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Abstract. Let f and g, of weights k/ > k > 2, be normalised newforms
for I'o(N), for square-free N > 1, such that, for each Atkin-Lehner involution,
the eigenvalues of f and g are equal. Let A | £ be a large prime divisor of
the algebraic part of the near-central critical value L(f ® g,(k + k' — 2)/2).
Under certain hypotheses, we prove that A is the modulus of a congruence be-
tween the Hecke eigenvalues of a genus-two Yoshida lift of (Jacquet-Langlands
correspondents of) f and g (vector-valued in general), and a non-endoscopic
genus-two cusp form. In pursuit of this we also give a precise pullback formula
for a genus-four Eisenstein series, and a general formula for the Petersson norm
of a Yoshida lift.

Given such a congruence, using the 4-dimensional A-adic Galois repre-
sentation attached to a genus-two cusp form, we produce, in an appropriate
Selmer group, an element of order A, as required by the Bloch-Kato conjecture
on values of L-functions.

1. Introduction.

This paper is about congruences between modular forms, modulo large prime
divisors of normalised critical values of L-functions. The first instance of this
might be considered to be Ramanujan’s congruence modulo 691 between the Hecke
eigenvalues of the cusp form A and an Eisenstein series of weight 12 for SLy(Z),
the prime 691 occurring in the critical value ¢(12). Congruences modulo p between
Eisenstein series and cusp forms (now of weight 2 and level p) were used by Ribet
[R1] to prove his converse to Herbrand’s theorem. Interpreting the congruence
as a reducibility modulo p of the 2-dimensional Galois representation attached
to the cusp form, he used the non-trivial extension of 1-dimensional factors to
construct elements of order p in the class group of Q((,). Mazur and Wiles [MW]
developed this idea further in their proof of Iwasawa’s main conjecture. When
Bloch and Kato [BK] proved most of their conjecture in the case of the Riemann
zeta function, the Mazur-Wiles theorem was the main ingredient.

Let f and g, of weights &’ > k > 2, be normalised newforms for T'o(N), for
square-free N > 1, such that, for each Atkin-Lehner involution, the eigenvalues
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of f and g are equal. Let A\ | £ be a large prime divisor of the algebraic part
of the near-central critical value L(f ® g,(k + k' — 2)/2) (or equivalently of its
partner L(f ® g,(k + k’)/2)). In this paper, we seek a congruence modulo A
between the Hecke eigenvalues of a Yoshida lift F' = F 4, and some other genus-
2 Hecke eigenform G, of the same weight Sym’ @ det”, where j = k — 2 and
k =2+ (kK —k)/2, and level F((JQ)(N). (See Section 1.1 and later sections for
definitions and notation.) Proposition 9.1 (and Corollary 9.2) is what we are able
to prove. If p is any prime p t /N (where A | £) and pg(p) is the eigenvalue of the
Hecke operator T'(p) acting on G, then the congruence is

e (p) = ap(f) +p* =92a,(g)  (mod ).

Our proof is modelled on Katsurada’s approach to proving congruences be-
tween Saito-Kurokawa lifts and non-lifts [Ka], modulo divisors of the near-central
critical values of Hecke L-functions of genus-1 cuspidal eigenforms of level 1. Thus
we consider a “pullback formula” for the restriction to $Hs X H2 of a genus-4, Eisen-
stein series (of weight 4) to which a certain differential operator has been applied.
The coefficient of F'® F' is some constant times a value of the standard L-function
of F, divided by the Petersson norm of F'.

Section 6 contains a proof of the required pullback formula (17) (derived,
using also (15), from the more general (9)), using differential operators from [B1]
and [BSY], and taking care to determine the precise constants occurring. Section
8 contains the proof of a formula for the Petersson norm of the Yoshida lift F',
generalising [BS1], which dealt with the analogous case where k¥’ = k = 2 and F
is scalar-valued of weight x = 2. This proof uses another, more subtle pullback
formula (16), involving an Eisenstein series of genus 4 and weight 2, also provided
by Section 6. The value L(f ® g, (k + k’)/2) thereby appears as a factor in the
formula for the Petersson norm of the Yoshida lift, thus introducing A into a
denominator in the pullback formula referred to in the previous paragraph. The
congruence is then proved by some application of Hecke operators to both sides.

For this we need to know the integrality at A of the left-hand-side (dealt with in
Section 7), and, more problematically, that some Fourier coeflicient of a canonical
scaling of the Yoshida lift F' is not divisible by A. (At this point Katsurada was
able to use an explicit formula for the Fourier coefficients of a Saito-Kurokawa
lift.) What we need on Fourier coefficients of Yoshida lifts can be reduced to a
weak condition on non-divisibility by A of certain normalised L-values, in the case
that N is prime, Atkin-Lehner eigenvalue ey = —1 and k/2,k'/2 are odd, using
an averaging formula from [BS5]. This condition may be checked explicitly using
a formula of Gross and Zagier. In his thesis [Ji], Johnson Jia has worked out a
different approach to the problem of Fourier coefficients of Yoshida lifts mod A, in
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the scalar-valued case.

Brown [Br| used the Galois interpretation of congruences (of Hecke eigen-
values) between Saito-Kurokawa lifts and non-lifts, to confirm a prediction of the
Bloch-Kato conjecture. Likewise, in the earlier sections of this paper we use con-
gruences between Yoshida lifts and non-lifts to produce non-zero elements of A-
torsion in the appropriate Bloch-Kato Selmer group. (See Proposition 5.1.) The
required cohomology classes come from non-trivial extensions inside the mod A
reduction of Weissauer’s 4-dimensional Galois representation attached to G. This
mod A\ representation is reducible thanks to the congruence.

The work of Brown is easily extended to other (not necessarily near-central)
critical values of L¢(s) if one assumes a conjecture of Harder [Hal, [vdG] on the
existence of congruences involving vector-valued genus-2 cusp forms. It is not
possible likewise to extend the present work to other critical values of the tensor-
product L-function using genus-2 Siegel modular forms. The problem is that we
have two fixed parameters k' and k, not allowing any freedom to vary j and k.
This is explained in more detail at the end of [Du2].

M. Agarwal and K. Klosin, independently of us, at the suggestion of C. Skin-
ner, worked on using congruences between Yoshida lifts and non-lifts to construct
elements in Selmer groups, to support the Bloch-Kato conjecture for tensor prod-
uct L-functions at the near central point [AK]. Their approach to proving such
congruences is different, resulting in different conditions, and covers the scalar-
valued case (k = 2). They use a Siegel-Eisenstein series with a character, as in
[Br], and take pains to avoid our assumption (in Lemma 4.1 and Proposition 5.1)
that X is not a congruence prime for f or g, at the cost of restricting &’ to be 10
or 14.

ACKNOWLEDGEMENTS. We thank M. Agarwal, T. Berger, J. Bergstrom,
J. Jia, H. Katsurada, K. Klosin, C. Poor and D. Yuen for helpful communications.
We thank also M. Chida for pointing out that [Wed4] allows us to eliminate an
unnecessary hypothesis.

1.1. Definitions and notation.

Let 9, be the Siegel upper half plane of n by n complex symmetric matrices
with positive-definite imaginary part. Let T'™) := Sp(n, Z) = Sp,y,(Z) = {M €
GLyn(Z) : tMJM = J}, where J = (% [*). For M = [A B8] € T™ and
Z € $n, let M(Z) := (AZ+B)(CZ+D)~' and J(M, Z) := CZ+D. Let T{"(N)
be the subgroup of I'™) defined by the condition N | C. Let V be the space
of a finite-dimensional representation p of GL(n,C). A holomorphic function
f 9, — V is said to belong to the space Mp(l“g") (N)) of Siegel modular forms
of genus n and weight p, for F((Jn)(N), if
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F(M(2)) = p(J (M, 2))[(2) VM € T§"(N), Z € $n.

In other words, flJM = f for all M € T{"(N), where (f|M)(Z) :=
p(J(M,Z))"Lf(M(Z)) for M € Sp,,(Z). Such an f has a Fourier expansion

F(Z) =) a(S)e(Tr(52)) = ) a(S, fle(Tr(52)),

S>0 S>0

where the sum is over all positive semi-definite half-integral matrices, and e(z) :=
eeriz.

Denote by Sp(F(()n)(N )), the subspace of cusp forms, those that vanish at
the boundary. They are also characterised by the condition that, for all M €
Spon(Z), a(S, fIM) = 0 unless S is positive-definite. When p is of the special
form det” ® Sym? (C™) (where C™ is the standard representation of G L, (C)), the
Petersson inner product will be as in Section 2 of [Koz], and when also n = 2,
the Hecke operators T'(m), for (m, N) = 1, will be defined as in Section 2 of [Ar],
replacing Sp,(Z) by Fgf) (N). When j = 0, we are dealing with the usual scalar-
valued Siegel cusp forms of weight k. For a Hecke eigenform F', the incomplete
spinor and standard L-functions L") (F, s, spin) and LN)(F, s, St) may be defined
in terms of Satake parameters as in [An], see also Section 20 of [vdG].

2. Critical values of the tensor product L-function.

Let f € Spw(To(N)), g € Sk(T'o(N)) be normalised newforms (with &' >
k > 2), K some number field containing all the Hecke eigenvalues of f and g.
Attached to f is a “premotivic structure” My over Q with coeflicients in K. Thus
there are 2-dimensional K-vector spaces My g and My qr (the Betti and de Rham
realisations) and, for each finite prime A of Ok, a 2-dimensional K-vector space
My y, the A-adic realisation. These come with various structures and comparison
isomorphisms, such as My p @k Ky ~ My . See 1.1.1 of [DFG] for the precise
definition of a premotivic structure, and 1.6.2 of [DFG] for the construction of My,
which uses the cohomology, with, in general, non-constant coefficients, of modular
curves, and pieces cut out using Hecke correspondences.

On M;y p there is an action of Gal(C/R), and the eigenspaces MfiB are 1-
dimensional. On M¢ 4r there is a decreasing filtration, with F 7 a 1-dimensional
space precisely for 1 < j < k' — 1. The de Rham isomorphism M;p ®x C ~
M¢ ar ® i C induces isomorphisms between MfB ®C and (Myq4r/F)® C, where
F:=F!=... = F¥~1 Define w¥ to be the determinants of these isomorphisms.
These depend on the choice of K-bases for M ;fB and My qr/F, so should be
viewed as elements of C* /K *. In exactly the same way there is also a premotivic
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structure M,, but since &’ > k, it turns out that it is the periods of f that
will show up in the formula for the periods of the rank-4 premotivic structure
Mgg =My ® M,.

From the above properties of My and M, one easily obtains the following
properties of Myg,. The eigenspaces Mfi® g, are 2-dimensional. On Mygg.dr
there is a decreasing filtration, with F'* a 2-dimensional space precisely for k <
t <k’ —1. The de Rham isomorphism Mgy 5 @k C =~ Mfggar @k C induces
an isomorphism between Mfi®gyB ® C and (Myggar/F') @ C, where F' := F* =
... = F¥ =1 Define O* € C*/K* to be the determinants of these isomorphisms.

For use in the next section, we shall choose an Og-submodule My p, gener-
ating M p over K, but not necessarily free, and likewise an O [1/S]-submodule
My ar, generating My qr over K, where S is the set of primes dividing N(k'!).
We take these as in 1.6.2 of [DFG]. They are part of the “S-integral premotivic
structure” associated to f, and are defined using integral models and integral coef-
ficients. Actually, it will be convenient to enlarge S so that Ok[1/5] is a principal
ideal domain, then replace My p and M ¢ gr by their tensor products with the new
Ok[1/S]. These will now be free, as will be any submodules, and the quotients
we consider. Choosing bases, and using these to calculate the above determinants,
we pin down the values of w® (up to S-units). Setting Mgy p := Msp @ M, 5
and Mrgg,dr = My ar ® My ar, similarly we pin down 0+ (up to S-units). We
just have to imagine not including in S any prime we care about.

For each prime A of Ox (say A | £), the A-adic realisation My ) comes
with a continuous linear action of Gal(Q/Q). For each prime number p # /,

the restriction to Gal(Q,,/Q,) may be used to define a local L-factor [det(] —
Frob,, Lp—s \M;ﬂ\)]‘l (which turns out to be independent of ), and the Euler prod-
uct is precisely Ls(s). (Here I, is an inertia subgroup at p, and Frob,, is a Frobenius
element reducing to the generating p'"-power automorphism in Gal(F,/F,).) In
exactly the same way we may use the Galois representation Mgy x = My \ @ Mg 5
to define the tensor product L-function Lyg4(s). According to Deligne’s conjecture
[De], for each integer ¢ in the critical range k <t <k’ — 1,

Lag(t)/Qt) € K,
where Q(t) = (279)2QD" is the Deligne period for the Tate twist Mygg(t).
It is more convenient to use (f, f) than Q% so we consider the relation between

the two. Calculating as in (5.18) of [Hil], using Lemma 5.1.6 of [De] and the latter
part of 1.5.1 of [DFG], one recovers the well-known fact that, up to S-units,

(f, ) =" whwme(f), (1)
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where ¢(f), the “cohomology congruence ideal”, is, as the cup-product of basis
elements for M p, an integral ideal. Moreover, calculating as in Lemma 5.1 of
[Dul], we find that

O =0 =202ri) Futw.
Hence Deligne’s conjecture is equivalent to

Lioy(t)

=y €

(for each integer k < ¢ < k' — 1). This is known to be true, using Shimura’s
Rankin-Selberg integral for L;g,(s) [Sh4]. In the next section we consider the
integral refinement of Deligne’s conjecture.

