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Abstract. In this article we deal with a class of degenerate parabolic
systems that encompasses two different effects: porous medium and chemo-
taxis. Such classes of equations arise in the mesoscale level modeling of biomass
spreading mechanisms via chemotaxis. We prove estimates related to the ex-
istence of the global attractor under certain ‘balance conditions’ on the order
of the porous medium degeneracy and the growth of the chemotactic function.

1. Introduction.

This study aims to consider the following model

M=V -(|M|*VM) -V -(|M|"Vp) + f(M,p) in (0,00) x Q, (1.1)
p=A2p—g(M,p) in (0,00) x £, (1.2)
M=0, p=1 in (0, 00) x 9Q, (1.3)
M(0,-) = Mo, p(0,-) = po in Q, (1.4)

where o and  are given positive constants satisfying («/2) + 1 < v < « (we call these
conditions the balance conditions). Moreover, Q C RY is a smooth bounded domain
(N =1,2,3) and My € L*(£2), po € W1>(£)). We assume that the functions f and g
satisfy the following assumptions:

for all M,p € R let

|f(M,p)| < Fi(1 +|M|$)Y?  for some £ € [0,a — 7 +2), F1 € R{,

—_
ot

o — —

f(M,p)M < —F,M? + F3|M| for some F» € RT, F3 € RY,

—_

g(M, p) = Gip+ g2(p)M for some G € R,

e e
=t
oo -~ D

l92(p)] < G3 for some G5 € RY

—_

and, in order to ensure the uniqueness and the non-negativity of solutions for non-negative
initial data, let

2010 Mathematics Subject Classification. Primary 35B41, 35B45, 35K65; Secondary 35A01, 35A02,
35D30.

Key Words and Phrases. attractor, biofilms, chemotaxis, dissipative estimate, porous-medium.

The second author was sponsored by The Elite Network of Bavaria.


http://dx.doi.org/10.2969/jmsj/06641133

1134 M. EFENDIEV, A. ZHIGUN and T. SENBA

FOM, p) == F(M|M|@/ @)=L 5y _ py M| M|/ o)=L

% € L5 (R x R) for some Fy € R, (1.9)
fEWLZRXR), g2 € W™ (R), f(0,p) =0, g2(0) =0, (1.10)
where
R* = (0,400), RJ =0, +00),
L7 (Q)={u:Q — R:ue LP(K) for all compact sets K C Q},

WEP(Q) = {u:Q — R:ue WHP(K) for all compact sets K C Q}

loc

for p € [1,00], @ C R™. The following example of functions f and g satisfies the

conditions (1.5)—(1.10):
EXAMPLE 1.
Mi2+oc)/2
f(M,p)=—-M + —-"——~———arctanp,
MJ(r2+a)/2 1
9(M,p) = p+ ML,
p+1

where My = max{M,0}.

In the present paper, we treat weak solutions of the system (1.1)—(1.4). The defini-
tion is as follows:

DEFINITION 1. For T'> 0, @ > 1 and v > 1, a pair of functions (M, p) defined in
[0,7] x Q is said to be a weak solution of (1.1)—(1.4) for My € L>(Q), po € W1>(Q), if

(1) M e L=([0,T) x Q), [M|*/2M € L*([0,T); Hy (), M € L*((0,T]; H™(Q)),
(i) p—1€ C([0,T]; Hy (),
(iii) (M, p) satisfies the equation in the following sense:

| V0 (MITVM = M1V Vg + (FO ). 0)ds = 0
for any v € H(2), p € C§°[0,T],
(p(t.2) = 1) = [ Glt.a)(pns) - Dy
Q

- / / G(t - 5,2,1)9(M(s,y), p(s. v))dyds
0 Q
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for a.e. (t,x) € [0,T] x §, where G is a heat kernel in Q with the homogeneous Dirichlet
boundary condition and the initial conditions hold: p(0) = pg and, in C\, ([0, T]; L*(Q2))-
sense, M (0) = M.

NorarioN 1. For p € [1,00]\{2}, we write || - ||, in place of the || - || z»q)-norm.
| - || stands for || - ||L2(q)-norm and (u,v) for [, u(x)v(z)dz or, more generally (in the
case of distributional derivatives for instance), for (u,v).

REMARK 1. From M € L>°([0,T]; L*(Q)) and M € L?([0,T]; H~*(Q)) it follows
(see [2]), that M € C\, ([0, T]; L?(Q2)) Recall that C,([0,T]; L*(2)) denotes the space of
functions u : [0,T] — L?(2) which are continuous with respect to the weak topology of
L?(92), therefore the initial condition for M makes sense.

