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Abstract. We construct an L?-model of “very small” irreducible uni-
tary representations of simple Lie groups G which, up to finite covering, occur
as conformal groups Co(V') of simple Jordan algebras V. If V is split and G
is not of type Ay, then the representations are minimal in the sense that the
annihilators are the Joseph ideals. Our construction allows the case where
G does not admit minimal representations. In particular, applying to Jordan
algebras of split rank one we obtain the entire complementary series repre-
sentations of SO(n,1)p. A distinguished feature of these representations in
all cases is that they attain the minimum of the Gelfand-Kirillov dimensions
among irreducible unitary representations. Our construction provides a uni-
fied way to realize the irreducible unitary representations of the Lie groups in
question as Schrédinger models in L2-spaces on Lagrangian submanifolds of
the minimal real nilpotent coadjoint orbits. In this realization the Lie algebra
representations are given explicitly by differential operators of order at most
two, and the key new ingredient is a systematic use of specific second-order
differential operators (Bessel operators) which are naturally defined in terms
of the Jordan structure.

Introduction.

Minimal representations are building blocks of unitary representations. Every uni-
tary representation can be built up from irreducible unitary representations by means
of direct integrals. Further, the Kirillov-Kostant-Duflo-Vogan orbit philosophy suggests
that a large part of irreducible unitary representations should be constructed from “uni-
potent representations” by using classical or cohomological induction functors. Minimal
representations show up as the smallest kind of unipotent representations, and cannot
be constructed by the existing induction functors in general.

The subject of this paper is a unified construction of L?-models for a family of
“smallest” irreducible unitary representations including minimal representations. A key
feature of those representations is that they attain the minimum of the Gelfand-Kirillov
dimensions among all irreducible infinite dimensional unitary representations. This is
reflected by the fact that in L2-models of these representations we cannot expect geo-
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metric actions, and consequently the Lie algebra does not act by vector fields. For a
general program of L2-models and conformal models of minimal representations of real
reductive groups, we refer to [24, Chapter 1]. It should be noted that there is no known
straightforward way to construct minimal representations.

Our construction is effected in the framework of Jordan algebras. To each simple real
Jordan algebra V with simple maximal euclidean subalgebra V+ we associate its confor-
mal group Co(V') which is a simple real Lie group. Let G denote its identity component
and g the Lie algebra of G. The structure of V' provides a Lagrangian submanifold O of
a real nilpotent coadjoint orbit O%; of minimal dimension (see Theorem 2.9).

On C*(0O) there is a natural representation of the maximal parabolic subalgebra
g = ste(V) x V of g by differential operators up to order 1. The non-trivial part is to
extend it to the semisimple Lie algebra g = ¢™**®mn, and then to lift it to a Lie group with
Lie algebra g. The novelty here is a systematic use of a differential operator of order two,
which we refer to as the “Bessel operator”. The Bessel operator was originally studied
for euclidean Jordan algebras (see e.g. [10]) in a different context and for V' = RP? in
[24]. Using the quadratic representation P of the Jordan algebra, we define in (1.7) the
Bessel operator By : C*(V) — C*°(V)® V by

0 0

For the special value A = A\; € Q (see Section 1.2.5) the operator B := B, is tangential
to the submanifold O. The resulting V-valued differential operator may be interpreted
as a family of second order differential operators 4,8 := (¢, B) on O parameterized by
¢ € V* 2 n. This family of operators complements the action of q™®* to define a Lie
algebra representation dm of the semisimple Lie algebra g on C°°(0). We note that this
in fact defines a Lie algebra representation of g on the space of sections of any flat vector
bundle over O.

To integrate the representation dm of the Lie algebra g to a representation of a Lie
group, we use the specific generator

bo(z) == K, po(|z]), z €O,

which traces back to [8], [29], [40]. Here we have renormalized the K-Bessel function
as Ka(2) = (2/2)"*Kq(z) following [24], [25] and the parameter v € Z is defined in
terms of the structure constants of V' (see Section 1.1.3 or Table 3). In the case of
V = Sym(k,R) the isotropy subgroup of the structure group on O is disconnected, and
we also use the specific generator

vg (2) = (alen) V2R palfal) = Y yame ¥, w e,

for the line bundle £ — O associated to the sign representation (see (2.17)).

THEOREM A (Theorems 2.19 and 2.30).  Assume that the split rank ro of the real
simple Jordan algebra V is larger than one.
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(1) The following conditions on g are equivalent:
(1) %o is t-finite.
(ii) g2 s0(p,q) with p+q odd, p,q > 3.

Let W be the subrepresentation of (dm, C*>°(O)) generated by 1g.

(2) If the equivalent conditions in (1) are satisfied then W is a dense subspace of the
Hilbert space L*(O) and dm integrates to an irreducible unitary representation © of
a finite covering group of G on L*(O).

For V- = Sym(k,R) let W~ be the subrepresentation of (dw, C>(O, L)) generated by g .

(3) W~ is a dense subspace of the Hilbert space L*(O, L) of square integrable sections
and dr integrates to an irreducible unitary representation w~ of a finite covering
group of G on L?(O, L).

The minimal covering groups for Theorem A (2) & (3), to be denoted by GV and
GY, are given in Definition 2.29.

We shall also write 7+ for m, W for W and v7 for ¢y to state results that include
the representation 7. Under the equivalent conditions in Theorem A (1), the g-module
W# is multiplicity-free as a €-module. In light of the ¢-type formula in Theorem 3.8, z/;oi
belongs to the minimal &-type of 7+,

For a real simple Lie algebra g there exists a unique minimal complex nilpotent
orbit in gc, to be denoted by Oﬁfmg, having real points (see Proposition 2.5). Then the
nilpotent coadjoint orbit OF; is a connected component of Og‘fn, g
struction provides the smallest irreducible unitary representations on the Hilbert space
L?(0) consisting of square integrable functions on a Lagrangian submanifold O of the

symplectic manifold 0%

min

N g*, and our con-

in the following sense.

THEOREM B (Theorem 2.18 and Corollary 2.32).  We assume that the equivalent
conditions of Theorem A (1) hold. Let m be the representation © constructed in The-
orem A, dn¥ its differential representation on the space of smooth vectors, and J, the
annihilator ideal of the representation dn® in the enveloping algebra of gc.

(1) Tr is completely prime and its associated variety V(J;) is equal to the closure of
Ofing in 8%

(2) IfV is a split Jordan algebra or a complex Jordan algebra then ngmg

nilpotent orbit. If in addition gc is not of type A, then ©+ is a minimal represen-

tation in the sense that J. is the Joseph ideal (cf. Definition 2.16). Conversely,

every minimal representation of any covering group of GV is equivalent to one of the

is a minimal

representations constructed in Theorem A or its dual.

Concerning the equivalent conditions of Theorem A (1), it is noteworthy that there
is no minimal representation for any group G with Lie algebra g = so(p,q) with p + ¢
odd, p,q > 4 (see [47, Theorem 2.13]). We also remark that contrary to what was stated
in [8, p. 206] the L?-model of the minimal representations exist for the group O(p, q) with
p—+qeven, p,q > 2 (see [29]).
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Our construction also applies to the case of split rank one. However, in contrast to
the cases of higher split rank, in that case there exists a one-parameter family of measures
dpy on the Lagrangian manifold O which are equivariant under the structure group of the
Jordan algebra. Correspondingly, we obtain a one-parameter family of irreducible unitary
representations of G on L?(O, du,) for a bounded interval of parameters (Theorem 2.30).
As is well-known, the Lorentz group G = SO(n, 1)p has a “long” complementary series
representation, leading to a failure of Kazhdan’s property (7'). On the other hand, it is
notorious by experience that the orbit philosophy does not work well for complementary
series representations. Remarkably, our construction provides the entire complementary
series of this group in a way that fits with the orbit philosophy.

For all minimal representations appearing in Theorem B (2), one can find L?-models
in each specific case in the literature ([1], [8], [24], [29], [32], [40]). Other important
papers on the construction of minimal representations are Brylinski-Kostant [5] and
Torasso [45], which, however, do not contain simple and explicit formulas for the g-
action.

Whereas the model in [5] is built on the Kc-minimal nilpotent orbit OX¢ in €&, our
model may be thought of as a geometric quantization of the G-minimal nilpotent orbit
O%. in g* which is the counterpart of Oﬁfn via the Kostant-Sekiguchi correspondence.
The advantage of our model is that not only the Hilbert structure, but also the Lie
algebra action is simple and explicit by means of the Bessel operators.

The Bessel operators are needed already in the construction of the Lie algebra rep-
resentation. In the course of the proof we show the following properties:

(1) The operators 4B, ¢ € V*, commute.
(2) For each ¢ € V* the operator 4B is symmetric on L%(O).

In the cases where the Lie algebra representation integrates to a unitary representation
of G, the operator 4B has a self-adjoint extension for every ¢ € V*. This brings us to
the study of a new family of special functions associated with an explicit fourth order
ordinary differential operator D, g corresponding to the Casimir operator of £ (see [16],
[17], [26]).

A further remarkable feature of the Bessel operators is the following refinement of
the property (1):

THEOREM C (Theorem 3.18).  Suppose that one of the equivalent conditions in
Theorem A (1) is satisfied. Then the ring of differential operators on O generated by
the Bessel operators 4B, ¢ € V*, is isomorphic to the ring of functions on O which are
restrictions of polynomials on V.

Theorem C generalizes the results for g ~ so(p, ¢) with p+ g even (see [24, Chapter
2]), and follows from Theorem A for general g.

Our paper is organized as follows. In Section 1 we briefly recall some Jordan theory
necessary to define the Bessel operators and give a proof for the fact that they restrict
to differential operators on the orbits of the structure group (Theorem 1.12). Further,
we show that they are symmetric operators with respect to the L? inner products corre-
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sponding to certain equivariant measures on the orbits.

Section 2 is the heart of the paper. In Subsection 2.1 we relate the Jordan theoretic
orbits with the minimal nilpotent orbits of the complexified groups. The main result
here is Theorem 2.11 which determines the non-zero minimal nilpotent orbit. Subsection
2.2 contains the general construction of the Lie algebra representation on the Lagrangian
submanifold O, and the proof of Theorems A and B. In Subsection 2.3 we illustrate the
construction by discussing the examples of the Segal-Shale-Weil representation and the
minimal representation of O(p, q).

In Section 3 we explain how our main results are related to previous work. Subsection
3.1 is included to clarify the relation of our construction to the use of degenerate principal
series representations. In Subsection 3.2 we find explicit K-finite L2-functions for every
K-type by means of the “special functions” we associated to certain order four differential
operators in [16], [17], [26]. Finally, in Subsection 3.3 we prove Theorem C.

ACKNOWLEDGEMENTS. It is a pleasure to thank G. Mano, T. Okuda and B. @Orsted
for helpful discussions on various aspects of this paper. We further thank the referee for
careful reading.

Notation. N={0,1,2,...}, Ry ={zx e R:z > 0}.

1. Bessel operators.

In this section we introduce the framework for the construction of minimal repre-
sentations, namely the Hilbert spaces on which the minimal representations are realized
and the Bessel operators which describe the crucial part of the Lie algebra action. For
this we first introduce some basic structure theory for Jordan algebras needed in the
construction. To each semisimple Jordan algebra one can associate its structure group
which acts linearly on the Jordan algebra. Its minimal non-zero orbit provides the ge-
ometry of the representation space. We then introduce the Bessel operators and show
that they are tangential to this orbit and symmetric with respect to a certain L2-inner
product.

The notation follows [10] where most results of this chapter can be found, although
only for the special case of euclidean Jordan algebras. A more detailed version of this
material can be found in [34, Chapter 1]. We thank G. Mano [33] for sharing his ideas
on Bessel operators with us.

1.1. Jordan algebras and their structure constants.

The algebraic framework on our construction of L?-models for minimal representa-
tions is the framework of Jordan algebras. We briefly recall the basic structure theory of
real Jordan algebras to fix the notation.

1.1.1. Jordan algebras.
Let V' be a real or complex Jordan algebra with unit e € V. We denote by L(z) €
End(V') the multiplication by = € V. The operator
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is called quadratic representation and its polarized version is given by
P(a,y) = L(z)L(y) + L(y)L(z) — L(zy).
Further, the box operator uOv is defined by
uOv := L(uwv) + [L(u), L(v)].

Denote by n the dimension of V' and by r its rank, i.e. the degree of a generic minimal
polynomial (see e.g. [10, Section II.2]). The Jordan trace tr(z) is a linear form on V'
and the Jordan determinant det(x) is a homogeneous polynomial of degree r. To avoid
confusion, we write Tr and Det for the usual trace and determinant of an endomorphism.
Jordan trace and determinant can be written as the usual trace, respectively determinant,
of certain operators on V:

tr(x) = %TrL(x), z eV,
det(z) = (Det P(2))"/?", zeV.
The symmetric bilinear form
7(z,y) = tr(zy), z,y€V,

is called the trace form of V. It is associative, i.e. 7(zy, z) = 7(z,yz) for all z,y,z € V.
If V # 0 and 7 is non-degenerate, we call V' semisimple. Further, V' is called simple if it
is semisimple and has no non-trivial ideal.

For the remaining part of this subsection we assume that V is real and simple. If 7
is positive definite, we call V' euclidean. To also obtain an inner product for general V'
we choose a Cartan involution of V, i.e. an involutive automorphism ¥ of V' such that
the symmetric bilinear form

(z | y) = 7(z,9(y)) (1.1)

is positive definite. Such a Cartan involution always exists and two Cartan involutions
are conjugate by an automorphism of V (see [15, Satz 4.1, Satz 5.2]). We have the
decomposition

V=VteVv-

into £1 eigenspaces of 9. The eigenspace VT is a euclidean Jordan subalgebra of V with
the same identity element e. Note that if V itself is euclidean, then the identity ¥ = idy
is the only possible Cartan involution of V', so that V* = V and V~ = 0. We denote
by ng the dimension and by ry the rank of V' and call ro the split rank of V. The
constants ng and rg only depend on the isomorphism class of the Jordan algebra V', not
on the choice of 9.
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The following elementary examples will eventually lead to the metaplectic represen-

tation and the minimal representation of O(p + 1,¢q + 1).

ExAMPLE 1.1. (1) Let V = Sym(k,R) be the space of symmetric k x k matrices
with real entries. Endowed with the multiplication

1
z-y:= 5 (ey +yz)

V becomes a simple euclidean Jordan algebra of dimension n = k(k 4 1)/2 and rank
r = k whose unit element is the unit matrix 1. Trace and determinant are the usual
ones for matrices:

tr(z) = Tr(z), det(x) = Det(x).

Hence, the trace form is given by 7(z,y) = Tr(zy). The inverse z! of x € V exists
if and only if Det(z) # 0 and in this case 27! is the usual inverse of the matrix z.
Let V. = R x W where W is a real vector space of dimension n — 1 with a sym-
metric bilinear form G : W x W — R. Then V turns into a Jordan algebra with
multiplication given by

()\,U) : (Ha“) = (AM + ﬂ(u,v),)\v + NU)-

V is of dimension n and rank 2 and its unit element is e = (1,0). Trace and
determinant are given by

tr(A, u) = 2, det(\, u) = A? — B(u,u),
and an element (\,u) € V is invertible if and only if det(\, u) = A2 — B(u,u) # 0. In

this case the inverse is given by (A, u)™1 = (1/det(\,u))(\, —u). The trace form can
be written as

(A w), (1, 0)) = 200 + B(u, v)).

Hence, V is semisimple if and only if 3 is non-degenerate and V is euclidean if and
only if 3 is positive definite. For W = RPT9~! with bilinear form 3 given by the

matrix
—1,4
1,

we put RP9:=R x W, p>1,qg>0. Then

T(x,y) = 2(m1y1 —X2Y2 — - — TpYp + Tpr1Yp1 + - + xp+qyp+q),

_ 2 2,2 2
det(r) =2+ 4z, — Ty — — Ty,
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Thus, RP ¢ is euclidean if and only if p = 1. In any case, a Cartan involution of R4
is given by

o= -1, . (1.2)
1q

With this choice the euclidean subalgebra (RP-4)* is
(Rp’q)Jr =Re;i @Repp1 @ -+ - ©Rey, = Rl’q7

where (e;)j=1,....n denotes the standard basis of R?? =R", n = p+q.

