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Abstract. Let 0 < a < 1 be a transcendental real number and
A1,...,Ar be real numbers with 0 < A; < 1. It is conjectured that a joint
universality theorem for a collection of Lerch zeta functions {L(\;, o, s)} will
hold for every numbers A;’s which are different each other. In this paper we
will prove that the joint universality theorem for the set {L();,a, s)} holds
for almost all real numbers A;’s.

1. Introduction.

Let o be a real number with 0 < a < 1 and A be a real number. The Lerch zeta
function L(\, o, s) is defined by

o0

L(\ a,s) Z era (1.1)

m=0

for o = Ns > 1, where e(z) = 2. If \= X € Z, then L(\, a, s) = L(X, a, s). Therefore,
in the following we assume that 0 < A < 1.

The Lerch zeta function is one of the classical and popular objects in analytic number
theory, since it was introduced by Lerch [6]. Many analytic properties of Lerch zeta
functions have been established by several mathematicians (see, for instance, Lauriné¢ikas
and Garunkstis [4]). Here, we are concerned with universality property. A function f(s)
is said to have universality property on a region U, if arbitrary analytic function can
be uniformly approximated on compact subsets of U by vertical translation of f. Such
universality property for Lerch zeta functions was established by Laurinéikas [3]. To
state it, we prepare some symbols. Let p be the Lebesgue measure on the set R of all
real numbers. For T" > 0 define

vr(e) = T €[0,T] ),

where in place of dots we write some conditions satisfied by a real number 7. Let D
denote a strip {s € C | 1/2 < 0 < 1}. Now we state the universality theorem for the
Lerch zeta function.

THEOREM 1 (Laurincikas [3]). Assume that 0 < o < 1 be a real transcendental
number. Let A be a real number with 0 < A < 1. Let K be a compact subset of D with
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connected complement and f(s) be a continuous function on K which is analytic in the
interior of K. Then for any ¢ > 0 we have

11Trri}10r<1)fuT(rsrg><c|L()\,a,s+w) —f(9) < E) > 0.

In this paper, we treat value distribution of a collection of Lerch zeta functions
{L(Aj,o,8) |1 <j <},

when « is a fixed transcendental real number and A;’s are real numbers. The first result
in this direction was obtained by Laurin¢ikas and Matsumoto [5].

THEOREM 2 (Laurincikas and Matsumoto [5]). Let a be a transcendental real
number. Let \j = (a;/q;) (1 < j <) be distinct rational numbers which satisfy (aj,q;) =
1and 0 < a; < gqj. Foreach 1 < j <, let K; be a compact subset in the strip D with
connected complement and h;(s) be a continuous function on K; which is analytic in the
interior of K;. Then for any small positive number ¢ we have

| .
hTHi}OIlf TM{T €[0,T] Jax. 51612}{)]( |L(\j, o, s +1i7) — hj(s)] < E} > 0.

The above inequality implies that for a collection of Lerch zeta functions the corre-
sponding universality properties hold simultaneously. We call this type of property for a
collection of zeta functions joint universality.

Here we give a conjecture which asserts that the joint universality theorem for the
set {L(\j,a, s)} will hold without the restriction that X;’s are rational numbers. As a
consequence of Theorem 1, Laurin¢ikas [3] showed that for 1/2 < g9 < 1 and a positive
integer N the set

{(L\ a,00 +it),...,LY V(N a,00 +it)) e CV | t € R}

is dense in CV. Conversely, the universality theorem for L()\, o, s) is interpreted as an
extension of the above multi-dimensional denseness result for ((s) to the functional space.
Recently, Nagoshi [8] obtained the similar multi-dimensional denseness result for the
collection of Lerch zeta functions.

THEOREM 3. Let 0 < a < 1 be a transcendental real number. Let A\1,..., A\, be
distinct real numbers with 0 < X\; < 1. Fiz a real number o9 with 1/2 < 09 <1 and a
positive integer N. Then the set

{(L(A17017O'0+’L't)7...,L(N71)()\1,Oé,O'O+it),
cors L, 00 + 1), . . ,L(Nfl)()\r,a,oo —|—it)) ec™Vv | te R}

is dense in C™V.



Functional distribution for Lerch zeta functions 1107

From Theorem 3, we predict the following conjecture.

CONJECTURE 1. Let 0 < a < 1 be a transcendental real number. Let A1, ..., A\, be
distinct real numbers with 0 < \; < 1. Then the joint universality theorem holds for the
set of Lerch zeta functions {L(Aj,c,s) |1 <j <r} on the strip D.

