matrix of
degree p, and ¢(x’), ¢'(x') are matrices determined by x’. Then we can take as H the
following: H = +diag(E,, —E,).

Suppose 7 is not irreducible. Then, we see from Theorem 2.4 that, by irreducible
decomposition, 7 is a direct sum of self-associate IRs 7; (j € J) and pairs 7, & (sgn -mx)
(k € K) of non-self-associate IRs. For each 7; (j € J), H; on V(m;) is taken as above.

For a pair 7, := 7, @ (sgn -my), put V(m},) := Vk(o) ® Vk(l), Vk(a) = V((sgn)® - 1) =
V(mk), a = 0,1. By Proposition 2.2 (i), py := mx|p is irreducible, and so we can take as
Hj, the interchange of Vk(o) and Vk(l) as Hy(v®v') =v' @ v (v,0" € V(mg)). In fact, for
e B kel m(r") =m(7") & mp(7!), 7. (k) = T (k) & (—mk(K)).

The sum H of H; (j € J) and Hy, (k € K) satisfies the condition (2.7)-(2.8). O

2.2. Construction of spin representations of twisted central product.

Let (S}, 2j,sgn;) (j € Iy,) be elements of &. Taking a spin representation 7; of
Sj’- for each j € I,,, we construct a spin representation of the twisted central product
group S’ := S[&S4% .- %S/ | following the method of Schur [15, Section 27]. Since we
can add easily the part of (57, z;,sgn;) € 4\ ¢’, with sgn; trivial and 5% = B’, later by
a (non-twisted) tensor product process, here we restrict ourselves to the case where all
sgn; are of order 2, i.e., (5}, 2;,sgn;) € 9’ (j € I,,), for simplicity.

Assume that, among 7;’s given, m; (i € I3?) are self-associate, and 7; (j € I¥?) are
non-self-associate with I,,, = I;2 LI I75*. Express these sets of indexes as

LA =Aiyg, .. i}, i1 <o <dp, I*={j1,...,0s} J1 < <Js (2.10)

where r + s = m.

First we prepare matrices Fy, ..., F, of size 2¢, s’ = [s/2], with Fy = E,./, satisfying
F? = F, (j € 1),
’ , . (2.11)
FiFy = —FF; (j,k €L, j#k).

As an example, we can take as follows: put

Y I ) N )RR (R
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and with the notation 2% = r®2z®---®x (ignored if k = 0),
—_—

k-times tensor product

F2k—1 = C®(k71) ®a® €®(s/7k) (k & Is/),

Fyp, = Bk @ b @ ' —F) kel (2.13)

—~

!
F251+1 = C®S .

Then, for self-associate m; (j € I}%), we choose a linear operator H; on V (7;) satisfying
the following condition: for 7} € B, v’ € C} = S} \ B},

H? =1, tr(H;)=0,
{ J J ( J) (214)

Hymj(1;) = mj(1))H;, Hjm;(k}) = —m;(k};)H;

where I; denotes the identity operator on V(r;). The operator H; is uniquely determined
up to a multiplicative sign if m; is irreducible.

Now we give operators m(o’) for o/ € S’ = S{%S4%---%S! on the space V(m) :=
Vo@V(m)®- & V(my,) with Vg := C?" on which Fj’s act.

FORMULA 2.1.  As notation, we use symbols 7/ € B}, x; € C1.

(1) Case of 7] € B for some j € I,
7'('(7';‘) = FO ®Il ® e ®Ij,1 ®7TJ(TJI) ®]j+1® R ®Im (215)

(2) Case of v € C] for some j =i, € I},

(k) = Fo@ (@) X)), (2.16)

keI,
where
H;, (i=1iq €I, g <p),
Xi=qmi, (ki) (i=1ip, in I}?),
I; (z el,, otherwise).

(3) Case of v € C; for some j = j, € I*,

m(1,) =B (@ X)), (2.17)

kel,,

where
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H; (i € I32),
Xi = m,(85) (0= gp, in I}3?),
I; (z e I, otherwise).
We illustrate this formula in a special case where I = I,., I™* = I, \ I,.. In
Case (2) above, for j € I, = I?,
(k) =Fo@H ® - @Hj_1 @mj(k}) @ [j11 @+ @ L. (2.18)

In Case (3) above, for j =r+pe L, \ I, = I*?,
(k) =F0H @ - QH, @11 @ QL1 9m(k;) @ ;11 ® - @ I, (2.19)
In general, we can easily show that the above set of operators satisfies

( ’)77(7,2/) = 7"(7'12')7"(7'1/@) (k, kK e If,?),
m(m)w(sy) =m(si)m(r) (ke L, jeIp?),
F(K;)T{'(H;/) = —77(/@9,)77(&9) (j,j’ erIra j# j’).

This means that this set of operators define a spin representation of the twisted central
product S§' = S{&Sh%--- &S/ . We call it the twisted central product of m,..., 7y, and
denote it by 7 %mwok - - - ¥7,,,.

NoOTE 2.1. The formulas (2.18)—(2.19) are in a sense generic. However we should
keep in mind that the order of components 7;’s here has a significant meaning for us. As
will be seen in the next section (Section 3), the above construction of twisted central prod-
uct my ok - - - %7, of spin representations ;’s does not satisfy in general the commutativ-
ity nor the associativity, unlike the usual tensor product operation. After calculating their
characters in Section 4, we know however that any permutation of components m’s do not
affect their equivalence, that is, m;, %, % - - - %m;,, of S] &S] %--- 8] = S1%G5%--- &S]
equivalent to my%mo%k - - - %7, where i1, 1s,.. ., 4, i any permutation of 1,2, ..., m.

In this connection, see also Section 5.2.

m

Summarizing, we have the following theorem.

THEOREM 2.6.  Let (S}, zj,5gn;) (j € In) be elements of &'. For spin rep-
resentations m; of S]’- for j € I,, Formula 2.1 above defines a spin representation
T = mikmok .- kmy,, of 8" = S{%Sy%--- &S], for each choice of H; in (2.14) for self-
associate m;’s. Moreover dimm = 2ls/2] Hjelm dim7;. When all 7;’s are irreducible, w
15 irreducible.

We omit here a direct proof of irreducibility (cf. Proposition 5.1 (iii) for another
proof). The following lemma shows a peculiar property of the twisted central product
T ¥ - Ty
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PROPOSITION 2.7.  According that the number s of non-self-associate ;’s is even
or odd, the twisted central product ™ = mikmo¥k -« %m, of S’ = S{*ShH%---%S! s self-
associate or non-self-associate.

PrROOF. We prove this for m = 2 and s = 2. The general case will become clear
in occasion of calculating characters later in Section 4.1. Note that B’ = B{ B} U C1C5,
C" = B1Cy U O] By, where C1Cy = {k}ry; k) € C} (j € I2)} etc. For s = 2, we have
28 = 21/2 = 2 and for o/ = 7]k} € B|C} or o’ = k74 € C' B} respectively,

7(o’) = W(T{I{é) =Fhem (T{) ® T (/@’2), or
m(o') = w(k)735) = F1 ® m (k}) @ m2(73).
Hence, for the character x, of 7, we have x.(c') = 0 for ¢/ € C’. This means that
Xr = Xsen-m, and so ™ = sgn -7, that is, 7 is self-associate. O

3. Remarks on the twisted central products.

3.1. On the twisted product of groups Sj*S%%..-%S/ .

The associativity law holds for the twisted central product Sj*S4% - -- %S/ of groups
as is seen from the very Definition 1.1, that is, (S]%55)*S% = S]%(S5%S5%).

Moreover, since S1#S5% and S4*S] are naturally isomorphic, the commutativity law
is also valid for the twisted central product of groups.