1.1.2. Peirce decomposition.

The Peirce decomposition of V' is a Jordan analog of the Lie theoretic root decom-
position. It describes the structure of a Jordan algebra in terms of its idempotents.

In this subsection V' always denotes a real simple Jordan algebra, ¢ a Cartan invo-
lution of V' and we further assume that VT is also simple.

An element ¢ € V is called idempotent if ¢> = c. A non-zero idempotent is called
primitive if it cannot be written as the sum of two non-zero idempotents and two idem-
potents ¢; and co are called orthogonal if ¢ico = 0. A collection ¢y, ..., ¢, of orthogonal
primitive idempotents in VT with ¢; + -+ + ¢, = e is called a Jordan frame. By [10,
Theorem II1.1.2] the number m of idempotents in a Jordan frame is always equal to the

rank 79 of V. For every two Jordan frames cy,...,c,, and di,...,d,, there exists an
automorphism g of V' such that gc; = d;, 1 <14 < ry (see [15, Satz 8.3]).
For a fixed Jordan frame c1,...,c,, in V* the operators L(cy), ..., L(c;,) commute

and hence are simultaneously diagonalizable. The spectrum of each L(c¢;) is contained in
{0,1/2,1} and >_1°, L(¢;) = L(e) = idy. This yields the Peirce decomposition

v= & Vv (1.3)

1<i<j<ro
where

ik + 05 )
Vilz{xEV:L(ck)xzWw,‘dlgkgro} for 1 <4, j <rp.

Since the endomorphisms L(¢;), 1 < i < rg, are all symmetric with respect to the inner
product (—|—), the direct sum in (1.3) is orthogonal. Further, the group of automor-
phisms contains all possible permutations of the idempotents ¢, ..., ¢, and hence the
subalgebras V;; have a common dimension e + 1 and the subspaces V;; (i < j) have a
common dimension d, so that
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We call a Jordan algebra V' split (or reduced) if V;; = Re; for every ¢ = 1,... 79, or
equivalently if e = 0. From [15, Section 8, Korollar 2] it follows that if V' is split, then
r = 1o, and if V is non-split, then » = 2ry. Euclidean Jordan algebras are always split
and hence V; =V NVt =Rg. With Vi = ViuNV~ we then have Vj; = sz oV,
and e = dimV;;. If we denote by dy the dimension of VJ = V;; NV* (i < j), then
equation (1.4) for the euclidean subalgebra V' reads

do
=1 —1)—.
- + (7o )2

o

Table 2 lists all simple real Jordan algebras with simple V* and their corresponding
structure constants. A closer look at the table allows the following observation: If V' is
non-euclidean, then d = 2dj except in the case where V = RP*? with p # q.

PROPOSITION 1.2 ([15, Section 6]). Let V' be a simple real Jordan algebra, 9 a
Cartan involution and assume that V' is also simple. If the split rank rq > 1, then
exactly one of the following three statements holds:

(1) V is euclidean and in particular d = dy,
(2) V is non-euclidean of rank r > 3 and d = 2dy,
(3) V=R, pqg=2.

For ro =1 the only possible case is

(4) VERFO E>1.

ExampPLE 1.3. (1) For V = Sym(k,R) the matrices ¢; := Ej;;, 1 < i < k, form a
Jordan frame. The corresponding Peirce spaces are

VY”‘:RCZ‘ fOT1§Z§k7

‘/ij :R(EU+E]1) for1 <i<j<k.
Hence, d =dyp =1 and e = 0.

(2) For V. =RP4 p g > 1, a Jordan frame is given by ¢; = (e1 +¢€,)/2, ca = (e1 —en)/2,
n = dim(V) = p + ¢. The corresponding Peirce spaces are

V11 :Rcl, V12 ZRGQ@"'@RGn,h V22 :RCQ.

Therefore V' is split, i.e. e=0,andd=p+q—2,dy =q — 1.

1.1.3. The constant v.

For every real simple Jordan algebra V with simple V' we introduce another con-
stant v by

V:V(V)::g—

dO_;l’_@—1:min<d72d0)—d0—€—1EZ. (15)
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Using Proposition 1.2 we can calculate v explicitly:

-1 if V' is euclidean,

L (d/2) —e—1 if V is non-euclidean of rank r > 3, (L6)
min(p,q) —2 if VRPY p g > 2,
—k if VRO E>1.

The constant v for every simple real Jordan algebra V with simple VT can also be
found in Table 2. For V' non-euclidean of rank r > 3 the definition in (1.5) agrees with
the definition in [8]. (There dy = d/2 is denoted by d.)

1.1.4. Definition of the Bessel operators.

We denote by 9/0x : C*(V) — C*(V) ® V the gradient with respect to the
non-degenerate trace form 7 on V. For any complex parameter A € C we define a second
order differential operator

By:C®(V)—C®(V)®V

called the Bessel operator, mapping complex-valued functions to vector-valued functions,
by

0 0

This formal definition has the following meaning: Let (e, ) be a basis of V' with dual
basis (€4)a With respect to the trace form 7. Further denote by z, the coordinates of
x € V with respect to the basis (e4)q. Then

of _
Byf(x Z[“)x o5 P(eq,ep x—|—)\z ea, cV.

These operators were introduced by H. Dib [7] (see also [10, Section XV.2] for a more
systematic presentation) in the case of a euclidean Jordan algebra, and by G. Mano
[33] for V ~ RP%. The above definition is a natural generalization to arbitrary Jordan
algebras.

We collect two basic properties of the Bessel operators in the following proposition
(see [34, Lemma 1.7.1 and Proposition 2.1.2]):

PROPOSITION 1.4.  The Bessel operators By have the following properties:

(1) For fized \ € C the family of operators (v|By), v € V, commutes.
(2) We have the following product rule:

Bulf@)g(o)] = B2 (o) o) + 2P (L), 2200) o + 1(0) - Brglo).



Minimal representations 359

1.2. Orbits of the structure group and equivariant measures.

In this subsection we describe the Hilbert space on which we later realize the minimal
representation. More precisely, we introduce the structure group of a Jordan algebra and
find equivariant measures on its orbits. This gives natural Hilbert spaces L?(O,du). We
further show that for certain parameters A the Bessel operators B are tangential to these
orbits and define differential operators on the orbits which are symmetric with respect
to the L2-inner product.

1.2.1. The structure group.

The structure group Str(V') of a real or complex semisimple Jordan algebra V' is the
group of invertible linear transformations g € GL(V') such that there exists a constant
x(g) € K* with

det(gz) = x(g) det(x) VeV, (1.8)

where K = R or C, depending on whether V' is a real or a complex Jordan algebra. By
[10, Lemma VIII.2.3] an invertible linear transformation g € GL(V) is in Str(V) if and
only if there exists an h € GL(V') with P(gz) = gP(z)h for all x € V. The group Str(V)
is linear reductive over K. The map x : Str(V) — K* defines a character of Str(V') which
on the identity component L := Str(V)g is given by

x(g) = (Detg)"/™  Vge L. (1.9)

Denote by [ = ste(V') the Lie algebra of Str(V) and L.
Let V be a complex simple Jordan algebra. For the moment we write VE for V, if
it is considered as a real Jordan algebra. Since GL(V) C GL(V®) the characterization
above shows that Str(V) C Str(V®). Let J : V — V be the complex structure on V.

The complexification (V)¢ is isomorphic to the direct sum V & V as a complex Jordan
algebra via

(VB =VF@r C——— Vi & Vg,
PLDPR
where ¢, : V=V, (C-linear) and g : V = Vi (antilinear) are given by

@L(x):%(x—i(]x), wR(z):%(:rnLiJ:z:).
This implies
ste((VF)c) 2 ste(V) @ ste(V).

Since (ste(V®)) . = ste((V¥)c), this proves

C

dimg (ste(VF)) = 2dimc (ste(V)) = dimg (ste(V)).
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Thus ste(V) C ste(V®) implies ste(V) = ste(VR), i.e., for a complex simple Jordan algebra
viewed as a real simple Jordan algebra, the real and complex structure algebras are the
same. Note that changing the viewpoint on such a Jordan algebra means changing the
Jordan determinant and trace, i.e. the meaning of (1.8).

Assume now that V is real. We write ¢g* for the adjoint of g € Str(V) with respect
to the inner product (—|—). Then the map 0 : Str(V) — Str(V), g — (¢*)~t = (¢7)*
defines a Cartan involution of Str(V') which restricts to a Cartan involution of L. Tts
fixed point group K := LY is a maximal compact subgroup of L. Note that Ky is
connected, since L is. The Lie algebra of K, will be denoted by #&.

ExaMpPLE 1.5. (1) The identity component L of the structure group of V =
Sym(k,R) is isomorphic to (GL(k,R)/{£1})o, the action being induced by

g-a=ga'g for gec GL(k,R), a€V.
Therefore, its Lie algebra is [ = gl(k, R) = sl(k,R) & R, acting by
X-a=Xa+a'X for X € gl(k,R), ac V.

The maximal compact subgroup is given by K; = (O(k)/{£1})o which acts by
conjugation.

(2) For V. = RP? we have L = R;SO(p,q)o with maximal compact subgroup K =
SO(p) x SO(q).

1.2.2. Orbits of the structure group.

There are only finitely many orbits under the action of L on V. An explicit descrip-
tion of these orbits can be found in Kaneyuki [21]. We are merely interested in the open
orbit of L containing the unit element e of V' and the orbits which are contained in its
boundary.

Let Q = L - e be the open orbit of L containing the identity element of the Jordan
algebra. () is an open cone in V' and at the same time a reductive symmetric space. It
has a polar decomposition in terms of the compact group K and the Jordan frame:

T0
Q= {uthcj u € Kp,t1>--- Ztro >0}.

Jj=1

The boundary 05 is the union of orbits of lower rank. The closure © of € admits
the following stratification:

Q=0pU---UO,,,

where O, = L - 53, with
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Every orbit is a homogeneous space, but in general these homogeneous spaces are not
symmetric. A polar decomposition for the orbit Oy is given by

k
Ok:{uztjcj:uEKL,t12-~-2tk>O}. (1.10)

j=1

We will mostly be interested in the minimal non-zero orbit ;. For later use we
calculate its dimension:

LEMMA 1.6. dimO; =e+ 1+ (rp — 1)d.

PROOF. As a homogeneous space we have O; = L/S, where S = Stabp(c1).
Denote by s the Lie algebra of S. Using the results of [34, Section 1.5.2], we obtain that

ro
[=s& L(Vi1) ® € ¢;OV4;.
j=2

Hence, dim 07 = dim [ —dims = (e + 1) + (ro — 1)d. O
ExAMPLE 1.7. (1) For V = Sym(k,R) the cone € is the convex cone of symmetric
positive definite matrices. Its boundary contains the orbit O; of minimal rank which
is given by

01 ={z'r:z c R\ {0}}.
The map

RF\ {0} - 01, z— a2, (1.11)
is a surjective two-fold covering.

(2) For V=RPY let n = dimV = p+ q. We have to distinguish between two cases. If
p=1, q> 2, then Q is the convex cone given by

Q= {xGRI’q:xl >0,2% —x3—--- — 22 > 0}.
Its boundary is the union of the trivial orbit Oy = {0} and the forward light cone

Olz{mERLq:xl>O,x%—x§—-~-—m2 :0}.

n

For p,q > 2 we have

Q:{xeRp’q:z%—i--n—i-xQ

2 2
22 a2 > 0),

which is not convex. In this case the minimal non-trivial orbit is given by
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0, = {:CER”"I:x%+--~+x§—x§+1—-~-—xi:0}\{0}.
In both cases, O; can be parameterized by bipolar coordinates:
Ry x SP7'x 8971 5.0, (t,w,n) — (tw,tn), (1.12)
where S™~! denotes the unit sphere in R™. For n = 1 the sphere is disconnected,

and S5~ = {1}.

1.2.3. Equivariant measures.
We define a generalization of the Wallach set (sometimes referred to as the Berezin-
Wallach set) by

W e {o, ’";f (ro — 1)7"20;1} U (( ro — 1)’"20:1 oo). (1.13)

For 79 = 1 this reduces to W = (0, 00).

For convenience we denote for A\ > (rg — 1)(rod/2r) the open orbit O,, = Q by O,.
Similarly, for A = k(rod/2r), k = 0,...,79 — 1, we put Oy := Ok. Note that if o > 1
then O, = O; implies that A = Ay := rod/2r is the minimal non-zero discrete Wallach
point. If 7o = 1 then Oy = O is equivalent to A > 0.

The proof of the following result concerning equivariant measures on the orbits Oy
for A in the generalized Wallach set is standard:

PROPOSITION 1.8.  Fiz A € W and let k € {0,...,r9} such that Oy = Oy. For
k =0 we have A = 0 and the Dirac measure dug := §g at x = 0 defines an L-equivariant
measure on Og = {0}. For k > 0 the formula

f Ydu(z // (Zeﬂcj)(b\ )dsdu,
Ky Js1>>sy

where

o . S; — S5 _ S; — 85
Ix(s) = eOr/R) 3y i H sinh% <2 J> cosh?~ % (2 ]>,

1<i<j<k
defines an L-equivariant measure duy on Oy. These measures transform according to
dpa(gz) = x(9) pr(z) for g e L. (1.14)
(1) On Oy, = Q the L-equivariant measures which are locally finite near 0 are (up to

positive scalars) exactly the measures dpx, A > (ro — 1)(rod/2r). Moreover, duy is
absolutely continuous with respect to the Lebesgue measure dx on € and we have
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dpx(z) = const - det(z)*~/Mdx  for X > (rg — 1)(rod/2r).
(2) Fork=0,...,19 — 1, up to positive scalars, dpy := duy is the unique L-equivariant
measure on O.

For the minimal non-trivial orbit O; the polar decomposition (1.10) simplifies to
01 = KrRic¢y. Further, if Oy = Oq, then the integral formula in Proposition 1.8
amounts to

_ - c Ar—1
5 f(x)d,u,\(x)—/KL/o Flkte )P 1dedk. (1.15)

EXAMPLE 1.9. (1) For V = Sym(k, R) the two-fold covering (1.11) induces a uni-
tary (up to a scalar) isomorphism

U: L2(01’ dru’l) - Lgven(Rk)a uw(l’) = ’L/)(J,‘tl‘), (116)
2 ..(RF) denotes the space of even L2-functions on R”.

(2) For V = RP9 the measure du; can be expressed in bipolar coordinates (1.12). Using
(1.15) we obtain

where L2

dpy = const - tPTI73dtdwdn,

where dw and dn denote the normalized euclidean measures on Sf)kl and S771,
respectively.

1.2.4. Tangential differential operators.

The Bessel operator By, is defined on the ambient space V. We show that for A € W
it is tangential to the orbit O, and induces a symmetric operator on L?(Oy,duy). We
have given a direct proof in [24] for this fact in the case V = RP>%. In this subsection,
we take another approach, namely, we introduce certain zeta functions and use the fact
that the measures dug, 0 < k < rg — 1, arise as their residues.

Denote by S(V') the space of rapidly decreasing smooth functions on V" and by S’ (V)
its dual, the space of tempered distributions on V. For A > (rg — 1)(rod/2r) we define
the zeta function Z(—,\) € §'(V) by

/ f(z)det(z)*~/Mdz  for V euclidean or V = RP4, p g > 2,
Q

Z(f;A)
/ f(x)| det(x)[*~™/Mdz  for V non-euclidean and V 2 R4, p, q > 2.
v

Then for every f € S(V) the function A — Z(f, \) extends to a meromorphic function on
the complex plane (see [10, Chapter VII, Section 2] for the euclidean case, [1, Theorem
6.2 (2)] for the non-euclidean case 2 R??, and [13, Chapter I11.2] for V = RP:?).
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PropoSITION 1.10. (1) Let V 2 RP9, p,q > 2. Then the measure dug, 0 < k <
ro— 1, is a constant multiple of the residue of the zeta function Z(—,\) at the value
A = k(rod/2r).

(2) Let V. =RPY p,g > 2, then 1o = 2. In this case the measure dug is just a scalar
multiple of the Dirac delta distribution at O and the measure duy is again a constant
multiple of the residue of the zeta function Z(—,\) at the value X = rod/2r =
(p+q—2)/2.