The purpose of this paper is to give results which assure this conjecture. The first
main theorem asserts that the joint universality for the set {L()\;, @, s)} holds for almost
all real numbers A;’s.

THEOREM 4. There exists a subset A of [0,1)" which has the following properties.

1. The set A contains almost all real numbers A;’s such that 1,A1,..., A, are linearly
independent over Q. Namely,

pr(A) =1

where ., is the Lebesque measure on R”.

2. Let 0 < a < 1 be a transcendental real number. Assume that (\1,...,\.) € A. For
each 1 < j <r, let K; be a compact subset in the strip D with connected complement
and h;(s) be a continuous function on K; which is analytic in the interior of K;.
Then for any small positive number € we have

L1 .
liminf {7 € 0,71 | max max|L(\, s+ i) — hy(s)] < e} > 0.

The definition of the set A will be given in the next section. Also we will give the
explicit example of A;’s for which the joint universality of Lerch zeta functions holds.

THEOREM 5. Let 0 < o < 1 be a transcendental real number. Assume that real
numbers A1, ..., A\ with 0 < \; < 1 satisfy one of the following conditions:

1. Ai,..., A\ are algebraic irrational numbers such that 1, A1, ..., A\, are linearly inde-
pendent over Q.
2. \j = €', where r;’s are distinct rational numbers.

For each 1 < j <, let K; be a compact subset in the strip D with connected complement
and h;(s) be a continuous function on K; which is analytic in the interior of K;. Then
for any small positive number ¢ we have

o1 .
thilo%f T/J,{T € 10,7 11%1?%(7«?61% |L(\j,a, s +141) — hj(s)| < 5} > 0.

The construction of the paper is as follows. In Section 2 we quote definitions and
results on discrepancy estimate in uniform distribution theory. In Section 3 we prepare
some lemmas for the proof of the theorems. In Section 4 we give the proof of Theorem 3
which differs from Nagoshi’s original proof. We prove Theorem 4 and 5 in Section 5-7.
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2. Discrepancy.

To prove our theorems, we need to know the behavior of the sequence {(e(A1m),
...,e(Aym)) | m > 0}. For the purpose, we quote definitions and results in uniform
distribution theory.

For an r-tuple (A1,...,A,) of real numbers, the Kronecker sequence {w(n) | n € N}
is defined by

w(n) = ({nA1}, {nXa}, ..., {n\.}) €[0,1)"

for n > 1, where {x} denotes the fractional part of the real number z. The next lemma
is the well-known Kronecker approximation theorem.

LEMMA 1. Suppose that the numbers 1, A1, ..., A\, are linearly independent over Q.
Then the Kronecker sequence {w(n)} is uniformly distributed in [0,1)". Namely, for an
interval I = [a1,by) X - X [ap,by) C[0,1)" and a positive integer N define

AN =#{1 <n< N |w(n) €I}
Then for any interval I,

. AN(I) o
lim NT —VOI(I)fj];[l(bjfaj). (2.1)

N—o0

Now we define the discrepancy of the sequence {w(n)} by

An(I
Dy =Dy A= Y % - vol(I)’.
Iclo,1)"
Then (2.1) means that
Dy =0(1), as N — oo. (2.2)

Estimate (2.2) is useful enough to prove Theorem 3 only. To prove the joint universality
theorems, however, we need a more precise estimate for the upper bound of the discrep-
ancy Dy. Here we quote two classical results from uniform distribution theory omitting
the proof. The next lemma is due to Schmidt [10].

LEMMA 2.  For almost all r-tuples (A1,...,\.) € R", the discrepancy Dy =
Dy(A1, ..., \n) satisfies

1 N r4+14+e
Dy = O<(Og‘]\)f>, as N — oo, (2.3)

for every e > 0.
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Now we put
A={(\,...,\) €[0,1)" | estimate (2.3) holds for Dy (A1,..., ).}

Then Lemma 2 yields that p,.(A) = 1.
The following lemma is easily deduced from Theorem 6.1 of Niederreiter [9].

LEMMA 3. Assume that real numbers A, ..., A with 0 < A\; < 1 satisfy one of the
following conditions:

1. Ai,..., A\ are algebraic irrational numbers such that 1, \1,..., \. are linearly inde-
pendent over Q.
2. \j = €', where r;’s are distinct rational numbers.

Then the discrepancy Dy = Dy (A1, ..., \.) satisfies
Dy =O(N7'), as N — oo,

for every e > 0.
Combining the above lemmas, we obtain the next approximation formula.