3. The Bloch-Kato conjecture.

We shall need the elements ¢ 5 of the S-integral premotivic structure, for
each prime A of Okg. These are as in 1.6.2 of [DFG]. For each A, My is a
Gal(Q/Q)-stable Oy-lattice in My . Similarly we have M, \, and Mgy \ =
My @ N x.

Let Ay := Myggr/Miwgr, and A[A] := Ax[A] the A-torsion subgroup. Let
A\ = Mf®gy>\/9jtf®gﬁ)\, where Mf®g’>\ and 931f®97>\ are the vector space and
Ox-lattice dual to Mg, and My, » respectively, with the natural Gal(Q/Q)-
action. Let A := @, A,, etc.

Following [BK] (Section 3), for p # ¢ (where A | £, including p = o0) let

H}(Qp, Mf@g.,)\(t)) = ker(Hl(Dpa Mf®g,)\(t)) - Hl(Ip, Mf®g,)\(t)))'

Here D, is a decomposition subgroup at a prime above p, I, is the inertia subgroup,
and Mgy a(t) is a Tate twist of Mygg x, etc. The cohomology is for continuous
cocycles and coboundaries. For p =/ let

H}(Qe, Mf@g,A(t)) = ker(Hl(Dg, Mf®g)\(t)) - Hl(va Mf®g,>\(t) ®Q, BcryS))~

(See Section 1 of [BK] or Section 2 of [Fol] for the definition of Fontaine’s
ring Berys.)  Let H}(Q,Mf(@g,A(t)) be the subspace of those elements of
HY(Q,Mg4(t)) that, for all primes p, have local restriction lying in
H}(Qp, M{gg.A(t)). There is a natural exact sequence
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0 —— Myega(t) — Mrgga(t) —— Ax(t) 0.

Let Hp(Qp, Ax(t)) = mH}(Qp, Migga(t)). Define the A-Selmer group
H}(Q,A)\(t)) to be the subgroup of elements of H'(Q, Ax(t)) whose local re-
strictions lie in H}(Qp7 A (t)) for all primes p. Note that the condition at p = co
is superfluous unless ¢ = 2. Define the Shafarevich-Tate group

B HHQ, Ax(t))
I(t) = G/? 7T*H}(Q, Mpgg(t))

Tamagawa factors ¢, (t) may be defined as in 11.3 of [Fo2] (where the notation
is Tam"...). The X part (for £ # p) is trivial if Aip is divisible (for example if
p 1 N). The following is equivalent to the relevant cases of the Fontaine-Perrin-
Riou extension of the Bloch-Kato conjecture to arbitrary weights (i.e. not just
points right of the centre) and not-necessarily-rational coefficients. (This follows
from 11.4 of [Fo2].) Note that by “#” we really mean the Fitting ideal.

CONJECTURE 3.1.  Suppose that k <t < k' —1. Then we have the following
equality of fractional ideals of Ok [1/S]:

Lf®g(t) _ Hpgoo Cp(t) #H—I(t)
Q(t) #HO(Q, A(t))#H(Q, A1 —t))

(2)
In other words,

Lf®g (t) Hpgoo Cp(t) #]-H(t)

=G0 {f f) ~ #HOQ, AWD)#H(Q, AL - D)e(f)’ )

Let f =Y an(f)q™. Let p; : Gal(Q/Q) — Aut(M; ) be the 2-dimensional
A-adic Galois representation attached to f. Let p; be its reduction (mod \),
which is unambiguously defined if it is irreducible. Likewise for p, and p,.

LEMMA 3.2. (1) Suppose that p; and p, are irreducible, that £ > k' and
¢t N. Suppose (for some p || N) that there is no normalised newform h
of level dividing N/p and trivial character, of weight k' with aq(h) = aq(f)
(mod A) for all primes gt {N, or of weight k with aq(h) = a4(g) (mod \) for
all primes q { {N. Then the \ part of c,(t) is trivial (for any t).

(2) If \| £ with £4 N and £ > k' +k —1 then the X part of c,(t) is trivial (for any

).
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ProoF. (1) Applying a level-lowering theorem (Theorem 1.1 of [Di], see
also [R2], [R3]), p; and p, are both ramified at p. However, since p || N,
the action of I, on each of My and M, ) is unipotent, by Theorem 7.5 of
[La], as recalled in Theorem 4.2.7 (3) (b) of [Hi2], for a convenient reference.
It follows that both py ® p, and py ® p, have I,-fixed subspace of dimension
precisely 2, hence that Aﬁp is divisible. As noted above, this implies that the
A-part of ¢, (t) is trivial.

(2) It follows from Lemma 5.7 of [DFG] (whose proof relies on an applica-
tion, at the end of Section 2.2, of the results of [Fal]) that Msgg x is the
0,[Gal(Q,/Q/)]-module associated to the filtered ¢-module Mgy ar @ O
(identified with the crystalline realisation) by the functor they call V. (This
property is part of the definition of an S-integral premotivic structure given in
Section 1.2 of [DFG].) Given this, the lemma follows from Theorem 4.1 (iii)
of [BK]. (That V is the same as the functor used in Theorem 4.1 of [BK]
follows from the first paragraph of 2(h) of [Fal.) O

COROLLARY 3.3.  Suppose that N is square-free. Assume the conditions of
Lemma 3.2(1), for all primes p | N, and of Lemma 3.2(2), and also that (for some
k<t<k —1)

Loyt
OI‘d)\ (71’275_(;:(%%) > 0.

Then the Bloch-Kato conjecture predicts that ordy(#II1(t)) > 0, so predicts that
the Selmer group H}(Q7 Ax(t)) is non-trivial.

The goal of this paper is to construct (under further hypotheses) a non-zero
element of H}(Q, Ax(t)), in the case that ¢ is the near-central point t = (k' +k —

2)/2.

LEMMA 3.4. If0YN, 0>k —1and k <t < k' — 1 then the A-parts of
#H(Q,A(t)) and #H®(Q, A(1 —t)) are trivial.

PROOF. If not, then either A[\](t) or A[\](1—t) would have a trivial compo-
sition factor. The composition factors of ﬁf| 1, are either x*, x' =% (in the ordinary
case, with y the cyclotomic character) or =%, Pta=k) (in the non-ordinary case,
with ¢ a fundamental character of level 2). This follows from theorems of Deligne
and Fontaine, which are Theorems 2.5 and 2.6 of [Ed]. Noting that ¢ has order
02 — 1, with ! = y, the composition factors of (Py ® Py)lr, are of the form
P b e %, with 1 — £2 < a,b,c,d < 0 and each of a,b, ¢,d congruent to either
0,1—k,1—k or 2—k — Kk (mod ¢). Twisting by ¢ is the same as multiplying
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by “+1?, This exponent is congruent to ¢ (mod ¢), and k < t < k' — 1. Adding
to this the possible values for a, b, c,d (mod ¢) can never produce 0 or 1. Hence
neither A[\|(¢) nor A[\(1 —t) can have a trivial composition factor (even when
restricted to I). O

4. A 4-dimensional Galois representation.

Let f,g be as in Sections 2, 3, both of exact level N > 1. Let A | £ be a
divisor of (L gy (t))/ (72~ =1 (f, f)), with £ N(k')! and t = (k' +k — 2)/2. Now
suppose that f and g have the same Atkin-Lehner eigenvalues for each p | N, and
let Fy 4 be some genus-2 Yoshida lift associated with a factorisation N = N; N, as
in Section 8 below. (It is of type Sym? ® det”, with j =k —2, s = 2+ (K — k)/2.
Note that j + 2k —3 =%k —1.)

Suppose that there is a cusp form G for F(()Q)(N ), an eigenvector for all the
local Hecke algebras at p t N, not itself a Yoshida lift of the same f and g, such
that there is a congruence (mod M) of all Hecke eigenvalues (for p { N) between
G and Fy 4. In particular, if pue(p) is the eigenvalue for T'(p) on G (defined as in
Section 2.1 of [Ar], replacing Sp,(Z) by Féz)(N)), then

e (p) = ap(f) +p* /2a,(g)  (mod A), for all pt N. (4)

Under certain additional hypotheses, we prove in Section 9 below, the existence of
such a G. (We enlarge K if necessary, to contain the Hecke eigenvalues of G.)

Let IIg be an automorphic representation of GSp,(A) associated to G as in
3.2 of [Sc] and 3.5 of [AS]. (This IIg is not necessarily uniquely determined by
G, but its local components at p { N are.) By Theorem I of [We2], there is an
associated continuous, linear representation

pc : Gal(Q/Q) — GL4(Q,).

By enlarging K if necessary, we may assume that it takes values in GL4(K)).

LEMMA 4.1.  Suppose that there exists a G as above. Suppose also that A is
not a congruence prime for f in Sip/(Fo(N)) or g in S (To(N)), that £ > k', and
that py and p, are irreducible representations of Gal(Q/Q).

(1) T 4s not a weak endoscopic lift.
(2) IIg is not CAP.

By A not being a congruence prime for f in Si/(To(N)), we mean that there
does not exist a different Hecke eigenform h € Sy (I'o(NV)), and a prime A" dividing
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A in a sufficiently large extension, such that a,(h) = a,(f) (mod \’) for all primes
p1EN.

Proor. (1) If IIg were a weak endoscopic lift then there would have to
exist newforms f' € Sy (To(N)), h € Sk(To(N)) such that ug(p) = a,(f’) +
p*'=F)/2q(h) for almost all primes p. (See the introduction of [We2] for a
precise definition of weak endoscopic lift, and (3) of Hypothesis A of [We2]
for this consequence.) We have then

ap(f") +p(k/_k)/2ap(h) = ay(f) —l—p(k/_k)/Qap(g) (mod A),

for almost all primes p. Consequently, using ¢ > 4 and the Brauer-Nesbitt
theorem,

Py @& py((k —K')/2) =D & Dy((k —k')/2).

Now 54, could not be isomorphic to p,((k — &’)/2), since the restrictions to
I, give different characters (using ¢ > k’). The only way to reconcile the
two sides of the above isomorphism is for p; ~ p;. Given that A is not a
congruence prime for f in S (To(N)), we must have f' = f, and similarly
h = g. Tt follows from (4) and (6) of Hypothesis A of [We2]| that IIg must
be associated to some Yoshida lift F}7g of f and g. (Those p | N for which
the local component is IT} rather than II, are the divisors of Nj.) By (6)
of Hypothesis A of [We2], the multiplicity of Il in the discrete spectrum
is one. By Lemmas 1.2.8 and 1.2.10 of [SU], the local representation II, of
GSp(4,Q)y), for p | N, is that labelled VIa in [Sc|]. By Table 3 of [Sc], the
spaces of FBQ)(ZP)—ﬁxed vectors in II, are 1-dimensional. It follows that (up
to scaling), G = F} , contrary to hypothesis.

(2) By Corollary 4.5 of [PS], Il could only be CAP for a Siegel parabolic sub-
group, but then, as on p. 74 of [We2], we would have k = 2 and

e (p) = ap(f') + x(@)p* /% + x(p)p* /271,

for some newform f' € S (To(N)) and x a quadratic or trivial character.
This is incompatible with ua(p) = a,(f) + p* ~%/2a,(g) (mod \) and the
irreducibility of p; and p,,. U

Note that the proof of Hypothesis A (on which Theorem I also depends) is
not in [We2], but has now appeared in [We3].
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LEMMA 4.2. Let G be as in Lemma 4.1. Then the representation pg is
irreducible.

PROOF. Suppose that pg is reducible. It cannot have any 1-dimensional
composition factor, since p; has 2-dimensional irreducible composition factors p,
and p,((k —k')/2). (The factors are well-defined, even though p isn’t.) Looking
at the list, in 3.2.6 of [SU], of possibilities for the composition factors of pg, we
must be in Cas B, (iv) or (v). But as in 3.2.6 of [SU], II¢ would be CAP in
one case, a weak endoscopic lift in the other, and both of these are ruled out by
Lemma 4.1. (|

Let V, a 4-dimensional vector space over K, be the space of the representa-
tion pg. Choose a Gal(Q/Q)-invariant Oy-lattice T in V, and let W := V/T. Let
Pe be the representation of Gal(Q/Q) on W[\ ~ T/AT. This depends on the
choice of T', but we may choose T' in such a way that p; has p,((k — &)/2) as a
submodule and p; as a quotient. Assume that this has been done.