Proor. Part (1) is [10, Proposition VII.2.3] and [1, Theorem 6.2] and part (2)
can be found in [13, Section II1.2.2]. O

Similarly to the proof of [10, Proposition XV.2.4] one can now show the following
symmetry property for the Bessel operators with respect to the zeta functions Z(—, \):

PROPOSITION 1.11.  For f,g € S(V) and X € C we have
Z((Brf) -9, A) = Z(f - (Bxg), ),

as identity of meromorphic functions in .

Using the previous proposition we now prove the main result of this section. For
this recall that a differential operator D on V is said to be tangential to a submanifold
M C V if for every ¢ € C*°(V) the property ¢|p = 0 implies that (Dp)|a = 0. In this
case it is easy to see that D defines a differential operator acting on C*°(M).

THEOREM 1.12.  For every A € W the differential operator By is tangential to the
orbit Oy and defines a symmetric operator on L*(Oyx,duy).

Proor. 1If Oy = is the open orbit, then every differential operator is tangential.
Symmetry follows immediately from Proposition 1.11.

Now assume that Oy = O, 0 < k < ro— 1. Let ¢ € C*°(V) such that ¢|n, = 0.
For any ¢ € C2°(V') we obtain with Proposition 1.11:

/ Bp - pdpy = const - res,—xZ(B,p - ¥, j1)
Ox

= const - res, = Z (¢ - B, 1)

- / o Babduy = 0.
Ox

Hence (Byp)|o, = 0 in L?(Oy,duy) which implies Byp(z) = 0 for every z € Oy and
therefore B, is tangential to O,. Symmetry now follows again from Proposition 1.11. OJ

1.2.5. Action of the Bessel operator for the minimal orbit.

We compute the action of By on radial functions on the minimal orbit O := Oy,
i.e. functions depending only on ||z|| := +/(z|z). For convenience we use the following

normalization:
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r [l]| if V' is split,
|lz| =y [ —llzll = P .
To V2||z|| if V is non-split.

(Note that r/ro = (e|c1).) Recall the Cartan involution 9. If ¥(z) = f(|z|), x € V,is a
radial function, then

o v ffal)

oz ro |z

(). (1.17)

A simple calculation gives the following formula for the action of By on radial functions:

ProPOSITION 1.13.  If ¥(x) = f(|z|), = € O, is a radial function on O, f €
C*®(Ry), then for x = ktc; € O (k€ K, t > 0) we have

Buote) = (57(el) + (3 + § = do =) o (el) )0(a) + 2 (4o = § ) 1 l)ilie)

The formula in Proposition 1.13 can be simplified according to the four cases of
Proposition 1.2. For this we introduce the ordinary differential operator B, on R,
which is defined by

a2 1d 1 d\? d )

The normalized K-Bessel function Ko(z) := (2/2)"*K4(2) is an L2-solution of the dif-
ferential equation B,u = 0.

The following corollary to Proposition 1.13 is the key to prove &-finiteness of the
underlying (g, £)-module of the minimal representation in Theorems 2.19 and 2.22. Recall
the constant v introduced in Subsection 1.1.3 and set A1 := rod/2r. If ro > 1, this is the
minimal non-zero discrete Wallach point. If rg = 1, then there are no non-zero discrete
generalized Wallach points and the equivariant measures duy on ) are parameterized
by A > 0. For convenience we put o := (r/rg)A.

COROLLARY 1.14.  Let A € W be such that Ox = Oy and Y(x) = f(|z|) e radial

function on O1.

(1) If V is euclidean, then

d
(Bx, = 0(@)¢(x) = Byja f(l2])0(2) + 5 f(2])e-
(2) IfV is non-euclidean of rank r > 3, then

(Bx, = 9(2))¢(x) = By o f (|z]) ().
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(3) IfV=RPY p q>2, and ¥V is as in (1.2), then with v = (2',2") € RP x RY
(Bx, — 9(2))(x) = Big—2)/2f (|2)9(2",0) + B(p—2)/2.f (|2])9(0,2").

(4) If V =Rk k> 1, then for o = (r/ro)A > 0

(Bx = 9(2))¢(2) = B(uto)2f (|2])0 ().

2. Construction of minimal representations.

To every simple real Jordan algebra V we associate its conformal group G and
conformal Lie algebra g. For V of split rank rg > 1 we construct a representation of g on
C>(0), where O = O is the minimal non-zero orbit of L. We further determine the cases
in which this representation integrates to a unitary irreducible representation of a finite
cover of G on the Hilbert space L?(O,du), du := du; being the unique L-equivariant
measure on . If V is split, then the representation is minimal for which we give a
conceptual proof. For the special cases V = Sym(k,R) and V = RP*? we identify this
representation with the Segal-Shale-Weil representation and the minimal representation
of O(p + 1,q + 1), respectively. For V of split rank rp = 1 the same method yields
complementary series representations of SO(p+ 1,1)g on the Hilbert spaces L%(O, du,),
where X\ belongs to an open interval.

Throughout this section V' will always denote a simple real Jordan algebra, ¥ a
Cartan involution on V and we further assume that VT is simple.

2.1. The conformal group.

For a real or complex simple Jordan algebra V' one has the conformal group Co(V)
which acts on V' by rational transformations. Its Lie algebra g = co(V), also known as
the Kantor-Koecher-Tits algebra, is given by quadratic vector fields on V. As for the
structure group, for a complex simple Jordan algebra viewed as a real simple Jordan
algebra, a priori, one has two different constructions. But since the ground field enters
only via the structure group, the result is the same at least on the level of Lie algebras.
Therefore we view complex simple Jordan algebras as real simple Jordan algebras, unless
stated otherwise, and can speak about Cartan involutions and related real concepts also
in this case.

We will describe g in some detail because its structure will play an important role
in our construction of representations. Further, for a maximal compact subalgebra £ of
g we recall the characterization of the highest weights of €-spherical ¢-representations
via the Cartan-Helgason theorem. These representations will appear as ¢-types in the
minimal representation.

2.1.1. The Kantor-Koecher-Tits construction.
The conformal group of V' is built up from three different rational transformations.

(1) First, V acts on itself by translations

ne(z) =2 +a VeeV
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with @ € V. Denote by N := {n, : a € V'} the abelian group of translations which is
isomorphic to V.

(2) The structure group Str(V') of V acts on V' by linear transformations.

(3) Finally, we define the conformal inversion element j by

jlz) = -2t Vo e V> :={y eV :yinvertible}.

j is a rational transformation of V.

The conformal group Co(V') is defined as the subgroup of the group of rational transfor-
mations of V' which is generated by N, Str(V') and j:

Co(V) := (N, Str(V), j) grp-

Co(V) is a simple Lie group with trivial center (see [19, Chapter VIII, Section 6], [4,
Theorem VIII.1.3]). The semidirect product Str(V') x N is a maximal parabolic subgroup
of Co(V) (see e.g. [4, Section X.6.3]).

We let G := Co(V')g be the identity component of the conformal group which is also
simple with trivial center. (The proof of [4, Theorem VIII.1.3] applies for the identity
component as well.) The group G is generated by N, L = Str(V)o and j, but the
intersection L™#* := G N Str(V') is in general bigger than L. Therefore, the semidirect
product

Q:=LxN (2.1)

is in general not maximal parabolic in GG, but an open subgroup of the maximal parabolic
subgroup Q™ := L™ x N.

Now let us examine the structure of the Lie algebra g := co(V) of G. An element
X € g corresponds to a quadratic vector field on V' of the form

X(z)=u+Tz—P(z)v, zeV

with u,v € V and T € [ = ste(V). We use the notation X = (u,T,v) for short. In view
of this, we have the decomposition

g=n+I[+mn, (2.2)
where
n={(u,0,0):u eV} =V,
[={(0,T,0): T € ste(V)} = ste(V),
n={(0,0,v):v eV} =V

In this decomposition the Lie algebra ¢™** of Q™** (and Q) is given by
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qIIIaX =n _"_ [

If X; = (uj,Tj,v5), j = 1,2, then the Lie bracket is given by

[Xl, X2] = (T1u2 — Tg’u,l, [T’l7 TQ} + 2(U1 DUQ) — 2(”2DU1), —Tl#”Ug —|— TQ#’Ul), (23)
where T# denotes the adjoint of 7' with respect to the trace form 7 and uOv the box
operator as introduced in Subsection 1.1.1. From this formula it is easy to see that the
decomposition (2.2) actually defines a grading on g:

g=9¢-1+do+ g1,

where g_1 =n, go =l and g; = 1.

EXAMPLE 2.1.  Since G has trivial center we can calculate it by factoring out the
center from the universal covering: G = G/Z(G). Here the universal covering G of G is
uniquely determined by the Lie algebra g.

(1) Let V = Sym(k,R). Then g = sp(k, R) via the isomorphism

0= sp( ). (0.7 st (TEER ),

where u,v € V, T € sl(k,R) and s € R. Hence, G = Sp(k,R)/{£1}, where
Sp(k,R)/{+1} acts on z € V by fractional linear transformations:

(é g) -z = (Az + B)(Cz + D).

(2) Let V = RP4. Then an explicit isomorphism g = so(p + 1,¢q + 1) is given by

—hy! fy
/ /
(u7070)'_> " 728 ueV,
by by
—s
(0,s1+T,0) — T , T € s0(p,q), s €R,
-5
tvl t,U//
-/ v
(0,0,9(v)) o I R ev.
t,U/ t,U//
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Hence, G = SO(p+1,q+1)0/Z(SO(p+ 1,9+ 1)g). The center Z(SO(p+1,q+1)o)
is equal to {+1} if p and ¢ are both even, and it is trivial otherwise.

The Cartan involution 6 of Str(V') extends to a Cartan involution of Co(V') by
0:Co(V)— Co(V), gr—vYojogojod.

It restricts to a Cartan involution of G. The corresponding involution 6 of the Lie algebra
g is given by (see [38, Proposition 1.1])

O(u, T,v) := (—9(v), =T*, =9 (u)), (u,T,v) € g. (2.4)

In the above notation n = (n). We remark that the twisted Killing form B(X7,0X5)
restricted to X;, X2 € n is given by

4 4
B(X1,0X,) = fT”T(ul,mQ) — an(u1|u2), X; = (u3,0,0), i =1,2,

which is the trace form of V twisted by the Cartan involution ¢ of V' (see [34, Section
1.6.1]). Let g = £+ p be the corresponding Cartan decomposition of g. Then

t={(u,T,—9w):ueV, Tel, T+T" =0} (2.5)

The fixed point group K := G? of 6 is a maximal compact subgroup of G with Lie algebra
€. Then clearly K; = K N L. The subgroup K; C K is symmetric, the corresponding
involution being g — (—1) o go (—1).

Table 4 lists the conformal algebra g, the structure algebra [ and their maximal
compact subalgebras ¢ and £, for all simple real Jordan algebras.

The following observation on the center of £ will be needed later.

LEMMA 2.2.  Assume that V and VT are simple. Then the center Z(£) of ¢ is
non-trivial only if V' is euclidean. In this case it is given by Z(£) = R(e, 0, —e).

2.1.2. Root space decomposition.

We already mentioned in Subsection 1.1.2 that the Peirce decomposition of the
Jordan algebra is related to root decompositions of the corresponding Lie algebra.

We choose the maximal toral subalgebra

0 To
t:= {(Zticia())_ztici) it € R} - EIJ_ - |4
=1 1=1

in the orthogonal complement of € in €. The corresponding root system of (gc, tc) is of
type Cy, and given by

+v; & ;i
Y(ge, tc) = {’YQ%}
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where

T0 T0
Y ( Z tkck, O, - Z tkck> = 2\/ 71tj.
k=1 k=1
For the root spaces we find

(80) £ (ri4y)/2 = { (w, F2V=1L(u),u) : u € (Vij)c},
(gc)i(%,%)/g = {(u, i4¢j1[L(ci),L(u)}, —u) LU € (mj)c}

The constants d and e + 1 are exactly the multiplicities of the short and the long roots,
respectively. Further, the root spaces of t¢c in €¢ are given by

(E(C)i('yﬁ-'yj)/Q = {(’LL, 2122\/—71L(u),u) tu € (Vzg_)(f:}a
()t (v, vy /2 = { (s £4V=1[L(es), L(w)], —u) s w € (V] )c

where V;ji = Vi; N V*E. Thus, the multiplicities in £ of the short roots £(v; + 7;)/2
and £(v; —;)/2, i < j, are given by d — do and dy, respectively. Since V;; = 0 for all
1 <i<j<roifand only if V is euclidean, and V;; = 0 if and only if V is split, one
immediately obtains that the root system X (¢, tc) is of type

A,o—1 if V is euclidean,
Cry if V' is non-euclidean non-split (including complex non-split),

D,, if V' is non-euclidean split.

We refer to these cases as case A, C and D. Further, let X7 (€c, tc) C E(kc, tc) be the
positive system given by the ordering v; > -+ > ~,, > 0.

REMARK 2.3. Note that the cases A, C and D do in general not give the type of
the Lie algebra €. The subalgebra tc C £ is not necessarily a Cartan subalgebra.

2.1.3. Real minimal nilpotent orbits.

DEFINITION 2.4. For a complex simple Lie algebra gc, there is a unique nilpotent
coadjoint orbit of minimal (positive) dimension, which is called the minimal nilpotent
orbit. We denote it by OS¢ .

minimal nilpotent orbit by

More generally, for a complex semisimple g¢, we define the
O%c .= O x ... x ke
according to the decomposition gc = gi1,c @ - -+ ® gg,c into simple Lie algebras.

In Table 1 we list the dimensions of the minimal nilpotent orbits in the simple
complex Lie algebras.
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gc |s1(k, C) | s0(k,C) | sp(k,C) | g2 | 1a | 6 | e7 | es
1/2dm0OS;, | k-1 [ k-3 | &k |3]|s|11][17|20

min

Table 1. Dimensions of minimal nilpotent orbits in g¢.

Let g be a real simple Lie algebra, and g¢ its complexification. We regard g* as a
real form of g¥. For any complex nilpotent orbit O%c in g, the intersection 0% N g*
may be empty, and otherwise, it consists of a finite number of real nilpotent orbits, say,
Of,...,0¢ (in fact either k = 1 or k = 2), which are equi-dimensional:

dim Of = ... = dim Of = dim¢ 0%,

In particular, if ngn Ng* is non-empty, then its connected components are real nilpotent
orbits of minimal (positive) dimension.

We note that for a real simple Lie algebra g, nilpotent orbits of minimal (positive)
dimension are not necessarily unique. However, they come from a unique complex nilpo-
tent orbit. The following result due to T. Okuda (see [35]) treats the case O%C Ng* = ()

as well:

PROPOSITION 2.5.  Let g be a real simple Lie algebra.

(1) There exists a unique complex nilpotent orbit in gc, to be denoted by ngn,g’ with the
following property: for any nilpotent orbit OF in g* of minimal (positive) dimension,
O% is a connected component of OS¢ N g.

min,g
(2) ngn’g is the unique non-zero nilpotent orbit in gc of minimal dimension with the

following property:

0% Ng*#£0.

min,g

As a consequence of Proposition 2.5 we see that the minimal non-zero nilpotent

coadjoint orbits in g* are precisely the connected components of (’)g?n’ AN

ProproOSITION 2.6. Let g be a real simple Lie algebra. Then the following three
conditions are equivalent:

(i) 05, 4 # O

min,g min*
(i) 0% Ng* is empty.

(iii) g is isomorphic to one of the following Lie algebras:

g :511*(216)7 50(k71)a 5p(p7q)a f4(—20)7 €6(—26)-

PROOF. The equivalence (i) < (ii) follows from Proposition 2.5. The equivalence
(ii) < (iii) can probably be found in the literature, but it is also obtained easily from
the criterion in [36, Theorem 2.4]. O
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ExAMPLE 2.7 (Complex simple Lie algebras). Let g be a complex simple Lie
algebra, which we view as a real simple Lie algebra. Then its complexification is given
by

gc =g ®rC ——— g1 ® gn,
PLOPR

where o, : g = gz (C-linear) and ¢p : g = ggr (antilinear) is given by

pr(X)= S(X —iJX),  er(X)= (X +iJX). (2.6)

It follows from Definition 2.4 that

0Ss ~ 08t x 05n

min min min*

Then ngn N g* gives the minimal nilpotent orbit of a complex simple Lie algebra g. We

note that there are three smaller nilpotent orbits {0} x {0}, OS% x {0}, and {0} x OSE
of Ge ~Gr X Ggr on gc >~ gL D gr-

The following result, which we shall use later, really is a part of the proof for Propo-
sition 2.5. For the convenience of the reader we give a sketch of its proof.