LEMMA 4. Assume that real numbers A1, ..., A\, with 0 < \; < 1 satisfy one of the
following conditions:

1. A1y, A € A, where the set A is given by (2.3).

2. A,-.., Ar are algebraic irrational numbers such that 1,\1,..., A\ are linearly inde-
pendent over Q.

3. A\j = €', where r;’s are distinct rational numbers.

Then for any interval I,
An(I) =vol(I)N + O(N*®), (2.4)
for every e > 0.

3. Preliminaries.

In this section we will prepare some lemmas which we need to prove Theorems 3, 4,
and 5.

LEMMA 5. Let H be a complex Hilbert space with the inner product {(-,-) and the
norm || - || = +/(-,-). Assume that a sequence u, € H (n > 1) satisfying

(I) The series

> llual?
n
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1§ convergent.
(IT) For any non-zero element e € H, the series

S s e)|

18 divergent.

Then the set of convergent series

{Zanun €eH

aal 1}

PrROOF. This is Theorem 6.1.16 in [2]. O

is dense in H.

LEMMA 6. LetO<a<land0<A<1. Forxz>0

e(Am zl=s o
L\ a,s) = Z (m(+ a))s +(5>\5 — +Ox(z77),
0<m<zx

holds uniformly in the region 0 < o1 < 0 < 2, 27 < |t| < 7z, where

%Z{l (A=0),

0 (otherwise).

PrROOF. This is a combination of Theorem 3.2.1 in Karatsuba and Voronin [13]
and Theorem 3.1.2 in [4]. O

LEMMA 7. Let C and C'" be compact subsets in C such that C is contained in the
interior of C'. There exists a positive constant a(C,C") with the following property:
If an analytic function f(s) on C" satisfies the estimate

/ 1 ()Pdodt < A,
c/
for A >0, then

max [£(s)| < a(C,C")VA.

PrROOF. This is Lemma 2.5 in the author and Nagoshi [7]. O

LEMMA 8. Let U be a simply connected bounded region which is included in the
strip o1 < Rs < 9. Let h(s) be a non-zero analytic function on U. Define
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Ap(z) = / /U e **h(s)dodt.

Then Ay (z) is entire, and satisfies the following properties.

(I) The function Ay(z) has the series expansion

> ap(m
m=0 :

where

lap(m)| <1 for allm > 1.

(IT) There exists a divergent positive sequence R, — oo (n — o0) and a sequence of
intervals I, = [Xn, Tn + yn] C [Rn — 1, Ry, + 1] such that

1
|A(z)] > Ze‘””“ (x € I,),

and such that
Yn ~ R 5.
PrOOF. This is essentially established in the proof of Lemma 7.1 of [13]. O

The next two lemmas are elementary inequalities for complex numbers.

LEMMA 9. Let 21,...,2, be complex numbers. If all real parts of z; have the same
sign, then

lz1 + - + 2| > [R21].

LEMMA 10. For each 1 < k < 4, define intervals

(k=7 kr [13—3k 14— 3k
Ak — |: 9 ) 2 ) Bk: — 192 ) 12 . (31)

Suppose that a non-zero complex number z satisfies arg z € Ay and that a real number t
satisfies t € By, for the same k. Then

1
R(e(t)z) > §|Z| > 0.

PROOF. Put z = re®?. If § € Ay, and t € By, for the same k, then 6 + 27t €
[(5/3)m, (7/3)7). Therefore
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1
R(e(t)z) = rcos(d + 27t) > rcosg =5r 0

The next lemma is classical Jensen’s formula.

LEMMA 11.  Let f(2) be an analytic function on the disc |z| < R satisfying f(0) # 0.
Let pi. (k> 1) be zeros of f(z) in|z| < R and ri, = |pk|. Assume that Ty > rq > ---. Let
0 <r < R satisfying r, <1 <rpq1. Then

n 2
log " IFO)] _ i/ log |f(re')|d6.
0

T1...Tn 2w

PrOOF. This is Theorem 3.61 in Titchmarsh [12]. O

LEMMA 12.  Let G(z) be an analytic function satisfying
o0 O
G(z) = z;oﬁz . om| <1, and G #0.

Let § = 6(R) be a positive valued function satisfying 6 — 0 as R — oo. There ezists a
positive constant C' = C'(G) such that for any sufficiently large number R the interval
I(R) = [R, R + 6] contains a subinterval J'(R) with length C'§>R=2 such that G(z) has
no zeros on J'(R).