REMARK 2. Note: we do not actually need the condition v > (a/2) + 1 for the
dissipative estimate we want to obtain, but it was crucial for uniqueness of solutions (see

[4], [5])-

This system of partial differential equations, models, for example, a population de-
scribed in terms of its density M, which grows depending on a substrate with concen-
tration p. The substrate is degraded by the abiotic decay. The spatial movement of the
population is caused by two different effects. Firstly, the model includes a density depen-
dent diffusion term. This non-linear diffusion effect becomes stronger as the population
grows larger locally, following a power law as in the case of the porous medium equation.
Secondly, the population moves towards regions with increased substrate availability, i.e.
follows the chemical signal p. This effect is also controlled by the population density and
its intensity increases as the local population density grows. Both effects of population
mobility increase/diminish with the population, each following a power law. Thus, the
model degenerates for M = 0. Finally, our model includes a ‘source term’: a non-linear
reaction-interaction term f. As usual, it stays for the sink/source density (net number
of particles created per unit time and per unit volume). At a high level of population
density M the depth rate (caused by the exterior forces such as predation or intoxication)
is no less than F5.

The main focus of the present study is to prove a dissipative estimate for the problem
(1.1)—(1.4). We emphasize the fact that the analysis of equations with a chemotaxis-type
term even without degeneracy (o = 0) is quite difficult, (examples, though for somewhat
different biological models, can be found in [7], [8], [10], [11], [12], see also references
therein) and in our degenerate case, we face significant difficulties. In order to overcome
these difficulties we impose so-called ‘balance conditions’ between the order of porous-
medium degeneracy and the growth order of the chemotaxis function: (a/2)+1 < vy < a.
We showed in [5] (see also [4]) that our model is a well-posed one and that it exhibits
no singular behavior. For each pair of starting values the solution is uniformly bounded
in time and space. Recall that this is not the case for the models that contain the
chemotaxis effect alone (the solution may blow up, see [6]). The condition o > v (an
improvement over the condition o > v + 1 imposed in [4]) reads: the density-dependent
diffusion coefficient ‘dominates’ the intensity of response to the chemical signal as the
population density grows. This, as we showed in [5], results in the uniform boundedness
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of M and p.

On the other hand, we also showed in [5] that even in the areas with low population
density the porous medium effect is due to (a/2) + 1 < 7 strong enough to keep the
population spreading without vanishing locally, which means that the support of M(t,-),
the set {z € Q| M(t,z) > 0}, is not shrinking in ¢.

In [5] (see also [4]) we showed the time-global existence and boundedness of solution
to our system. The main result of [5] can be summarized as follows:

THEOREM 1. Let the functions f and g satisfy the assumptions (1.5)—(1.10) and
let the given constants « and v satisfy v € [(a/2)+1,a). Then the initial boundary-value
problem (1.1)=(1.4) has at most one non-negative solution (in the sense of Definition 1)
for each pair of starting values (Mo, po) € L>(2) x WH(Q). The solution is uniformly
bounded in time in the phase space L™= () x W1°°(Q).

However, the estimates derived there were not sufficient to show the existence of the
attractor. In this paper we use the condition o > ~ to establish a dissipative estimate
for our model, which will be necessary to show the existence of the attractor.

Our main result reads:

THEOREM 2. Let the functions f and g satisfy the assumptions (1.5)=(1.10) and
let the given constants a and vy satisfy v € [(a/2) + 1,a). Then the following dissipative
estimate holds for the initial boundary-value problem (1.1)—(1.4) :

| M ()| Loe 2y + lo() [l 02y
< oo (| Mol oo (0) + llpollwroe (2)) ™ - 7" 4+ Dog ¥t > 0, (1.11)

where the positive constants Cuo, Too, Woos Doo depend only on «, 7y, f and g and are in-
dependent of My, py or t.

We will prove this theorem in Section 2. As a consequence of Theorems 1 and 2 we
obtain the existence of the weak global attractor for (1.1)—(1.4): we prove in Section 3
the following

THEOREM 3. Let the functions f and g satisfy the assumptions (1.5)—(1.10) and
let the given constants o and vy satisfy v € [(a/2)+ 1, ). Then the solutions of the prob-
lem (1.1)~(1.4) can be described by a semigroup {S(t)}+>0 that acts on the (Hausdorff)
space L2 (Q) x Wh(Q) (LS, () denotes the space L>=(Q) equipped with the weak—x

topology of L>°(Q)) and there exists the global attractor for {S(t)}i>o.

2. Dissipative estimates (proof of Theorem 2).

In this section we derive several dissipative estimates in various phase spaces for
the solutions of the problem (1.1)—(1.4), which in turn lead to a dissipative estimate in
L>(Q) for both M and p.