PROPOSITION 2.8 ([35]). For the three cases g ~ sp(k, k), su*(2k), so(k,1), we
have OS¢ N g =0 and 0% s described by the weighted Dynkin diagram via the

min min,g
Dynkin-Kostant classification of nilpotent orbits as follows.

g=su"(2k) (k>3):

Partition  Dimension Weighted Dynkin diagram
p21%)  sk-8 o o g 3 g3 5]

g=s0(2k—1,1):

Partition Dimension  Weighted Dynkin diagram

0
3,129 ap-a4 5 9 0 v §
0
g =s0(2k,1):
Partition  Dimension Weighted Dynkin diagram

3,122 4-4 29 00 - 00
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g=sp(k,k) (k>1):

Partition  Dimension Weighted Dynkin diagram
2% k-2 g o 9 9 U 0.9

g=sp(1,1):

Partition  Dimension  Weighted Dynkin diagram

0 2
[2%] 6 0<=0

ProOOF. Using the characterization of the orbit closure relation in terms of dom-
ination of partitions [6, Theorem 6.2.5], this amounts to the following: Calculate the
weighted Dynkin diagrams for the partitions dominated by the ones given in the proposi-
tion and verify that the given partitions are the smallest ones satisfying the matching con-
dition given in [36, Theorem 2.4]. For the calculation of the weighted Dynkin diagrams
one can use [6, Lemmas 3.6.4, 5.3.1, 5.3.4, and 5.3.3] for su*(2k), sp(k, k), so(2k — 1,1),
and s0(2k, 1), respectively. Finally, the dimensions of the orbits can be determined from
the weighted Dynkin diagram using [6, Lemma 4.1.3]. d

The Kantor-Koecher-Tits construction from Subsection 2.1.1 shows that the confor-
mal group Co(V¢) of the complexified Jordan algebra Vi contains the conformal group
Co(V) as a subgroup. Moreover, the Lie algebra co(V¢) is the complexification g¢ of
g = co(V). Thus it makes sense to denote the identity component Co(V¢)o of Co(V¢) by
G and view G as a subgroup of Gc.

Via the Killing form we identify g¢ and gc and view (’)an‘iCn also as an adjoint orbit in
gc. We further identify V' with a subspace of g by the embedding V' — g,  — (z,0,0).

THEOREM 2.9. Let V be a simple real Jordan algebra with simple V. Set 0%, =
G - (¢1,0,0). Then

O%. is a minimal non-zero nilpotent coadjoint orbit in g*.

)

) 08 o =Ge-(c1,0,0).

) ﬁfnyg Ng* containing (c1,0,0).
) The orbit O is a Lagrangian submanifold of OS

P min *
. G _ . C
dimg O, = dim¢ (’)min’ o

OC. s the connected component of O

min

In particular, we have 2dimg O =

PrROOF. The orbit O =L -c¢; CV of L is obviously contained in the adjoint orbit
0% =G (c1,0,0) C Ge-(c1,0,0)Ng. Clearly OY. is a non-zero nilpotent adjoint orbit

min
in g, which, however, is not necessarily contained in oce

min- Thus, by Proposition 2.6, we
are in the situation of Proposition 2.8, and (1) will follow by calculating the dimension
of OY. . The statements (2) and (3) are then clear from Proposition 2.5.

(c1,0,0)

Let g¢ C gc be the centralizer subalgebra of the element (¢1,0,0). We claim
that
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70

gc = g(EjCMO,O) > (ng([:v O) S @ (07 07 (%])C)? (27)

j=1
where 5 C [ is a complement of the centralizer s of ¢; in [. In fact, we have

[(¢1,0,0), (u, T,v)] =0« (=Tc1,2¢100,0) =0
< Tep=0and cq0Ov =0

T esand cp -v =0,

which shows the claim. From (2.7) we then obtain with Lemma 1.6:

dimc(Ge - (c1,0,0)) = dime gc — dime Elfccl’o’o)

= (dim [ — dims) + Y _ dim V3,

j=1
=dimO+ (e+1) + (ro — 1)d
=2(e+ 1+ (rg —1)d).

Since (¢1,0,0) € g we have dimg ((Gc-(¢1,0,0))Ng) = dime(Ge-(e1,0,0)). Using Lemma
1.6 again we find that dim O = 1/2dimg((G¢ - (¢1,0,0))Ng). To show that O is actually
a Lagrangian submanifold it remains to show that the Kostant-Souriau symplectic form
vanishes on O. But this is clear since O C n and n is an abelian subalgebra. This implies

the first claim and the equality 2dimg O = dimg O%, . The last equality follows since
G
min

and thus complete the proof. O

(g0 e = (gc)(©1:99), Using these formulas one can now check the dimension of O

For the conformal group G of a split Jordan algebra V', the minimal nilpotent orbit
0%

min

has real points. More precisely, we have:

PRrROPOSITION 2.10.  Assume that V is split, i.e. ¢ =0. Then

OGC _ OGC

min min,g"*

In particular, the orbit O is a Lagrangian submanifold of the non-zero intersection Og;cnﬁ
g.

PrROOF. This can also be derived from Okuda’s results, but we give a proof which
does not use the classification of nilpotent orbits.

We only need to show that the minimal adjoint orbit ngn contains the element
(¢1,0,0). By [6, Theorem 4.3.3] the adjoint orbit O%S  contains every non-zero root
vector for the highest root in any root system with respect to a Cartan subalgebra. To
find such a root vector we complete the abelian subalgebra tc to a Cartan subalgebra

hc C gc. We choose an order on X(gc, he) such that the restriction to tc preserves the
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order. Then the highest root projects onto 7; and a non-zero highest root vector is in
the root space (gc), and hence of the form (z,—2v/—1L(x),z) for z € (Vi1)c. Since V/
was assumed to be split we have (V11)c = Cecy. Note that it suffices to prove that also
(¢1,0,0) is in the minimal non-zero nilpotent adjoint orbit. To prove this claim we first
note that

Ad (eXp(O, 0, —\/jlcl)) (x, —2v/—1L(x), ac)
= exp(ad(0,0, —v~1c1)) (z, —2v—1L(z), z)
= (z,—2v-1L(z),z) + (0,2v—120c;, —2L(z)c; ) +

= (z,—2v-1L(z),z) + (0,2vV—1L(x), —2z) + (0,0,
= (z,0,0),

(0,0,2L(z)cq)

N l\DH—‘

and therefore (z,0,0) € ngn Since the group L¢c € G¢ contains all dilatations by

elements in C* = C\ {0}, the claim follows. O

Suppose that V is a complex simple Jordan algebra, viewed as a real Jordan algebra.
In this case V is not split, and g is a complex simple Lie algebra viewed as a real simple Lie
algebra (see Table 4). With the notation as in (2.6), (oL, ¢r) maps O%, = G- (c1,0,0)
into the nilpotent G¢-orbit (’)GC ~ 0% x ©%" A dimension count now shows that OF.

min min min min
is open in gN(O%E x S ) and hence O is a Lagrangian submanifold of gn(OSE x OSE ).

Combining the above considerations for complex simple Jordan algebras with Propo-
sition 2.10 and Proposition 2.8 describing the three non-euclidean non-split cases we
obtain:

THEOREM 2.11.  Let G be the conformal group of a stmple real Jordan algebra V
with simple V. Then the nilpotent coadjoint orbit oce (see Proposition 2.5 for the
definition) is given as follows:

min,g

Ohin (split),
Ofne = 0 0% ~ 0% x OSE  (complex, non-split),

as in Proposition 2.8 (non-euclidean, non-split).

2.1.4. ¢t-representations with a ¥-fixed vector.

As previously remarked, (€ %) is a symmetric pair. Using the Cartan-Helgason
theorem we can describe the highest weights of all irreducible unitary €-representations
which have a non-zero €-fixed vector. For this we extend t to a maximal torus t° of £
with the property that t© = t® (t° N &) and choose a positive system AT (gc,t&) such
that the restriction to t¢ induces a surjection

AT (bc, t&) U {0} — ST (b, tc) U {0}.
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Then the Cartan-Helgason theorem yields:

PROPOSITION 2.12.  The highest weight o € (t&)* of an irreducible -representation
with a non-zero ¥-fized vector vanishes on t& N (&)c. The possible highest weights which
give unitary irreducible ¥-spherical representations are precisely given by

ro
{Zti%ltiGR,ti—t]‘GZ,t1>~'~>tr0} in case A,
i=1
ro
A (1) = {Ztm:tiez,tlzmztmzo} in case C,
=1
zm )
{Ztm 1l € §Z, L=t €2,01 2 2 tryg—1 2 |tr0|} in case D.
i=1

Further, in each irreducible ¥-spherical €-representation the space of ¥-fixed vectors is
one-dimensional.

For a € A; (¢) we denote by E* the irreducible ¢-spherical representation of ¢ with
highest weight a.

2.2. Construction of L?-models.

In this section we construct L2-models of representations 7 of a finite cover G of the
conformal group G with associated variety Ogicn, g the closure of Og‘fn) g (see Proposition
2.5 for its definition). This implies that the Gelfand-Kirillov dimension of 7 is minimal
among all irreducible infinite dimensional unitary representations of G".

We start by constructing a representation of the Lie algebra g on C*°(Q,) for every
A € W. Then, for Oy, = O the minimal non-zero orbit we prove that the associated
variety of the representation on C*°(0) is equal to (’)gicm o
tation is minimal if V' is split or complex, and g is not a type A Lie algebra. We then
define a subrepresentation W of C°°(O) which is generated by one single vector. This
subrepresentation contains a non-zero t-finite vector if and only if V' 22 RP¢ with p + ¢
odd, p,q > 2. It is contained in L?(O,duy) if for V of split rank 79 = 1 one assumes
in addition that o :=r\ € (0, —2v). Under the same conditions which guarantee square
integrability we can finally integrate W to a unitary irreducible representation of a finite

cover of G on the Hilbert space L?(O, duy) (see Theorem 2.30).

In particular, the represen-

2.2.1. Infinitesimal representations on C*°(0y,).
On each Hilbert space L?(Oy,duy), A € W, there is a natural unitary representation
px of the subgroup @ (see (2.1)) given by

px(ng)(z) == e‘/jl(z‘a)w(x) ng € N, (2.8)

pa(g)v(@) = x(g")*Y(g*x) g€L (2.9)

for 1) € L?(Oy,duy). The following proposition is a consequence of the Mackey theory:
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PROPOSITION 2.13.  For A\ € W the representation py of Q on L*(Ox,duy) is
unitary and irreducible.

We ask whether p) extends to a unitary irreducible representation of G (or some
finite cover) on L?(Oy,duy). For this we extend the differential representation dpy of
q™** to g. Then for O, = O the minimal non-zero orbit we determine the cases in which
dm) integrates to a unitary representation of a Lie group having Lie algebra g.

For each A € W we define a Lie algebra representation dmy of g on C°°(O,) which
extends the derived action of py. On q™** =n + [ we let

d
dmy(X) == =| pa(e®) VX € qmex

dt|,_,
For 1) € C°(0,) we have
dmy (X))o (x) = VL (z(x) ) for X = (u,0,0), (2.10)
dma(X)ih(x) = Dpegib(z) + %Tr(T*)z/J(a:) for X = (0,7}0), (2.11)

where we have used (1.9) for the [action. Here D,¢(z) = d/dt|;=o¢p(x + tu) is the
derivative in the direction of u. In view of the Gelfand-Naimark decomposition (2.2) it
remains to define d7y on 1 in order to define a representation of the whole Lie algebra g.

For this we use the Bessel operator B). By Theorem 1.12 the operator B) is tangential
to Oy and hence, for ¢ € C*(0,) the formula

1
N

defines a function dmy(X)y € C*>(O,).

dmy(X)y(x) = (Bay(z)|v) for X = (0,0, —v), (2.12)

PROPOSITION 2.14.  For A € W the formulas (2.10), (2.11) and (2.12) define a
representation dmwy of g on C(O,). This representation is compatible with py, i.e. for
g € Q and X € g we have

px(9)dma(X) = dma(Ad(g9) X)pa(g). (2.13)

The proof is a lengthy but elementary calculation which can be found in [34, Propo-
sition 2.1.2].

REMARK 2.15. In Proposition 3.3 we will show that dmry coincides with the Fourier
transform of the differential action on a degenerate principal series representation in
the non-compact picture. The definition (2.12) of the n-action is motivated by these
considerations. This also gives an alternative proof that dmy is indeed a Lie algebra
representation.
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2.2.2. Associated varieties and the Joseph ideal.

Recall that for a finitely generated representation 7 of g with annihilator J :=
Ann(7) C U(g) the associated variety V(J) C g¢ is the variety corresponding to the
graded ideal

J:=gr(J) Cer(U(g)) = S(gc) = Clag]-

For a simple Lie algebra g not of type A,,, Joseph [20] introduced a unique completely
prime ideal 7 C U(g) with the property that V(J) is equal to the closure OS¢ C gi

min =

(see also [12, Theorem 3.1]). This ideal is primitive, and is called the Joseph ideal.

DEFINITION 2.16. Let M be a simple g-module. We say M is minimal if its
annihilator is the Joseph ideal. For an irreducible unitary representation 7 of a real simple
Lie group G, we say m is a minimal representation if the annihilator of the differential
representation dr is the Joseph ideal.

We note that if G is a complex simple Lie group, we have gc ~ g ® g = g @ gr,
and the Joseph ideal is given by 7, @ U(gr) + U(gr) ® Zgr (see Example 2.7).

For any admissible irreducible representation 7 of a real reductive group G, the asso-
ciated variety V(ker dr) has real points. In particular, there is no minimal representation
(in the sense of Definition 2.16) of a simple Lie group G if ngn does not have real points.
I?licn,g
ety of such a representation in any case. We shall see in Theorem 2.18 that our unitary

In view of Proposition 2.5, the closure of O is the smallest possible associated vari-
representation 7y for A € W such that Oy = O actually attain the associated varieties
of the annihilator ideals V(ker dmy).

From now on we restrict ourselves to the representations dmy, where A € W is such
that Oy = O. Then A = Ay = rod/2r for ro > 1 and A > 0 for ro = 1.

Let X:= OU (—0) = OU(-0) U {0}. By [14, Theorem 2.9] we have

X={z eV :rk(P(z)) <tk(P(c1)) =e+1}

and hence, X is a real affine subvariety of V. Note that K, being a connected real
algebraic group, is irreducible, whence also Ky, x Re; is irreducible. But X is the image
of K1, X Rey under the map (k, tcy) — ktey, so it is irreducible as well. The origin is the
only singular point of X. By [37, Theorem 2.4.10 and Proposition 1.7.3] X := X\ {0} is
an open, dense, smooth irreducible affine algebraic subspace of X. Fix a basis for V and
denote the coordinates of a point in V' by (x1,...,2,). Then, adding a coordinate ¢ and
the equation t(x? + -+ +22) = 1 to the description of X as a real affine subvariety of V,
we see that also X is a real affine algebraic variety.

Denote by D(X) the algebra of regular differential operators on X. Then Proposition
2.14 implies:

PrOPOSITION 2.17. For A € W with Oy = O the representation dmy factors
through the algebra homomorphism U(g) — D(X).
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Below we will prove (see Corollary 2.31) that the annihilator of dmy coincides with
the annihilator of a finitely generated (g, £)-module if we assume that g 2 so(p, ¢) with
p+ q odd, p,q > 3, and that if g = so(n, 1), then o = rX € (0,2(n — 1)). This allows us
to prove the following theorem.