PROOF. Assume that G(z) has a zero at z = 0 with multiplicity g. Put G(z) =
29G1(z). If the function G1(z) has no zeros on some interval included in I(R), then
G(z) also has no zeros on this interval. Therefore we may only consider the case that
G(0) # 0. Let a; (1 < i <n) be different zeros of G(z) on the interval I(R) and n; be
order of a;. Let b; (1 < j < m) be other zeros of G(z) in the disc |2| < R+ J. Then
Lemma 11 implies that

S R+6 ~~, R+96
log |G(0)| + E nilog%+ E logﬁ
i=1 v j=1 J
1 2w 0
= log |G((R + 6)e™)|db. (3.2)
2T 0

From the assumption we have |G(x)| < e*. Therefore
1 2 i
o log |G((R+ 6)e)|df = O(R), and log|G(0)] = O(1).
0

Remark that the other terms in the left hand side of (3.2) are positive. Therefore

n

S 10e 2E0 _o(R). (3.3)

a
i=1 v
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Let N be a positive integer. We divide the interval I(R) into N-subintervals
k-1 k
= —_ — 1<k<N).
Jk [R+ N 5,R+N5} (1<k<N)

Now we estimate the upper bound of N such that all sub intervals Jj contain at least
one zero a;. If a; is contained in Jg, then a; < R+ (k/N)J. Therefore

L vaes)

Put ! = N — k. From (3.3) it follows

}:bg( éiﬁﬂ_lzouw

Applying an elementary inequality —log(l —z) > x for 0 < z < 1, we have

N—-1

= O(R).
thR+6 (7)

Then

RQ
N=0|—].
Therefore there exists a positive constant C such that if N > C}R*5~! then there is at

least one sub interval Ji, which contains no zeros of G(z). The length of this interval is
SN~' = C;7'9?R™2. Putting C' = C}™!, we have the lemma. O

LEMMA 13. Let G(z) and § = 6(R) be functions as in Lemma 12. Let Ay =
[(k—D7/2,kn/2) (1 < k < 4) be intervals given by (3.1). For any sufficiently large
number R, there exists a subinterval J(R) of the interval I(R) = [R, R+ 4] and a integer
kr with 1 < kr < 4 satisfying the following properties:

1. The length of J(R) is C6*R™, where C = C(G) is a positive constant depends only
on G.
2. We have

arg G(z) € Agp,

for all z € J(R).

PrROOF. Put
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Oy + Ty B m
ﬁm: D) 5 GI(Z):”?iO 'Z 5
and
_ Om — Qm _ N dmm
=T G = )G

Then G1(z) and Ga(z) satisfy the same condition in Lemma 12 and
Gi(z) =RG(z), and Ga(z)=S9G(z) for zeR.

By Lemma 12, there exists a sub interval J'(R) in I(R) such that G1(z) has no zeros on
J'(R). The length of J'(R) is §' = §'(R) = C'62R~2. For functions Ga(x), ' and the
interval J'(R) we apply Lemma 12 again. Then there exists a sub interval J(R) in J'(R)
such that Gao(x) has no zeros on J(R). In particular, the argument of G(x) belongs to
one of Ay, for all x € J(R). The length of J(R) is

5/2 54
C,/ﬁ _ (C”C”2)ﬁ.

Putting C' = C”C'?, we complete the proof of the lemma. O

4. Proof of Theorem 3.

Let A1,..., A be distinct real numbers with 0 < A\; < 1 and oy be real numbers
with 1/2 < g9 < 1. For m > 0 we put

e(A1m) e(Aym)(—log(m + a))N -1
F, = ( ,
(m + «)o0 (m + «)o0
e(A\.m) e(Arm)(—log(m + )N -1 N
) it )

First we prove the next lemma.

LEMMA 14. The set of convergent series

{ f: emF € CN

m=0

lem| = 1}

is dense in C™V.

PrROOF. We will check that the sequence {F,,} in the complex Hilbert space H =
C"N satisfies condition (I) and (II) in Lemma 5. Since o¢ > 1/2,
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Z | Fll? = Z (7200{1—&-103; (m+a)+ ---+10gN71(m+04)} < 0.
Thus condition (I) is valid. Let w = (w10, ..., Upgy .-y UIN—1, - - -, UprN—1) De any non-zero

element of C™V. Put

No =max{0 <n <N —1|uj, #0 for some j}.