3.2. On the associativity for the twisted central product 7y %- - -%7,,.
We ask if the associativity law holds for the twisted central product of spin repre-
sentations my¥mo* - - - ¥7,,.

ExAMPLE 3.1. For spin irreducible representations m; of S; for 7 € I3, assume
that 7; is self-associate and 7o, 73 are non-self-associate. Put 7 := (m%me)km3, 7' =
m*(mo*ms). Then, noting that m*me is non-self-associate and mo*7m3 is self-associate
(by Proposition 2.7), we obtain the following, with F}’s of degree 2. Put V; := V(= )
(j € I3), and Vy = C? on which F}’s act, then the representation spaces are

Vim=Vo (VieV) eV, VE)=Ve (heVoVs),

and let R;; : V;® V; — V; ® V; be the linear operator permuting components as R;;(v; ®
vj) = v; @ v; (vp € Vp). For k) € C (j € I3),

T(k}) = F1 ® (m1(k)) @ I2) @ I,
T(kh) = F1 @ (Hy ® ma(kh)) @ I, (3.1)
m(ry) = Fp ® (I © Ip) @ m3(k3),

and 7 is self-associate with the operator H = F3 ® I} ® Is ® I3. Moreover
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(k) = m(K)) @ (Fo© L ® I3),
(k) = Hy @ (F1 @ m2(rh) @ I3), (32)
(k) = Hy ® (Fo ® I, @ m3(k})),

and 7’ is self-associate with the operator H' = Hy ® (F3 ® I ® I3).
Comparing these formulas for m and 7/, it is difficult to say that they are the same,
but they are actually mutually equivalent as seen below.

PROPOSITION 3.1.  Let m be self-associate, and mo, w3 be non-self-associate. Then
two spin IRs m = (mi¥me)¥ms and 7' = mi*(makms) of S’ = S1%S5%S% are mutually
equivalent, and an intertwining operator T : V(m) — V(x') between them such as
(o) T = Tw(o") (o € §') is given by

1 1
T=RuX)®Lel;, X= Q(Fo + )@+ §(F0 — ) ® Hy,

with X? = Fy ®.[1, 7! = (XRH)) ® I ® I3.

3.3. On the commutativity for the twisted central product my%-: - -%m,,.
Here we check if the commutativity law holds for the construction of mi% - - - %m,,.
So we compare 7 := m*my and 7w’ := mokmy.

EXAMPLE 3.2. Assume that 71,2 are both self-associate. Then V(7) =V} @ V,
and V(r') = Vo ® V4, and for Ii;- € CJ’-,

m(k)) = m(K]) ® Ig, m: self-associate,
W(H/Q):Hl ®7T2(H/2)7 H=H, ® H,.
' (K]) = Hy ® m1(K}), 7’: self-associate,
7' (kh) = ma(Kh) @ I4, H' =H,® H,.

An intertwining operator T, which proves the equivalence between 7 and 7', is given
as follows. Put

1 1
T .= 5(11 +H)® L+ 5(11 — Hy) ® Ha,

a linear transformation on V(). Take T' = R12T" : V(w) — V(«'), then we obtain an
intertwining relation as 7’(¢’) - T =T -w(0’) (¢/ € §'). Since T is not trivial, we can say
that the commutativity law fails to hold for 71 %my and mwokry .

EXAMPLE 3.3. Assume that m; and w5 are both non-self-associate. Then, V(7) =
Vo Vi @ Vo, V(') = Vo @ Vo ® Vi with V = C?, and for K; EC;»7
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m(k1) = F1 @ m1(K}) @ Ia, 7 self-associate,
T(K/Q)ZFQ@)Il ®7TQ(K//2)7 H=FIl®I.
m'(K}) = F» ® I, @ m1(K]), 7': self-associate,
7'(kh) = F1 @ ma(kh) @ I, H=FRelLalI.

Put T := (1/v2)(Fy + F») ® Ry5. Then T gives an equivalence between 7 and 7/ as
7' (0")T = Tw(c’) (¢! € §"). This time again, T is not trivial, and we cannot say that
the commutativity holds for 71%my and mo%m.

4. Characters of the twisted central product.

4.1. Characters of the twisted central product.

To calculate the character of m%---%m,,, it can be seen from Formula 2.1 that,
without loss of generality, we may assume that 7; (j € I,) are self-associate and 7;
(j € I,\I,) are non-self-associate. Put s := m—r. An element o’ of S’ = S{%Si%--- %S/,
is expressed as o' = o -0y 04y 0y, 05 €S) (j € Iy). To calculate the character
Xx(0') = tr(n(0”)) of m = my%- - %m,,, we see easily from Formula 2.1, or more exactly
from the formula (2.18)—(2.19), the following two facts.

(4.1). Assume that o7 is from C} = S7\ B} for some j € I,.. Put &} = o} and
insert it in Formula 2.1 (2), then, in the expression of

m(0) =m(o1) - w(0f) - m(oppa) - 7(o,)

as a tensor product along the form of the space V(1) =V, @ V(m) @ --- @ V(m), its
component on V(;) is either 7;(x’) or m;(x})H;, and in any case its trace is zero by
Lemma 2.5. Hence trw(o’) = 0.

Therefore, if tr (o) # 0, then necessarily o’ € B for any j € I,.

(4.2). Assume that o € C} for some j € I\ I;. Then, in the expression of 7(o’)
in the form of tensor product, its component on the space Vj is the product of F; over
such i € I that o} € C] for j =7 +i € I, \ I,. Then we apply the following lemma on
the trace of the products of F;’s, and see that, if tr (o) # 0, then s is odd and o’ € C’
for all j € I, \ I,-.

LEMMA 4.1.  For a product F{" Fy?---F&, a; > 0, of F;’s, its trace is non-zero
only in the following two cases:

(1) a; =0 (mod2,Vj € L), in this case,
tr(F{ Fy? - Fo) = tr(Bya/z ) = 219/2.

(2) a; =1 (mod2,Vj € I,) and s is odd, and in this case,

tr(F{ Fy? - Fo) = tr(FyFy -+ Fy) = tr(abe)l*/? = (20)1+/2.
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Thus we obtain the following result for the character x, of the twisted central
product m = k- - - %7y,

LEMMA 4.2. For o/ = oloh---ol,

€ S&SLE-- 38!

(0} € S}), the character
Xr(0') = trm(o’) is zero except the following two cases:
Case (1): 0% =71/ € B} (Vj € Ip) : 7(0") = Eaerz) @ mi(71) @ - -+ @ T (77,),
X (') = 282y (1) -+ X, () (4.1)
Case (2): s is odd, and o, = 7 € B} (Vj € I.) and o = r}; € C} (Vj € I, \ I,.) :
(o) = (FiFy- Fg) ® (®j€[,,,7rj(Tj{)Hj) ® (®jeIm\IT7Tj(‘%;'))7

Xa(o') = )2 T on, () - TT s (8)): (4.2)
Jjel, JEIL\I,
() .

For o = 0,1, put 7;" := (sgn;)® - m;. Then, by assumption on the indexing,

’R’J(»l) = 7TJ(»O) (j €I,), 7r§1) o2 wj(o) (j € I, \ I). Noting this, we obtain the following

results from the character formula above.

PROPOSITION 4.3. Assume s =m — r be odd.

(1) m=m*- - %mpy, is non-self-associate, and tr(w(c’)) # 0 only in the following two
cases:
Case (1-odd): o' =71 ---7, with 7} € B} (j € L,y). In this case the character X
is given by the formula (4.1).
Case (2-0dd): o' =71 -+ T/ Ky q -+ kip, with 7} € BY (j € I.), k5 € C% (j € I \I).
In this case, the character x . is given by the formula (4.2).