We start with rewriting the equation (1.1) in the following way:
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=0 (v (e ) ) ang, @)

In order to derive our first a priori estimate, we multiply this equation by (1/(a — v +
M| M|(@=7*+D=1 _ p) and integrate (formally) over Q to get

M 1 M‘M|(a77+1)71 —p
Ta—vy+1

=- (IMIV, V<Q_}Y+1M|M|<aw+1)1 _ p) 2)
+ (f(M, ), Q%MM|M|(Q*“/+1)71 _ p)
< (f(M, p), Q%WMW““”“H _ p)
- C(ii’f((a—*y+1)1(a—y+2)H|M|a;H - (Mvp)>
< <f(M7 ), Q%WHM|M|(WW+1H _ p) _ (M) (2.2)

and we multiply the equation (1.2) by (p+ p — 1) in the same sense as above to get

1d 1d
M2 =L, —12= 22 2 _ 2 _ (o(M . 1
1912 + 5 52llp = 11 = =5 ZIVal? = IVl = (oM, p), -+ p— 1)
1d . .
& 55 (VP + o= 112) = =1Vl = 4l1* = (9, p).p+p = 1) (23)

Adding the inequalities (2.2) and (2.3) together, we obtain

d 1 a—y+2 12 1 5 1 9

= M2 = (M - Zlp—1

2 (e I — @t + 51901+ 5l 117)
< f(M, p), ———M|M|@FD=1 _ ) — 2 (p, M) —|p|?
< (0t =y painn p) = IVl = (3.0) =
—(9(M,p),p+p—1). (2.4)

We consider first the term containing g(M, p) = G1p + g2(p)M. It holds:

. 1d
—(Gip,p+p—1) = —5@(G1IIPH2) = Gi(llpll* = (1,p))

1 1
< —=— H-_1- 2y — .
< 535Gl — A= GilplP + Gilel  (25)
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and
. . 1
~(ga(p)M,p+p—1) < e|p|® +ellp—1)* + 276”92(10)]\4”2

. 1
< €lel2+6llp—lll2+*2 G3lIM|?, (2.6)
(1-8) €

where || denotes the volume of €.
By combining (2.5) and (2.6) with the inequality

—_

. . 1.
=(p, M) = [lplI* < SIMI7 = S 61? (2.7)

[\

and by choosing € < 1/2 we have

= (p, M) = 1pI* = (9(M, p), p+ p— 1)

1d 1 1 .
<~ 57 (GloIP) = (= GulolP + ello = 117 + 6110) = (5 ¢ ) Ial?
UL e
+ (55268 ) 11
< (Gl - (- Gl + o~ 11 + LGl
e<t/e 2dt 4e
1 1 2 2
+(5+ 0 ) I, 28)

Further, we can estimate the terms with f from (2.4) in the following way:

(F(M, p), M|M|©@=7+D=1) < (— B M2 + Fy| M|, |M|(—7+D-1)
(1.6)

— —B|M7EFT |+ B|M ) (2.9)
1
~(J(M,p).p) < ellpll® + - FR(10+ [ 1M13]])
(1.5) €
< 2lp— 1P + (25 + 415F12) 9] + 41—EF12H|M|%H2. (2.10)

Using the inequalities (2.8)—(2.10) we conclude from (2.4):

—(M,p)

1 a—yt2 2
|

d
dt((a—vﬂ)(a—v+2)’|

1 2 1 2 1 2
Z Zllp—1 Z
+ 1901 + S llo = 1 + 3Gl
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a—vy+2 12 a—vy+1 2 1 £012 1 1
< Rl P 4 Rl P R+ (5 5263 )P
1 1
IV = (1= GulplP +3elp — 1+ (264 5-Gu+ PR )il (2D

In order to shorten the formulas, we introduce a new variable:

1
a—v+1D)(a—v+2

a—~+2

sl 1> = (M, p)

P =
(
1 1 1
+ 51961 + 51l = 1P + 5 Gallol (212)

|M|(@=7+2)/2 is the leading M-power in the expression (2.12) due to the assumptions
made on «,v and &, and we also have the estimate

1
(M, p) < ellpll® + ZlIM]? (2.13)

for all € > 0. Moreover, applying the Poincaré and the Holder inequalities and adjusting
the constant € we can deduce from (2.11) the inequality

¢ < —Aip+ A (2.14)
for some A; € RT, Ay € R} and finally obtain our first dissipative estimate: set for short

yso = IMII5 + 1+ IV oll?, (2.15)

Soi=a—y+2>2,
it holds then with (2.14)
Yso (t) < Cyéo Yso (0)67wy50 ' + Dyao (2.16)

for some Cly, ,wy, , Dy, that dependent only upon the parameters of the problem.

Ysg

NoTATION 2. For the sake of convenience, we assume that the constants B; (will
all appear below) for all indices i are only dependent upon the parameters of the problem
(1.5)=(1.10), that is, upon the constants «,~y, F, F3, G, G5 and the domain €2, and not
upon the initial data My, po, or ¢, or (unless stated otherwise) any other parameters.

In what follows we use (2.16) to obtain several intermediate dissipative estimates for
M and p, which in turn lead to an L*°-dissipative estimate. The following observation,
which is an implication from the theory of abstract parabolic evolution equations (see
[13]), will be helpful in further.