Then we have

T - -

e(Ajm)(=log(m + a))Now;n, e(A;m)(—log(m + ) w5,

(Fpy,u) = iNo in.
m’u Z m+a)ao z:: z:: m+a)00

Jj=1
There exists a positive integer My = My(0g,u) such that for any m > M

1 log °(m+ «)
(m+ a)70

Ze()\jm)ujNO .

=1

|(Fom, w)| > (4.1)

Put a(m) = Z;=1 e(m\;)u;n,. Now we show that for sufficiently large M there
exist a set Aps of integers M < m < 2M and positive constants ¢; and ¢y such that

la(m)| = c1 (4.2)
holds for all m € Ay, and that

tAM

> Co. (43)

First we consider the case that all \;’s are rational numbers a;/q; with (a;,¢;) =1 and
0 < a; < gj. Let Q be the least common multiple of ¢;’s. Substitutingm =0,1,...,Q—1
into a vector (e(A\ym),...,e(A.m)), we obtain at least r distinct vectors. If a(m) becomes
zero for all these vectors, then u;n, = 0 for all 1 < j < 7, which contradicts to the
definition of Ny. Therefore there exists some mg such that a,,, # 0. Put

Ay ={M <m<2M |m=my (mod Q)}.

Then a,, = am, for all m € Ap;. Needless to say, the set Aps has a positive density.

Next we consider the general case. Assume that 1, A;,..., A, are linearly indepen-
dent over Q, and that A\r, 11,..., A, 40y (=71 +12) belong to the set Q[1, A1,..., A\, ].
Namely,

bor  bix by bjk,cjr € Z
Ar = — 4+ —A A, TRy IR
R ok * et o Crik (bjk, cjx) =1
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for 1 <k < 7y. Let ¢ be the least common multiple of ¢;;, and Bj;, = (c/cjk)bjk. Then
cAri+k = Bok + BigA1 + -+ BrpA,  (Bjr € Z)

for 1 < k < ry. Define a function F': R — C by
71 T2 71
F(tla s ’tﬁ) = ZujNoe(tj)c + Zu'f"1+kNo H e(tj)Bjk'
j=1 k=1 j=1

Then we have

F(emAq,...,cmAy) =a(em) for m > 0.

Since F' is a continuous function which is not identically zero, there exists a positive
constant ¢ and an interval I = [a1,b1) X -++ X [ar,, b, ) C [0,1)™ such that

\F(t1,....ty)| >6 for (t,...,tr) €1
Define
Ay ={M <m <2M | {emAi}, ..., {cm\, }) € I}
then |a(em)| > § holds for any m € Ap;. By Lemma 1,

. #Ay  vol(I)
A/}linoo M - c > 0.

Thus (4.2) and (4.3) holds for the set Apy.
From (4.1)-(4.3), we have

log™* (m + a)

A M1—0'0+€.
(m -ty P

> [ Fpu)| >

meEAn

Since 1/2 < o¢ < 1, the above sum diverges as M — oo. This completes the proof of the
lemma. g

Now we prove Theorem 3. For any rN-tuple (210, 2IN—1,- -+, 270, -+, 2rN—1) €
C™N and every € > 0 we will prove that there exists a real number ¢ for which

() () i) — 2
1121?;%21?1)\](_1@ (Aj,a, 00 + it) — 2| <e. (4.4)

From Lemma 6 and Cauchy’s integral formula, for 0 <n < N — 1,
xlfs

0<m<zx
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holds uniformly in the same region as in Lemma 6. Let T be a sufficiently large number
and put x = T. Then we have

Z (—log(m + ))"e(\;m) <& (4.5)

‘L(n)(Aj, a, 00 + it) — T @) 3

0<m<T

forany T<t<2T,1<j<rand0<n<N-—1.
Let M be a positive integer smaller than T'. By the Montgomery-Vaughan estimate
(Theorem 2.7.2 in [2]), we obtain the second mean estimate

2T
;

Since 1 — 20 < 0, there exists a positive integer My such that for all M > M, and all
sufficiently large T we have

(—log(m + a)"e(\;m) |
(m + a)ag—i—it

dt < TM17200 + T27200+5.