LEMMA 4.3. T may be chosen in such a way that furthermore p; is not a
submodule of pg, i.e. so that the extension of p; by p,((k — k')/2) is not split.

PROOF. We argue as in the proof of Proposition 2.1 of [R1]. Choose an
Ox-basis for T, so that pg(Gal(Q/Q)) C GL4(Oy). Assuming the lemma is false,
we prove by induction that for all 4 > 1 there exists M; = ((I)i ‘Z) € GL4(0y)
such that M; p(Gal(Q/Q))M; " consists of matrices of the form (&, A8, with
A,B,C,D € M3(0,), and with S; = S;_; (mod A\~1). Then letting S = lim S;
and M = ((I)i 152)7 M pi(Gal(Q/Q))M ~! consists of matrices of the form ()\AC %),
contradicting the irreducibility of pg.

By assumption, p; is a submodule of pg; (i.e. P is semi-simple), so we have
M. This is the base step. Now suppose that we have M;. We must try to produce
M;y1. Let P = (ég Aofz ). Then PiM; pc(Gal(Q/Q))M; " P~ consists of matrices

of the form (,\iflc g). Now let U be a matrix of the form (ég ]Z) such that

UP'M; pc(Gal(Q/Q))M; * P~'U~" consists of matrices of the form ()\iflé' /\DB)'
This exists because we are assuming that not only ps, but any other reduction
with submodule 7, ((k — k") /2), is semi-simple. Now just let M, = P~*UP'M;.
Note that since P‘iUPli = (62 ’\}fl ), it is clear that M; 4 is of the form ((1)2 Sgl ),
with S¢+1 = S,L (mod )\l) O

We remark that, though the first 7' chosen may give semi-simple pg, the
lemma shows that there will be another choice that gives a non-trivial extension.
Compare with the situation for 5-torsion on elliptic curves in the isogeny class of
conductor 11.



1364 S. BOCHERER, N. DUMMIGAN and R. SCHULZE-PILLOT

5. A non-zero element in a Bloch-Kato Selmer group.

Let G be as in the previous section. Then by Lemma 4.3, ps is a non-trivial
extension of p; by p,((k —k")/2):

0 ——=7y((k = #)/2) P Py 0.

Applying Homp, (5, ) to the exact sequence, and pulling back the inclusion
of the trivial module in Homp, (5;,p;), we get a non-trivial extension of the
trivial module by Hom(p,p,((k — £")/2)). Thus we get a non-zero class in
H'(Q,Hompg, (p;,p,((k — k')/2))), in the standard way. (Lifting the identity
to a section s € Homp, (py,pg), a representing cocycle is g +— g.s — s, where
(9:5)(x) = g(s(g~}(2))).)

Now the dual of 5, is p; (k' — 1), so

Homp, (p;,p,((k—k)/2)) ~ 0,k =1)@p,((k—k')/2) ~5; @5, ((K' +k—2)/2).

In the notation of Section 3, this is A[A]((K' + k — 2)/2). So we have a non-zero
class c € HY(Q, A[N((K' + k —2)/2)). By Lemma 3.4, HO(Q, A\((K' + k —2)/2))
is trivial, so we get a non-zero class d € H(Q, Ax((k' + k — 2)/2)), the image of
¢ under the map induced by inclusion.

PROPOSITION 5.1.  Let f € Si/(T'o(N)), g € Sk(Lo(N)) be normalised new-
forms of square-free level N > 1, with k' > k > 2. Suppose that at each prime
p| N, f and g share the eigenvalue of the Atkin-Lehner involution. Let A | £ be a
divisor of (L jea (K +k—2)/2))/(x* “Xf, £)), with £+ N and £ > (3K +k —2)/2.
Suppose also that A is not a congruence prime for f in Si/(Io(N)) or g in
Sk(Do(N)), and that p; and p, are irreducible representations of Gal(Q/Q). As-
sume, for each p | N, the conditions of Lemma 3.2(1). Finally, suppose that
there exists G € SP(FE)Z) (N)) as in the second paragraph of Section 4. Then the
Bloch-Kato Selmer group H(Q, Ax((K' + k —2)/2)) is non-zero.

REMARK 5.2. Note that Corollary 9.2 gives sufficient conditions for the
existence of G.

PRrROOF. We will show that the non-zero element d € HY(Q, Ax((k' + k —
2)/2)) satisfies res,(d) € H(Qp, Ax((K" + k — 2)/2)) for each prime p.

(1) If pt N then pg|z, is trivial, so certainly

0 ——=0y((k = k)/2)|1, —=Pgls, Pyl 0
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splits, showing that res,(c) € ker(HY(Qp, AN((K + k — 2)/2)) —
HY(IL,, AN ((K' + k — 2)/2))), hence that res,(d) € ker(H (Q,, Ax((K' + k —
2)/2)) — H'(I,, Ax((K' + k — 2)/2))). Since Aip is divisible (in this case the
whole of Ay), this shows that res,(d) € H(Qp, A\((K' + k —2)/2)), as in
Lemma 7.4 of [Br].

(2) If p = £ then we may prove res,(d) € H(Qp, Ax((K' + k —2)/2)) just as in
Lemma 7.2 of [Dul]. Since £ 1 N, pg|p, is crystalline; see Theorem 3.2(ii)
of [U1], which refers to [Fa] and [CF]. It is for this case that we need the
condition ¢ > (3k" 4+ k — 2)/2. This (3K’ + k — 2)/2 arises as the span of the
“weights” {1 —k',0} of p} and {(K" — k)/2, (K" + k —2)/2} of p,((k — k')/2).
See the proof of Lemma 7.2 of [Dul] for comparison.

(3) Now consider the case that p | N. As in the proof of Lemma 3.2(1), the action
of I, on My x/AMy x and My »/AM, » is non-trivial and unipotent. Hence
we may choose a basis for W[A] (notation as in the previous section) such that
for any o € I, p(0) is represented by exp(t,(o)N), with t; : I, — Z,(1) the
standard tamely ramified character and N of the form N = (0’42 E), with A =
(34). (Note that A plays the role of N for the 2-dimensional representations
Pglr, and pylr,.) By Theorem 2.2.5(1) of [GT], N? = 0. To see that the
conditions of that theorem are satisfied here, firstly p¢ is irreducible by Lemma
4.2, secondly pg is symplectic by Theorem 2 of [Wed]. Lastly, given that the
local component II, of Il has a non-zero vector fixed by F(()Q)(Zp) but none
fixed by GSp,(Z,), an inspection of Table 3 in [Sc| reveals that it is always
the case that either the subspace of II, fixed by the Siegel parahoric 1"82)(Zp)7
or that fixed by a Klingen parahoric, is 1-dimensional. (Note that if IT, had
a non-zero vector fixed by GSp,(Z,) then, by Theorem I of [We2], pe would
be unramified at p, contrary to pg having p; as a quotient.)

Since N2 = 0, B must be of the form B = (88). Writing elements of
Homp, (ps, p,((k —k')/2)) as 2-by-2 matrices in the obvious way, a short cal-
culation shows that c|;, is represented by the cocycle o +— (8 t@(g )b), which is
the coboundary o — o((J9)) — (59). Since c[;, =0, d|;, = 0. As already
noted in the proof of Lemma 3.2, Ai” is divisible, so we may deduce as in (1)
that res,(d) € Hp(Qp, AX((K' + k —2)/2)). O

REMARK 5.3.  We could have used a different formulation of the Bloch-Kato
conjecture, for the incomplete L-function with Euler factors at p | N missing, as in
(59) of [DFG], similarly using the exact sequence in their Lemma 2.1. This would
have involved a Selmer group with no local restrictions at p | N, and eliminated the
Tamagawa factors at p | N. Hence we could have avoided the related difficulties of
showing triviality of A-parts of Tamagawa factors (at p | N but not at p = ¢) and
proving that local conditions at p | N are satisfied. However, we chose to assume
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a little more than necessary (i.e. the conditions of Lemma 3.2(1)), then use it to
prove something a bit stronger.

6. The doubling method with differential operators.

We mainly recall some properties of the doubling method in the setting of
holomorphic Siegel modular forms (with invariant differential operators). As long
as one does not insist on explicit constants and explicit I'-factors, everything works
more generally for arbitrary polynomial representations as automorphy factors, see
[BS3, Section 2], [I1].

6.1. Construction of holomorphic differential operators.

We construct holomorphic differential operators on )2, with certain equiv-
ariance properties. We combine the constructions from [B1] and [BSY]; a similar
strategy was also used by [Koz].

We decompose Z € $s, as

Z2 Z4

Z = (z;) = (Zi 22) (21,24 € Hn).

We also use the natural embedding Sp(n) x Sp(n) — Sp(2n), defined by

Ay 0 By 0
0 A, 0 B A; B;
T, 1 — 2 2 C i %
(M1, M3) — M, - M5 : . 0 D 0 M; (Ci Di) € Sp(n).
0 Cy 0 Dy

The differential operator matrix 0 = (0;;) with 0;; = (1 + d;;)/2 - 0/(0z;;) will
then be decomposed in block matrices of size n, denoted by

(01 02
0= (85 84)'

We realize the symmetric tensor representation o, := Sym"” of GL(n,C) in the
usual way on the space V,, := C[Xy,...X,], (of homogeneous polynomials of
degree v). For V,-valued functions f on 9,, o, € C and M € Sp(n,R) we
define the slash-operator by

(f la,8,0, M)(2) := det(cz + d)~* det(cz + d)Po,(cz+ d)~Lf(M{2)).
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We may ignore the ambiguity of the powers a, § € C most of the time. If 5 =0
or v = 0 we just omit them from the slash operator.

PROPOSITION 6.1.  For nonnegative integers u,v there is a (nonzero) holo-
morphic differential operator D (p, V) mapping scalar-valued C* functions F on
Hon to V, ® V,-valued functions on $H, X 9y, satisfying

Do (1, 0)(F las (M{ My)) = (Da(pt, 0)(F)) 124 5.0 Mi 250, Mo (5)

for all My, My € Sp(n, R); the upper index at the slash operator indicates, for
which variables M; is applied.
More precisely, there is a V, ® V,-valued nonzero polynomial Q(a, T) =

,({L’V)(T) in the variables a and T (where T is a symmetric 2n X 2n matric
of variables), with rational coefficients, such that

Da(ﬂu V) = ngy)(aij) |22:0 :

The differential operator Dy (u,v) has the additional symmetry property
Do (p,v)(F' | V) = Da(p, v)(F)",

where V' is the operator defined on functions on 9o, by

re (3 2) -#((2 2)

and for a function g on 9, X H, we put g*(z,w) := g(w, 2).

REMARK 6.2. We allow arbitrary “complex weights” « here; note that there
is no ambiguity in this as long as we use the same branch of logdet(CZ + D) to
define the det(C'Z 4 D)® on both sides of (5).

Note also that the differential operators do not depend at all on 3.

PROOF. We recall from [B1, Satz 2] the existence of an explicitly given
differential operator

Do = (—1)"C,, (a —n+ ;) det(92) + - - - + det(z2) - det(9;5)

with
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Cin(s) ;:s<5+1) <5+n—1) _ En(ii(njl)ﬂ)

2 2 n(

(pn(s) _ (n(n=1))/4 ﬁ r (s _ ;) ) (6)

=0

This operator is compatible with the action of Sp(n, R) x Sp(n, R) — Sp(2n, R),
increasing the weight o by one (without restriction!), i.e.

Da(F lap M] - MY) = (DaF) lasro M - MY, (M € Sp(n, R)).
We put

DE = Dogpy—1 0+ 0 Dq.
REMARK 6.3. The combinatorics of this operator is not known explicitly for
general L.

The second type of differential operators maps scalar-valued functions on $so,
to C[X1,...,Xn]y ® C[Y1,...,Y,],-valued functions on $,, X $,, changing the
automorphy factor from det® on GL(2n, C) to (det® ® Sym”) K (det™ ® Sym") on
GL(n,C) x GL(n,C). This operator was introduced in [BSY, Section 2]; it is a
special feature that we know the combinatorics in this case quite explicitly:

1 1
La :W( > - : '
(2mi)» alv] 0oy v —29)1(2 — a — v)l]
x (DyDy)Y (D — Dy — Di)”_%) ()
ZQ:()

here we use the same notation as in [BSY]:

ol :a(oz—l-l)u-(a—i—j—l):w
D=0[(X1,...,Xp; V1,...,Yy)]

Dy = 0[(X1,. .+, Xn;0,...,0)]

Dy =9[(0,...,0;Y1,...,Y,)",

where A[z] := z' Ax; we remark that
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D—DT _Dl == (Xl,...Xn;O,...O)'(92-(0,...,0;Y1,...Yn)t.

In [BSY] the weight was a natural number k, but everything works also for arbi-
trary complex « instead. (Due to the normalization of [BSY], we have to omit
certain finitely many «.)