Having a ¢ € (2,00) fixed, consider the unbounded operator
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A: L(Q) — L(Q)
equipped with the domain
D(A) == {u e Wy () nW2(Q)}.

It is known (see [13]) that this operator generates an analytic semigroup e’ and its
spectrum lies entirely in {A € R: A < —(} for some § > 0. As such it has the following
properties:

(—A)HetD = B (A, (2.17)

e (=A)¥ s < AmPe=Pigr (2.18)

for all t > 0 and p > 0 for some constants A*? that depend only on x,§ and the domain
Q. Now, the equation (1.2) can be rewritten in the following way:

d

=1 =24a(-1)-g(M,p)

and can thus be regarded as an abstract parabolic evolution equation with respect to
p — 1. Therefore for all ¢ > 0 holds:

plt) = L= (pn = 1) = [ (0 (5), p(s))ds (2.19)
0

and applying the operator V to both sides of (2.19) and making use of the property
(2.17) we obtain

¢
Vo(t) = e Vpo - / V(=92 g(M(s), p(s)))ds. (2.20)
0
The initial value pg is assumed to be sufficiently smooth, so that holds
IVpolls < o0. (2.21)
What remains is to estimate the L°-norm of the integral from (2.20) with help of (2.18)

and the assumptions on g. Choosing p € (1/2,1) and § > 1 such that W?2#°(Q) C
W9 (Q) we arrive at the estimate

H /ot V(T 2g(M(s), p(s)))ds

5

< / (=AY (e=12g(M(s), p(s)) || sds
0
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ot
< [ ) Gallp(o) s + Gal M) )ds. (222)
0
Altogether we obtain from (2.20)—(2.22) the following estimate:
IVp®)lls < e ([ Vpolls + A" (G1 + Gs)
t
ey o)l + 135 ) s (2.23)

Leaving this result for a moment and returning to the equation (1.1) we multiply
this equation by M|M|°~! for an arbitrary § > a — v + 1, so that all occurring powers
remain non-negative, and (formally) integrate over :

(M, M|M°Y) = (V- (IM|*VM) =V - (IM|"Vp) + f(M, p), M|M|*).

It follows:
5+1 40 atstl 2
sl M = — M
25 o 1 o
et (VM M)
+ (F(M, p), M|M|°~). (2.24)

Denote ¥(8) := (v — (a/2) + ((6 — 1)/2))/((a + 6 4+ 1)/2). Then 9(§) < 1 holds due to
the assumption o > v we made. Applying Holder’s inequality we obtain:

a+6+1 a+6+1

(V] =2 ) = (VIM|=52 | MPO=32 v))
< Il o 191021552 12 =52 1V
< By ||V IM|= O 5. (2.25)

For the last inequality the embedding H'() < L5(£2) has been used.
Further, we use once more the Holder inequality and the assumptions on the function
f and write:

S+1

(f(M, p), MIM]P~Y) < —Rp||M| % |* + Fs || M2 || (2.26)

7+ Falitllsen (121755 ) 7 (2.27)

5+1

< —B||M]

We can conclude from (2.24) using (2.25) and (2.27) that:
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5+1 46 atot1 (2
sl s - T
26 atstl | 149(5)
+m31||V‘M| 2 HJr 1Volls
5
= oI+ Byt (J[121°F %) 7

Since 1 + 9¥(d) < 2 it follows with the Young inequality:

8

1

d
g g MNP < = Rl P+ Bl ([l 7)™

+ B(0)| VI, (2.28)

where

2 149(5)
1—9(9) 20 T=0(3) 45 9 —T=9(3)
By (6) = B
2(0) 2 (a+6+1 1) <(a+5+1)21+19(5)> ’

therefore this constant depends only on § and the parameters of the problem.

Next, we return to the equality (2.24) to repeat the whole procedure once more but
this time being more precise about the estimates being made and using the regularity
achieved up to this point. First, due to (2.26) and two obvious inequalities we have

e e e M
(a+d+1)
26 5+1 @ 1 a
ﬁ(vu\/ﬂ S M EE )

+ 0+ 1)(f(M, p), MM

IN

ats+1 12
|

*B3HV|M|

o<+6+1

0<+g+1 H’l9(5)

+ (6 + 1)Ba|| Vol || VIM| 2 || ||| M]

a+g+1 H2C

— (8 + 1) E|[M|"F ||* + (6 + 1) Bs Fs || M| (2.29)

ford>a—vy+1with{=6§/(a+d+1).
Taking into account a special case of the interpolation inequality for Sobolev spaces
(see [1]):
loll < Cll vl ol

where the constant C,; depends only on the domain 2, we obtain with the help of the
Young inequality
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(8 + D[V [lv] "