(ii) For aj =0,1 (j € In),

(o) 2

5% gmlom) o (gon

(o yoribetem g (4.3)

PROPOSITION 4.4. Assume s = m — r be even. Then ™ = % ---%m,, is self-
associate, and for a; = 0,1 (j € I,,),

7r§(¥1)§<.”§<7.‘.$;;‘tm) &R R, (4.4)
As an operator H in (2.7)~(2.8) for 7, we have
H=F 1 9H® - 9H L1 ® -1,

(if s = 0, the term of Fs11 is absent). For the complement §, of m, if 6z(c’) # 0 for
o' =010y, theno; =1, € B (j€I,), 0 =k} € C} (j € In\ 1), and
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w0V H = (F - FFo) @ (QmH;) @ (( Q) m()).

jelI, FJE€ILL\I,

5. (c") = (20)l*/?. H O, (15) - H X (K)- (4.5)

jeI, I \I,

4.2. Supports of characters and complements of 7y %-: - -%m,,.

Let (S7,zj,sgn;) € 9. For the twisted central product of spin IRs 7 = m# -+ &7,
which is again irreducible and spin, we evaluate the supports of its character x, and of its
complement ¢, when 7 is self-associate. This gives us very important information on the
property of m. We summarize the result in a form of a table. We prepare some notation
for subsets of the twisted central product S’ = Sj%---%S], and of their components S;’s:

B(m;) := {7 € Bj; xx, (7}) # 0},
C(m;) = {r}; € Cf; xx,; (r}) # 0},

{B’ = {0’ € §';sgn(c’) =1},
D(m;) = {T]’ € B;-;(Sﬂj (TJ/) # 0},

C' = {0’ € §;sgn(c’) = —1},

B(ri,...,m) = B(m) - - B(my),
C(Mrg1y- vy M) = C(mpy1) -+ - C(mm),
D(my,...,m) :=D(my) -+ D(m,.).

Table 4.1. Supports of x, and §, for m = mwy*- - %,
m; (i € I,.) self-associate, 7; (j € I, \ I,) non-self-associate, m = r + s.

e Case of s odd: x, is non-self-associate, and

SUPP(Xw)ﬂB/ C B(ﬂ-lw"yﬂ-m)a

supp(xx) NC' T D(m1,. .., 7 )C( Mgty ey Tm)-

e Case of s even: x; is self-associate, with H = Fs11 @ (H1 ® - @ H.) ® (I 41 ®
e ® Ir-‘rs)’ and

supp(xx) C B(m1,...,mm) C B,
supp(d;) C D(m1, ..., 7 )C(Tra1y .o, Tm) C B

4.3. Sets of representatives of twisted central products 7y *- - -%7,,.
Taking into account the equivalence relations (4.3) in case s odd and (4.4) in case s
even, let us choose sets of representatives of m = my% - - - %m,, for 8" = Sj%--- %S/ .
In Section 2.1, for an S’ € ¢, the equivalence relation ~ is introduced as m ‘~

def ~ ~ . . .
7 < 7' 27 or ' = sgn-m, and the set of associated equivalence classes [7].ss Of spin

IRs is denoted by ass G Take a complete set of representatives of spin IRs Q(S") =
Q=2 (S7) U Q2 (S’) of ass G where {[lass = [7];m € Q**(S")} covers the associate
equivalence classes of self-associate spin IRs, and {[]ass = [sgn T|ass; ™ € Q™2(S")}
covers the associate equivalence classes of non-self-associate spin IRs.
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Denote by ¢2(B’) (resp. £?(S’)) the ¢*-space on B’ (resp. on S’) with respect to the
normalized invariant measure on B’ (resp. on S’). A function f on B’ (resp. on 5’) is
called spin if f(zo') = —f(0’) (¢/ € B’) (resp. o’ € 5').

LEMMA 4.5. (i) The set of spin functions on the subgroup B’ given by

{%xﬂ L dtiTE Qsa(s’)} | |{xnlpr s m e 752(5")} (4.6)

gives an orthonormal basis of the subspace of £2(B') consisting of spin central functions
on B'.
(ii) The set of functions on the group S’ given by characters as

{Xﬂ; S Qsa(S’)} |_| {Xﬁ, SgN X ; T E Qnsa(S')} (4.7)

gives an orthonormal basis of the subspace of £?(S’) consisting of spin central functions
on S'.

(iii) Denote by x=|5 (resp. Xxlo/) the trivial extension of xx|g (resp. Xxler) by
putting 0 outside of B’ (resp. C'). Then, x in the first subset of (4.7) can be replaced
by Xx|z, and the pair {xr, sgn-x-} in the second subset can be replaced by the pair

V2 Xl V2Xalin}

PRrROOF. (i) This comes from Theorem 2.4 (i).

(ii) The assertion comes from the definition of Q% (S’) and 2"5*(S").

(iii) The assertion is affirmed by the fact that xr|cv = 0 for # € Q%(S’), and
(sgn-xx)|lcr = —xx|cr for m e Q2 (S"). O

Now let S" = S{%---%S},. For each S (j € I,,), take a complete set of representa-

tives Q(S7%) = Q%(S%) L Q™2(S%) of aSSTS’ZSPm as above. For a set (7)) er,, of m; € Q(57),
let s be the number of non-self-associate 7;’s, that is, s := §{j € Im;m; € Q™*(5))},
where A denotes the order of a set A. Denote by 2°99(S’) the set of the twisted central
products m = % - - - %7, with s odd (and so 7 is non-self-associate), and by Q°ve(S”)
the set of m = w1 % - - - %7, with s even (and so 7 is self-associate), and put

Q(SI) _ QOdd(Sl) L Qeven(sl).

The following lemma follows from the equivalence relations (4.3)—(4.4).

LEMMA 4.6.  Let S = St%---&S;, with S} € 4. For a set (m))jer,, of spin IR 7;
of S for j € I, let m = mi% -4y be their twisted central product. If m is non-self-

m

associate, then it is equivalent to 7' or to sgn-n’ for an element 7' € Q°44(S"). If 7 is
self-associate, then it is equivalent to an element ' € Q°Ve"(S").

To prove the completeness of the set Uiy (S’) of spin IRs obtained as twisted central
products, we need the following.
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PROPOSITION 4.7.  The set of spin IRs of S’ given by
{r', sgn-n’; 7" € QoIS |_|Qe"en (S") (4.8)

consists of mutually inequivalent IRs.

To prove this, since two sets {n/, sgn-n’; n’ € Q°44(S")} and Q°e"(S’) consist of
mutually inequivalent IRs, it is sufficient for us to prove that two sets of characters

{Xﬂ"7 SgNn - X r! 3 s QOdd(S/)} and {Xﬂ" ; p= QEVGn(S/)}

each consist of mutually orthogonal elements. For this, we should calculate explicitly us-
ing character formulas (4.1) and (4.2), and so it is convenient to postpone the calculations
in the next section (Section 5.2).

5. Completeness of the set of spin IRs 7y %- - -%mp,.

Let (S7%,zj,sgn;) € & for j € I, and take their twisted central product S" =
Si% -8/ . In this section, we prove the completeness of the set Uy (S’) of spin IRs
obtained as twisted central products m = my%mo% - - - %m,, of spin IRs 7; of SJ’» (j € L),
that is to say, any spin IR of S’ is equivalent to someone in Uiy (S’). The essential part
of the proof is the case where all S;-’s are from the category ¢’, and we treat this case
hereafter. Moreover, choosing certain ‘standard’ m = my%mo% - - - %7,,, we obtain a subset
of U4w(S’), which gives a complete set of representatives of the spin dual S of 57 ,
and so obtain a parametrization of S’ grP

5.1. Equalities for characters of 7y %- - -%m,,.

First we give some equalities for the norm of x,, 7 = my&mo* - - - ¥, in £2(S’), which
in turn confirm the irreducibility of 7. For convenience, we use the normalized invariant
measure [ig on a finite group G and the integral notation in place of the sum notation
as follows. Denote by |G| the order of G, then for a function f on G,

/f Jduc(g) |G|Zf

geqG

PROPOSITION 5.1.  Let 7; be a spin IR of S} for j € I,,, and s be the number of

non-self-associate m;’s. Let m = mi% - - %my, be the twisted central product representation
of 8" = S{%---&S! .