THEOREM 2.18.  Let A € W such that Oy = O. Further suppose that g % so(p, q)
with p + q odd, p,q > 3, and that if g = so(n,1), then o = rA € (0,2(n —1)). Then the
annihilator J of dmy is completely prime and its associated variety V(J) is the closure

of 0O%¢

min,g*

PROOF. By [43] the Gelfand-Kirillov dimension of D(X) is given by 2dim X. The
dimension of O, and hence of X, by Theorem 2.9 (4) is equal to dim¢ (’)g?m o+ Therefore,
the Gelfand-Kirillov dimension of U(g)/J does not exceed it. It is equal to the Krull
dimension of S(gc)/gr(J), which, on the other hand, equals the dimension of the as-

sociated variety V(J). Therefore, the associated variety has dimension less or equal to

dimg¢ Og‘fn’ - By Proposition 2.5, V(J) has minimal dimension and is equal to Oﬁfm g
It remains to check that J is completely prime. Since X is irreducible, the ring D(X)
does not contain zero-divisors (see e.g. [3, Proposition 2.4 and the remark thereafter]).

Therefore, the annihilator J has to be completely prime. 0

2.2.3. Construction of the (g, t)-module.

Again we fix A € W such that Oy = O. For ry > 1 we have A = Ay, but for 1o =1
arbitrary parameters A > 0 can occur. In this case we again put o := (r/r9)\ = r\. The
representation dry extends to a representation of the universal enveloping algebra U(g)
on C*(0y).

Following [24], we renormalize the K-Bessel function as

Let v = v(V) be the integer given in (1.5). We then introduce a radial function ¢y on O
as follows:

(1) If 7o > 1, we put
Yo(z) = K, po(|z]), z€O. (2.14)
(2) If 1o = 1, we put
ho(x) = Koy 2(la]), z€O. (2.15)
In both cases we further let
Wo :=dm\(U(€))po and W :=dm\(U(g))vo.

For g = sp(k,R) this construction only leads to the even part of the Weil rep-
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resentation, but it is also possible to construct the odd part in the same spirit. For
V = Sym(k,R), k > 1, denote by H := Stabgpr)(c1) C GL(k,R) the stabilizer of
c1 = E11 € O. Tt is explicitly given by H = ({£1} x GL(k — 1,R)) x R¥=1. Let £ be the
GL(k,R)-equivariant line bundle associated to the character of H given by

(+1,9,n) — +1, g € GL(k —1,R), n € ¥,

Since the line bundle £ — O is flat, the Lie algebra action dmy (A = A1) of g = sp(k, R)
on C*°(0) induces an action dry of g on smooth sections of the bundle £ — O. Further
observe that the GL(k,R)-equivariant measure du on O also defines an L?-space of
sections of the line bundle £ — O which we denote by L?(O, L). Note that the folding
map R*\ {0} — O, 2 — 2! induces a unitary isomorphism (up to scalar multiples)

U™ T2(O, L) — Dgg(BY), U(a) = (') (216)
We put
Yo () = (z]er) V2K, o (|2]) = g el zeo. (2.17)

Then v gives an L?-section of the line bundle £ — O. Define
Wy i=dm, (U®)Y, and W™ :=dm, (U(g))Y, -

The space W (resp. W) is clearly a g-subrepresentation of C°°(O) (resp. C*°(O, L))
and Wy (resp. Wy ) is a t-subrepresentation of W (resp. W~). In order to show that
W (resp. W) is actually a (g, )-module, we shall prove that Wy (resp. W) is finite-
dimensional. This can be done by direct computation as follows.

We start with the case ro > 1. In this case we will need the following notation to
give a precise statement: Denote by

H*(R") := {p € C[x1,...,x,)] : p is homogeneous of degree k and harmonic}
the space of spherical harmonics on R™ of degree k.
In the case V' = RP? we view polynomials in H*(R?) and H*(R?) as polynomials on

V via the projections R? x RY 3 (2/,2"”) — 2’ € RP and R? x R? 3 (2/,2") — z” € R
For P either H*(RP) or H*(RY) we denote by K, ® P the space of functions

Ka®¢:0—C, x> Kol|z|)p(z)

with ¢ € P.
In the case V = Sym(k,R) we set for u € C*

ou(x) == (tuzu)?e”1*l 2 e 0. (2.18)
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Then ¢, is not well-defined as a function on O, but gives a section of the line bundle

L— 0.

THEOREM 2.19. Let V be a simple Jordan algebra with simple V. Assume that
ro > 1 so that A = A1. Then the t-module Wy is finite-dimensional if and only if V' 2 RP4
with p+ q odd, p,q > 2. If this is the case, Wy is irreducible with highest weight

d
1 Z Yi if V is euclidean,
i=1
ap =140 if V' is non-euclidean of rank > 3, (2.19)
1 d

dy — =
5 |%0

2

1 d
" + 2(do - 2)72 if VERPI pg>2.

In the case V = Sym(k,R) the t-module Wy~ is also irreducible with highest weight
ag = QTZO )+ 1 (2.20)
0 ¢ 12 i 5 .

More precisely:

(a) If V is euclidean, then
Wo = Cto

and € acts by

d
d7r)\1 (ua D, 7“)7;&0 = 5 \% *1“(“)1/)@
(b) IfV is non-euclidean of rank r > 3, then
Wo = Cibg

and g is a B-fized vector.
(¢) If V. =RPY with p+ q even, p,q > 2, then

[(p—q) /2]
W, = @ K ja)sk ® HF(R™InP9)) o pl(p=0)/2 (Rmin(p.a)+1) (2.21)
k=0

(d) If V. =RPY with p+ q odd, p,q > 2, then

Wy = @ k(y/g)_i_k ® Hk(Rmin(p’q)). (2.22)
k=0
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(e) If V =Sym(k,R) then
Wy = {@u:ucCF.
PROOF. Since g is Kp-invariant, clearly dm (€)1 = 0. To obtain the whole &-
action on ¥y we have to apply elements of the form (u,0, —9(u)) € & u € V, to ¢. By

(2.10) and (2.12) we have

dmy(u, 0, =9 (u))y(z) = \/1_717((8,\ —9(x)p(z),u) Vi € C(0). (2.23)

Now we have to treat four cases separately. For simplicity we write dn for dmy,. Recall
the operator B, from (1.18).

(1) If V is euclidean, then by Corollary 1.14 (1)

1 d-~,

dw(u, Oa 719(”))7#0(30) = \/7_715 v/2

B, oK, s (|2])(xlu) + (lz))(efu).

1
v—=1
Now, B, 2K, /5 = 0. Further, since K_, j5(|z]) = (v/7/2)e™ 1" we have K}, ,(|z]) =
—K, j2(|z]) for v = —1. Together this gives

d
dm(u, 0, —9(u))he(z) = \/—1§(e|u)1/)0(;c). (2.24)
Hence, Wy = Cty. Since (e|u) = tr(u) this gives the action of €. Further, for v = ¢;,
1 <i <o, we find that Wy is of highest weight (d/4) >"1°, ;.
(2) If V is non-euclidean of rank r > 3, then d = 2dy (see Proposition 1.2) and with
Corollary 1.14 (2) we obtain

dmr(u, 0, =9(u))o(x) = By oK, o(|]) (x|u). (2.25)

1
V=1
Again, B, /2I~(y /2 = 0, which implies that Wy = Ct)y is the trivial representation.

(3) For V. =RP9, p,q > 2, we assume without loss of generality that p < ¢, the case

p > ¢ is treated similarly. Denote by (e;);=1,....» the standard basis of V' = R". For
j=1,...,p we define operators (7)]i on H*(RP) by

x%—l—-”—i-a?f) Op

) - N 1 Op
. k p k—1 P B =
()7 < HERY) = R, @) = s

(-)f : HFRP) - HEFURP),  of (2) = zj0(z) — (),

().

For convenience we also put (—)j+ = (=); =0for j =p+1,....n. Using the
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operators (—);r and (—); as well as Corollary 1.14 (3) we find that for j =1,...,n
the action of (ej,0, —(e;)) € € on I?(V/Q)Jrk R € }?(V/Q)Jrk ® H¥(RP) is given by
dﬂ(ej7 07 719(6])) (K(V/2)+k b2 QO)

1 _ ~ _
= \/7_—1 [(% +0 =) Kw/2)4k4+1 @ <P;r —(2k+p+q—4DKu/24k-1 9 ¢, ]

Note that the coefficient (2k + p — q) only vanishes for k = (¢ — p)/2 which is an
integer if and only if p 4 ¢ is even. Now

=0 {(u,0,—9(u)):u eV}

and & = so(p) @ s0(q) acts irreducibly on H¥(RP) for every k > 0. Therefore, (2.21)
and (2.22) follow.

For V' = Sym(k,R) we note that 1, = (/7/2)¢., and hence it suffices to show that
{y : u € C*} is an irreducible &-module. Fix u € C* and put @ := u*u € Sym(k, C).
Extending the trace form (—|—) C-bilinearly to Sym(k,C) we can write ¢, (x) =
(z|@) /% (x). We calculate the action of € on ¢,. First, using the product rule for
the Bessel operator (see Proposition 1.4 (2)) we obtain

(Bx = z)pu(z)

= («[a)'/2 - (Bx — 2)vo(2) — (a[@) "o (2) P(@, e)x + Ba(x0)'/? - o ()
- *gmx)e = (@) =2 () L) + Ba(xl)/? - ()

by part (1). It is easy to see that for x € O, u € C*¥ and v € V we have
Ba(z[t)/? =0 and (z|L(W)v) = (x|0)/?(x|ou)/?
and hence we find for v € V = Sym(k, R)

d
7y (0,0, <90 (@) = VT oU(0)p () + vV Tpun.
Similarly one shows that for T' € ¢ = so(k) we have

dmy (0,7, 0)pu(z) = oru(2).
Together this shows that {¢,, : u € C*} is an irreducible &-module. O

REMARK 2.20. The observation that 1 is not ¢-finite if V' = RP'? with p + ¢ odd,

p,q > 2, reflects the fact that no covering group of SO(p + 1,q + 1)¢ has a minimal

representation if p 4+ ¢ is odd and p,q > 3 (see [47, Theorem 2.13]). Nevertheless, for
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SO(p+1,3)o there exists a minimal representation also if p is odd, see Sabourin [39] for
the p = 3 case. For these minimal representations, however, no L?-model with explicit
Lie algebra action is known.

REMARK 2.21. In the case V = Sym(k,R) the pullback of the section ¢, €
L?(O, L) under the folding map R¥ \ {0},  + z'x is given by

U pu(x) = ou(z'2) = (U2 + -+ + uka:k)eflx‘z, zeR* wecCk

In Subsection 2.3.1 we shall see that the isomorphism U~ : L?(O, £) — L2 ,(R¥) inter-
twines the g-action dr~ on C*° (0O, £) and the differential action of the Weil representa-
tion on the (classical) Schrodinger model. Since the functions U~ ¢, u € C*, form the
minimal E-type of the odd part of the Weil representation it is then clear that Proposi-
tions 2.24, 2.26 and 2.27 also hold for W~ with the obvious formulation. However, they
can be proved in the same fashion as for W.

Next we turn to the split rank 1 case. Recall that if 7o = 1, then V = R*¥? for some
k> 1.

THEOREM 2.22. Let V =RF¥0 k> 1, and X\ = (ro/r)o with o > 0. Then
Wo = Ciho

and g is a t-fived vector. In particular, Wy is an irreducible €-module with highest weight
Qg = 0.

PROOF. Again we use (2.23). With Corollary 1.14 (4) we obtain

drx (1, 0, —9 () o () = %B(m) R sy (1)) (). (2.26)

Now, B(V+,,)/QI~{(V+U)/2 = 0 and hence

dTl’)\(U, 07 7’[9(’&))’1}[}0(‘%) =0.
This implies the claim. U

In order to prove that W is a (g, £)-module, it is sufficient to show that the generator
1o is a E-finite vector. For the sake of completeness, we pin down this fact (cf. [22]) as
follows:

LEMMA 2.23.  Let W be a g-module generated by a €-finite vector 1g. Then W =
U(g)vo is a (g, €)-module.

PROOF. Let g1 := gc @ C C U(g) and define W, 11 := g1 W, for n > 0. We claim
that
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(1) W, is finite-dimensional for every n,
(2) W, is t-invariant for every n,

3) W=U, W.

The first statement follows easily by induction on n, since Wy and g; are finite-
dimensional. The third statement is also clear by the definition of U(g). For the second
statement we give a proof by induction on n:

For n = 0 the statement is clear by the definition of Wy. For the induction step let
w € Wyy1 and X € & Then w =3, Yju; with Y; € g1 and v; € W,. We have

Xw = ZX(YJ'UJ‘) = Z ([X, Yj]v; + Y;(Xvj)).

Here [X,Y;] € g1 and hence [X,Y;]v; € W41 for each j. Furthermore Xv,; € W,, by
the induction assumption and hence Y;(Xv;) € W,y for every j. Together this gives
Xw € W, 41 which shows that W,,; is €-invariant.

Now the t-finiteness of every vector w € W follows. (]

Now let us return to the general scalar case. To integrate W to a unitary group
representation on L?(QO,duy) we need further properties. First, we analyze the functions
in W in more detail. For this we introduce some more notation. Denote by C[O] the
space of restrictions of polynomials on V to O. Further, C[O]> is defined as the space
of those polynomials in C[O] which are sums of homogeneous polynomials of degree > k.
Finally, Ko ® C[O]sy, is the space of functions

Ka®¢:0—C, x— Kuz|)p(x)

with ¢ € C[O]>.

PROPOSITION 2.24. Let V be a simple Jordan algebra with simple V™ and W be
one of the (g,%€)-modules given in Theorem 2.19 and Theorem 2.22.

(a) IfV is either euclidean of rank r > 2 or non-euclidean of rank r > 3, then

W C @f}(y/g)_M & C[O]Zgg - LQ((’),d,u). (2.27)
£=0

(b) If V. =RP? with p+ q even, p,q > 2, then

oo |(p—q)/2]
gs D Kwszinre @ClOsk100 € L7(0,dp). (2.28)
£=0 k=0

(c) If V=RKC k>1, and A = (ro/r)o > 0, then
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o0
W C @ K(l,+g)/2+z & (C[O}Zgg. (2.29)
=0

Therefore, W C L*(O,duy) if and only if o € (0, —2v) = (0, 2k).

PROOF. Since g = ¢+ ¢™** we have W = U(q™**)W, by the Poincaré-Birkhoff-
Witt Theorem. Since in each case, Wy is already contained in the direct sum above, it
remains to show that these direct sums are stable under the action of ¢™* = [+ n
to obtain the first inclusions. Clearly they are stable under the n-action which is
given by multiplication with polynomials. For the [-action the formula (d/dt)K.(t) =
—(t/2)Ka41(t) gives the claim. To show the second inclusions, we use the integral for-
mula (1.15). A function K, (|z|)¢(z) with ¢ homogeneous of degree § is contained in
L2(0,dyy) if and only if the function K, (¢)t? is contained in L2(R,, > ~1dt). Together
with the asymptotic behavior of the K-Bessel function at ¢ = 0 and ¢ = oo this gives the
claim. For the convenience of the reader we do the calculation for the split rank one case
in Lemma 2.25 below. 0

LEMMA 2.25.  Suppose that ro = 1. Then W C L?(O,duy) if and only if o = r\ €
(0, —2v).

ProOFr. For rg =1 we have v = —k and o = rA. Singe the K-Bessel functions
rapidly decrease as t — 0o, only the asymptotic behavior of K, (t) at t = 0 is relevant.
It is given by

—2a
v —2a :
5 (2> +o(t™%) if a >0,

Ka(t) = —1og(;>+o<log<;)> if @ =0,
)

+o(1) if o < 0.

Here o(—) denotes the Bachmann-Landau symbol. We first show that the condition
o € (0,—2v) is sufficient for W to be contained in L*(O,dpu,). In view of the inclusion
in Proposition 2.24 (c) it suffices to show that I~((y+0)/2+g(t)t2”m € L*(Ry,t°tdt) for
all /,m € N. We distinguish three cases.

(a) (v+0)/2+¢>0. In this case we have as t — 0:
Rivtoyaee@tsm et o pavmasames

which is integrable near t = 0 since 0 < —2v.
(b) (v+0)/2+ £ =0. The asymptotic behavior as t — 0 is given by:

~ 2 5 _
|K(V+U)/2+g(t)t%+m| o 1 1Og(t)2ta+4é+2m 1
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which is integrable near ¢t = 0 since o > 0.
(¢) W+0)/2+¢<0. Ast — 0 we have:

_ , )
| K (1) j24 0 (E) 274071 o gotat2m =t

which is integrable near ¢ = 0 since o > 0.