M<m<T

3

(= log(m + a))e(\ym) [ e

2T
. dt < —. 4.6
/T [V (m + a)ao-Ht ‘ 3 ( )
Now we define a set By of real numbers ¢ € [T, 2T") for which
—1 To( s
‘ Z ( Og(m—l—al)(]Jreit(/\]m)’ - % (4.7)
M<m<T (m+a)
holds. Then (4.6) yields that
... p(Br) B
hTHLlo%f —7 > 1—e. (4.8)

By Lemma 14, there exists a sequence {&,,, € S* | m > 0} such that

Em = Zjn

= (—log(m + a))"e(Xjm)
Z (m + «a)o0

m=0

holds for 1 < j <r and 0 <n < N — 1. Fix a positive integer M > M, for which

<

Z —log(m + «))"e(A;m)

(m + «)o0

S ™

Em — Zjn

hold. For a positive number § we set

I5(M) = [ar;%:o — 5, 5) X x {arng — 5, 5) c [0, )M+,
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If ¢ is sufficiently small, then

€
e(tm) — Zjn 3

M (Zlog(m a))e(A;m
‘Z( g(m + a))"e(A;m)

(m + )70

holds for any (to,...,ta) € Is(M). Now we define

Ap = {te (T, 27) ’ ({ —tk;ia},...,{—twifa)}) EL;(M)}

Then for any t € Ar,

o~ (= log(m + a))"e(A;m) e
D e KA I ¥ (49)
m=0

Since « is a transcendental number, the numbers 1,loga,...,log(M + «) are linearly

independent over Q. Therefore, by Kronecker’s approximation theorem,

. MAT)
R i COR

This and (4.8) imply that the intersection Ay N By has a positive lower density. For any
t € Ap N By estimates (4.5), (4.7) and (4.9) hold. Combining these estimates, we obtain
(4.4). This completes the proof of the theorem.

5. A joint limit theorem for Lerch zeta functions.

Nowadays, the joint universality for a collection of zeta functions is mainly obtained
as an application of the joint limit theorem on the weak convergence of probability
measure associated with the set of zeta functions. This method was given by Bagchi [1].
To describe Bagchi’s probabilistic method, we define some notations.

Denote by H(D) the space of analytic functions on D equipped with the topology
of uniform convergence on compacta. Let H"(D) = H(D) x --- x H(D) be the product
space. For a topological space S, let B(S) denote the family of Borel subsets of S. Assume
that 0 < a < 1 is a transcendental real number and that A{,..., A\, are real numbers
with 0 < \j < 1. For T' > 0 we define a probability measure Pr on (H"(D),B(H"(D)))
by

Pr(A) = VT((L()\l, a,s+171),...,L(A\r,a,s +1i1)) € A)

for A € B(H"(D)). Laurinc¢ikas and Matsumoto [5] obtained the following joint limit
theorem.

PROPOSITION 1.  The probability measure Pr on (H"(D),B(H"(D))) converges
weakly to a certain limit measure P on (H™(D),B(H"(D))) as T tends to infinity.
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The limit measure P is given as follows. Let v be the unit circle {s € C | |s| = 1}
and

Q= H Tm
m=0

where v, = 7 for each m > 0. With the product topology and pointwise multiplication
Q is a compact Abelian group. Let mpy be the probability Haar measure on (2, B()).
For w = {w(m) | m > 0} € Q define

L()\j,a,s,w) = Z W. (5.1)

For almost all w €  the series (5.1) converges uniformly on compact subsets of D.
Therefore L(\;, @, s,w) is considered as an H(D)-valued random element. Define the
H"(D)-valued random element L(s,w) by

L(s,w) = (L(A\1,,8,w), ..., LA, a,8,w)). (5.2)
Then the limit measure P is the distribution of L(s,w). Namely,

P(A)=my({w e Q| L(s,w) € A}) (5.3)
for A € B(H"(D)).
6. A joint denseness lemma for Lerch zeta functions.

For m > 0 define

Then from (5.1) and (5.2)

L(s,w) = Y w(m)F,(s) (6.1)

m=0

holds for almost all w € Q and s € D. Our aim is to obtain the following joint denseness
result.

PROPOSITION 2. Assume that real numbers A1, ..., A, with 0 < \; < 1 satisfy one
of the following conditions:

1. (A1,...,A) €A, where the set A is given by (2.3).
2. M,..., A\ are algebraic irrational numbers such that 1, A1,..., A\, are linearly inde-
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pendent over Q.
3. A\j = €', where r;’s are distinct rational numbers.

Then the set of all convergent series

Z amEm(S)a (am € 7)
m=0

is dense in the space H"(D).

Here we construct a complex Hilbert space which consists of analytic functions on
D. Let U be a bounded simply connected region satisfying U C D. Let L?(U) be the set
of all C-valued measurable functions on U which are square integrable with respect to
the Lebesgue measure. Then L?(U) is a complex Hilbert space with the inner product

9 = [[ s

and the norm

lote)l = vatera = [ |g(s)|2dadt)1/2.