We put

Da(,U,,I/) = LZ+/,L o @(l;
This operator has all the requested properties, except for the fact that the coeffi-
cients are not polynomials in « but rational functions. O

6.2. Some combinatorics.
Then we consider the function h, g defined on Hy,, by

has(Z) = det(z1 + 22 + 25 + 24) "“det(21 + 22 + 25 + 24) g
and we note that (following [BCG, (1.25)])
Dohas = Aoy Doty
with

_ (o +p) Tn(a+p—n/2)
wH I (a) Ih(a—n/2)

and also
LYha s = Bawou(z1 + 24)" (ZX Y) det(z1 + 22)~det(z1 + 22)

with

B _ 1 '2a—2+v) T(a—1)
O (=2mi)vv! T(Ra—2) T(a+v—1)

following [BSY, Lemma 4.2].

For later purposes we summarize here some additional properties of these
differential operators:

First we note that D, (u,v) is a homogeneous polynomial (of degree nyu + v)
in the partial derivatives; we decompose it as
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D, (u,v) =4+ 2%,

where the “main term” .# denotes the part free of derivatives w.r.t. z; or z4.

LEMMA 6.4. a) All the monomials occurring in the “remainder term” %
have positive degree in the partial derivatives w.r.t. z1 and z4.
The “main term” A is of the form

M = Cy(p,v) (D — D' — DY)” det(d2)"

with

1 pt v +j v
Ca(,u,u): (Oé—i-u)[V]y' HCn(Oé-ﬂ*" 9 ) <l/ = n)7
Jj=0

where Cy(s) is as in equation (6).
For the polynomial Q%" (T) with the symmetric matriz T = (% %) of size

2n this means

QUY(T) = Calp, v) (2(X1, ..., X;)To (Y, ..., Y,) ) "det(To)" + (x),  (8)

[0

where (x) contains only contributions with positive degree in Ty and Ty.

PRrROOF. a) The formula (12) in [B1] shows that in %, an entry of 0, always

appears together with an entry of d5. The same is then true for 2#. Furthermore,

the explicit formula (7) for LY

a4y shows that only the contribution of j = 0 is free

of partial derivatives w.r.t. z1; it is at the same time the only contribution free of

derivatives w.r.t. z4.

b) We define an element M = M(X4,...,Xn;Y1,...,Y,) of V, ® V,, by

M := D, (p,v)(exptr(z2)) = A (exptr(z2)).

The transformation properties of D, (u,v), applied for

() (12 e

yield
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M((X1,..., Xp) A;Yi,..., )
= M(X1,..., Xp; (Y1,...,Y)AD) (A€ GL(n,C)).

Such a vector in V,, ® V,, is unique up to constants and is therefore a scalar multiple
of (- X;Y;)", ie. M =c- (23, X;Y;)” for an appropriate constant ¢ = C (i, v).

To understand .# we study its action on those functions on Hs,, which
depend only on z; it is enough to look at functions of type fr(z2) := exptr(T'z3)
with 7 € R det(T) # 0. Then

D) fr = 4T Do) 1) 1n ()
= et (T) a1, 2 () 1)
= det(T) ¢ - <22XiTt}/i>y

= ¢(D — D' — DY) det(92)" fr.

It remains to determine the coefficient Cy, (1, v); we compute Dy (i, v) det(z2)®
in two ways, using the standard formulas (see e.g. [BCG, Section 1])

det () det(z)* = C,, (;) dot(z)""

D det(2)® = (—1)"C, (;) C, (a —n+ ;) det(z)° L.

Then

D, (p,v)det(z2)®

= Cal(p, V)(EC" (8 ;j» {(D = D" — D" det(25)* "} |,

and on the other hand
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Do (p,v)det(z2)* = oHr,u(@ det(ZQ))

p—1 o
:jl;[ocn(s 2 j)Cn( >{La+“det 22)" "} |20

ST (5)en (o 25)

1
CEanIED:

{(D—-D"— D")"det(22)* "} |.,=0 -

If v = nv/' is a multiple of n, then s := pu + 1/ gives nonzero contributions and we
get

1 = pt v+
Co(p,v) = 77— H Cn(oz—n—i— )
(a+ p)! i 2
Actually, this formula makes sense (and is also valid) for arbitrary v. O

For the special case n = 2 considerations similar to the above appear in [DIK,
Lemma 7.5, Corollary 7.6].

6.3. Doubling method with the differential operators D, (u, V).

The inner product (3 a;X;,> . 6;X;) = Y. a;b; on V; := C[Xy,... X,]; in-
duces a “produit scalaire adapté” (see [Go]) on the v-fold symmetric tensor prod-
uct V,, = Sym”(V;) = C[Xy,... X,], by

far - ay, B Bt = %Z [Tt 8 (ais; € W),

T j=1

where 7 runs over the symmetric group of order v. This inner product is invariant
under the action of unitary matrices via Sym”.
Note that for all v € C[X;, ..., X,], we have

(o () ) v

where v denotes the same polynomial as v, but with the variables Y; instead of
the Xz

We describe here the general pullback formula for level N Eisenstein series
(N square free).



Yoshida lifts and Selmer groups 1373

We put

G (Z,5) = 2. det(CZ + D)™ det(CZ + D).
MerF™ (N)oo \IS™™ (N)

For a cusp form F € Sp(Fén)(N)) with p = det"™"* @0, and z = z + iy,w =
u+1v € 9, we get

Lo AoF i Des )G
o™ (N)\H~,

( <g —Ou‘;> ’S> det(y)* det(v)s}dwn

=k, v, 8) Y F(w) | Ty (M) det(M) 72, 9)
M

Here dw,, = det(y) " 'dazdy, M runs over all (integral) elementary divisor ma-
trices of size n with M = 0mod N, and Tx(M) denotes the Hecke operator
associated to the double coset I‘é")(N)(]& —1%71 )Fé")(N).

To compute the Archimedean factor v one should keep in mind that the un-
folding of the integral leads to an integration over $),, involving Dyt (i, V) hjts,s-
Then + is naturally a product of (essentially) three factors

’Yn(k', 1, S) _ -nk+nu+u2n(n—k—u—25—u+l)Ak+s7lLBk+u+s7V](S +k+ w—mn— 1’ V)
with a Hua type integral

A+ 10)/2 72 (90 4 25 4+ 1)(n + j + 20) )
atntv (a+)Tv+n+j+2a+1)

I(a,v) =

We refer to [BSY, Section 3], see also [B3, 2.2] for details.

6.4. Doubling method with the differential operators Dy (u,v).

There are two ways to obtain holomorphic Siegel Eisenstein series of degree n
and low weight after analytic continuation (sometimes called “Hecke summation”):
One is by evaluating at s = 0, the other by considering s; = (n + 1)/2 — k; both
are connected by a complicated functional equation involving all Siegel Eisenstein
series. We need the case of weight 2 and degree 4, where only the Hecke summation
for s1 is available.
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We first consider the general case: In (9) the differential operator Dy ys(p, v)
was applied directly to the Eisenstein series of “weight” k+ s. If we use the Hecke
summation not in s = 0 but in s; := (2n+1)/2—k for an Eisenstein series of degree
2n, we should better use a differential operator acting on the weight k& Eisenstein
series E,(f") = G,(fn) -(detIm Z)*® to get holomorphic modular forms (in particular
theta series) after evaluating in s = s;. One might try to use the calculations
of Takayanagi [Tak]. Note however that the results of [Tak] are applicable only
for the case p = 0; to incorporate the differential operator 2} there is quite
complicated, see also [Koz]. We avoid this difficulty by observing that the two
types of differential operators are actually not that different:

By

F— Dy, v)(F) = det(y)® det(v)* Dy (, v)(det(Y) ™" x F)

we can define a new (nonholomorphic) differential operator mapping functions F'
on $a, to C[X4,...,X,], ® C[Y1,...,Y,], valued functions on $),, x £,; this
operator has exactly the same transformation properties as Dy (u, V).

Starting from the observation that %y s(u, v) maps holomorphic functions on
9o, to nearly holomorphic functions on $,, X ), we get from the theory of Shimura
[Sh2], [Sh3] in the same way as in [BCG, Section 1] an operator identity

D s(pav) = Y 05 @654 0 Dulpi, py).- (10)

PisPj

Here the p;,p; run over finitely many polynomial representations of GL(n,C)
and Z;(pi, pj) denotes a V,, ® V, -valued holomorphic differential operator (a
polynomial in the 0; ;, evaluated at zp = 0; it changes the automorphy factor det®
on GL(2n,C) to (det” ®p;) K (det” ®ps) on GL(n, C) x GL(n,C)). As is usual in
the theory of nearly holomorphic functions, we have to avoid finitely many weights
k here. Furthermore the d,,, d,, are non-holomorphic differential operators on $,,,
changing automorphy factors from det® ®p to det*™ @ Sym”. In the simplest case
(i.e. p = det”, v = 2), the operator 0, has the explicit form

X1
6p=(X1,..., Xn) ((05) — 2i(k + p) Im(2)~") - | :
Xn
Furthermore we mention that, by invariant theory, holomorphic differential oper-
ators Zs(pi, p;) with the transformation properties described above only exist in
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the case p; = p; see [I1].

If 55,21) ® 5,(324) is the identity, then p = det*** ® Sym" and (at least for k > n)
Ps(p, p) is a scalar multiple of Dy (u,v), because the space of such differential
operators is one-dimensional. The decomposition (10) can then be rewritten as

ps(k)-@k,s(ﬂa V) = ds(k)Dk(,u7V)+‘%/ (11)

where py(k) and ds(k) are polynomials in k and ¢ is a nonholomorphic differen-
tial operator with the same transformation properties as Dy (i, v) and with the
additional property that ¢ (F') is orthogonal to all holomorphic cusp forms in the
variables z1 or z4 (for any C'*° automorphic form on Hs,, with suitable growth
properties). Note that (11) holds now for all weights k, if we request the finitely
many exceptions from (10) to be among the zeroes of p, (k). We also observe that
Dy (11, v) is a homogeneous polynomial of degree nu+v in the variables (9;;)|2,—0
and the entries of y; L and y;1 and % consists only of monomials whose joint de-
gree in 0; and yfl as well as in 04 and y;l are both positive, in particular, %
cannot contribute monomials that only involve entries of Js.

Therefore (as in [BCG, (1.31)]) we may compare the coefficients of
det(92)"(3_; ;(8/0i,n+5)X;Y;)" on both sides: We get

Ps(k)Crps (1, v) = ds (k) (1, v).-

From this we obtain a version of the pullback formula (9)

/Fé"%zv)\Hn {p (VO)F(2), p(3/5) D (1, v) B ((g —Ow) ’§> }dw"

_ ps(k)
ds (k)

cn (b, 1, v,8) > F | T (M) det(M) 722, (12)
M

We need the result above for the pullback formula applied for a degree 4, weight
2 Eisenstein series at s; = 1/2: we consider the holomorphic modular form

&Y = Res ESY (2, 5).

S$=81

Then we get for a cusp form F € SP(F(()2)(N)), with p = det*"* @ Sym”,
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(F, Dy, )&, (v, —))
= Res (F, Dy(, v)ES) (%, —))

- 531 d, 223 (F, Dy (p, V)Ggl) det(y)® det(v)*®)
=c- SR%S (ZF )| Tiv( )det(M)225>. (13)

The relevant constant is then

Co(p,v) ( 1)
e 27/1'7 v, 5 14
02+1/2(M»V) 2 14
6.5. Standard-L-functions at s = 1 and s = 2, in particular for

Yoshida lifts of degree 2.
6.5.1. An Euler product.
ItF e SP(FE)”)(N )) is an eigenform of all the Hecke operators T (M) with
eigenvalues A\ (M), then the Dirichlet series of these eigenvalues can be written
in terms of the (good part of) the standard L-function D}N) (s):

> An (M) det(M)~*
s 1
= ( Z det(M) ) X T C(]\])(28_2Z.)D%N)(S_n).

det(M)|N>=

The integral representations studied above allow us to investigate (for degree
2) the behavior of such a standard L-function at s = 1 and s = 2; we remark
that s = 1 is not a critical value for the standard L-function! Note that in the
formula above, we get Dp(1) for degree n = 2 for s = 3. In the formula (13) this
corresponds to s = s; = 1/2 due to several shifts (2s1 +2 — 2 =1 for this s7).

If F is actually a Yoshida lift of level N associated to two elliptic cuspidal
newforms f € Sp/(To(N)), g € Sp(To(N)), with k' > k, then F € S,(T'? (N))
with p = det?t (¥ —k)/2 g Sym*~2 is indeed an eigenform of all the Hecke operators
TN (M)

ZF|TN ) det(M)~*

A
_an

/

<<N>(s—2)L<N>(f®g,s+ Wk

—3>AN(3—2) F (15)
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where A = £N"(»=1/2 = 4N (with the sign depending only on N),

An(s) = H H(l —p o)

p|N j=1

and

L(N)(fl ® f2,8) = H (1 — apﬁppfs) (1 — ozpﬂ;,pfs) (1 — a;ﬁppfs) (1 — a;) I’;pfs).
ptN

Moreover F |, ( ]\?"'12 _012) is also an eigenfunction of all the T (M) with the same

eigenvalues as F'; for details on the facts mentioned above we refer to [BS1], [BS3].