Now we show that the condition o € (0, —2v) is also necessary for W to be contained in
L?(O,dpy). For this it suffices to assume that the function v is contained in L?(O, dpuy).
This implies that K, 1) /2 € L?(Ry,t7"!dt). Again we distinguish between three cases.

(a) (v+0)/2 > 0. Then automatically o > —v > 0. Further, as ¢ — 0 we have

’I?(V+o)/2(t)|2t‘7_l ~ p2v—o—1

which is integrable near ¢ = 0 if and only if o < —2v. Therefore o € (0, —2v).
(b) (v+0)/2=0. In this case 0 = —v € (0, —2v).
(¢) (v+0)/2 <0. This implies that 0 < —v < —2v. Further, as ¢ — 0 we have

Koo 177~ 7

which is integrable near t = 0 if and only if ¢ > 0. Hence, also in this case o €
(0, —2v) and the proof is complete. O

Now we can prove the necessary properties to integrate W to a group representation.
First, we show that the (g, £)-module W is infinitesimally unitary.

PROPOSITION 2.26.  Let V be a simple Jordan algebra with simple V' and assume
that V2 RPY p g > 2, withp+q odd. If ro =1, further assume that o = r\ € (0, —2v).
Then the following properties hold:

(1) W is contained in L*(O,duy) N C>(0O).
(2) The action dwy of g on W is infinitesimally unitary with respect to the L*-inner
product.

Proor. (1) This is Proposition 2.24.

(2) For the action of n and [ this is clear as the action of g™ = [+ n is the derived
action of the unitary representation py. The action of n is infinitesimally unitary
since it is given as the multiple of the Bessel operator By by v/—1 (see (2.12)) which
is symmetric by Theorem 1.12. O

Using the previous proposition we can now prove that W is admissible.

PROPOSITION 2.27. Let V be a simple Jordan algebra with simple V' and assume
that V-2 RP9 p, q > 2, with p+q odd. If ro = 1, further assume that o = r\ € (0, —2v).
Then
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(1) The g-module W is Z(g)-finite.
(2) W is an admissible (g, t)-module.

PROOF. Any finitely generated (g, €)-module is admissible if it is Z(g)-finite (see
[48, Corollary 3.4.7]). Therefore, part (2) follows from part (1).

To show (1) note that the representation py of @ = L x N on H = L*(O,du,) is
unitary and irreducible by Proposition 2.13. By Proposition 2.26 (1) the space D :=
pr(Q)W is contained in H and since py is irreducible it is also dense in H. Further
note that since W C C*°(O) by Proposition 2.26 (1), we also have D C C*°(O) since
the action of @ leaves C°°(O) invariant (see (2.8) and (2.9)). Now let X € Z(g) be
any central element and put T := dm\(X). Then TW C W because W is a g-module.
Further, T extends to C°°(O) as it acts as a differential operator. Then the compatibility
property (2.13) implies

T(D) =T(pA(@QW) = px(Q)TW C pA(Q)W = D.

The same argument applies for the formal adjoint S = T* of T which is also given by
the Lie algebra action since the Lie algebra representation is infinitesimally unitary by
Proposition 2.26 (2). On D the compatibility property (2.13) assures that 7' commutes
with every px(g), g € Q. Now, finally, by a variant of Schur’s Lemma (see [48, Proposition
1.2.2]), T acts on D as a scalar multiple of the identity. Therefore, W is Z(g)-finite and
the proof is complete. O

2.2.4. Integration of the (g,t)-module.

Now we can finally integrate the (g,€)-module W to a unitary representation of
a finite cover of G. We first find the minimal cover of G to which the (g, €)-module
integrates. We use the following classical fact:

LEMMA 2.28. Let GV be any connected reductive Lie group with Lie algebra g and
denote by K the mazimal compact subgroup (modulo the center of GV) having the Lie
algebra €. Then an admissible (g,®)-module which is generated by a single t-type lifts to
a representation of GV if and only if the generating e-type lifts to KV.

Thus, we only have to deal with the ¢-type Wy. In view of Theorems 2.19 and 2.22
we define a finite covering G¥ — G as follows:

DEFINITION 2.29 (Minimal covering group GV). (1) For euclidean V we treat the

five cases separately:

(a) g = sp(k,R). The metaplectic group Mp(k,R) is a 4-fold cover of G =
Sp(k,R)/{+1}. On the level of K = U(k)/{£1} this 4-fold cover is given by
U(k)? = {(g,2) € U(k) x C* : 22 = det(g)} and hence the fiber over the
identity is

{(17 1)7 (1, —1), ( -1, e\/jlﬂ'(k/Q))’ ( -1, _eﬁw(k/2))}

which is Z4 for k odd and Zs x Zy for k even. In particular, (—1,1) is in the
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fiber if and only if k is even. Define

VRV Mp(k,R)/{(1,1),(-1,1)} for k even,
T Mp(k,R) for k odd,

av Mp(k,R)/{(1,1),(—1,-1)} for k even,

| Mp(k,R) for k odd.

Note that for both even and odd k the groups G and GY are not linear.
g = su(k, k). We realize SU(k, k) as

SU(k, k) = {geSL(Zk,(C) gl = ((1) 3>g(2 3)}

where ¢g* denotes the conjugate transpose matrix. Then the center of SU(k, k)
is given by {e‘/j“‘(j/k)lgk :7=0,...,2k — 1}. Define

GY = SU(k, k) /{eV""I/M 1, j=0,... k—1}.
g = s0*(4k). We realize SO*(4k) as
S0*(4k) = {g € SL(4k,C) : g7' = Jopg* Jor = diag(J, J)gdiag(Jx, Jx) },

where § denotes the conjugate matrix and J,,, € M(2m x 2m,R) is given by

0 1
I = ™o,
( *]-nz 0 >

Then the center of SO*(4k) is given by
Z(SO*(4k)) = {V7I"U/2M 1y 5 =0,... 4k — 1}.
Define
GY = G = S0*(4k)/Z(SO*(4k)).

g = 50(2,k). Let SO(2)® be the double covering group of SO(2) and denote
by 7 € SO(2)® the unique element of order 2. Then there is a unique double
cover SO(2, k)(()z) of SO(2, k) with maximal compact subgroup SO(2)?) x SO(k)
such that the kernel of the covering map SO(Q,k)(()Q) — SO(2,k)o is given by
{(1,1),(n,1)}. Define
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SO(2,k)o/{£1} for k € 4Z + 2,
GY =< SO(2,k)o for k € 47,
502, k)P for k odd.

e =¢ 25). In this case we put
(e) g=er(_25). In thi p
Gv =G = E7(_25)/Z(E7(_25)).

(2) For V non-euclidean of rank > 3 we let GV := G.
(3) Now let V = RP*? with p + g even, p,q > 2.
(a) If p and ¢ are both even, then define

G :=G=50(p+1,q+1).

(b) If p and ¢ are both odd, we have G = SO(p + 1,¢q + 1)o/{%£1}. In this case we
put

av SO(p+1,q+ 1)o/{£1} ifp—qg=0 (mod 4),
o SO(p+1,9+ 1) if p—q=2 (mod 4).

(4) Finally, for V =R*% k > 1, we also put G¥ := G = SO(k +1,1),.

THEOREM 2.30. Let V' be a simple Jordan algebra with simple euclidean subalgebra
VT, and assume that V 2 RPY9 with p+ q odd, p,q > 2. If ro = 1, further assume that
o=r\€ (0,—2v). Then the (g,%)-module W lifts to an irreducible unitary representation
7w of GV on L?(O,duy). Moreover, G is the minimal covering of G to which W lifts.

For V.= Sym(k,R) the (g,%)-module W~ lifts to an irreducible unitary representa-
tion 7= of GY on L?(O, L) and GY. is the minimal covering of G to which W~ lifts.

We remark that ro = 1 is equivalent to g = so(k + 1,1), £ > 1. In this case v = —k
and o € (0,2k) parameterizes the spherical complementary series representations of
SOk +1,1).

PROOF OF THEOREM 2.30. Denote by KV C GV the maximal compact subgroup
with Lie algebra &. We only have to show that the &-module Wy lifts to a KV-module
and that the covering GV is minimal with this property. Then the (g,€)-module W
lifts to a (g, K¥)-module. By Propositions 2.26 and 2.27 this (g, K")-module is ad-
missible, contained in L?(O,du,) and infinitesimally unitary with respect to the L2
inner product. Hence, it integrates to a unitary representation m of GV on a Hilbert
space H C L?(O,duy). Since the Lie algebra actions of 7 and py agree on the maxi-
mal parabolic subalgebra q™**, the representation 7 descends to the group @ on which it
agrees with px. But py is irreducible on L?(O, du,) and therefore, 7 has to be irreducible
and H = L?(O,dpy).

It remains to show that GV is the minimal covering of G' to which W integrates. By
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Lemma 2.28 we only have to check that GV is minimal among the coverings of G with
the property that Wy integrates to KV.

(1) For euclidean V' we note by Theorem 2.19 (a) that ¢ acts on vy by the character

d¢:¢—C, (u,D,—u) — Cil\/—iltr(u)

We check the five cases separately:

(a)

g = sp(k,R). The map ¢ — u(k), (u, D, —u) — D + /—1u is an isomorphism.
Under this isomorphism the character d¢ is given by u(k) — C, X — (1/2)Tr(X)
(we have d = 1). Therefore it integrates to the character U(k)?) — C*, (g, 2) —
z. This character is only trivial for the elements (g,1) and the claim follows by
Definition 2.29 (1)(a).

g = su(k,k). The map ¢ — s(u(k) ® u(k)), (u,D,—u) — (D + /—1u,D —
v/—1u) is an isomorphism. Under this isomorphism the character d¢ is given by
s(u(k)®u(k)) — C, (X,Y) — (1/2)(Tr(X) — Tr(Y)) = Tr(X) (we have d = 2)
and hence integrates to the character S(U(k) x U(k)) — C*, (g, h) — Det(g).
The central element diag(e\/jl”(j/k)) € SU(k,k),j=0,...,2k — 1, corresponds
to the element diag(eV=10/M) e S(U(k) x U(k)) and the claim follows with
Definition 2.29 (1)(b).

g = 50%(4k). The map & — u(2k), (u, D, —u) — D + v/—1u is an isomorphism.
Under this isomorphism the character d¢ corresponds to the character u(2k) —
C, X + 2Tr(X) which integrates to the character U(2k) — C*, g — Det(g)?.
The central element diag(eV~1"0U/2)) € SO*(4k), j = 0,...,4k —1, corresponds
to the element diag(e¥~1"U/2k)) e U(2k). Since Det(diag(eV~170/20)))2 = 1 all
central elements act trivially and the claim follows with Definition 2.29 (1)(c).
g = 50(2,k). Under the isomorphism of Example 2.1 (2) the character d§ corre-
sponds to the character

s0(2) @ so(k) — C, (( ° 3)){) - —¥ﬁt.

This character integrates to SO(2)®) x SO(k) and factors to SO(2) x SO(k)
if and only if k is even and further to (SO(2) x SO(k))/{£1} if and only if
k € AZ + 2. This gives the claim by Definition 2.29 ( )(d).

g = e7(—25). The maximal compact subgroup KCGis isomorphic to E6 x R;.
The center of G is isomorphic to Z (see [44, p.48]) and under the isomorphism
K =~ Eg x R, a generator is given by (21,22) with z; € Z(EZ;) non-trivial
and 22 € Ry (see [44, p.46 & p.48]). Since Z(Ej) = Zs (see [44, p.46]) we
also have (1,z3) = (21,22)® € Z(G). The element 2z, can be written as z, =
exp(t(e, 0, —e)) since Z(£) = R(e,0,—e) by Lemma 2.2. Since 23 € Z(G) we
must have spec(ad(3t(e,0,—e))) C 27\/—1Z which yields 3t € 7Z. Now the
character ¢ integrates to K and is on (21, 2) given by
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£(z1, 20) = e¥(e0.—€)) — o(d/2)V=Tux(e)t — 1

since d = 8, tr(e) = r = 3 and ¢ € 7Z. Hence the character factors to K /Z(G)
which obviously gives the minimal covering GV = G of G.

(2) In the case where V is non-euclidean of rank > 3, the vector vy is €-spherical and
hence Wy integrates to KV = K. We further have GV = G and hence GV is auto-
matically the minimal covering of G.

(3) Let V = RP? with p+q even, p,q > 2. Then GV = G in all cases except when p and
q are both odd and p—q = 2 (mod 4). In this case Z(G") = {£1}. By Theorem 2.19
the minimal £-type Wy is isomorphic to H!(P—9/2l(R™in(:a)+1) and hence integrates
to SO(p +1) x SO(q +1). Further the element —1 acts on Wy by (—1)/(P=9/2l and
hence we can factor out —1 if and only if p — ¢ = 2 (mod 4).

(4) The case of V =R¥0 k> 1, is similar to case (2).

(5) For V' = Sym(k,R) we consider the &-module Wy . As in (1)(a) we see, using the
proof of Theorem 2.19 (e), that the action of € = u(k) on W, =2 C* integrates to the
representation U(k)?) — GL(k,C), (g,2) +— zg and the claim follows.

Therefore the proof is complete. O

COROLLARY 2.31. Assume that V' 2 RP? with p + q odd, p,q > 2. If rq = 1,
further assume that o = rA € (0,—2v). Then the kernels of dw (resp. drw~) and its
restriction to -finite vectors agree.

PROOF. The space of £-finite vectors is dense in L?(O, duy) by Theorem 2.30, and
consequently also in the space of smooth vectors of 7. If dn(X), X € U(g), annihilates
all ¢-finite vectors it also annihilates all smooth vectors, which implies the claim. The
same argument goes through for dn™. O

COROLLARY 2.32. Let 7 (resp. ©~) be the irreducible unitary representation of GV
(resp. GY) on L*(O,duy) (resp. L*(O, L)) constructed from a simple Jordan algebra in
Theorem 2.30. Assume that V' 2 RPY with p + q odd, p,q > 2, and that V is split or
complex. Assume further that gc is not of type A,,. Then the representations m and 7~
are minimal in the sense of Definition 2.16. Conversely, all minimal representations of
any covering group of G are equivalent to m or its dual or additionally 7= or its dual for
V = Sym(k,R).

ProoF. Combining Theorem 2.11 and Theorem 2.18 we see that the underlying
(g,€)-module W of 7 is a minimal representation, since our hypotheses guarantee that
the annihilator ideal is the Joseph ideal. Now, the group representation 7 is minimal by
definition. That in fact all minimal representations are obtained in this way follows by
comparing the tables in [45] with Table 4. O

2.3. Two prominent examples.

We show that for V' = Sym(k,R) the representations 7+ of GV are isomorphic
to the even and odd part of the Segal-Shale-Weil representation (see [11, Chapter 4])
and for V' = RP¢ the representation 7 is isomorphic to the minimal representation of
O(p+ 1, + 1) as studied by T. Kobayashi, B. @rsted and G. Mano in [24], [25], [27],
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[28], [29].

2.3.1. The Segal-Shale-Weil representation.

The Segal-Shale- Weil representation is a unitary representation of the metaplectic
group Mp(k,R), the double cover of the symplectic group Sp(k,R). We compare the
(classical) Schrodinger model of y realized on L?(R*) with our construction of the mini-
mal representation associated to the Jordan algebra V = Sym(n,R) via the folding map
(1.11). For this purpose, it is enough to work with the action du of the Lie algebra
sp(n,R), and we shall use the same normalization as in [11, Chapter 4]:

k
du( g 8) =—my/—1 Z CiiYiy; for C' € Sym(k,R),

ij=1

k
dﬂ(A 0 )ZA”ijZ;Tr(A) for A € M(k,R),

t
0 —4 ij=1
0 B 1 b 92
d - Bji— for B k,R).
M( 00 ) A1 z‘jZ:1 I 9.0y, or B € Sym(k,R)

The Weil representation splits into two irreducible components (see [11, Theorem
4.56)):

L*(R") = Lien(RF) ® L20a(RY),

even

where L2, (R¥) and L2,,(R¥) denote the spaces of even and odd L*-functions, respec-
tively. Let 4 = u* @ p~ be the corresponding decomposition of the representation f.
Next we recall from (1.16) and (2.16) that the folding map R*\ {0}, x — z 'z induces
unitary isomorphisms
Ut L*(0) — L2

even

(R¥),
U™ L0, L) — L24(R).