(1) If s is odd, then

/ / / !/ ]'
/B xn(o)dus (o) = /C Jxn(odus (o) = 5. (5.1)

(ii) If s is even, then
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2 2
[ a0 dus(0) = [ e Papsr () = 1. (5.2)
S’ B’

iii) The spin representation ™ = mwi% - *m,y, of ' = 8% --- %S’ s irreducible.
14 P 1 m
For the proof, we apply the following lemma.

LEMMA 5.2.  On the twisted central product S’, there holds the following multiple
integral formula: for a function f on S’,

g s = [ [ Sioholdns o) dis, (1)

S’
m,

PROOF OF PROPOSITION. By the results in Section 4, we may assume that, among
m;’s, w; (j € I,) are self-associate, and 7; (j € I, \ I,) are non-self-associate. Then, for
J € I, since 7; is irreducible and 7; & sgn -m; <= Xx, = Sg0-Xx, < Xx, = 0 on C;»,

2 2
[ o) sy (o) = [, ()P ) = 1.

and since (1/2)(Xr, £ 0r,) are characters of non-equivalent IRs of B’, and us;| B =

(1/2)pp,
S, () Pdps (o)) = [ |62, (7)) *dps: (1) = 1
| m(”j)‘ NS;(UJ') = | 7rj(7'j)| ;U'S;(Tj) =41
S B
For j € I, \ I, since m; 2 sgn -m;, we have the orthogonality x, L sgn-xx,, and so

1
[, Do) = [ e )Pt =
B C 2

(i) If s = m — r is odd, then 7 is non-self-associate, and

Xﬂ(T{Té . T,’n) = ols/2. H X, (7']/) for T]{ € B;. (j € I,),

J€Im
/ ’0 s/2]
Xn (7 Ty i) = @O T 6,7 - T o (s
jel, J€LL\I,-

for 7€ B} (j € I,), s;€C; (jel,\I),

and x.(o’) = 0 elsewhere. Therefore we have

|xn(0")| s (o) = Xﬂ] ) s () = £
Bl

JELL\I,
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/C,‘X” ) dus (') = IO / |, (K |d,u5/ ) =3

JEIL\I,

(ii) If s = m — r is even, then 7 is self-associate, and

Xr (T 7)) = 2ls/21. H Xr,; (1}) for 7} € Bj (j € L),
JE€EIm

and xr (o) = 0 elsewhere. Accordingly,

/S/|Xw(a/)|2d,u5/( =2° ] / X, (7 |dus' N =

JEIW\I,

(iii) The irreducibility of 7 is equivalent to [|xx||¢2(s) = 1. O

5.2. Proof of Proposition 4.7.

For this purpose, we need to come back to the general situation where, among
m;’s given, m; (i € I}?) are self-associate, and 7; (j € I}P?) are non-self-associate with
I, = ID U I Express these sets of indexes as

Ifr?:{il,...7ir}, i <o <y, I:;Lsa:{jl,...,js}, g1 < - < Js (53)
where r + s = m. The character formula for m = my%mo% - - - %, of S' = S{%S%% .- %S/,

in this general situation is given as follows.
(i) In case s is odd, 7 is non-self-associate, and

Xr(Ti75 - Th) = 2ls/2 H Xr,; (1}) for 77 € B} (j € I,), (5.4)
JE€EIm
Xr (010 - 0l,) = (20)l/2 H On, H X, (K (5.5)
jEIsa jeInsa

m m

/ / !/ - £ / ! ! - S
for oy =1, € B; (jeIy), o;=r;€C;(jel?).
(ii) In case s is even, 7 is self-associate, and

Xr(TiTh o 7)) = 2ls/21. H Xr; (1}) for 7} € B} (j € I,).
jEI’V?’L

(iii) In any case, xr(0’) = 0 elsewhere.

Orthogonality for 2°94(S’): To prove the mutual orthogonality of {x, sgn-x,; 7 €
Qedd (g’ )}, we apply character formula (i) and (iii) above. Take another #n’ =
7r’1>?<7r§A %, from Q°49(S") with 7} € Q(S}), for which 7 # m; for some j € Iy,
and s’ = ﬁ{ﬂ'j,ﬂ'j € Qnsa(S’)}

(1) Assume that 7 € Qsa(S;-) for j € I;* and ) € Q(S57) for j € I := L, \I 3™

m
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Then, we assert that x.» L (sgn)®x, (o« =0,1) unless IS = 15,
In fact, it is sufficient to prove that the integrals of x,(0”)xx(c”) for the part (5.4)
and for the part (5.5) are both equal to 0. For the part (5.4), the integral is equal to

ols/21+1s'/2] H/ Xt (72w, (s (72) = 272422 T (s v ez (%)
J€Ln J€lm

This is equal to 0 because of Lemma 4.5 (i) applied to S;- for which 773» # ;.

For the part (5.5), the integral is trivially equal to 0 since the supports for x,s and
for x, are mutually disjoint.

(2) Now assume that I52 = I'*. In this case, the integral for the part (5.4) is again
equal to the above integral () and equal to 0 by the same reason. The integral for the
part (5.5) is equal to

W TT [ b, sy o) < ] / oy (55X, (Rl (). ()

j GIsa j eInsa

Then, for the integrals in the first factor, we apply Lemma 4.5 (i) to S} for which 7r # m;
(if exists). For the integrals in the second factor, we apply Lemma 4.5 (111) to S} for Wthh
m; # m; (if exists). Thus we see that the integral () is equal to 0.

Orthogonality for Q°°"(S’): The mutual orthogonality of the set of characters
{Xm; 7 € QV°(S")} comes from the character formula (ii)—(iii) above and Lemma 4.5 (i)
applied to each S} (j € I,).

Now the proof of Proposition 4.7 is complete.

5.3. Proof of the completeness.

Let us prove the completeness of the set Uiy (S’) of twisted central prod-
ucts mi%---*m,. For this, we apply the equality (2.1) in Proposition 2.1. Since
dim(my% - - - &7, ) = 20572 [ljer,, dimm;, we have

o [ e, (dimmy)® if s s odd,
(dim(my & mp,)) " =

s . . 2 . .
2°[Ljer,, (dimy) if s is even.
(1). For the convenience of notations, we return to the case where, among 7;’s

7; (j € I,) are self-associate, and m; (j € I, \ I,) are non-self-associate. (But the
calculations have generalities.) When s is odd, by Proposition 4.3 (ii),

(dim(my# - - )% = 1 > J[@imm)* ] (dim(sgn;,)®7;)°. (5.6)
2 o;=0,1 jeI, JELLN\T,-
(JEIM\I,)

Here, for representations themselves, we have
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Tk Tk (880, ) g )% - % ((sgny, ) " )

& ggn®r it Om kR,

and the parity of the sum Z;;’Z_l a; = 0,1 (mod 2) determines the equivalence class of
the twisted central product representation above. Hence, we get from (5.6) that

Z (dim(mﬂ? e R R R %ﬂ'm,lﬂ?((sgnm)amﬂ'm))Z

amy=0,1
. . w2
= Z H(dlmwj)2 H (dim(sgn;)*im;)". (5.7)
a;=0,1 jel, i€l \I,
et sl

(2). When s is even, by Proposition 4.4, we have similarly

(dim (% - §<7rm))2 = Z H (dimﬂ'j)2 H (dim(sgnj)ajwj)Q. (5.8)
a;=0,1 jeI, jeI\I,
(jGIm\IT)

(3). In the discussions until here, we assumed that, among spin IRs ;, self-associate
ones are m; with j € I, and non-self-associate ones are m; with j € I, \ I,. Now, in
the general case, when we fix the set A of suffixes j of self-associate 7;’s, then that of
non-self-associate m;’s is B = I, \ A, and we can obtain similarly as above the equalities
corresponding to (5.7) and (5.8), with (A, B) in place of (I, I, \ I,.).