6.5.2. A version of the pullback formula for the Eisenstein series
attached to the cusp zero.
We can consider the same doubling method using the Eisenstein series

32 (2,5) = det(CZ + D)~ det(CZ + D),
C,D

FP(Z,5) = 5§ (Z,5) x det(Y)*,

where (C, D) runs over non-associated coprime symmetric pairs with the additional
condition “det(C) coprime to N” (this is the Eisenstein series “attached to the
cusp zero”). The reason for using both versions is that in our previous papers
[BS1], [BS3] we mainly worked with E,(f"), whereas the Fourier expansion is
more easily accessible for the Eisenstein series Fé%).

The two doubling integrals are linked to each other by the elementary relation

B b () = N (20)
Due to this relation, substituting § for £ in the doubling method just means (for
Yoshida-lifts) a modification by a power of N (the factor N~"% in (15) goes away).
For the case of arbitrary cusp forms we refer to [BCG]|, [BKS].

We write down the relevant cases explicitly for the Yoshida lift F' from above:

The residue of the standard L-function at s = 1 corresponds to a near center
value for L(f; ® fo,5):

The equation (13) then becomes (with ﬁ2(4) = Res,—1/2 F2(4))



1378 S. BOCHERER, N. DUMMIGAN and R. SCHULZE-PILLOT

/_
<F,D2<k 5 k,k—2>y2<4>(*,—w)>

1 1 K +k
B | R e e R (roat5%) ru
(16)
with
(K —k)/2,k—2) Kk 1
T Co (W = k)2, k—2) '72< g k2 2>'

To treat the critical value of the standard L-function at s = 2, we can directly
use the formula (9), taking tacitly into account that ff)(Z) = F4(4)(Z,s) |s=0
defines a holomorphic modular form (see [Sh1, Proposition 10.1]) by Hecke sum-
mation.

This yields

K —k (4) _
F, Dy, 5 —2,k—2)%,7 (x,—W)

K~k
72(4, : 2,k2,0>

(V) '
< ENAN ) e P (£ 90 S +1) Pl )

In the case of a general cusp form F € SF,(I‘E)Q)(N))7 which we assume to be an

eigenfunction of the Hecke operators “away from N”, we can write

<F, D, (k/;k - 2) F (x, —w)>

Kk D™ (2)
= (4557 -2k -2.0) < g 70w

where .7 is an (infinite) sum of Hecke operators at the bad places.

7. Integrality properties.

The known results about integrality of Fourier coefficients of Eisenstein series
are not sufficient for our purposes because they deal only with level one and large
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weights. We do not aim at the most general case, but just describe how to adapt
the reasoning in [B4, Section 5] to the cases necessary for our purposes.

7.1. The Eisenstein series.
We collect some facts about the Fourier coefficients of Eisenstein series

F"(Z) = Fj"(Z,5)|s=0

for even m = 2n with k > (m +4)/2.
This function is known to define a holomorphic modular form with Fourier
expansion

F{(Z) =" af(T,N)exp(2nitr(TZ)).
T>0

We first treat T of maximal rank. We denote by d(T") := (—1)"det(2T) the
discriminant of 7" and by xp the corresponding quadratic character, defined by
xr() = (d(T)].).

Then a*(T, N) = 0 unless T' > 0, see e.g. [BCG, Proposition 5.2].

If T > 0 then the Fourier coeflicient is of type

a () = A} det(T) =72 T o, (T )
ptN

where o, (T, k) denotes the usual local singular series and

AZ% = (71)mk/2 Fm(k)

We can express the non-Archimedean part by a normalizing factor and poly-

nomials in p~*:

1
T k)=
1L o9 = G, co@n -2

x> det(G) "L (| — n, xpig-) [ Bo(TIG1, K).
G PIN

Here G runs over
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GL(n, Z)\{M € Z"™™ | det(M) coprime to N}

and the 8,(T") denote the “normalized primitive local densities”. In general they
are polynomials in p~* with integer coefficients and they are equal to one for all p
coprime to d(T), see e.g. [B4, Section 2].

Let fr be the conductor of the quadratic character xr and np the correspond-
ing primitive character. Then

L™k —n,xr) = [[(2 = xr@p )Lk = n,x7)

p|IN
= [T =xe@p™) T (1 =n@p" )Lk = n,n2).
pIN pId(T)

We quote from [B4] that

k—m/2
(d(T)) H(l —nr(p)p" F)B,(T, k) € Z.

fr oy

We may therefore just ignore this factor. Then as in [B4] we use the functional
equation of the Riemann zeta function and the Dirichlet L-functions attached to
quadratic characters.

We get (for 4 | k) that

i n .
am(T’ N) c ((1—p_k) (1_p—2k+2])>2n - ' Z
k pIN j=1 By Nt Jljl Bog_g; Nk

Here the factor N*~" takes care of the possible denominator arising from le N(1-
xr(p)p~**") and

* . 1+v,(k—n
ASIEES I | p »( )’
Dl N2k —m

where A5 _,, is the denominator of the Bernoulli number Baj_,.
If £ = 2 mod 4 there is a similar formula, see [B4].

We have to assure that nonzero Fourier coeflicients of lower rank do not
occur. This is a classical fact in the range of absolute convergence (i.e. k > m+1),
see e.g. the calculations in [Ma, Section 18]. It is also true for small weight
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k > (m+4)/2 and level one, as shown by Haruki [Har, Theorem 4.14]; his result
relies on calculations by Shimura [Sh1] and Mizumoto [Miz]. The basic ingredient
for Haruki is an expression [Har, (1.1)] for Fourier coefficients T' of rank r < m
as finite sums of products of I'-factors, singular series, confluent hypergeometric
functions and Eisenstein series for Gi(n) evaluated at s = 0. Haruki’s procedure
remains valid for level N > 1 as long as it is based on individual vanishing of the
products mentioned above (the modification for level N > 1 means to omit the
local singular series for primes dividing N, i.e. for all p | N one has to multiply the
level one expression by a polynomial in p~*~2*_ evaluated at s = 0). Indeed, as
shown in the proof of Theorem 4.14 [Har], such individual vanishing occurs for all
T of rank r < m and all k > (m +4)/2 except possibly for the case k = (m +4)/2
and 7 = m —4 > 0; in this exceptional case the vanishing for level one depends on
cancellations for some 7.

In summary, the Fourier coefficients a}' (T, N) all vanish for rank(T) < m
and k> (m+4)/2 and also for m =k = 4.

REMARK 7.1. The Fourier coefficients of F(N) are in

g{v<<l—p4>2<l—p6>>2;z§ w74

7.2. The differential operators.

By definition, the coefficients of the differential operator ;' are in Z[1/2];
here we view 2} as a polynomial in the variables z5 and 9;;.

Concerning the integrality properties of L}, we just remark that because of

. , ) . o (k+v—2)
92—k — )l = (=1)7 — _1[J]:_1J(—
(2 k=) = (Y (v =) = (1)
it is sufficient to look at

(k+v—j7—1)! 0<
K0 — 2))1(k + v — 2)! =J

IA
| — |
[VIIN
| I
N——

Taking into account that v!/(j!(v — 25)!) € Z and

(k-‘rZ/—j—l)!e 1
(k+v—2)! (k+v—1[v/2) - (k+v—2)

we see that the coefficients of L are in
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1

Wt o —2) (v 2

Putting things together, we see that Dy (u,v) has coefficients in

1 1
k+pwk+p+v—2)(k+p+v—[v/2]) .Z{Q]'

REMARK 7.2. The Fourier coefficients of Dy (u,v)Fy are in

1 9,0
A+ wd+p+v—=2)-(d4+p+v—[v/2) * N6 [2}

This remark does not claim, that the denominator given there is the best
possible one, there may be additional cancellations of denominators coming from
the restriction.

8. The Petersson norm of the Yoshida lift.

Take f = > anq"™, g = > b,q"™ as in the introduction, of weights k' and k
respectively and assume that for all primes p dividing the common (square-free)
level N of f,g both functions have the same Atkin-Lehner eigenvalue €,. Let
kK = 2uv1 +2, k = 2v5 + 2. Choose a factorization N = N;N,, where N; is
the product of an odd number of prime factors, and let D = D(N;j, N3) be the
definite quaternion algebra over @, ramified at co and the primes dividing Ny. Let
R = R(Ny, N2) be an Eichler order of level N = Ny Ny in D(Ny, N3) with (left)
ideal class number h.

We recall (and slightly modify) some notation from Section 1 of [BS3]: For
v € N let U,SO) be the space of homogeneous harmonic polynomials of degree v
on R3 and view P € US” as a polynomial on D = {z € D | tr(z) = 0} by
putting P(Z?Zl x;e;) = P(x1,29,23) for an orthonormal basis {e;} of DY with
respect to the norm form n on D. The representations 7, of DX /R* of highest
weight (v) on Ul” given by (1, () (P)(x) = P(y~lazy) for v € N give all the
isomorphism classes of irreducible rational representations of DX /R*.

For an irreducible rational representation (V,7) (with 7 = 7, as above)
of DX /R* we denote by «/(D},R,,7) the space of functions ¢ : D} — V;
satisfying ¢(yru) = 7(uz))p(x) for v € DG and u = useuy € R}, where R}y =
D x]1, Ry is the adelic group of units of R. Let D = (J;_, D*y; R} be a double
coset decomposition with y; oo = 1 and n(y;) = 1. A function in &/ (D}, R, 7) is
then determined by its values at the y;. We put I;; = y,;Ryj_l7 R, = I; and let ¢;



Yoshida lifts and Selmer groups 1383

be the number of units of the order R;. On the space &/ (D}, R, 7) we have for
p1 N Hecke operators T(p) defined by T(p)é(z) = pox d(zy~1)xp(y)dy where x,
is the characteristic function of {y € R, [ n(y) € pZ,‘}. They commute with the
involutions w, and are given explicitly by T'(p)¢(y;) = 22:1 Bl:(p)¢(y;), where
the Brandt matrix entry BY;(p) is given as

y 1
Biy(n) =B ()=~ > 7).
meijy;1
n(z)=p

hence is itself an endomorphism of the representation space U,EO) of 7.

From [Ei|, [H-S], [Shz|, [J-L] we know then that the essential part
ess(D ), Ry, T) consisting of functions ¢ that are orthogonal (under the natu-
ral inner product) to all ¢ € &7 (D}, (R/,)*,7) for orders R’ strictly containing R
is invariant under the T'(p) for p { N and the @, for pfN and hence has a basis
of common eigenfunctions of all the T(p) for p{ N. Moreover in e (D%, R, T)
strong multiplicity one holds, i.e., each system of eigenvalues of the T(p) forpt N
occurs at most once, and the eigenfunctions are in one to one correspondence with
the newforms in the space S2+2¥(N) of elliptic cusp forms of weight 2 + 2v for
the group T'g(IV) that are eigenfunctions of all Hecke operators (if 7 is the trivial
representation and R is a maximal order one has to restrict here to functions or-
thogonal to the constant function 1 on the quaternion side in order to obtain cusp
forms on the modular forms side).

Let ¢1 = qngl’NQ) Dy — Uu(?) and ¢g = qbéNl’NQ) : Dy — Uy(g) correspond
to f and g respectively with respect to the choice of N7, Ny and hence of D =
D(Ni,Ns). Let F' = Ff 4= Fy, 4, (which of course also depends on the choice of
N1, N3) be the Yoshida lift; it takes values in the space W, of the symmetric tensor
representation p = det” @ Sym’(C?), j =k — 2, k = 2+ (k' — k)/2 and is a Siegel
cusp form F € Sp(FéQ)(N )). To describe it explicitly we notice that the group
of proper similitudes of the quadratic form ¢(z) = n(z) on D (with associated
symmetric bilinear form B(z,y) = tr(ay), where tr denotes the reduced trace on
D) is isomorphic to (D* x D*)/Z(D*) (as algebraic group) via (y,y) — oy, with
oy (z) = yz(y')~!, the special orthogonal group is then the image of {(y,y’) €
D* x D* | n(y) =n(y')}

We denote by H the orthogonal group of (D, n), by H™ the special orthogonal
group and by K (resp. KT) the group of isometries (resp. isometries of determinant
1) of the lattice R in D. It is well known that the H*(R)-space U,E?) ® U,ES) is
isomorphic to the H*(R)-space U,, ,,, of C[X1,Xs]-valued harmonic forms on
D2 transforming according to the representation of GLy(R) of highest weight
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(11 + vo,11 — 1o); an intertwining map ¥ has been given in [BS5, Section 3.
It is also well known [KV] that the representation \,, ,, of HT(R) on U,, ,, is
irreducible of highest weight (11 4+ vo,v; — va). If 11 > vy it can be extended in
a unique way to an irreducible representation of H(R) on the space Uy, ,, s =
(ULE?) ®U£‘j)) @ (Uy(g) ®U,E?)) =: U which we denote by (11 ® 72) =: A for simplicity,
on this space o, € HT(R) acts via 71(y) ® 72(y’) on the summand Ué?) ® Uég)
and via 72(y) ® 71(y') on the summand Uég) ® Ué?). For v; = vy there are two
possible extensions to representations (71 ® 72)+ on Uy, .,; we denote this space
with the representation (7 ® 72)4+ =: A on it by Uy again (and don’t consider the
minus variant in the sequel).