<(0+ 1)03(5)||vv||1+19(5)(3/5)||U||119(5)(2/5)
20(5)(2/5)_
<cy® (EHVUH2 + Bg(e)(6 + 1) 7o |u|| 1 ﬂ(é><s/s>) (2.30)
and
(6 + 1) Fslol* < (3+ 1)F303C||Vv||2<‘3/5)Hv||f<(2/5)

2¢(2/5)
<X <€I|W||2 + Br(e)(F3(6 + 1)) =675 |[o]| - “”“) (2.31)

where Bg(e) and B7(e) depend only on € and the parameters of the problem. With the
Hoélder inequality we also have

a+5+1

=], < [m1E ] o fl16]7

(5+1 H

I, (2.32)

for some ¢ € (1,2) independent of §. Combining (2.30)(2.31) for v := | M|(@+5+1/2 with
(2.32) and choosing e small enough depending only on the parameters of the problem we
can conclude from (2.29):

29(8)(2/5)

SIMIF I < Ba(I9plloe (6 -+ 1) ([0 [J3a1"),) T

2¢(2/5)
1-¢(3/5)

+ Bs(F3(0 + 1)) T=¢679 D) <H|M|—H |||M|5+1|| )
— B+ 1)|[|m]F|)?

for 6 > a —« + 1. Since ¥(9),¢ € (0,1) it follows for all § > o — v+ 2:

5 o (IMI%75 + 1) = Paa(IM )3 + 1)

d
a(llMllg +1) < Bsd®([[Vp(s)lloo + 1) M]|% gs/2 T

and once more we get an integral inequality for || M (¢)|5 + 1:

t
IM@®)]5+1 < Bs/o e85V p(s) oo + 1) M ()%

q—1

2 _
(M) 18505 + 1) ds + €07 (| Mo 1§ +1). (2.33)

Now we are ready to derive more dissipative estimates for the problem (1.1)—(1.4). We
will extensively use the following
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LEMMA 1. Let z1, 29,23 : [0,400) — [0,4+00) be such functions that

21(t) < 1(21(0))e™ " + Dy,
2a(t) < a(22(0))e™ 2" + Dy,

z3(t) < 23(0)e™*3t + / e~ =)da(t, 5) 2 (s) ds, (2.34)
0
21(0), 22(0), 23(0) > 1,

for some constants wi,ws,ws > 0 and Dy, D > 1, some non-decreasing functions ¥, ¥y :
[1,+00) — [1,+00) and some d3 € L= (R, LE(RY)), where

Lé(Ra_) = {U € Llloc(RE)‘r) : ”uHL;(]Rar) = Sup+Hu||L1([wo,wo+1]) < OO}
zoERy

It holds:

(21 + 22)(t) < (1 + P2)((21 + 22)(0))e™ ™nter w2l 4 Dy 4 Dy,
2122(t) < 3D1 Datpr1ha(2122(0))e min{wi w2}t 4 Dy Dy,

29(t) < max{1,2° "1} (47 (21(0))e=*1t + DY) Vo > 0.

For wy # ws

Ll o

wa(t) < (wzl(o»

1 . 1
— min{wi,ws }t
1— e lwi—wsl © +D11—6“’3)

Ndsll Loy L2 @iy + z3(0)e” (2.35)

and for wz = wy

_ 1 _
20(0) < (V1(AODI e+ D o ) ol ag g + 2200

where [t] is the ceiling function. For wi < w3 we also have

t
23(t) < 23(0)e™3t + 2 () / e~ (W) (t=9) g (¢, 5)ds. (2.36)
0

(See Appendix A for some details regarding the proof of this lemma.)

Lemma 1 is very useful in our situation. It shows actually that the ‘dissipative
property’ is persevered under standard operations (addition, multiplication, raising to a
power and integration).

To shorten the formulas let us set

hy:=[|Vpllz +1,
hy == [|Vplloo + 1,
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0
us = ||M|§5+1, §€ll,o00).

Observe that particular powers of ys, and hi, he and us (for sufficiently large §), uz and
hs can be connected with one another by the inequalities of the type (2.34) in the same
manner as z; and z3 from Lemma 1 are. From the Lemma 1 we can conclude that all of
them dissipate exponentially with ¢:

hq (t) < Ch1 (hl + yéo)ml (O)e_“”blt + Dhl, (2.37)
ha(t) < Ch, (hg + ug)™2 (0)e™“r2t + Dy, (2.38)
ug(t) < U (us(0) + Cuy (h1 + ys5,)™ (0)) e~ F2/D 4 D - =1 i5(1), (2.39)

where the appearing coefficients depend on the parameters of the problem, and only
the coefficients C,, and D,, depend on § as well. We especially emphasize that r
is independent from ¢ (it will be crucial for the existence of the uniform dissipative
estimate). Indeed, from (2.23) and the definition of ys, (ys5, > 1, see (2.15)) we obtain:

IVp(t)lls < e ([Vpolls + A**2(G1 + Gs)