Adding thus obtained equalities over all different (A, B), we arrive to

S (dm(mioim)= [[ Y (dimry) f]'[%|5;|:%|s'|,

[y e &y, ] JE€Im [ ]eS/E'P"‘ j€lm

where the sum on the left hand side is over different equivalence classes [m1% - - - %mp,].
This is exactly the equality (2.1) to be proved.
Thus we have proved the following completeness theorem:

THEOREM 5.3.  For (S}, 2j,sgn;) € 9" (j € In), let Uy (S') be the set of spin IRs
of the twisted central product S' = S{*Sh%---%S]. obtained as twisted central products
mikmok - ATy, of spin IRs m; of S (j € Im). Then it is complete in the sense that any
spin IR of S’ is equivalent to someone in Uy (S').

Note that the same assertion is valid in more general case of (S}, z;,sgn;) (j € Im)
taken from the bigger category ¢.
(4). For an S’ € ¢4, let ¥ be the equivalence relation introduced in Section 2.1,

that is, 7 = 7’ & o ! sgn-m. The equivalence class of spin IR 7 under ~
is denoted by [7r].ss and the set of equivalence classes is denoted by 255" Spm.

Now let §' = S7#S5%---%S! . Recall the notations introduced in Section 4.3. For
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each S7, take a complete set of representatives (S7) = Q°*(S57) L Q"52(S}) of assgzspm,
where {[m)]ass;m; € Q°2(S7})} covers associate equivalence classes of self-associate spin
IRs, and {[m)]ass; m; € Q27%(S7)} covers those of non-self-associate spin IRs. For a set
7i)jer,, of mj € Q(S%), let s :=#{j € Ip;m; € Q*(S%)}, and denote by Qv°"(S’) the
( J)JGIm J i) J ms 75 §) I y

set of T = 7% %m,, with s even, and by Q°44(S") the one for s odd.

THEOREM 5.4.  For (S}, zj,sgn;) € 9’ (j € I,), take their twisted central product
S = S{&Shk .- &SI . Then the set QV™(S’) can be taken as a set of representatives
Q2(S"), and the one Q°44(S") as such a set O"52(S"), that is to say, {[n];m € Qe (S")}
is the totality of equivalence classes of self-associate spin IRs, and {[n],[sgn -7];7 €
Q448" is the totality of equivalence classes of mon-self-associate spin IRs. In this
sense, the union Q*5(S') := Qeven(S")LUNCd(S") gives a parametrization of the spin dual

Z,Spin in ~ spin

S’ of S’, modulo ‘association’, that is, a parametrization of ass GV — g1 /=
NOTE 5.1.  When s is odd, pick up one non-self-associate m; € Q2"%*(S}), then

sgn - (ko -+ KTy ) DLk - Ry R(SENy T )Rk - Ry

6. Spin IRs of normal subgroup B’ = Ker(sgn) of S’ = S{*S},%..-%S/ .

The kernel B’ = Ker(sgn) of the character sgn of the twisted central product S’ =
S{#Sh% -+ - %57 is normal and of index 2. Therefore Proposition 2.2 can be applied to the

pair (S, B'). By this, we can obtain from Theorem 5.4 a parametrization of spin dual

B of B’ as follows:

THEOREM 6.1.  Let (57, 2;,8gn;) € 4 for j € I, and suppose that at least one S
comes from the subcategory 4'. For the normal subgroup B’ = Ker(sgn) of the twisted
central product S’ = S{%Shk---%S! | a complete set of representatives of its spin dual
B is obtained from the complete set Q2%3(S") of representatives of spin dual §’spm/ w
modulo ‘association’ of S’, in Theorem 5.4, as follows.

The restriction 7w|g: onto B’ of each m = mi% - %m,, € Q(S') is a direct sum
of mutually non-equivalent two spin IRs p' = p'(m1% -« - %mpy) and p” = p"(wi% -+ %),
and with any element ' in C' = 8\ B, p" = % (p'). Denote by Q°*(B') the totality
of thus obtained spin IRs of B'.

The restriction w|g: onto B’ of each m = m % - - - ¥m,, € Q°4(S") is itself a spin IR
p(mi% -+ %m,,). Denote by Q°4(B’) the totality of these IRs of B'.

Then the union QP (B') := Qever(B)UQCI(B’) is a complete set of representatives

of the spin dual " of B'.

7. Relation to projective representations of finite groups.

In his papers [13] and [14], Schur founded the theory of projective representations
of finite groups. The motivation to our present study comes principally from general
theory of such representations and also from our recent studies on irreducible projective
(spin) representations of complex reflection groups. So we should explain the relations of
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the present paper to these subjects a little in detail, to justify the present study on spin
representations of double covering groups. For an introduction to the theory of projective
representations, we refer e.g. [5].

7.1. Stand point in the general theory of projective representations.

The notion of a projective representation of a finite group G is first introduced
by Schur [13] in 1904 and its general theory is founded by his work [13] and [14]. A
projective representation T of G is a map from G into the group GL(V) of invertible
linear operators on a (finite-dimensional) vector space V' which satisfies

T(e) =1, T(g)T(h)=renT(gh), (7.1)

where I is the identity operator on V and ry; € C* := {w € C;w # 0}. (Wecall T
often spin representation of G.) The function 74 on G x G is called the factor set of
T. When T'(g) is replaced by T"(g) := A\ T(G) with Ay € C*, the factor set r} , of T" is
given by

Mg

1 g h-
3
>\gh

Ton =
Introducing equivalence relation (ry) ~ (rg,), we come to the cohomology group
H?(G,C*), which is called Schur multiplier of G.
On the other hand, consider a central extension G of G by an abelian group Z as
1 — Z— G — G — 1 (exact), and take a section s : G — G. Let T be an irreducible
linear representation of G and put T'(g) := T(s(g)). Then we have T(g)T'(h) = rg.n T (gh)
with r, , € C*. In fact, s(g)s(h) = z4,n5(gh) with a 2,4, € Z, and f(zgﬁ) = 1451 since
T is irreducible. Schur proved that, for any finite group G, there exists a finite central
extension G such that

() any projective representation of G is obtained in this way from a linear representation

of G.

A representation group of G is defined as a central extension of G with the property (x)
and with minimum degree among such coverings. In [13] the following are proved:

(1). For any finite group G, there exist a finite number of non-isomorphic represen-
tation groups. However the central subgroup Z for extension is unique and isomorphic
to the Schur multiplier H*(G,C>).

The representation theory for these representation groups are mutually equivalent,
and so we take one of them and denote it by R(G). Since the set of linear representations
of R(G) covers the set of projective representations of G, we can replace largely the study
of projective representations of G to that of linear representations of R(G).

In the case of a connected Lie group G, any projective representation of G can be
linearized if we go up to its universal covering group. So that, even for a finite group G,
we may call R(G) a universal covering group of G, even though it is not unique.

A characterization of representation group is given as follows (cf. [14, Introduction]).
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(2). A group G* is a representation group of a finite group G if and only if there
exists a central subgroup Z of G* such that

(i) Z is contained in [G*,G*| N Z(G*), where Z(G*) denotes the center of G*,
(i) 1 — Z — G* — G — 1 (exact),
(i) |Z] = [H*(G,C™)|.