We recall then from [KV], [Wel], [BS3] that the space . (p) consisting of all
g-pluriharmonic polynomials P : My 2(C) — W, such that P(zg) = (p(¢"))P(x)
for all g € GLy(C) is isomorphic to (Uy, A) as a representation space of H(R). The
space /4 (p) carries an essentially unique H (R)-invariant scalar product ( , ) (),
and in the usual way we can find a reproducing H(R) invariant kernel Pges €
I, (p) @ Hy(p) (generalized Gegenbauer polynomial), i.e., Pgeg is a polynomial on
D? & D% taking values in W, ® W, which as function of each of the variables

i) is a ¢g-pluriharmonic polynomial in .57 (p),

ii) is symmetric in both variables

iii) satisfies Pgeg(hx, hX) = Pgeg(x,%) for h € H(R)
)

iv) satisfies (Paeg(X, ), P(+)) s, (p) = P(x) for all P € 7;(p).

In fact, since such a polynomial is characterized by the first three properties up
to scalar multiples we can construct it (in a more general situation) with the help
of the differential operator D, (u,v) and the polynomial Q" from 6.1:

For k € N and nonnegative integers u, v we define a polynomial map

(k)

PGeg . CQk,n % CQk:,n _ VV ® Vl/

by

S e NTRY) " YY: YiY,
Poeg (Y1, Ya2)=QV" (| . : :
YLY: YLY,

—— (k,p,v)
Then Pgeg Y s symmetric and pluriharmonic in Y; and Y, see [I1]; moreover,
for A, B € GL(n,C) we have

(kyp,v) —— (k,p,v)

Pieg (Y1-A4,Y32-B) = det(A)* det(B)*o, (A) ® 0, (B)(Paeg (Y1,Ys)).
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For g € O(2k,C) we get

——(k,p,v) ——(k,p,v) _
PGeg (QYI,Y2) = PGeg (Ylag 1Y2)'

If we consider a 2k-dimensional positive definite real quadratic space with
positive definite quadratic form ¢ and associated bilinear form B (so that B(z,z) =
2q(x)) we write g(z1,...,22,) = (B(xs,2;)/2);; for (half) the 2n x 2n Gram
matrix associated to the 2n-tuple of vectors (z1,. .., 22,) and put in a similar way
as above for (y,y’) € V2"

kv %
Pc(;eg“ 'y, y") = Q1 (q(y,y")),

this gives a nonzero polynomial with values in V, ® V,, which is symmetric in
the variables y,y’, is g-pluriharmonic in each of the variables with the proper
transformation under the right action of GL, and is invariant under the diagonal
action of the orthogonal group of ¢; it is hence a scalar multiple of the V, ® V-
valued Gegenbauer polynomial on this space.

If we apply the differential operator Dy (p,v) to a degree 2n theta series
O (Z) := Y pegor2n exp2mitr(R'SRZ) written in matrix notation we get

v S[Rl] RiSRQ
Dy, v)0F") (21, 24) = (2miymeQU)
( ) (21,2 RMRE;(M) N RLSEs SR

x exp 2mi tr(S[R1]z1 + S[R2]z4);

writing the theta series in lattice notation as the degree 2n theta series

00 (2) = Y exp(2ritr(q(x)2))

xEA2n

of a lattice A on V we obtain in the same way

Dy (p, V)efn) (21,24)

= (2mi)"™* Z Peeg(y,y') exp(2mitr(q(y)z1 + q(y’)z4))
(y’y/)€A2n

= (2ri)™ 3 00 (24)(y) exp(2ri tr(q(y) 1)), (18)
(y)eAam
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where we have written

O (2)(y) == D Poegly,y') exp(2mitr(q(y’)z)). (19)
(y)ear

Going through the construction above in our quaternionic situation with V,, =
W, we see that we can normalize the scalar product on J%;(p) in such a way that
the polynomial Pges obtained in the way just described is indeed the reproducing
kernel for this space. We choose this normalization in what follows and write

0ijp(Z)(R) = > Paeg(x, %) exp(2mitr(¢(X)Z)) € W, @ W,
x€(yi Ry 1)?

(so that 6,;,(Z) is (for each Z in the Siegel upper half space §)2) an element of
H(p) @ W,). For an arbitrary lattice A on D the theta series 0 , is defined
analogously as given in equation (19).

We denote by & the (essentially unique) isomorphism from Uy to 54(p).
With the help of the map ¥ from [BS5] mentioned above we can fix a normalization
and write (R, ® Ry) for R; € Uy(?) as

P(R1 ® R2)(dy,d2) (X1, X2)
= (Z2(n(d1 X1 + d2X2)"*72(d1 X1 + daX2)R2)Ry) (Im(d1da)), (20)

where we associate as usual to a polynomial R € C|t1,ts,t3]) the differential
operator Z(R) = R(0/0t1,0/0ts,0/0t3), set Im(d) = d — d and write all vectors
as coordinate vectors with respect to an orthonormal basis.

DerFINITION 8.1.  With notation as above we define the Yoshida lift of
(¢1, P2), or also of (f,g) with respect to (N1, N2), to be given by

F(Z) =Y (¢1,02)(2)

= Z : <@(¢1(yi)®¢2(yj))79ij,p(2)>%(p) e W,.

€i€;

ij=1

LEMMA 8.2. (1) One has 0;;,(Z)(x) = 0 ,(Z)(X) (where X = (&1,%2)
denotes the quaternionic conjugate of the pair x = (x1,%2)).
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(2) 2F(2) =2Y® (41,02, 2)

=Y Y P © balay) + 6ae0) © ha()) a1, 2)
i,j=1 v xe(yiRy;1)2
x exp(2mi tr(q(x)2)).

(3) Denote by (F,0;; »)pet the Petersson product of the vector valued Siegel mod-
ular forms F and 0;;,,. Then the function & : (y;,y;) — (F,0j,5)pet € H4(p)
has the symmetry property &(vi,y;)(x) = &(y;,y:)(X). It induces a unique
function, denoted by &, on H(A) satisfying g(ayi,yj) = &(yi,y;) and

E(yok) = Ak )é(o) for o € H(A), v € HQ), k= (ky), € H(Ra),

where we denote by H(RA) the group of adelic isometries of the lattice R on
D.

Proor. This is easily seen to be a consequence of the fact that the lattice
Ii; = yiRy;1 is the quaternionic conjugate of the lattice I; = ijy;1 and that
quaternionic conjugation is an element of the (global) orthogonal, but not of the
special orthogonal group of (D, n). O

As in [BS1] we need to show that £ is proportional to the function &4, ¢, :

(Wi, y5) — 01(ys) ® da(y;) + d2(yi) ® ¢1(y;) that appears in our formula for the
Yoshida lifting, and to determine the factor of proportionality occurring.

LEmMA 8.3.  With notations as in the previous lemma one has

(F\0i5,p)pet = 52 (01(yi) ® d2(y;) + d2(vi) @ d1(y;))
and

(F, F)pet = c5(P (91 ® ¢2), P (D1 @ ¢2)),

with some constant cs # 0, where the latter inner product is the natural inner
product on 7 (p)-valued functions on D x D} satisfying the usual invariance
properties under R and D¢, which is defined by

(Z(¢1 ® h2), P (91 ® 2))

= 3" (P (6n(5) @ 62(u)), P(1(5) © 62(07)))

€i€j

r

2
i,j=1
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PROOF. The proof proceeds in essentially the same way as in [BS1]: We
notice first that the space of all £ with the symmetry property mentioned (or
equivalently the space of functions 5 on H(A) with the invariance property given)
has a basis consisting of the £y, 4, = £¢,,¢,, Where (@1, ¢2) runs through the pairs
of eigenforms in (&7 (D}, (Ra)*,m1) x (& (D}, (Ra)*, 72) and where the pairs are
unordered if v = vs.

The Hecke operators T}(p) on the spaces o/ (D, R, 7;) (for i = 1,2) via

Brandt matrices described above induce Hecke operators T'(p) on the space of £
as above that are given by

righ (lef
E1T(p)(yir ;) ZB( Y (D)€ (yi, ) Z O (D), ;).

where for v; > vy we let Bﬁight) (p) act on U = U9 o U e U @ UL via
id®BJ} (p) ®id @B} (p) and Bfllet)(p) as BYj (p) ® id ® B (p) ® id, and where for
v1 = vy the action of Bl BUight) on 7 = UL @ UL is simply the action of
the Brandt matrix on the respective factor of the tensor product.

In the same way as sketched in [BS1, 10 b)] we obtain then (using the calcu-
lations of Hecke operators from [Y1], [Y2]) first

(F, 05,5 T(p))pec = €T (D) (yi, y;)-

Since, again by Yoshida’s computations of Hecke operators (see also [BS3]),
we know that F is an eigenfunction of T'(p) with eigenvalue A,(f)+ A, (g), this im-
plies that £ is an eigenfunction with the same eigenvalue for T(p) A computation
that uses the eigenfunction property of ¢, ¢ for the action of the Hecke operators
on the spaces &/ (D}, (Ra)™,71), % (D}, (Ra)™,72) shows that the same is true
for the function &4, ¢,-

Since ¢1, ¢2 are in the essential parts of & (D}, (Ra)*,m1), (D}, (Ra)™,
T2), their eigenvalue systems occur with strong multiplicity one in these spaces,
and as in Section 10 of [BS1] we can conclude that { and &, ¢, are indeed pro-
portional, i.e., we have

(F,0ij.p)Pet = c5 P (01(yi) @ d2(y5) + d2(yi) @ d1(y;))

with some constant cs # 0.
From this we see:
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<F,F>pet:<F7Z ! (P (D1(ys) @ P2(y;)), wp>3f(p)>

€; €5
igj=1 *J Pet

T

>

i,j=1

> (2(61(yi) @ $2(y))),
P(91(yi) @ d2(y;) + p2(yi) ® <751(Z/j))>k%aq(p)
es( P61 ® 62), P (61 © b)) -

€i€j

In order to compute the constant c; we will first need the generalization of
Lemma 9.1 of [BS1] to the present situation:

LEMMA 8.4. (1) If A is a lattice on some quaternion algebra D’ with
n(A) C Z, of level dividing N, and with disc(A) # N? the theta series 0y, is
orthogonal to all Yoshida lifts Y3 (¢1, ¢2) of level N.

(2) If A is a lattice on some quaternion algebra D' # D with n(A) € Z, of level
N, and with disc(A) = N? the theta series O , is orthogonal to all Yoshida
lifts Y (¢1, ) of level N associated to D.

PROOF. The proof of Lemma 9.1 of [BS1] unfortunately contains some
misprints: In line 4 on p. 81 the minus sign in front of the whole factor should not
be there and the exponent at p should be n(n + 1)/2 (which is equal to 3 in our
present situation), in line 5 the exponent at p should be n(n — 1)/2 (hence 1 in
our case), in line 9 the factor p in the right hand side of the equation should be
omitted, and in line 14 the exponent at p should be 1 instead of 3.