- / B9 (1 — )34 (|l p(s) o + | M (5)]]2)ds

< e P Vpolls + CED2A3/42(Gy + Gs)

t
: / e P9 (t — 5)73/%ys5 (0)ds (2.40)
0

since o —y +2 > 2, W23/42 ¢ W3 and W2 c L?(Q) (with the embedding constant
C(1:2):2), Next, using (2.23) one more time, we obtain

IVo(D) o < e[V pollos + A*7(G1 + Gs)

' /0 e Pt —5) 7 4 (llp(s)ll7 + (1M (s)ll7)ds

< e Vpollee + CHITAYEI(GY + Gy)

eI T 1 M)l (241

since W23/47 ¢ Whe° and W3(Q) C L7(Q) (with the embedding constant C(1:3):7),
The estimates for hy; and hg now follow with (2.40)—(2.41) and Lemma 1 due to the
. __ —3/4 s .
fact that for the function d(t,s) := (t — s) """ the condition ||d||LOQ(Rg’L;(Rg)) < o0 is
satisfied.
Let us now check the dissipative estimate (2.39). With (2.28) we have:
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1 — —

st < —Faug + F|Qul’ ™V 4 By(6)n3/ 00N, (2.42)
Recall that ¥(9) = (v — («
(a+96)/(a—~v+1) < By
inequality yields:

)+ ((6—2)/2))/((e+)/2) and consequently 2/(1 —¥(5)) =
for some Bg and § > J, sufficiently large. Now, the Young

/2
5

_ 0—1 1
u[(;s /s _ (gué)(aq)/(;sf(afn/s < 5 cugs + 75*(5’1),

J

therefore it follows from (2.42)

s < 5( 2—5F3|Q| 1>u5+g—<5—1>F3Q|+5Bz(5)hf96

F
< —57%5 + e OV ER|Q| 4 6B, (8)hP??

for € small (depends only on the parameters of the problem). Gronwall’s lemma yields
then

t
us(t) < / e OF/D=9) (=01 [31Q| 4+ 6 Bo(8)h 2 (5))ds + e 02/ Dly5(0).  (2.43)
0

The dissipate estimate (2.39) follows now with the estimate (2.35) of Lemma 1 and the
dissipate estimate (2.37) for hq.
Now, from the inequality (2.33) we can conclude

t
U5(t) < 675F2tu(5(0)+3855/ —0Fa(t— S)Hl( ) ((;/2)6( )d (2.44)
0

where

5/\~2(g—1)/q
Hy(t) == hy(0) Uy 9 (q/(q—1)) ()

Taking into account that u?; 72) s dissipates with e 9(F2/2)t and that H, dissipates with
an exponent independent of §, we consecutively apply (2.36) to (2.44) and get

t
w(t) < 6*5(F2/2) (0) + Bgu(;/Z) ( )/ 6*5(F2/2)(t75)55H1(5)d8
0

< =0/t (0) + 7386 Hy(t)u (,5/2)5( )

for 6 > 6, sufficiently large. The bound ¢, depends only on the parameters of the
problem. Therefore we may assume that
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Tat) = e~/ Diays(0) + Brod Hy (072L% 5 (0).

Since
us(0) = | MollS + 1 < || Mo, |9 + 1

we conclude from (2.45) that for
~ e(F2/2)t \ 9
oo

it holds

As(t) < Bid*Hy (t)A?éfz)é(t)'

One can show by induction then that

As (t)

*

A" g <(Buﬁﬂﬂwyxlwm><q

43R k(a/2)"
(2/‘1)”'6* 2)

2q(1/(1—(q/2)))*
oty (2

n— oo 2 *
= H% (t)As,(1).
Therefore we get

lim sup A;M(t) < H(t)A;*/é* (t).

d—00
Combining (2.47) with (2.46) we finally arrive at an estimate for ||M (¢)||oo:
IM ()l +1 = lim uy”(t)
§—o00
< lim sup ﬁtls/é(t)

d—00

< H(t) (3™ () + (| Mo|oo + 1)e~F2/21).

1147

(2.45)

(2.46)

(2.47)

(2.48)

Now, since the functions H and us, dissipate exponentially (recall (2.38) and (2.39) and
the definition of H and Hs), we apply Lemma 1 to (2.48) and conclude that |M|s
dissipates exponentially as well. Moreover, there exists a dissipative estimate for || M ||oo
of the form given in (1.11). This is a consequence of Lemma 1, the estimates (2.38)
and (2.39) and the fact that we only used the initial data norms ||My|leo and ||V poloo
thought the proof. All other parameters depended only upon the parameters of the
problem (1.1)—(1.4). The dissipative estimate for ||Vp|loo + 1 = hg is given in (2.38) and

the Theorem 2 is thus proved.
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3. Global attractor (proof of Theorem 3).