For the study of linear representations of R(G) of a specified group G, one-
dimensional characters of the abelian group Z = H?(G,C*) have important meaning
as explained below, and this invite us to the study of spin representations of a double
covering groups of G in many cases. This is one of our motivations to the present paper.

Now, take an IR 7 of R(G), then every element z € Z C Z(G) is mapped to a scalar
operator, that is, m(z) = x%(z)I, where x7% is a character of Z, which we call central
type of m. Hence the set of IRs of R(G) is divided into subsets

Ir(R(G);x) = {m; x5 =x}, x€Z.

For x € Z, put Z, = Ker(x) and Gx = R(G)/Z,. Then any IR 7 with x% = x can
be considered as a representation of the quotient group GX. This is, in turn, a central
extension of G by central subgroup Z/Z, , and so a ¢,-times covering group of G, where
qy = |Z/Z,| is the order of x. Thus we arrive naturally at the following fundamental
problems for construction of spin irreducible representations.

PROBLEM 7.1. Let G be a finite group, and Z, a cyclic group of order q. Let G
be a central extension of G with central subgroup Zy as 1 — Z; — G — G — 1 (ezact).
Give a general method to construct spin IRs of G with central type x € Z,.

PROBLEM 7.2. Let G} and GY be central extensions by Z, of finite groups G1
and Gy respectively. Define a twisted central product G}%,GY5 as a central extension of
G1 x Go by Z,; which contains naturally both G} and GY.

Moreover, for spin IR m; of G% of the same central type x € ZZ fori=1,2, give a
general formula for constructing twisted central product mi%,ma as a spin IR of G%,G5
extending m; of G} C Gi%,G4 fori=1,2.

Extend this to the case of G (i =1,2,...,m) and also for m; (i=1,2,...,m).

In the book [10], we see many explicit examples of Schur multipliers Z = H2(G, C*),
and find that prime factors of the order of Z are dominantly powers of 2. Hence the case
of ¢ = 2, or of double covering groups, is of great importance. This is the case which we
treat here.

7.2. Studies on projective representations of complex reflection groups.

Let D,(T) = T™ be the direct product of n copies of T = Z,, (understood as
a multiplicative group), and make &,, acts on it as permutations of coordinates. We
consider the semidirect product &,(7T') := D,(T) x &,,. Moreover, for a subgroup S of
T, define a normal subgroup as &, (T)° := {(d,0) € &,(T); P(d) € S}, where P(d) :=
tity - -ty for d = (t;)jer,. Note that any subgroup T = Z,, is given as S(p) := {t?;t €
T} for a factor p of m. Then &,,(Z,,) is a realization of the complex reflection group
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G(m,1,n) called a generalized symmetric group, and for p|m, &, (Z,,)*®) is a realization
of complex reflection group G(m,p,n). Note that G(1,1,n) = &,, and G(2,1,n) and
G(2,2,n) are respectively the Weyl groups of type BC,, and D,,.

Projective representations of Weyl groups and generalised symmetric groups have
been studied by many mathematicians, in particular by A.O. Morris et al. We are now
studying construction of spin IRs and calculation of their characters (called spin charac-
ters) by a quite different method (cf. [3] and [4]), and the limiting process as n — oo. In
these studies, Schur multipliers are fundamental ingredients at the starting point. They
are determined for Weyl groups in [9], for generalized symmetric groups G(m,1,n) in
[1], and for complex reflection groups G(m,p,n) in [12]. For these groups G, they are
all of the form of Z%5. This means that studies on double covering groups of G' and their
spin representations are decisive.

The important part of our studies is on generalized symmetric groups, and the most
interesting case is the case of m even. For n > 4, the Schur multiplier H2(G(m, 1,n),C*)
is isomorphic to the abelian group Z’ := (21, 2, 23) = Z3 generated by 3 generators z;
(i € I3) of order 2. A representation group R(G(m, 1,n)) of G(m, 1,n) is 8-times covering
group (8 = 23), and contains naturally the representation group S, (double covering) of
S, and

{e} — 7' — R(G(m,1,n)) = G(m,1,n) — {e} (exact),

where ® is the natural homomorphism. The restriction &g := ®|g is the natural

homomorphism G, — G, (cf. [3, Section 3, Theorem 3.3]). A spin IR 7 of G(m,1,n) is
a linear representation of R(G(m,1,n)) with a certain central character x7%, as m(z) =
VG () (2 € 2).

When we construct spin IRs of G(m, 1,n), with a fixed central character x7,, the
study of spin IRs of subgroups of Schur-Young type S, of GH, defined in Example
1.3, becomes essential. For an ordered decomposition v = (V])jelm, V| =11 + 10 +

-+ U = n, take a subgroup of Schur-Young type &, 2516, x - x8,,) of
Gn, which is isomorphic to the twisted central product of 6 = o1(6,,) (j € I,):
G,, = GM . GVm Then we need to treat the twisted central product 7y ok - - - ¥7,,
of spin IRs 7; of él,j (j € I,), and so on.

8. Spin representation of &,, and its subgroups.

This section is devoted to review, with appropriate renewals, necessary informations
from Schur’s paper [15], thus preparing definitions and notations for the succeeding
sections. In [15], spin representations of the representation groups ¥, of &,, and 9B,, of
2,, have been studied in detail.

8.1. Representation groups of &,, and 2A,,.

As an application of the general theory developed in Sections 1-6, we treat spin
IRs of Schur-Young subgroups of the n-th symmetric group &,,. As an abstract group,
S, is given by a set of generators {s1, $2,...,8,—1} and a set of fundamental relations:
s2=c(i € In_1), (si8i41)> =€ (i € I,,_a), sisj =858 (|t —j| > 2, i,j € I,_1). Here s;
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corresponds to a simple reflection s; = (¢ i+1).

Representation groups of G,, are isomorphic to &,, itself for n = 2,3. For n > 4,
we have two representation groups, given in [15, Section 3] as ¥,, and ¥/, not mutually
isomorphic for n # 6. Here we use the latter T/, and denote it by S,

THEOREM 8.1. For n > 2, define a double covering group én by giving a set of

generators {z,r1,72,...,mn—1} and a set of fundamental relations
22=e, 2zr;=riz (i€, 1),
2 .
Ty =¢ (Z el —1)7
I ) (8.1
(ririg1)° =e (i € I,_5),
Ty = 24T (|7’7]| ZQa i7j€I7L—1)-

Put Z := {e, z}, then the chain {e} — Z = {z,¢} — &, s 5, — {e} is exact, where

the covering map Pg : &, — &, is given by z — e and r; — s; (i € I,_1).
Forn >4, G, is a representation group of &,,.

Note that én =6, X Z (n = 2,3), and we put G~51 := Z for convenience. For
an element o € &, let L(o) be the length of o with respect to simple reflections, and
sgn(o) := (—=1)%@) the sign of o. For a cycle & = (i1 iy ... ig), put £(€) := £ its
length, then L(¢) = £(¢) — 1 (mod 2). For an element ¢’ of the covering group &,,, take
o =®g(0’) € &, and define L(o’) := L(0), sgn(c’) := sgn(o). According to sgn(c’) =1
or —1, we call ¢’ even or odd.

A representation group of the alternating group 2, is given as follows. For n > 3,
we have a double covering group of 2, = {0 € &,,;5gn(0) = 1} as

B, = {0’ € Guisgn(o’) = 1} = Kerg_(sgn). ®2)

For n = 1,2, we put 8,, := Z. Representation groups of 2, is unique up to isomorphism.
For n > 4, # 6,7, B,, is a representation group of 2,. For n = 6,7, representation
group is 6-times covering of 2, and %B,, is its quotient [15, Section 5]. In any case,
(B, z,8en |, ), with the trivial sgn |, , is an element of ¥ \ ¢’.