Apart from these corrections the argument given there carries over to our
situation unchanged. In particular, the results from Section 7 of [BS1] that were
used in the proof of that lemma remain true and their proof carries over if one
uses the reformulation of Evdokimov’s result from [Ev] sketched in Section 4 of
[BS3]. O

We recall from [BS1] that we have

(2) 21)9(2) (Zs),

6(4) Zl,ZQ ZO(T Z

=1 {K.} |O
where we denote by L1, ..., L; representatives of the genera of lattices of rank 4,
square discriminant and level dividing N = Nj Na, the summation over { K, } runs
over a set of representatives of the isometry classes in the genus of L,. and «,. are
some constants that are explicitly determined in [BS1].
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Hence by (19) we obtain

(D2 (k/ 2_ LD 2) (55“)) (Z1, Z5)

2632017» Z |O )‘ Z PGeg(XlaXZ)

r=1 {K } (Xl X2)€K2XK2

x exp(2mitr(q(x1)Z1 + q(x2)Z2))

with ¢g = (274)¥ =%, and similarly for the Eisenstein series 92(4) attached to the
cusp zero, with the a,. replaced by 3, as in [BS1].
The reproducing property of Pge, implies then

Z Pgeg(x1,%2) exp(2mi tr(q(x1)Z1 + q(x2) Z2))
(x1,%x2)EK2X K2

= ({Or,p(Z21) (W) © O p(Z2) (W2), Poes (W1, 92)) 24,0)) -

Using the fact that by Lemma 8.4 the Yoshida lifting F' is orthogonal to all 0k ,
where K is not in the genus of the given Eichler order of level N1 No we see that the
part of the sum for D (% (4))(Z1, Z5) which contributes to the Petersson product
with F' can be written as

1
3 Z e <<9ij,p(Zl)(u1) ® 035,0(Z2)(02), Paeg(us, u2)>%(ﬂ)>%(p)'

()

We further recall that by (16) we have

(R D=0, =il (29, 55 ) Fw)

with

B 1 Cal(K = k)/2,k —2)
€4 = A;[V (1- N T@ B @) Corr /(K — k)/2, % — 2)

K —k 1
—k—=2,-). 21
X’72< 2 7k a2> ( )
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PROPOSITION 8.5.  With notations as above we have

<FaF>Pet -

2

k+k
2¢: ﬁ <f® )<’@(¢1 ® ha), P (1 @ ¢p2))-

ProoOF. From what we saw above and using Lemma 8.3 we get

(F,D(Z3) (%, ~2Z))p.,

=3By 61 ‘
i.j

X ((F (), 05,0 (= Z) (1) @ (035, (%) (12)) pets Paeg (W1, 92)) 52, (0)) g ()

x <<m® P(61(11) © D) + 6200) © 61(6): Poes) 30 ) s
= e300 Z (0:j.0(Z), P(61.(yi) @ 62(y5) + 62(yi) @ A1(4)))) 1 ()
— 2c505 01 F.
Comparing with

(F,D(FV)(%,~Z))p,, = cal™ <f g, " +2 "’) F(Z)

we obtain
o LM (f@g, (k+E)/2)
° 20hc3 ’
which together with Lemma 8.3 yields the assertion. (I

In order to make use of the above proposition in the next section we will
also need to compare (P(P1 @ ¢2), P(P1 @ ¢2)) with (@1, d1)(d2, d2), where we
have (¢, @) = 22:1(<¢u(yi)7¢u(yi)>u)/ei for p =1,2, with (, ), denoting the
(suitably normalized, see below) scalar product on ULES). As always we denote by
B(z,y) = tr(xy) the symmetric bilinear form associated to the quaternionic norm
form.
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LEMMA 8.6. Write G((ly)(ac) = (B(a,z))" fora,z € Dg)) =DV ® C with
n(a) =0 and let vy > vy. Then

(1) A1) o A(72)

2(GI © GY?) (dv, do) (X1, Xo)

! /V-l\;jfz g
— I%(B(a, d1) X, + B(a,dy) X)?2 G ") (Tm(dy dy)). (22)

(2) Forae ng) as above there is b € Do := D®C with ab = 0, ab = a, n(b) = 0,
and for such a b we have

. 1
)1\112) WPGeg((a7a + )\b)7 (d17d2))(Y17}/27X17X2)

—_~—

= ¢6(B(a,d1) X1 + B(a,ds) X2)*2GY ™) (Im(dy da) (Y1 + Y2)?*2). (23)

with cg = Co(v1 — v2,213) as in Lemma 6.4.

PrOOF. (1) From the formula for the map % in equation (20) we get

2 (G @ G2)) (dy, do) (X1, X2)

v I T v v: v —V: g
= L (B(a, (di X1 + do Xo)a(d1 X1 + d2X2))) > G¥172) (Im(dy da)).

1/2!

Using @ = —a, a? = 0 and xa = a% — B(a, ) for x € D¢ we get B(a,yaZ) =
B(a,z)B(a,y) for x,y € Dc. We extend this identity to the polynomial ring,
insert for z,y one of diX;,dyX> and obtain B(a, (d1X; + d2X2)a(d; X, +
d2X3)) = (B(a,d1)X; + B(a,ds)X2)?, which yields the assertion.

(2) For simplicity we identify Dc with the matrix ring M>(C) and fix a = (§}),
b= ((1) 8) (we will need this Lemma only for one particular choice of a,b).
Equation (8) in Lemma 6.4 gives us

PGC%((aa a+ )‘b)’ (dla d2))(yla Y2a X17X2)

=059 o5y mi ) (R)

et ((B(fgf’gl,)dl) B(fgfﬁi)dg» Vl_yQ.

Dividing by A**7*2 and taking the limit for A — 0 we get
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V1 —UV2
Cﬁ((Yl+}/2)(B(a,d1)X1+B(a,d2)X2))2u2 det <<B(a7d1) B(a7d2)>> .

Computing the determinant for our choice of a,b, writing di,d> as matri-
ces (i; ii), (5; Zi) and using that quaternionic conjugation sends a matrix

(%132) to its classical adjoint ( ", -"*) one checks that both det(...)"1 "2

and Ggyl*uZ)(Im(d1£)) evaluate to (z3ys — x4y3)"* 2, which proves the as-
sertion. 0

PROPOSITION 8.7. Let R € U,E?),Rz S Uy(‘j’ be given and let the scalar
products ( , ), on Uéﬁ) for u = 1,2 be normalized such that the Gegenbauer
polynomial

v, /2] ' ' '
G e0) = i 2 (175020 (v 5 ) o) (n(an()

=0

(see [BS5, p.47]) is the reproducing kernel for UZES), Then one has
(Z(R1 @ Ra), Z(R1 @ Ra)) ,(p) = c7r(R1, R1)1(Ra, R2)2

with

172 2 1 /2 2
Cr = C6V1'( V1> ( V2> = CQ(Vl — U, 21/2)IJ1'< Vl) ( V2> (24)
vl \ 11 Vo Vo \ 1 1P)

with Ca(v1 — ve,21s) explicitly given in Lemma 6.4.

PROOF. Since &2 is an intertwining map between finite dimensional irre-
ducible unitary representations of the compact orthogonal group it is clear that
the right hand side and the left hand side of the asserted equality are proportional.
It suffices therefore to evaluate both sides for a particular choice of Ry, Ro. We
choose Ry = GV, Ry = G with G((;’“)(y) = G (a,y). The reproducing
property of the Gegenbauer polynomial gives

(Paegla,a+Ab), 2(G) @ GI)) .

= (2(G) @ G¥))(a,a + \b),

where we denote by the exponent ¢ at (2(G" @ G?))) complex conjugation of
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the coefficients of this polynomial (in order to avoid confusion with quaternionic
conjugation). With the particular choice of a, b form the previous lemma we obtain,
using ab = a and a? = 0 and writing a® for the vector obtained from a by complex
conjugation of the coordinates with respect to an orthonormal basis of D,

1

AV1—v2

- (Ylji—y?)z <2:> <2VV2 2) (B(a®,a))* (B(a*, Tm(a(a + Ab))))" "

(2y1> (%) B(at, a)" 5 (1, + Ya)

(2(GI) @ G))) (a,a + Ab)(Y1, Ya)

= (G (@) (G) (@) (V1 + V)™
= (G, GI)Y (GY2) GY2)), (Y1 + Vo).

a

Inserting the formulas from Lemma 8.6 proves the assertion. 0

COROLLARY 8.8.  With notations as in Proposition 8.5 and &2 normalized
as above one has

C4C7
20351

CyqC7

T 202mi)M kB,

<F5F>Pet -

<f®g7 k+k ><¢1a¢1> <¢23¢2>2
L<N>(f® k+k/)<¢1,¢1> (62, 2)2,

with ¢4 as in (21), c7 as in (24), and 1 = ﬂfl) as in Corollary 3.2 of [BS1] (with
m=4,r,(1) =1 for allp| N, and as(N) as in Proposition 3.2 of [BS1]).

Let F' be a Yoshida lift of f and g as above and define F.,, =
F/\(2P(p1 @ ¢a), P(p1 @ ¢2)). Any rescaling of ¢1, ¢ or & affects the numera-
tor and denominator in the same way, so this may be viewed as a canonical choice
of scaling of F'. We can now express this canonical choice of F' explicitly.

(O)PR(((?)POSITION 8.9.  Let §0)7 go) be normalized by <¢§O), §0)>1
(

5 ¢y yo =1 and let &2 be normalized as above. Then one has
_ L2 40
Fcan - *Y ( 1 »¥2 )
cr

with ¢7 given explicitly in equation (24).
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Note that the Fourier coefficients of F,, are algebraic. From the results of
[BS5], [BS4] it is clear that the square of the (scalar valued) average over matrices
T of fixed fundamental discriminant —d of the Fourier coefficients A(F,T) € W,
of the Yoshida lifting Fi,, is proportional to the product of the central critical
values of the twists with the quadratic character x_4 of the L-functions of the
elliptic modular forms f and g; notice that the averaging procedure for the W,-
valued Fourier coefficients involves a scalar product of A(F,T) with the vector
p(T~Y2)vy, where vy is an O,,(R)-invariant vector in W,. We can now make this
proportionality as explicit as the result of [BS2] for the scalar valued case.

ProrosITION 8.10.  Assume that vi,vs are even and that both f,g have a
+-sign in the functional equation. Choose N1, No such that the (common) Atkin-
Lehner eigenvalue €, of f,g at p is =1 if and only if p | N1. Let —d < 0 be
a fundamental discriminant with (—d/p)e, = 1 for all primes p dividing Ng =
N/ged(N,d). We let F = Feay, be the canonical Yoshida lifting of f, g with respect
to N1, No and put

Vd 1 /
a(F,d) = — — A(F,T)(x1,x2)dr1dx
(Fd) =3 {ZT; 1) Jrpocr (£, T) (21, v2)dz1dzs

discT=—d

where A(F,T) is the Fourier coefficient at T of F, the summation is over integral
equivalence classes of T, and €(T') is the number of automorphy (units) of T, i.e.,
the number of g € GLo(Z) with 'gTg=T.

Then one has

L1+ vy, /YL(1 + v, ) L(1 + v, f @ x—a)L(1 + v2,9 ® X_a)
(f, )9, 9)

(a(F,d))* = cs

(25)
with g = 26(1y 4 1) 2+2re

PrOOF. Corollary 4.3 of [BS5] gives

d (v1+v2)/2 c
(5) ooaalFd) = Satr (o).t (en).a),

4
where the a(# (¢.),d) are the Fourier coefficients of the Waldspurger liftings
W (pu) = Z;Zl(l/ej)zxeLj o(y;)(x) exp(2min(z)z) associated to the lattices
L; = DN (Z1 + 2R;) and where ¢ = (—1)"227/(2v5 + 2). Inserting the ex-
plicit version of Waldspurger’s theorem from [Koh], [BS4] gives the assertion. O
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REMARK 8.11. (1) The restrictive conditions on f, g, N1,d in the proposi-
tion are chosen in order to prevent that a(F, d) becomes zero for trivial reasons.
(2) Since v/d/2 fT[x]§1 xialdridzs is zero for i or j odd and equal to

(i +1/2)I'(1 +1/2)
2F(’i1 + 1+ 1)

/2 ) ]
/ cos’(a) sin’ (a)da =
0

for even i = 2i1,j = 2j1, we have:
If for a prime A not dividing 215! and some j € N one has M { a(F,d)/, then
there is some T of discriminant —d such that A\’ does not divide all coefficients
of the polynomial A(F,T).

(3) With the help of the above proposition for the case v1 = 15 and f = g one
could derive an explicit version of formula (5.7) of [BS5]. Such an explicit
version has been given independently by Luo in [Lu, (8)].

9. A congruence of Hecke eigenvalues.

As above, let f and g be cuspidal Hecke eigenforms for T'g(N), of weights &' >
k > 2. For critical k < t < k', define Lag(f ® g,t) := L(f ®g,t)/ (7= *=D(f, ).
(Alternatively one could divide by a canonical Deligne period—it makes no differ-
ence to the proposition below.) Let K be a number field containing all the Hecke
eigenvalues of f and g. Let F be a Yoshida lift of f and g, lying in SP(F(()2)(N))
say, and define as in the previous section Fean = F/\/(Z($1 @ ¢2), Z(¢1 @ ¢2)).
In fact we have such an F' and Fg,, for each factorisation N = NNy with an odd
number of prime factors in N, and we label these F; and Fjcan for 1 < i < u,
say. Note that by Lemma 8.4, these different Yoshida lifts of the same f and g
are mutually orthogonal with respect to the Petersson inner product. Let’s say
F = F arbitrarily.