It is generally known that the long time behavior of an autonomous dynamical
system can be described in terms of its global attractor A. More precisely, assuming
that the system is well-posed in a topological space 7, we can define a family of solving
operators

St):T—T, t>0
that acts on 7 mapping the initial data onto the solution at time ¢:
S(t)(ug) :=wu(t), t>0, upe”7.
This family of operators satisfies

S(0) =idr,
S(t+s)=S5(t)oS(s) Vt, s>0,

where ids denotes the identity operator. We say that it forms a semigroup on the phase
space 7. Recall now the general definition of the attractor for topological spaces (see

[3]):
DEFINITION 2. A set A is called the attractor for the family B in 7 if

(i) Ais compact in 7 and A attracts B, i.e., for every B € B and every neighborhood
V of A there exists a T'(B) > 0 such that S(¢)B C V for all t > T'(B);

(ii) A is minimal compact set that attracts B with respect to S(t), i.e., every compact
attracting set of B contains A.

REMARK 3.

1. The family B is usually the family of bounded sets of the topological space 7. In this
case the attractor A is called the global attractor.
2. The minimality condition can be replaced by the following invariance condition:

S(t)A=AVt>0.

Our goal is now to apply the general theory to the problem (1.1)—(1.4). We showed
in [5] that the problem (1.1)—(1.4) if considered as an equation with respect to (M, p)
in the Banach space L™ () x W1°°() is well-posed: for each pair of initial values
(Mo, po) € L>®(2) x Wh2°(Q) there exist a unique solution (M (t), p(t))ier, in terms of
Definition 1. It appears reasonable to consider the space L>(Q) x W>°(Q) equipped
with a weaker topology for the first component. Denote LS ,(€2) the space L>(1)
equipped with the weak—x topology of L>°(€2). We define the solving semigroup S(t) of
the problem (1.1)-(1.4) on the phase space L, () x W1>°(Q) as follows:

S(t) (Mo, po) := (M (t), p(t)) for all t > 0.
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The space L2 () x W1>°(Q) is not metrizable due to the fact that the space L ()
is not metrizable. It is only a locally convex Hausdorff space. However, the dissipative
estimate (1.11) provides the existence of a ball B, := B(0,2D) centered in 0 with
radius 2D, which absorbs all bounded sets of the (normed) space L™= (Q) x W= (Q).
Since there is no difference between the spaces L>*(Q) and L, (£2) with concern to
boundedness, B, remains to be an absorbing set in LS, (Q) x W1°°(Q) as well, which
means: for all bounded sets B C L%°__(Q) x W°(Q) there exists a T(B) > 0 such that
S(t)B C B, for all t > T(B). Consequently, to show the existence of the global attractor
(in the sense of Definition 2 and Remark 3) for the semigroup S(t) it suffers to show the
existence of the minimal compact set A that attracts bounded subsets of B,.
Recall now a general criteria for existence of the global attractor (see [2], [3]):

THEOREM 4. Let S(t) be a continuous semigroup in a complete metric space €
having a compact absorbing set K C E. Then the semigroup S(t) has a global attractor
A.

Recall that L>°(£2)-balls are metrizable in L3 ,(£2). Let
{zn}nen € LN(Q), zalh <1VneN (3.1)

be a set of functions that is separating for L>(€2). Then the function

d(wa,y) = 327" (@ —yeran)| Vg € L2Q), oo, lyilloe < R
neN

is an example of a suitable metric for a ball of radius R in L*°(£) which produces on
it the topology equivalent to the topology of L3 () (see [9] for this and more details
on the weak—x topology). The relative topology of B, is metrizable since L (2)-balls
are metrizable in the weak—* topology, therefore it remains to show the existence of a
compact absorbing set in B, and the continuity of the semigroup operators S(¢) for all
t > 0. The general criteria Theorem 4 would be then applicable to S(t) in B, equipped
with the topology of L _(Q) x W1>°(Q). The projection of B, on the first component
is a bounded norm closed set in L>(2), therefore it is compact in L3, (£2). Let us now
show the existence of a compact absorbing set for the second component. Applying the
operator A to both sides of the equation (1.2) we obtain

Bpls) = Ay = [ ARG ), ple) do
0
so that we get the following estimate in the LS-norm:

30l < [aerm = [ 220100, )
0

6

1
< C’1$||VP0H6+01/ [Vg(M(w), p(w))dw||s-

=
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Thus due to the assumptions on g there exists a nonnegative function ®,(s,z,y) which
is nondecreasing with respect to s,z and y, independent of My and pg and such that the
following smoothing estimate holds:

VsllAp(s)le < @, (s, [[Molloe: [V polloc)- (3.2)
With (3.2) and the compact embeddings

L>(Q) cC Ly, (),
W25(Q) cc wh(Q)

it follows that the set S(7T.)B, for some T, > 0 such that S(7T.)B. C B, is a relatively
compact absorbing set for the semigroup S(t) in B, (T exists due to the fact that B, is
an absorbing set). It thus remains to show the continuity of the semigroup operators.