Let H be the closure of H(D) in L?(U) and H, = H x --- x H be the product space.

LeMMA 15.  Suppose that real numbers A, ..., A, with 0 < \; < 1 satisfy the same
assumption in Proposition 2. Then the set of convergent series

{,i)amFm(S) €H, |anm€ 7}

s dense in H,.

Proposition 2 easily follows from this lemma and Lemma 7. For each 1 < j < r,
let K; be a compact subset of D and f(s) = (fi(s),..., fr(s)) € H"(D). Let U C D be
a bounded simply connected region such that U C D and that U, <j<,K; C U. From
Lemma 15, there exists a sequence a,, € 7y such that

H Z amE (s) = f(5)

82

(U1§j§r Kj7 U)2

where a(U, <<, K;,U) is a constant given by Lemma 7. Then it follows from Lemma 7

E max

Z“mm*ff”
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This implies that Proposition 2 holds.

Now we prove Lemma 15 using Lemma 5. We will check that the sequence {F,,(s)}
in H, satisfies conditions (I) and (II) of Lemma 5. Let o1 and o3 be real numbers with
1/2 < 01 < 09 < 1 such that the strip o7 < Rs < 09 contains the region U. Then we
have

S IE ()] = Z// — dgdt<<UZ+;a)2ﬁ<oo.

m=0

Therefore condition (I) holds. Next we check condition (II). Let g(s) = (g1(s), ..., gr(5))
be a non-zero element of H,. Then

(F,(s Z// m+a g;(s)dodt.

Putting

0= [[ e aGaoa (6.2)

r

(F,.(s),9(s)) = Ze Aym)Aj(log(m + ).

then we have

Now our purpose is the next lemma.

LEMMA 16.  Suppose that real numbers Ay, ..., A\, with 0 < X\; < 1 satisfy the same
assumption in Proposition 2. Let g(s) = (g1(s),...,9r(s)) be a non-zero element of H,.
Then the series

e(Am)A;(log(m + «))

is divergent.

Proor. We may only consider the case that all g;’s are not identically equal to
zero. Applying Lemma 8, there exists a divergent positive sequence R,, — oo (n — 00)
and a sequence of intervals I, = [z, n + yn] C [Rn — 1, Ry, + 1] such that

xn:Rn+O(1)7 ynNR;Lga

and that

1
[Ar(@)] = e (6.3)
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for x € I,,. Next we apply Lemma 13 for

G(2) = Ai(z), O(R)=yn, and I(R)=I,.

Then there exist a positive integer NV a sequence of subintervals J,gl) = [a%l), ag) +

,(Ll)] C I,,, and a sequence of integers Iﬂ(}) with 1 < k,(}) < 4 such that

o =R, +0(1), BY ~ RN (6.4)
and that
argAq(z) € A oy forall z€ J (6.5)

where Ay is the interval given by (3.1). Remark that inequality (6.3) also holds for
T € Jr(Ll). Again, we apply Lemma 13 for

G(z) = Ao(z), 6(R)=RN", and I(R)=JL.

Then there exist a positive integer N (2), a sequence of subintervals JY(LZ) = [ag), aS? ) +
ﬁy(f)] C JT(LU, and a sequence of integers ky(f) with 1 < k;SLZ) < 4 which satisfy the similar
properties as (6.4) and (6.5). Repeating this argument, we obtain a positive integer
N, a sequence of subintervals J,, = [an, an + 8] C I, and a sequence of integers kf(lj )
(1<j<r)withl< k:r(lj ) < 4 which satisfy the following properties:

1. We have
an =R, +0(1), B.~R"N. (6.6)
2. For xz € J,
|AL(z)] > e 7280, (6.7)
3. ForxeJ,and 1 <j<r
arg Aj(z) € Ao (6.8)

For each n > 1 we define the set of integers X,, as follows.
Xn={m>0]log(m+a) e J,, {N\m}eB,y 1<j<r)} (6.9)

If m € X,,, then from (6.8) and Lemma 10

1A (log(m + a))| = 0,

DN | =

R(e(\ym)A;(log(m + a))) >
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for any 1 < j < r. In particular, by (6.7)
R(e(Arm)Ai(log(m + a))) > e~ o2ftn,

Therefore, by Lemma 9, we have

Z e(A;m)A;(log(m + «))| > %|A1(log(m +a))| > e 728 (6.10)

j=1

for all m € X,,.