As in Section 2.1 of [Ar] the operators T(m), for (m,N) = 1 (generated
over Z by the T'(p) and T'(p?), see (2.2) of [Ar]) are self-adjoint for the Petersson
inner product, and commute amongst themselves, so S,,(ng) (N)) has a basis of

simultaneous eigenvectors for such T'(m). Also, these T(m), acting on elements of
SP(FSZ) (N)), preserve integrality (at any given prime) of Fourier coefficients, by
(2.13) of [Sal. If G € SP(FE)Q)(N)) is an eigenform (for the T'(m), with (m, N) =
1), then the Hecke eigenvalues for G are algebraic integers. This follows from
Theorem I of [We2], which says that the characteristic polynomial of pg (Frob,, H
(c.£. Section 4 above) is 1— e (p) X+ (pa (p)? — e (p?) —p* ~2) X2 —pF "L g (p) X3+
p2 =D X4 (c.f. (2.2) of [Ar]), and that the eigenvalues of pg(Frob;l) are algebraic
integers. Moreover, as p varies for fixed G, the ug(p) and ug(p?) generate a finite
extension of Q.
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PROPOSITION 9.1.  Suppose that k' —k > 6. Suppose that X is a prime of K
such that ordx(Laig(f ®g, (K’ +k)/2)) > 0 but ordx(Lag (f®g, (' +k)/2+1)) =0,
and let € be the rational prime that \ divides. Suppose that £+ N and € > k' — 2.
Assume that there exist a half-integral symmetric 2-by-2 matriz A, and an integer
0 < b < k—2 such that, if for 1 < i < u, a; denotes the coefficient of the
monomial x°y*~2=Y in the A-Fourier coefficient in Fj can, then ord\(3o1, a?) <0.
Then there is a cusp form G € ,S’,)(F(()2 (N)), an eigenvector for all the T(m), with
(m,N) = 1, not itself a Yoshida lift of the same f and g, such that there is a
congruence of Hecke eigenvalues between G and F :

ua(m) = pp(m)  (mod ), for all (m,N)=1.

(We make K sufficiently large to contain the Hecke eigenvalues of G.)

PROOF. Since k' —k > 6, (' —k)/2—-2 > 0, so Dy((K' — k)/2 — 2,k —
2),9254)(27 W) is a cusp form. Let {Fy, Fy,..., F.} be a basis of SP(F(()Q)(N)) con-
sisting of eigenforms for all the local Hecke algebras at p{ N, with F,..., F,, the
Yoshida lifts of f and g, as above.

It is easy to show that Dy((k¥' — k)/2 — 2,k — 2)944)(& w) =
>0 j=1 i Fi(Z)Fj(W), for some ¢; ;. By (17), c11 is equal to the right hand
side of (17), divided by F(w)(F, F), and ¢; ; = 0 for j # 1. Similarly for all the
ci,; for 1 <4 < u. Using Proposition 8.5, we find

c _ C, Lalg(f®g7 (kl+k)/2+1) (26)
YT Lag(fF @ g, (K + 5)/2){2(61 @ ¢2), P(¢1 @ h2))

where

, K —k
=y 4,7—2,k—2,0 (EN)AN(2)

¢M(2) 7 p‘?’)
X ~ ~ . (27)
(A6 E[v )

(The last term takes into account the fact that we have passed from incomplete
to complete L-functions.)

We now choose A and b as in the statement of the proposition. Imitating
Section 4 of [Ka], let %, , 4(Z) be the coefficient of 22 y¥~27" in the coefficient

w y?,l)

of e(Tr(AW)) in Dy((K — k)/2 — 2,k — 2).Z"(Z,W). Then
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Fipa(Z) =) eiFican(2)+ > €Fi(Z), (28)
=1

i>u+1

where, for 1 <i <w, e; = (Lalg(f @9, (K +k)/2+1)/Lae(f ® g, (K + k)/2))a;.
Careful checking of all the things that go into ¢’ shows that it is a rational number,
and that it follows from ¢ > k" — 2 that ord,(c¢’) < 0. The coefficients of .7, , 4 are
integral at A, by Remarks 7.1 and 7.2. Given all this, we can apply the method
of Lemma 5.1 of [Ka], to deduce that there is a congruence (mod A) of Hecke
eigenvalues (for all T'(m), with (m, N) = 1) between F' and some other F; = G,
say, with ¢ > u + 1.

In a little more detail, we suppose that no such G exists, so that for each
u+ 1 < i < r there exists an m;, with (m;, N) = 1, such that if pp, (m;) is the
eigenvalue of T'(m;) on F; then pg, (m;) # pr(m;) (mod A). (We may enlarge K
to contain all the Hecke eigenvalues for all the F;.) Applying [;_, . (T(m;) —
wr, (m;)) to both sides of (28), we get something on the left that is integral at
A. On the right all the F; terms, for i« > u + 1, disappear, while the remaining
terms get multiplied by [];_,, ,; (r(m;) — pr, (m;)), which is not divisible by A, so
on the right-hand-side the coefficient of 28y*~2=% in the coefficient of e(Tr(AZ2)),
namely

T

’ N ey Las(f @9, (F 4 k)/241) (§~ o
Ci=1“_[+1(MF(mZ) pr i) galg(f®g,(k’+k/2 ( 1 )

i=
is non-integral at A, which is a contradiction. g

In this proposition, L(f ® g, (k' + k)/2+ 1) plays the role of any critical value
further right than the near-central one except the rightmost. We chose this next-to-
near-central value merely for definiteness. In fact, the further right the evaluation
point, the less laborious is the calculation of the critical value using Theorem 2 of
[Sh4], but we have managed without too much difficulty in Example 9.1(3) below.
Using Proposition 8.10 and Remark 8.11(2), we obtain the following.

COROLLARY 9.2.  Suppose that k' —k > 6, with k/2 and k'/2 odd, that N is
prime, and that the common eigenvalue ey for f and g is —1. Suppose that X is a
prime of K such that ordx(Lag(f ® g, (K" + k)/2)) > 0 but ordx(Lag(f @ g, (K +
k)/2+1)) =0, with £ 1 N and £ > k' — 2, where ¢ is the rational prime that A
divides. Suppose that there is some fundamental discriminant —d < 0 such that
(—d/p) = €, for all primes p dividing Ng = N/ ged(N,d), such that
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<0.

ord (L(k”/Q, SL(K /2, f © x_a) L(k/2,9)L(k/2,g ® X—d))
A T (f, ) (g, g)

Then there is a cusp form G € Sp(F(()Q) (N)), an eigenvector for all the T(m)
with (m, N) = 1, not a multiple of F, such that there is a congruence of Hecke
eigenvalues between G and F :

ua(m) = pp(m) (mod ), for all (m,N)=1.

(We make K sufficiently large to contain the Hecke eigenvalues of G.)

(1)

9.1. Examples.

When k& =2 and k' =4 (so j = 0 and x = 3), one may check that, for N =
23,29,31,37 or 43, the dimension of S5(I'Y)(N)) (2,4,4,9,14 respectively,
using Theorem 2.2 in [I2]) is the same as that of the subspace spanned by
Yoshida lifts of f € Sy(T'o(NV)) and g € S2(I'o(N)). This appears to leave
no room for G (recall Lemma 4.1). However, we calculated La(f ® g,3) in
the case N = 23, using Theorem 2 of [Sh4] and Stein’s tables [St]. (The
two choices for g are conjugate over Q(v/5).) For the near-central value,
this calculation involves an Eisenstein series of weight 2, to which a non-
holomorphic adjustment must be made. The result was that Laiz(f ® ¢,3) =
32/3, so there is in fact no divisor A, dividing a large prime ¢, for which a
congruence with some G is required.

The previous paragraph leaves open the possibility that the condition k' — k >
6, in Proposition 9.1, is purely technical. However, the following example
shows that it is essential. Let k = 2 and ¥’ = 6 (so j = 0 and k = 4)
and N = 11. As is well-known, S2(I'¢(11)) is 1-dimensional, spanned by
g=q—2¢>—¢q*+ -, for which €;; = —1. Using [St], dim Ss(T¢(11)) = 4,
with the €17 = —1 eigenspace 3-dimensional, spanned by the embeddings of a
newform f = q+B¢>+-- -, where 32 —9034 188 = 0. The discriminant of this
polynomial is 243219 - 239. Using Theorem 2 of [Sh4] we find that Lag(f ®
g,4) = —45a/3, with Norm(a) = —17 - 76157/243%5211%219 - 239. In fact « is
divisible by the prime ideals (17, 3+ 1) and (76157, 84 74208). We check that
Lag(f ® g,5) = (4°11/6)~, with v = 1/1648383(784522 — 12341 — 3842(3?),
of norm 283 - 52/112 .19 - 239, in which 17 and 76157 do not appear.

The dimension of S4(F(()2)(11)) is 7, from the table in Section 2.4 of [I2].
This fact was also obtained by Poor and Yuen, who gave an explicit basis for
this space using theta series, [PY]. We are indebted to D. Yuen for calculating
for us a Hecke eigenbasis, which included the three Yoshida lifts, a non-lift with
rational eigenvalues, and three conjugate non-lifts with eigenvalues and Fourier
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coeflicients in the same cubic field as f and the Yoshida lifts. He looked for
congruences modulo primes dividing 17 or 76157 (or any other large primes),
but found that there were none, though it appears that each Yoshida lift has
Fourier coefficients (not just Hecke eigenvalues) congruent mod 5 to those of
a corresponding non-lift (suitably normalised).

We should expect that any example of f and g we look at, with prime level
N, common ey = —1, weights ¥’ > k > 2 with ¥’ — k > 6 and k'/2,k/2
odd, is very likely to satisfy the remaining conditions of Corollary 9.2, for
some \. Here is an explicit example. Let N = 3,k = 6,k = 14. We have
S6(T'0(3)) spanned by g = ¢ — 6¢> +9¢> +- - -, and S14(To(3)) spanned by f =
q+(=27+6v1969)¢*>+729¢3+- - -, f = q+(—27—6+/1969)q> +729¢>+- - - and
h = q—12¢%>—729¢>—8048¢*+- - -. For both f and g, e3 = —1. Using Theorem
2 of [Sh4] we find that Las(f®g,10) = (—414/41913)a, with o« = —467/35640—
21191/1969/140350320, Norm(a) = 7-271-461-653/28375211%179. (Note
that 1969 = 11 -179.) So we may take A to be an appropriate divisor of
¢ =271,461 or 653. (All three of these primes split in Q(1/1969).) Also using
Theorem 2 of [Sh4], we find that Lag(f ®g,11) = (413!/3 - 1015!)8, with § =
—25/(3v1969), s0 A { Lag(f ® g,11). Finally, by direct application of Theo-
rem 5.6 of [GZ], we calculate L(k/2,9)L(k/2,9 @ x_4)/7" (g, g) = 2126,/4145/2
and L(E' /2, f)L(K /2, f @ x_a) /7" (f, f) = (2276!/121413/2), where v =
13488 4 256056//1969, with Norm(v) = 2633527 - 967751/11 - 179. The prod-
uct of these is not divisible by A (for any of the three choices).

It seems though that finding an example where one can directly observe

the congruence guaranteed by Corollary 9.2 would be difficult. Already for
k =2k =10 and N = 11 we have dim Sg(I‘(()Z)(ll)) = 31 (from the table in
7-11 of [Has)).
For us, f and g are of level N > 1, and Yoshida lifts do not exist at level
1. However, Bergstrom, Faber and van der Geer have found experimentally
what appear to be eleven examples of congruences of exactly the same shape,
but for f and g of level 1 [BFvdG]. For example, it appears that there is a
genus-2 cusp form of level 1 and weight Sym?° ® det® such that

e (p) = ap(f) +p’ap(g) (mod \),

with A | 227, where f and g are cuspidal Hecke eigenforms of genus 1, level 1
and weights k' = 28, k = 22 respectively. Bergstrom et al. have checked this
for p < 17. Using Theorem 2 of [Sh4], we have checked that L(f ® g,25) =
(427729 /108(24")) - a(f, f), with Norm(a) = 7-17-227/2-3%.5%.131 - 139.
In two more examples, with (k',k,¢) = (28,18,223) and (28,20,2647), we
have likewise checked that the prime occurring in the modulus of an apparent
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congruence also appears in the near-central tensor-product L-value, in accord
with the Bloch-Kato conjecture.

9.2. Higher powers of .
A minor modification of the proof of Proposition 9.1 gives the following.

PROPOSITION 9.3.  Suppose that k' —k > 6. Suppose that \ is a prime of K
such that ordy(Lag(f @ g, (K" +k)/2)/Lag(f ® g, (K +k)/24+1)) = n > 0, and
let ¢ be the rational prime that A divides. Suppose that £ + N and £ > k' — 2.
Assume that there exist a half-integral symmetric 2-by-2 matriz A, and an integer
0 < b < k—2 such that, if for 1 <i < wu, a; denotes the coefficient of the monomial
xby*=27Y in the A-Fourier coefficient in F; can, then ord\(3"1,a?) < 0. Then
there are independent cusp forms Gi,...,G, € Sp(F(()2) (N)), eigenvectors for all
the T'(m) with (m, N) = 1, not themselves Yoshida lifts of the same f and g, such

that there are congruences of Hecke eigenvalues between the G; and F :
pa(m) = pp(m)  (mod X*9), for all (m, N) =1,

with y_;_, s(i) > n. (We make K sufficiently large to contain the Hecke eigenval-
ues of G.)

Modifying the proof of Proposition 5.1, applying the main theorem of [U2],
one may show (under similar conditions) that each G; contributes an element of
order A*") to H}(Q, Ax((K' +k —2)/2)), but it does not show that these elements
are independent. However, using Hecke algebras as in [U1], it should be possible
to show that A" divides #H}(Q,A)\((k}/ + k —2)/2)), and this is covered by the
approach in [AK], so we leave it to them.
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