In [5] we derived local Lipschitz continuity for the solutions of (1.1)—(1.4) in the
following sense: for all 7', R > 0 it holds

1@ (MY, p67) = SE (M, 0P | 11 0y 22060

< Lt R)|| (M, pV) = (07, ) (3.3)

||H—1(Q)xL2(Q)

for all H(Méi)vP(()i))HLOC(Q)XWLOO(Q) < R, 1 = 1,2 and some non-negative non-decreasing
in both ¢ and R function L(t, R) independent of M, p and 0.
Recall that due to embedding theorems for Sobolev spaces we have

L®(Q) x Whe(Q) c H1(Q) x L*(Q). (3.4)
The property (3.4) allows the interpretation

L () x Whee(Q) ¢ HHQ) x L*(Q). (3.5)

Let (M{™, p{™) be a sequence of initial data convergent to some (Mo, po) in L, () X
W1o°(Q). This sequence converges in H~1(Q) x L?(€2) to the same limit (My, pg) due
to the continuous embedding (3.5). From the property (3.3) we deduce that the se-
quences (S(t)(Mén),p(()n))) converge to S(t)(Mo, po) in H=1(Q) x L*(Q) for all t > 0.
Let us further assume that for some ¢ > 0 the sequence (S(t)(Mén),pén))) is conver-
gent in L () x W1>°(Q). Due to the continuity of the embedding (3.5) the limit is
S(t)(My, po). Therefore we can conclude that the operators S(t) if considered as mapping
in L, () x W1°(Q) are closed operators. Since any (non-linear) closed compact op-
erator is completely continuous (that is, continuous and compact) we get the continuity
of the operators S(t) in L2, (Q) x Whe(Q).

Applying the general Theorem 4 to £ := B, equipped with the topology of L3 () x
Wt2(Q) and K := S(T,)B. we deduce the existence of the global attractor A for the
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semigroup {S(¢)}+>0 and the Theorem 3 is thus proved.

Appendix A. Proof of the auxiliary Lemma 1.
Consider first the differential inequality

U < —wyy + dyyr (A1)

assuming that y > 1, ¢, € (0,1), d, € L}(R) so that with some computation the estimate

t
(B < (y(0) v vt 4 (1 - ¢,) / e~ 1mI=9g, (5)ds
0

follows.

LEMMA 1. Let 21, 22,25 : [0,+00) — [0,400) be such functions that

z1(t) < 1(21(0))e " + Dy,
2a(t) < ha(22(0))e 2" + Dy,

z3(t) < z3(0)e™¥3t + / e 3= da(t, 5)z1 (s)ds, (A.2)
0
21(0), 22(0), z3(0) > 1,

for some constants wy,ws,ws > 0 and D1, Dy > 1, some non-decreasing functions ¥, ¥s :
[1,+00) — [1,+00) and some d3 € L= (Ry, LE(R7)), where

L) = {u € LB : [l yagy = 500 Jallps (e < 00}
IoERO

It holds:

(21 4+ 22)(t) < (Y1 + 2)((21 4 22)(0))e min{wrw2kt 4 D, 4 D,
2’122(75) < 3D1D2’(/J11ﬂ2(2122(0))6_ min{wy,wa}t + D1 Ds.

29 (t) < max{1,2° 7} (49 (21(0))e~*1t + DY) Vo > 0.

For wy # ws

=W

1

. 1
— min{w w3}t
25(t) < (¢1(21(0))1_e—|w1—w3|6 vos +D11_e—w3>

Ndsll Lo vt 1@ty + z3(0)e ™ (A.3)
and for wz = wy

1

1—e w1

z3(t) < (¢1(21(0))[t1€_w1t + Dy )|d3|Loc(RO+,L;(R;r)) + 23(0)e "
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For wy < ws we also have

¢
23(t) < 23(0)e ™ 4 2 (t) / e~ (W) (=) o (¢ 5)ds. (A.4)
0
ProOOF. We show only 4 for w; # ws. Since

t
/ e~ ws(t=9) w13 da (¢, 5)ds
0

fot e~ lwr=wsl(t=s) gy (t, s)ds  if w < w3

—e~ min{w;,ws}t

fg e~ lwr=wslsds(t, 5)ds if w > ws

1

e mm{wl,wg}tHdS
T 1 — e ler—ws

||Loo(Rj,L;(R§)) (A-5)

we conclude from (A.2)
t
/ e w3(t=5) 4 (t, 5) 21 (s)ds
0

t
S/ e (=) dy(t, 5) (11 (21(s))e ™ (%) + Dy)ds
0

1

1 — e~ lwi—wsl

. 1
— min{wi,ws}t -
e 3 +D116w3)|d3L°°(]RO+,L})(]RO+))

< (wzl (0))

and the statement follows. O
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