Now we calculate the the lower bound of the cardinality of the set X,,. Since the
numbers (Mg, ..., \,) satisfy the condition in Lemma 4, we may apply (2.4) for the set
B(n) = B,y X+ x By C [0,1)". Then we have

AN (B(n)) = vol(B(n))M + O(M?) (6.11)

for every € > 0. Since vol(By) =1/12 for all 1 < k <4,

vol(B(n)) = (112)

Therefore, by (6.6) and (6.9),

81X = Acanton_a(B(1)) = Acon —a(B(n))

— i T(ean+6n — e%n )+O( ean) > eftr
12 ng'

From this and (6.10)

r 6(1—02)Rn

| e togm )] > =g

Since o9 < 1, this series diverges as n tends to infinity. This completes the proof of
Lemma 16, and the proof of Proposition 2. O

7. Completion of the proof of joint universality theorems.

Assume that Aq,..., A, are real numbers with 0 < A; < 1 satisfying either the
assumption in Theorem 4, or the assumption in Theorem 5. From Proposition 1 and
Proposition 2 we will complete the proof of the theorems at one time.

It follows from Proposition 1 that the probability measure

Pr(A) =vr((L(M\,a,s +47),...,L(\, o, s +i7)) € A), A€ B(H"(D)),
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weakly converges to the probability measure P as T" — oo, where the measure P is the
distribution of the H"(D)-valued random element

L(s,w) = (L(\1,q,8,w),...,L(A\r,a,8,w)), wé€Q,

where L(\j, o, s,w) is defined by (5.1). Now we calculate the support of the measure P,
which is a minimal closed subset S C H"(D) such that P(S) = 1. For the purpose we
quote Lemma 12.7 in [11].

LEMMA 17.  Let {X,,} be a sequence of independent H"(D)-valued random ele-
ments, and suppose that the series

)
>
n=1

converges almost surely. Then the support of the sum of this series is the closure of the
set of all f € H"(D) which may be written as a convergent series

fzzim’ in"LGSXW7

m=1
where Sx, 1is the support of the random element X,,.

As we saw in (6.1), the random element L(s,w) is the series of the random elements
Xm =w(m)E,,(s), w(m)e€r.

The support of each w(m) is the unit circle v. Therefore the support of the random
element w(m)F,, (s) is

{f € H'(D), f(s) =aF,(s), aer}.

Moreover, since {w(m) | m > 0} is a sequence of independent random variable,
{w(m)F,,(s) | m > 0} is also a sequence of H"(D)-valued random elements. By Lemma
17, the support of P, that is, the support of L(s,w) is the closure of the set of all
convergent series

o0

S amFols) (am 7).

m=0
From Proposition 2, we obtain the support of P.

PROPOSITION 3.  Assume that A1, ..., A are real numbers with 0 < A\j < 1 satis-
fying either the assumption in Theorem 4, or the assumption in Theorem 5. Then the
support of the probability measure P is H" (D) itself.
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Now we prove the theorems. Let arbitrary sets K;’s and functions h;’s be taken
as in Theorem 4 and 5. First we suppose that all functions h;(s) (1 < j < r) can be
analytically continued to the whole of strip D. Then, by Proposition 3, the function
h(s) = (hi(s),...,hi(s)) belongs to S. Put

Go = {a(e) = (5(6)) € 7' (D) | o max () — )] < 5 .

1<j<r s€K; 2
From the definition of the support, we have
P(Go) > 0. (7.1)
Since the measure Pr weakly converges to the measure P as T' — oo, we have

liminf Pr(G) > P(G), (7.2)

T—o0
for any open subsets G € B(H"(D)). From (7.1) and (7.2),

liTm inf Pr(Gg) > 0,
which implies

1
liminf — T
imin T,u{TE [0, 7]

. 5
Jax. grela}{)]( |IL(Aj,a,s +1i1) — hj(s)] < 2} > 0.

Next we consider the general case for the functions h;(s). By Mergelyan’s theorem,
there exist polynomials p;(s) satisfying

9
max [hj(s) = pi(s)l < 5 (7:3)

for all 1 < j <r. Remark that the polynomials p;(s) belong to the support S. According
to the similar argument as above, we have

1
lim inf TM{T € 10,7

T—o0

. 3
1252, e |L(X\j, o, 8 +41) — pi(s)] < 2} > 0.

Combining this with (7.3), we complete the proof of the theorems.
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