8.2. Schur’s ‘Hauptdarstellung’ of én.

In [15, Section 22|, a fundamental spin IR A,, of &,, or an IR of the representation
group ¥,, called Hauptdarstellung, is constructed. We transcribe it to our group én =
%’ and denote it by A/ and call it again ‘Hauptdarstellung’. Let ¢, a, b, ¢ be 2 x 2
matrices given in (2.12). For n > 3, put N := [(n — 1)/2] and consider square matrices
X; (j € Inny1) of degree M = 2N as

IA

Xop_1:= k-1 @ q @ e®N-F (1 < N)7
Xop, = C®(k_1) RbR 5®(N_k) (]_ N

k
k< N), (8.3)

IA
IN

X2N+1 = C®N.
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Then they satisfy X? =F (j €I, X; X, = —-X3,X; (j #Fk, j,k € I,_1), with
E = E)j the unit matrix. Putting T := a;_1X;_1 + 0;X; (Xo :=O) for j € I,_1, we
wish to have the following property, corresponding to (8.1):

Tj2 =F (j € Infl),

(TjTj1)* = B (j € In-2), (8.4)

Tka = —Tij (|j — k| > 2, j,k‘ S In,1>.
For the second equality, it is sufficient to have T;Tj41 + 1117, + E =0 (j € I,—2). In
fact, multiply (T;Tj;1 — E) from the left, then, under T7 = E, T?,, = E,

O = (T;Tj11 — E)TTj41 + Tjn T + E)
= ([;Tj41)" + E+ TiTj1 = TiTj1 — Ty Tj — E,
and so (TjTjj.i_l)Q = j+1Tj- Multlply Tjjjj-‘rl from the left, then (ﬂTj+1)3 =F.
Hence we get the following equations for the coefficients a;, b;:
ag = 0, b% = 1,

aj_y +b7=1 (J € In-1), (8.5)
2ajbj =-1 (] € Infg).

LEMMA 8.2. A set of solutions of (8.5) is given by ap =0, by = 1, and

RV 1

an =y = L o,
Vv +1 Vv +1

V2 +

v+

w

V2r+1
Qg1 = —~————, by, T (w+2<n-1).
W = T T T ot )

THEOREM 8.3. Letn > 4. Forj € I,_1, put T; := a;_1X;_1 + b;X;. Then,
Al (ry) :==T; gives a spin IR A, of &,,, which is called ‘Hauptdarstellung’.

For the character xa: of ‘Hauptdarstellung’ of én and the complement 6, when
A, is self-associate, we transcribe Schur’s result. A cycle decomposition of o € &,, is
0 = 0109 - - - 0y with disjoint cycles o; such that supp(o;) Nsupp(ox) =0 (j # k). Admit
cycles of length 1, and if ¢1 + --- + ¢, = n with ¢; = {(0;), we call this decomposition
saturated. For o' € én, let 0 = 01090y be a saturated cycle decomposition of o =
e (0’), and take an inverse image o} € S, oj = ®g(0}), appropriately, then we have
o' = oiol---o; (call this a cycle decomposition of o). On the other hand, any element
of &, is conjugate to o’ or zo' for a standard element o’ of the form

P ’ r_ .
0 = 01090y, O3 =TL;41TL;42 " "TLj41—-1 (jel), (8.6)
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with Lo =0, L; =41 +--- + ¢; (’iEIt).

THEOREM 8.4. Assumen > 4. For ao’ € én, let a saturated cycle decomposition
be o/ = oloh--o}.

(i) Let o’ be even. Then xa, (0') # 0 only if all o are even, and with N = [(n—1)/2],

xa, (o) =2V - I xay (0))/2Y = £(-1)(=0/22l0=1/2],
JEL:

If o’ is a standard element as in (8.6), the above top sign is +.

(ii) Letn be even. Then Al is non-self-associate. For k' € €, = &, \ B, xa: (k') #0
only when & = ®g(k') is a cycle of the longest length n, and for the standard
element k' = rirg---r,_1,

xar (&) =iVN +1=i"?71/n/2.

(ili) Let n be odd. Then A], is self-associate. For the complement da: , da: (T') # 0
for 7' € B, only when T = ®g(7’) is a cycle of the longest length n, and for the
standard K = rirg - Tp_1,

oay, (k') = iNV2N +1 =i D/2 /.

8.3. Spin irreducible representations of én and of 2B,,.

Take an ordered partition v = (v;)ier,,, n =1 + V2 + -+ + Up, v; > 1, of n, and
define subintervals of I, = {1,2,...,n} =[1,n] as Jy :== [L,n], Sy =1 + -+ -1 +
L,vi 4+ -+ ] (2 <i<m). Consider a (Frobenius-)Young type subgroup of &6,, = &,
as

G =6, X6, x--xG), Z6,, XxGy, X+ x Gy, , (8.7)

denoted as &, = 6, x 6, x --- x &, for brevity. For the double covering group én,
its Schur-Young type subgroup is by definition the full inverse image of G,, as

G, =0 (6,) =05 (6, x6,, x -+ xG,,). (8.8)

Denote &, 1= 21 (&,) S,, simply by &,,. Then, &, is a double covering of &,,
and naturally isomorphic to the twisted central product él,l >T<€~51,2>T< e @éym.

Now, let us describe a complete set of representatives of spin IRs for the spin dual
of the whole group &,,. To do so, we change the symbol v = (vj)jer,, with X = (X\j)jer,,
and assume that

AL>XA>--> )N, >0 (’I‘L:/\1+"'+)\m). (89)

Let PS5 be the set of all such strict partitions of n where m varies, and introduce
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in it the inverse lexicographic order <, cf. [15, Section 37], so that (n) < (n —1,1) <
(n—2,2) < (n—3,2,1) < ---, for n > 6. Put s(A) := #{j € I,,; \; even} for XA € P,
then s(A) =n —m (mod 2). Define subsets of P as

Prltg ==X € P;";s(A) odd},
{ bd =1 (A) odd} (8.10)

Pt = { X e P s(A) even}.

n,ev

For A = ()\j)jer,, € P:™, take spin IR A, of €~5,\j (j € I,,) and then its twisted
central product Ay := A} A/ %..-%A) ' and induce it up to S, as

Sn
Iy := IndéA Al (8.11)
LEMMA 8.5. (i) For X € Py'ty, A\ and Iy are non-self-associate.
(ii) For A € Py, A\ and Iy are self-associate.

Apply Propositions 4.3 and 4.4 to the twisted central product A} =
A’/\1>T<A’/\2§< e %A&m, then we obtain explicitly the characters xa; and the complement
a4 (if s(A) is even) from Theorem 8.4. Then the character xm, can be calculated.

There exists a unique irreducible component of II, denoted by mx and determined
inductively along <, such that Il is a direct sum of 7 and of multiples of 7/, sgn -mwx/,
X’ < A. This means that 7y is the top irreducible component of IIy. More in detail, in
the level of characters,

=Xmat Y, MmN Nxmy Y MmN A) (X, F 580 Xy )
A< A<
/\ efpstr )\ erpetr

n,ev n,od

where m(A’, A) denotes the multiplicity of mx/ in ITj.

The matrix of multiplicities (m(X; X)), X', A € P5¥  is upper triangular with diag-
onal entries all equal to 1. Irreducible characters i, , restricted on B,,, can be obtained
by Gram-Schmidt orthogonalization process in £2(8,,) applied to the set of induced char-
acters {xm, |m,; X € P}, In [15, Absch. IX-X], spin irreducible characters x,, on B,

are studied by another method in detail in relation to induced characters xm,, |, , and

character formula for xn,|s, is given. The character mx on €, = &, \ B,, and the
complement 0., (if s(X) is even) can be calculated more easily. Final result is given in
Satz IX in [15, Section 41].