Third, for the Jordan algebra V' = Sym(k,R), the conformal Lie algebra g = sp(k,R)
acts via dr* resp. d7~ on the space of smooth vectors for L?(O) resp. L?*(O,L) by
skew-adjoint operators. Now we realize g = sp(k,R) in the matrix form as in Example
2.1 (1) and define an automorphism of sp(k, R) by

(2 —€A> Hk°<g —C;A)’“O_l ((—I/?)O _ZB>’

where ko = ( (-1 /(1/;)1 \/(7)71 ) We show that under these identifications the representation

dnt resp. dm~ agrees with dut resp. du~. More precisely, we have the following identity
of skew-adjoint operators on L?(O) resp. L?*(O, L):



394 J. HiLGeRT, T. KoBAYyAsHI and J. MOLLERS

PROPOSITION 2.33. For A € M(k,R) and B,C € Sym(k,R) we have

m=(C, A, B) = (UF) 7! odui< (—I/;l)c _ZB> oU*r. (2.30)

Proor. It suffices to prove the intertwining formula for dr = dn*, du = du™ and
U =UT. Choose an orthonormal basis (e4)a of V = Sym(k, R) with respect to the inner
product (z|y) = Tr(zy). Then for 1 <14 < k:

U d o 5’

o9, (y) = *ayiﬂﬁ(yyt) = Ea E (yy") 8yz E 6% (yy") Tr(yy €a)
o

= 22 oz, WY )(€at)i 2(£(yyt)y>i-

(a) Let (C,0,0) € g, C € Sym(k,R). Then

A RO

k
= V=1 ) Cijyiy; U(y) = V=1Tr(yy' C)Up(y)

= V—=1(yy" v (yy")|C) = (U o dn(C,0,0)) ¥(y).

(b) Let (0,4,0) € g, A € gl(k,R). Aactson V by A-z = Az + zA* (see Example 1.5
(1)). Then

(an( 75" %) ou)utw) Z Ay ') + 5 T (Ao

k
- Z (Aly) (811} yyt)y>‘+ %TT(AW(yyt)

( A‘Zw (yy' )) + ;TY(A)w(yyt)
U odr(0,A4,0))(y),
Te(V - Ve — A-x) = (k+ 1)Tr(A).

(c¢) Let (0,0,B) € g, B € Sym(k,R). Then
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1 & 02 1 & 9
= 7= Z Bi; Z i(yyt)(eay)i(eﬁy)j + 2v/—1 Z Bi; Z a%(yyt)(%)ij
i, a, i,j=1 a @

- L P ) 3 Bueannes + g > B (2w
= \/jl 2 amaaxﬂ yy = ij\€alY)il€BY); 2\/_71 = ¥ ox vy 4

=1
5)

S ) (Plearen)]B) + 5 (Gt
B

V=1~ Do 2V/=1\ 0z
- %(B1 20y B) = (U o dr(0,0,— B))(y). O

Note that the groups GY are by Definition 2.29 (1)(a) always quotients of the meta-
plectic group Mp(k,R). Therefore, in order to obtain an intertwining operator between
the group representations 7+ and p®, we may and do lift 7% to representations of
Mp(k,R) which we also denote by 7*. Then we have the following intertwining formula:

COROLLARY 2.34. For g € Mp(k,R) we have
U= o (g) = p (kogky ') o U™

Hence u*(ky') oU* are intertwining operators between ©* and p*.
PROOF. This now follows immediately from (2.30). O

REMARK 2.35. Together with Definition 2.29 (1)(a) the previous proposition shows
that for even k the two components of the Weil representation of Mp(k,R) descend to
representations of a quotient group of index 2 which is not a linear group. This quotient
group though is different for the two components. This fact can also be seen from the
explicit calculation of the cocycle of the Weil representation in [32, Section 1.6].

2.3.2. The minimal representation of O(p+ 1,q + 1).
Let V. =RP4 p,q > 2. Then by Example 1.7 (2) the minimal orbit O is the isotropic
cone

O={zeRP:ai+. 4ol —al — - —a,, =0}\{0},
and the group GV is a quotient of SO(p 4+ 1,¢q + 1)¢ by Definition 2.29 (3). In [29] the

authors construct a realization of the minimal representation of O(p+1,¢+1) on L?(0).
We use the notation of [29] and denote by w the minimal representation of O(p + 1,



396 J. HiLGeRT, T. KoBAYyAsHI and J. MOLLERS

g+ 1) on L?(0). The action w of the identity component SO(p + 1,q + 1) is uniquely
determined by the corresponding Lie algebra action dw. Let f: g — so(p+1,¢g+ 1) be
the isomorphism of Example 2.1 (2). Then by [29, Equation (3.2.1a) and Lemma 3.2]
we have

dw(f(u,0,0)) = 2\/jli ujz; = v/ —1(zlu) forueV,

j=1
dw(f(0,7,0)) = Dr+y for T € so(p, q),
-2
Ao (f(0,1,0)) = F+ 2212 for s € R,
1 n
deww(f(0,0,-9(v))) = 5V -1 Zijj, forveV,
j=1

where F is the Fuler operator

- 0
Jj=1

and the fundamental differential operators P; on the isotropic cone O are the second
order differential operators defined by

0
Pj = Ejl‘jmg — (2E—|—n— 2)67
J

with

Ds = Z{‘jjw,
J=1 J
+1 for1 <75 <p,
€ =
! -1 forp+1<j<n.
ProPOSITION 2.36. For X € g we have
dw(f(X)) = dn(X). (2.31)

The previous proposition now implies the following result for the group representa-
tions:

COROLLARY 2.37.  The representation @ of SO(p+1,q+1)q descends to the group
GV on which it agrees with 7 if p,q > 1.
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REMARK 2.38. Second order differential operators similar to the fundamental dif-
ferential operators P; also appear in different contexts. See the operators D, in [2,
Section 3] and the operators ®; and ©; in [31, Section 2], for example.

3. Relations with previous results.

In this section we relate our results to previous work on the subject. In particular, we
interpret the representation 7 as a subrepresentation of a certain (degenerate) principal
series representation. This allows us to state a unified &-type formula of our minimal
representations. We further find explicit £-finite vectors in every €-type which establishes
a connection to special functions satisfying certain differential equations of fourth order.
Finally, we prove Theorem C from the introduction using the unitary inversion operator
Fo.

3.1. Degenerate principal series.

In this subsection we show that for the minimal non-zero orbit O, = O the repre-
sentation m = 7 is a subrepresentation of a degenerate principal series representation
Ws.

We start with some general observations.

For a ¢-module V we set

Ve ={v eV :dimU(¥)v < co}.

Let K be a connected compact Lie group with Lie algebra . Although we have not
assumed that there is an action of K on V', we can define the space Vi of vectors v € V¢
for which the ¢-action on U(#)v lifts to K. Then

(1,Vy)eK P E€Home (V;,V)

where K is the unitary dual of K.

LEMMA 3.1.  Let K be a connected compact Lie group, M C K a closed subgroup
and U a connected open neighborhood of the canonical base point in K/M. Denote the
sheaves of real analytic functions and hyperfunctions by A and B respectively. Then the
Lie algebra ¥ acts on both, B(U) and A(U).

(1) BU)x = A(U)k-
(2) There is a natural inclusion A(U)x — A(K/Mo)k, where My is the identity com-
ponent of M.

ProoF. Part (1) follows from elliptic regularity. To prove (2), in view of (3.1),
it suffices to show that for each (7,V;) € K and ¢ € Hom(V;, A(U)) the space 1(V;)
can be naturally viewed as a subspace of A(K/My)k. To do that, compose ¢ with the
evaluation map ev,: A(U)x — C at the base point 0 = eM € K /M to obtain an element
v = vy in the dual space VY. Then
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P(u)(0) = (u,v) for u e V.

Let 7V be the contragredient representation on V,v =~ V.Y, and drV the differential
representation of 7V. For Y € £ we can calculate

—(u, dr (Y)v) = (d7(Y)u, v) = ¢ (d7(Y)u)(0) = Yot (u).

Here Y denotes the vector field on K /M associated with YV € ¢ via

Y, = 4 exp(—tY) -z € T,(K/M).
dt o

We extend this Lie algebra representation to a representation of U(t) in the differential
operators on K /M.

If Y € m, then Y, = 0 and therefore dr¥(Y)v = 0. This means that v € (V,Y)™ =
(VV)Mo, Hence the matrix coefficient

fu(k) := (1(k™Yu,v) = (u, 7V (k)v) € A(K)

may be regarded as a real analytic function on K/Mj, resulting in a ¢-homomorphism
Vi — A(K/M), u — f,. It remains to be shown that ¢ (u)(k - 0) = fu(k) for k € K
close enough to the identity. Since both functions are real analytic, this follows if all
derivatives agree in o, i.e. from the calculation

(Yp(u))(0) = $(d7(Y)(w))(0) = (dr(Y)u,v) = (Y fu)(e),
for any Y € U(¥). O

Next, let G be any connected real reductive group with Iwasawa decomposition
G = KAN. Suppose P C G is a parabolic subgroup with Levi decomposition P = LN.
Note that P may have more than one connected component. Further, let x : P — C*
be a character of P. We consider the induced representation Ind%(x) of G (normalized
parabolic induction). It is given by the left regular action of G on

IndZ(x) = {f € C*(G) : f(gp) = (0x)(p) ' f(9) Vg € G.p € P},

where
5(g) := |Det(Ad(g)|n§)|'/? for g € P. (3.2)

Let N be the unipotent radical of the opposite parabolic subgroup. Since NP is open
and dense in G by the Gelfand-Naimark decomposition, a function f € Ind%(y) is
already determined by its restriction to N. Identifying N with its Lie algebra @ via
the exponential function, we can view the representation Indg(x) as a representation on
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a subspace of C°°(n). The differential representation of the Lie algebra g of G can be
extended to a representation on the space B(n) of hyperfunctions, which we denote by
Indg(dx), as this differential representation depends only on dy. In particular it does
not depend on either coverings of G or the values of x on connected components of P
other than the identity component.

Decompose the induced representation Indfi0 (x|p,) into irreducible P-
representations. We denote by Ty, the set of irreducible P-representations occurring in
this decomposition. Using the induction by stages, we get an isomorphism of G-modules:

Ind% (x|p,) ~ €P dim7Ind(r). (3.3)

TGTdX
Since P centralizes the split center of L, we have
dr =dyx -id, (3.4)

for any 7 € T4y. If P is connected, then Ty, consists of a single element x which is
one-dimensional. For general P, in light that K N P meets every connected component
of P, we see that any 7 € Ty, is determined by the restriction 7|xnp, which is still
irreducible.

The following lemma will be instrumental in proving that the representation 7 is a
subrepresentation of a degenerate principal series representation.

LEMMA 3.2, Let g act on B(n) by Indy(dx). Suppose that W is a (g, K)-module
such that Homg (W, B(W)) # 0.

1) There exists at least one T € Tg, such that
Homq ) (W, Ind$ (7)) # 0. (3.5)

2) If W admits a scalar K-type p, then such T € Ty satisfying (3.5) exists uniquely.
Further, this T is one-dimensional. It is characterized by the following three condi-
tions: T € Ty, T is one-dimensional, and T|xnp = p|knp-

PRrROOF. 1) We apply Lemma 3.1 for M := KN P and U := NP/P ~ 1 regarded
as an open dense set in K/K NP ~ G/P. In view of (3.3), we get:

Bk = (Ind, (x|p,)) . = @ dimr(IndE (7)), (3.6)

T€Tay

Let W be a (g, K)-module. Then (3.6) implies

Homg (W, B(1)) = € dimTHom g x) (W, Ind3(7)). (3.7)

TETdX
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Hence the first statement follows.
2) Since G = KP we have an isomorphism: Ind%(7) ~ Ind%.p(7|xnp) as K-
modules. Hence, we get

Hompgnp(plxnp, 7|knp) = Homg (4, Indﬁmp(lemp)) #0, (3.8)

by the Frobenius reciprocity, if x4 occurs as a K-type in Indg(T). Since T|gnp is irre-
ducible, 7 must be one-dimensional by (3.8) if u is one-dimensional. The last statement
is clear because K N P meets every connected component of P. O

We return to the situation, where G = Co(V) is the identity component of the
conformal group of a simple real Jordan algebra V with simple V', excluding the case
V 2 RP9 p+4qodd, p,q > 2. Recall that @Q™** denotes the maximal parabolic subgroup
of G corresponding to the maximal parabolic subalgebra ¢™* (see Subsection 2.1.1).
Q™** has a Langlands decomposition Q™®* = L™* x N with L™2* C Str(V'). Recall the
character y of Str(V') defined by (1.8). For s € C we introduce the character of L™** by

xs(9) == |x(9)|° for g € L™,

We extend y, to the opposite parabolic Qmax := L™a% x N by letting N act trivially.
Then the character § (see (3.2)) amounts to

5(g) = [Det(Ad(g)[x)]""* = Ix(9)| 72" = X_njarlg) for g € L™,

The degenerate principal series representation wg of G on Ind%(xs) takes the form

ws(g)n(z) = (67)(Dg~ () "'n(g™" -x) forz e V=N, geG. (3.9)
Here, Dg—!(x) denotes the differential of the conformal transformation z — ¢!z
whenever it is defined. Then the differential representation dws; = Indﬁnﬁ(dxs) is given
in terms of the Jordan algebra as follows (cf. Pevzner [38, Lemma 2.6]):

dws(X)n(x) = —Dyn(x) for X = (u,0,0),
duwy(X)n(z) = (7: - ;)Tr(T)n(x) — Dpan(@)  for X = (0,T,0),

dws(X)n(z) = (25 — :>T(x,v)r](a:) — Dp(gyon(z) for X = (0,0, —v).

Note that L?(Oy,duy) is contained in the space S'(V) of tempered distributions.
For A € W consider the Fourier transform Fy : L?(Oy,dpuy) — S’(V) given by
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Fab(z) = ; e VIIEW Y (y)dus(y), =€V, (3.10)

where (| ) is the trace form from (1.1). Combining Proposition 2.14 and Theorem 1.12,
we can verify that F, intertwines the actions of dmy and dws for s = ((n/r) — A)/2 (see
[34, Proposition 2.2.1], for the detailed calculation):

PROPOSITION 3.3. Let A€ W and s = ((n/r) — X)/2. Then for X € g we have
Frodmy(X) =dws(X) oFyn  on CF(O,).

We now restrict to the case where A € W such that O, = O and we put again
s = ((n/r) = A)/2. In the case of split rank 79 = 1 as before we assume that o =
rA € (0,—2v). Under these assumptions we constructed the representation 7= of GV on
L?(0,duy) in Subsection 2.2.

Denote by H C S8'(V) the image of L?(O,duy) under the Fourier transform Fy and
endow it with the Hilbert space structure turning ) into a unitary isomorphism, see
(3.10).

Denote by Wv the maximal parabolic subgroup of G¥ which projects onto Qmax
under the covering map GV — G. The characters x, and § naturally lift to Qma"v, and
we denote these lifts by the same letters.

Below, we will show that there is a unique character 75 for which the maximal

Vv
globalization (I1"** wy) of the degenerate principal series representation Ind%v (7s)
contains the unitary representation m as a subrepresentation.

. . . . ——V
To be more precise, we define a one-dimensional representation 7, of Q™% as

follows: On the connected component of Qma"v containing the identity, 7, is subject to

dry = dys withs—1<n—/\).
2\r

For possible disconnected components of Qmaxv, we divide the cases according to the
dimension of the minimal K-type p of 7 on L?(O,duy) which we found explicitly in
Theorems 2.19 and 2.22.

Case 1. V £ RP:9,
In this case, p is one-dimensional. Then our 74 is characterized by

Ty = e, (3.11)

where My, := Qmaxv NKVY.