Classification of spin IRs of S, and that of spin IRs of 9B,, are given in [15, Section
42] by means of so-called shifted Young diagrams A € PS5, They are summarized as

follows.

THEOREM 8.6. (i) For n > 4, a complete set of representatives for spin dual
—~ spin
S, is given by {mx, sgn-mx (A € Pf:gd) A AeP )}

(ii) For n > 4, a complete set of representatives for spin dual ‘anpm is given by
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{ox == mals, (A € PilGa), pPa, X (A € PR}, where malm, = p) @ pX for
by c fpstr

n,ev*

9. Spin IRs of Schur-Young type subgroups.

Let v = (v;)jer,, be an ordered partition of n > 4 (here we do not assume the order
of large or small among v;’s), and take Schur-Young type subgroup él, = @él(Gyl XX
6,,)) =26,,#6,,%--%6,, of &,. Then, applying Theorem 5.4 to S’ = Sj#---# S/,
S;- = él,j, and Theorem 6.1 to B’ = Ker(sgn), we obtain complete sets of representatives

for the spin dual of é,, and that of the spin dual of its normal subgroup B, N é,, of
index 2.

9.1. Spin IRs of &,. ~

By Theorem 8.6, we prepare for each S} = &,,, a complete set of representatives of
—spin
its spin dual 57 as

{mx0, sen-mam AV € Priod)s TAG) (AP e Prev) )

where A = A\M)icr, vy =2+ + A0, A > A > > ) > 0, s a shifted
Young diagram of size v;. Put A := (AU));crand denote by s(A) the number of even
)\Ej)’s: s(A) = s(AM) 4+ 5(A™) then s(A) = n—3_;m; (mod 2). Take the twisted
central product

TA ::’/T)\(l)%’/T)\(z)i~~~>T<’/T)\(m). (91)

Then, by Propositions 4.3 and 4.4, 74 is self-associate or not according as s(A) is even
or odd. Moreover Theorem 5.4 gives us the following.

THEOREM 9.1. Let v = (v;)jer,, be an ordered partition of n > 4, and S, =
G, %Gy, %--- %6, be the corresponding Schur-Young subgroup of &,,. Then a complete

—~ spin

set of representatives of the spin dual &, of S, is given by the union of two sets as
{ma, sgn-ma; A= ANy, AW € Pﬁ;r, s(A) odd}
| J{ma; A=AD)jer,, AV € P, s(A) even}.

9.2. SpinIRsof B'=9,N6&,.

Take a standard normal subgroup B’ = %nﬂéu of é,/ of index 2. Then, by Theorem
6.1, a complete set of representatives of its spin dual B’ is deduced from Theorem 9.1
as follows.

THEOREM 9.2.  Let the notation be as in the preceding theorem. Then a complete
set of representatives of the spin dual of B’ := B,, NS, is given by the union of two sets
as
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A=AD)jer,, AV € P, s(A) s odd}

{PA =TAlgs

|_| {Phs Pa; A= AD)jer,,, A9 € Pi;r, s(A) is even},
where TA|p = pl @ ph for A, with s(A) even.

10. Characters of spin representations.

We introduce certain subsets of én Let %, be the set of o/ € én such that
o0 = ®g(0’) has a cycle decomposition o = o052 - - - 0y with ¢; = {(0;) all odd. Moreover
we denote the set of o’ € én such that o = ®g(0’) are cycles of the maximum length n,
by €, if n is even, and by 2, if n is odd.

10.1. ‘Hauptdarstellung A/, of Sh.
We see from Theorem 8.4 that

if n is odd, then supp(xa; ) C %n, supp(dar ) C Zp C By;
if n is even, then supp(xa;) N B, C Ay, supp(xa, ) N &, C G-

10.2. Fundamental spin IR A’ of Sa.
For an ordered partition A = ()A;)jer,, of n, in Schur-Young type subgroup Sy =
Gy, %Gy, %--- %6y, , we put

B> = B, - By - B, = {bibhy - ,; b, € By, C 6y, ).
Moreover, the subset 2, - 2y, --- Z),, with 2\, = 2\, or €, (in éxj) according as
Aj is odd or even, is denoted by €x if s(A) is odd, and by Py if s(A) is even. Then we

see from Table 4.1 that, for spin IR Ay = A} %..- %A, of éx,
b} Am

(XA;) N [sgn: 1] C By C éx NB,,

if s(A) is odd, then ~
supp(xay) N [sgn = ~1] €8x € Gx N Cy;

(

(

if s(A) is even, then {

where [sgn = €l1], € = +, denotes the subset defined by the condition sgn(o’) = €l.
10.3. Spin IR 7y of &,.
For a spin IR 7y of &,, with a shifted Young diagram XA,

if s(A) is odd, then {

if s(A) is even, then {
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where, for a subset K of &, [K] denotes the union of o' Ko' ! over o/ € &,

10.4. Spin IR 7w of Schur-Young type subgroup él,.
For an ordered partition v = (v;)jer,, of n, take an m-tuple A = (AU)),cr, of
shifted Young diagrams with v; = |AU)| the size of A). Define subsets B, Za and €

of él, as follows: put

%A = %}\(1) . @)\(2) e e%)\(m)

and the subset £y - Zx@ -+ - Zaem) With Zyo) = D) or Ere) (in éyj) according as
s(AW)) is even or odd, is denoted by € if s(A) is odd, and by Z4 if s(A) is even.

THEOREM 10.1.  For spin IR ma, A = (A9);er, , AU = ()\EJ))ZGI of &, its
character X, and complement 6., (if s(A) is odd) are given by Proposztzons 4.3 and
4.4, by means of characters and complements of wy) ’s. Their supports are evaluated as
follows:

3 Xra) N [sgn = 1] C Bq,
if s(A) is odd, then )N ]
supp(Xxa) N [sgn = —1] C G4,

if s(A) is even, then {

10.5. Increasing sequence of groups.

The group &, is naturally imbedded into 6n+1 as a subgroup consisting elements
leaving n + 1 invariant, and the _covering group 6n is imbedded into Gn“ as the full
inverse image ® g (GH) for g : 6n+1 — S,,4+1. Then we have an 1ncreabmg sequence of
groups as - -+ C 6 - én+1 C ---, which goes up to a double covering 600 of the infinite
symmetric group 6. Take a spin IR m, of (‘5 for each Gn, and consider the series of
their normalized Characters Xr, - The study of the limit lim,,_, o X, in relation to 600,
is started from Vershik-Kerov [16] and is continued by them and others (cf. [11]).

In the case of spin (projective) representations of generalized symmetric groups
G(m,1,n), in some types of spin IRs, the asymptotic theory of characters as above is
reduced essentially to such problem for Schur-Young type subgroups &, as n = V| — oo
(cf. Example 1.2, and [2], [3] and [4]). In that case the following result has an important
meaning.

THEOREM 10.2. (1) Let the notations be as in Theorems 9.2 and 10.1. For spin
IR 7 of 6 with n = |v|, if it is restricted on the subgroup Gn 1N 61,, then the
support of its character is contained in Ba. In other words, for o’ € GV, suppose
the order of the support of 0 = ®(0’) is < n — 1, then xx, (') # 0 only when
o' € BA.

(ii) On the subgroup Sno1 N é,,, the normalized characters X, and X, with Ty =
sgn A, and also X,, (if s(A) is odd), X, » X,y (if s(A) is even), are all essentially
equal to each other and zero outside Bx .
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PROOF. (i) This follows from Theorem 10.1. In fact, if |[supp(c)| < n — 1, then o’

can be an element of neither A nor 4. Then, (ii) is easy to prove. g
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