Case 2. V ~ RP14,

We note we have excluded the case p + ¢ is odd and p,q > 2. If both p and
q are odd and p — ¢ = 0mod 4, then G¥ = G and Q™2* is connected. Otherwise,
GY ~ SO(p+1,q+1)o is a double covering group of G (see Definition 2.29 (3) and (4)),
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and the parabolic subgroup Qmaxv has two components (Wv)o and mg (WV)O, mg
being the non-trivial element of GV projecting onto the identity element (see [29]). Then
Tay consists of two characters of Qmax according as the evaluation at mg is 1 or —1. We
define 7, € Ty, characterized by

7s(mo) = (3.12)

—1 if p,q both odd, p — ¢ = 2 mod 4,
+1 otherwise.
THEOREM 3.4. Let A € W such that Oy = O and set s = ((n/r) — \)/2. In the
case of split rank ro = 1 assume that o = rX € (0,—2v).

(1) There exists a unique character T4 of Q™ such that dr, = dx, and that the degen-
erate principal series representation Ind%v (1s) contains a (g, K)-module which
is isomorphic to the underlying (g, KV)-module of the unitary representation m on
L*(O,duy). Such a character 5 € Ty, is characterized by (3.11) and (3.12).

(2) The Fourier transform Fy is an intertwining operator from L*(O,duy) into the
mazximal globalization of the degenerate principal series representation Ind%v (7s).
Proor. We apply Lemma 3.2 for P = Wv, X = Xs, and the (g, K“)-module

W = dma(U(g))tpo from Section 2.2.3. The formula in Proposition 3.3 on C$°(O) still

holds for K-finite vectors of L?(O,duy) in light of the asymptotic behaviours of K-finite

vectors (see Proposition 2.24), and therefore we have Homgy(W,S'(V)) # 0. Therefore,

Theorem 3.4 follows from Lemma 3.2 if W admits a scalar KV-type p.

In the remaining case where W does not necessarily admit a scalar KV-type, i.e., for

V = RP4 Theorem 3.4 was proved in [29, Theorem 4.9]. For the sake of completeness,

we give a proof along the same line of argument here. We already know that Wv

has at most two connected components and therefore that Ty, consists of characters.

Thus it is sufficient to determine a one-dimensional representation 7 € Ty, such that

7(mo) = u(mo) when GV = SO(p+1,q+1)o. If p > ¢, we have u = 1 KRHP~D/2(RI+1)

on which mg acts as the scalar (—1)(P~9/2_ Therefore, the 7 we are looking for is
characterized by

7s(9) = xs(9); g€ (@),
Ts(mg) = (_1)(p—q)/2.

The case ¢ > p is treated similarly. O

REMARK 3.5. In the split rank 1 case, i.e. g = so(k + 1,1), k > 1, we obtain
the entire complementary series for SO(k + 1,1). For all parameters A for which W is
contained in L?(O,duy) the Fourier transform JF, intertwines the principal series real-
izations with the L2-models. Moreover, these L?-models coincide with the “commutative
models” studied by Vershik-Graev [46].

REMARK 3.6. In the 1990s a number of papers appeared dealing with the struc-
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ture of degenerate principal series representations. Among others [41], [42], and [49]
determine the irreducible and unitarizable constituents of the degenerate principal series
representations associated to conformal groups of euclidean and non-euclidean Jordan
algebras. The proofs are of an algebraic nature. Using these results, A. Dvorsky and
S. Sahi as well as L. Barchini, M. Sepanski and R. Zierau considered unitary representa-
tions of the corresponding groups on L2-spaces of orbits of the structure group. In [40]
the case of a euclidean Jordan algebra is treated and the non-euclidean case is studied in
[8], [9] and [1, Section 8]. However, they all exclude the case V = RP:? for general p and
g such that m does not contain a scalar K-type (i.e. p+ ¢: even, p,q > 2, and p # q).
In fact, contrary to what was claimed in [8, p.206], it is possible to extend the Mackey
representation of Qma"v to the whole group G¥ = SO(p + 1,q + 1)o. In this case the
L?-model of the minimal representation was established by T. Kobayashi and B. @Qrsted
in [29].

The interpretation of the minimal representation dm as a subrepresentation of a
degenerate principal series representation allows us to compute its infinitesimal character.
We parameterize the infinitesimal character by the Harish-Chandra isomorphism

HomC—algebra(Z(g)a (C) = h*/VVv

where Z(g) is the center of U(g), b is a Cartan subalgebra containing (0,id, 0) € l¢ C gc,
and W is the corresponding Weyl group. It is possible to choose h C [c. We denote by
pi. the half-sum of all positive roots of I¢ with respect to b.

Since the infinitesimal character is preserved by the normalized parabolic induction,
we get

THEOREM 3.7.  The representation dm of g has the infinitesimal character dxs+pi.,
where s = ((n/r) — A)/2.

3.2. Special functions in the L?-models.

In this section we find explicit €-finite vectors in each £-type of the L?-models for
the representations from Theorem 2.30. These £-finite vectors are essentially one-variable
functions solving a fourth-order differential equation. The differential equation as well
as its corresponding solutions are studied in detail in [16], [17] building on the minimal
representation of O(p, q). It is noteworthy that this same set of special functions appears
in a uniform fashion for the L2-models for minimal representations of all other groups
that were constructed in the previous section.

In view of Proposition 3.3 and Theorem 3.4, the (g,¥)-module W is realized as
a subrepresentation of the (degenerate) principal series representation I;. Using the
structural results for the composition series of I, [41, Equation (7)] for the euclidean
case, [42, Section 0 and Theorems 4.A and 4.B] for the case of a non-euclidean Jordan
algebra 2 RP? p ¢ > 2, and [29, Lemma 2.6 (2)] for the case of V = RP*?, we find the
t-type decomposition of the (g, €)-module W. To this end we put

Wi = peotim, (3.13)
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Here aq denotes the highest weight of the minimal &-type Wy =2 W0 (see Theorems 2.19
and 2.22), 1 was defined in Subsection 2.1.2; and E“ was introduced in Subsection 2.1.4.

THEOREM 3.8.  The t-type decomposition of the (g, €)-module W is given by

W éwj.
j=0

In each t-type W7 the space of ¥-fized vectors is one-dimensional.

The ¢-fixed vectors are exactly the radial functions ¥ (x) = f(|z|), z € O. Denote
by L?(O,du)raa € L*(O,duy) the subspace of radial functions. By (1.15), the map

O — Ry, z — ||, induces an isomorphism L*(O,dpix)raa = L2(R,,t™~1dt). Let
W7 = WI N L*(O,dpy)rada. We then obtain that the algebraic direct sum

T

@ erad - L2(Oa d/‘/\)rad
j=0

is dense. To determine a generator for the one-dimensional subspaces Wr]ad we compute
the action of the £-Casimir on radial functions.

On ¢t we define an ad-invariant inner product by
<X1, X2> = B[(Tl7 T2 ) + 2’I‘I‘(T1T2 ) + 7(“1|U2),

where By denotes the Killing form of [ (cf. [38, proof of Proposition 1.1]). Choose
an orthonormal basis (X, ), with respect to this inner product and define the Casimir
element Cy of € by

Ce = ZXCQV

C' is independent of the choice of the basis (X, ), and defines a central element of degree
2 in U(E). Therefore, thanks to Schur’s Lemma, dr(C) acts on each &-type W7 by a
scalar. This scalar can be determined using root data. For this we define a constant

p=p(V) by

n
p=pV)i=—+
To

do — ‘ —2. (3.14)
Table 3 lists the possible values of y and v (see (1.5) for the definition of v) for all simple
real Jordan algebras.

PROPOSITION 3.9.  The Casimir operator dn(Ce) acts on every E-type W7 of W by
the scalar
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d

Recall from [16] the fourth order differential operator YSQ, 3 in one variable given by

To L. Tod
_0(y 1) 4+ 9%
8n<j(j+,u+ )+ 5

Das = 5 ((0-+a+B)(0+0) ) (00 +5) — 1),

for o, 8 € C, where § = t(d/dt) denotes the one-dimensional Euler operator.

REMARK 3.10. To be precise, we have introduced in [16, (1.11)] the following

differential operator:

Dag = By — 50— B)la+ B +2),

so that the symmetry D, g = Dg o holds.
The action of dm(C) on radial functions can be expressed in terms of 15%5:
THEOREM 3.11.  Let (x) = f(|z]) (z € O) be a radial function for some f €
C>(Ry).
(1) ForV of split rank ro > 1 we have:

n(C0(e) = ~22 (B + 2o - 4] 10D,

(2) ForV of split rank ro = 1 we have with A = (ro/r)o, o € (0, —2v) :

o~ ) 1eD.

ro [ ~ rod
dﬂ—(CE)dJ(x) = _i (Du,qua + %

COROLLARY 3.12. (1) ForV of split rank ro > 1 let u € L?>(R,, t*Tv1dt) be any
eigenfunction of D,, ., for the eigenvalue 45(j + p+ 1), j € No.
(2) ForV of split rankro =1 and X = (ro/r)o, o € (0, —2v), letu € L?(Ry, thTvTotldt)

be any eigenfunction of Dy 4o for the eigenvalue 45(j + p+ 1), j € No.
Then
Y(x) :=u(|z]), z€O

defines a E-finite vector in the €-type W7,

For a moment we now allow general real parameters «, 3 € R. To find explicit L2
eigenfunctions of D, g, we recall from [16, (3.2)] the generating functions G*#(t, s) by
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1 ~ st ~ S
o, = 1—¢
G (t,S) = (1_t)(a+ﬁ+2)/21a/2<1_t)Kﬁ/2<]‘_t>’

where we have renormalized the I-Bessel function as

he=(5) 50 =S maal3)

The function G*#(t,s) is analytic at t = 0 and defines a series (A?’ﬂ(s))j:071,27,__ of
real-analytic functions on Ry by

o0

GoP(t,5) = ATF(s)t.
j=0
We then have
ASH(5) = mfg 1a(s). (3.15)

We refer to [16], [17], [26] for basic properties of (A?’B(S))j:(),l’zm as “special
functions”. Among others, we recall from [16]:

THEOREM 3.13.  For a+f, a— [ > —2 the function A?’B(s) is mon-zero, contained
in L*(Ry, s*t8*1ds) and an eigenfunction of 5aﬁ for the eigenvalue 45(j + o + 1).

We apply this theorem to our setting. Let p = (V) and v = v (V') be the parameters
(see Table 3) belonging to a simple real Jordan algebra V for which we constructed the
representation .

COROLLARY 3.14. (1) Let V be of split rank ro > 1. Then for every j € Ny, the
function

¥i(@) = AP (|z]), = €0,
is a non-zero E-finite vector in the €-type W7,

(2) Let V be of split rank rg =1 and X\ = (ro/r)o, o € (0, —2v). Then for every j € Np,
the function

i) = AP (J2]), €O,

is a non-zero t-finite vector in the €-type W7 for any j € Ny.

The function ¢;(z) with j = 0 in Corollary 3.14 coincides, up to a Gamma factor,
with the generating function vy which was introduced in (2.14) and (2.15).
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REMARK 3.15. In L2-model of a number of “small” unitary representations, we can
observe that functions belonging to minimal K-types are given by means of the modified
K-Bessel function K (z) (see [8], [29], [30], [40]). It is known that Hermite/Laguerre
polynomials appear in the higher K-types of the minimal representations for g = sp(n, R)
and o(n,2). The idea behind “special functions” A{""(x) is to find an analog of these
classical polynomials for the minimal representations that we have constructed. This
idea is pursued in [17], [26].

3.3. The unitary inversion operator Fe.

The proof of Theorem C parallels the argument in [24, Chapter2], where we in-
troduce an involutive unitary operator that we call the unitary inversion operator Fo
on L?(O,duy). This operator intertwines the Bessel operators with multiplication by
coordinate functions. The unitary inversion operator Fp is not only a tool to prove
Theorem C, but is of interest on its own. In fact, it is the Euclidean Fourier transform
up to a phase factor if V' = Sym(k,R); for V' = RP9 the principal object of the paper
[25] is the unitary inversion operator Fo for the “light cone” O in the Minkowski space
RY~1 and that of the book [24] is Fo for the isotropic cone O in RP4. We refer to [23]
and [24, Chapter 1] for the general program of the L?-model of minimal representations
and further perspectives on the role of the unitary inversion operator F». From the
representation theoretic viewpoint, the operator F» generates the action 7w of the whole
group GV together with the (relatively simple) action of a maximal parabolic subgroup
on L2(O,dpy).

Let V be a simple real Jordan algebra with V' simple. As before, we assume
V 2 RP? with p 4+ ¢q odd, p,q > 2. Let A € W such that Oy = O. For V of split
rank ro = 1 we further assume that A € (0, —2v). Then dmy integrates to an irreducible
unitary representation 7 of GV on L?(O,duy) as we proved in Theorem 2.30. Let

jY == expgv (;T(e,(), —e)) cGY,

then jV projects to the conformal inversion j € G under the covering map GV — G.
Further recall the Cartan involution ¥ € Str(V). We define the action py on
L?(O,dpuy) also for 9, extending formula (2.9):

pAO)i(x) 1= X () 2)(9 ) = Pp(Ix), € L*(O,dpy).
Then we define the unitary operator Fo on L?(O,du,) by
Fo = e*ﬁﬁ(ro/Z)(dOf(d/2))+pl\(ﬁ)ﬂ(jv)_ (3.16)
REMARK 3.16. 'We define an element of order two in Co(V) by

wp:=jo¥=1vo0j€ Co(V). (3.17)
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In general wy is not contained in the identity component G = Co(V'),. In fact, since
the Cartan involution of Co(V') is given by conjugation with wg, we have wy € G if and
only if rank(G) = rank(K). In particular, wg € G if V' is euclidean and wy ¢ G if V' is
complex. We can extend our unitary representation 7 to a (possibly) disconnected group
generated by G¥ and 9, and lift wg to wy := j¥ o = JojV, an element of order 2¢ with
¢ € N denoting the smallest positive integer such that

y <d0 - d> € Z. (3.18)
+

Here we use the notation

r if x>0,

1
=D =00 e <o

for the positive part of a real number x € R. Note that the integer £ is either 1, 2 or 4
(see Table 2). Then we have

Fo = =™V Tr0/2)(do—(d/2) s 1 ()

with the same letter m to denote the extension. Details of this extension can be found in
[34, Section 2.4].

PROPOSITION 3.17. (1) Fo is an involutive unitary operator on L?(O,duy).
(2) The following intertwining formulas hold:

_7:@01933: —B)\ Of'o7

(3.19)
.7:(9 OB)\ = —dx Of@.

Moreover, any other operator on L*(O,duy) with these properties is a scalar multiple
Of .7'-(9 .

PROOF. See [24, Theorem 2.5.2] for G = O(p,q) and [34, Theorem 2.4.1 and
Corollary 3.8.4] for the general case. O

Now, we are ready to give a proof of Theorem C:

THEOREM 3.18.  The ring of differential operators on O generated by the Bessel
operators ¢(By) = (¢, By), ¢ € V*, is isomorphic to the ring of functions on O which
are restrictions of polynomials on V.

PROOF. The map V* 5 ¢ — ¢(B)) extends to a surjection of the ring of polyno-
mials on V onto the ring of differential operators on O generated by the Bessel operators
d(By), ¢ € V*. Using (3.19), we find that for ¢ € C[V] in the kernel we have
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#»(Bx)=0 onO

Foop(By)=0 onO

¢(—9z)oFo=0 onO

¢p(—9z)=0 on O
=0 on (-0).

t ¢ 02

Therefore, the ring of differential operators on O generated by the Bessel operators
#(By), » € V*, is isomorphic to the ring of functions on (—O) which are restrictions of
polynomials. The latter is canonically isomorphic to the ring of functions on O which
are restrictions of polynomials and the proof is complete. 0

REMARK 3.19. For V = RP'? the unitary inversion operator F» was studied in
detail by the second author and G. Mano in the book [24], where the global formula of
the group action of O(p+1,q+ 1) on L?(O) is obtained with an explicit integral kernel.
The global formula of Fp for a general non-euclidean Jordan algebra V' is not known
except when V' = RP¢. The relation of Fo to the special functions A" (x) is studied in
[34, Sections 2.4 and 3.8]. Further, the operator F» may be regarded as a “boundary
value” of a holomorphic semigroup in the case where V' is euclidean (see [18], [23], [24]).
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