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Abstract. Differential operators on Siegel modular forms which behave
well under the restriction of the domain are essentially intertwining operators
of the tensor product of holomorphic discrete series to its irreducible compo-
nents. These are characterized by polynomials in the tensor of pluriharmonic
polynomials with some invariance properties. We give a concrete study of such
polynomials in the case of the restriction from Siegel upper half space of degree
2n to the product of degree n. These generalize the Gegenbauer polynomials
which appear for n = 1. We also describe their radial parts parametrization
and differential equations which they satisfy, and show that these differential
equations give holonomic systems of rank 2™.

1. Introduction.

Differential operators acting on holomorphic Siegel modular forms on the
Siegel upper half space H,, of degree n which preserves automorphy under the
restriction to a natural subdomain H,, x --- x H,, of H, are important objects.
They are often applied to the concrete or theoretical calculation of special values of
L functions. But apart from their importance in the applications to number the-
ory, they are interesting objects as themselves since they are sources of interesting
special functions. For example, the classical Gegenbauer polynomials are included
in this category as we can see in [7]. A certain characterization of such holomor-
phic linear differential operators with constant coefficients are given in [13]. These
operators are naturally regarded as polynomials of partial derivations of indepen-
dent variables of the domain and polynomials appearing here are characterized by
certain pluriharmonic polynomials with some invariance property. Bocherer also
studied this kind of operators in slightly different context in [3]. See also [14],
[15].
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In this paper, we treat the case when domains are H, X H, C Hsy,. After
reviewing our motivation for Siegel modular forms in Section 2, we will study the
above mentioned invariant pluriharmonic polynomials. These polynomials have
essentially two properties. One is a certain invariance by GL(n) x GL(n) and
O(d) and the other is pluriharmonicity. In Section 3, we study generators of poly-
nomials which satisfy the above invariance (cf. Proposition 3.1) and in Section 4,
we study concrete conditions for pluriharmonicity described by certain differential
equations (cf. Proposition 4.3). We also give an explicit way to construct such
polynomials, and review some generating functions for small n. The usual Gegen-
bauer polynomials appear in this context when n = 1 as radial parts of the above
polynomials, so we study the radial parts parametrization for general n in Section
5 and construct explicit families of holonomic systems of rank 2™ which have the
radial parts of our polynomials as one of the solutions (cf. Theorem 5.3). This is
a generalization of the usual Gegenbauer differential equations to general n. Nat-
ural inner products for our polynomials are given in Section 6. By some change
of variables, our differential equations turn out to be equivalent to the known sys-
tem in Muirhead [21]. Moreover, we show that our polynomial solutions become
generalized hypergeometric polynomials of several variables. These are explained
in Section 7 (cf. Theorem 7.5). In Appendix A, we see the connection between
our polynomials and spherical functions in L? space on Grassmann manifolds. In
Appendix B, we review some criterions for systems to be holonomic and complete
the proof of the fact that our systems are holonomic.

ACKNOWLEDGEMENTS. Many parts of our paper are related with the con-
tents of [14], [15], which have been done before but is still in preparation. Some
parts of our results were influenced implicitly by the arguments in those papers. So
the first named author would like to thank Don Zagier for long lasting collaboration
there. We would also like to thank C. Bachoc for suggestion that our polynomials
have something to do with polynomials in [1] and [17]. This suggestion leads us
to write Appendix A.

2. Review on motivation: Siegel modular forms.

Although our motivation on Siegel modular forms has logically no relation to
the content of this paper, we shortly review the theory since it would make the
picture clearer. We denote by H,, the Siegel upper half space.

H, = {Z:X—l—iYeMn(C); X='X,Y ="' € M,(R), Y>0}

where Y > 0 means that Y is positive definite. We put J,, = (1(21 7&" ) The
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symplectic group is defined as usual by
Sp(n,R) = {g € Ma,(R); gJn'g=Jn}.

Then Sp(n,R) acts on H, by gZ = (AZ + B)(CZ + D)~* for g = (A4 8) €
Sp(n, R). Now we fix natural numbers d and v. We assume that d is even for
a while for the sake of simplicity, but this assumption is not essential. For any
g € Sp(n, R) and any holomorphic functions F(Z) of H,,, we put

(Flas2lg))(2) = det(CZ + D)~ 2F(92).

In the same way, for any holomorphic functions F(Z, Z3) of H,, x H,, and g, =
(& 51) € Sp(n,R) (i = 1,2), we put

(Flaj2+vl(91,92)))(Z1, Z2)
= det(C1Z1 + D1)~Y*7" det(C2Zs + Do) "2V F(g1 21, g Z2).

Now we put A = H,, x H,, and embed A diagonally to Hy,,. We embed Sp(n, R) x
Sp(n, R) into Sp(2n, R) by

A, 0 B 0
0 Ay 0 B
Ci 0 Dy 0
0 Co 0 Dy

g:

for g; € Sp(n, R) as above and denote this element by g = ¢(g1,g2). We consider
holomorphic homogenous differential operators D with constant coefficients acting
on holomorphic functions F(Z) on Ha, such that the relation

Resa (D(Fla/2(t(91,92)])) = (Resa(DF))laj2+0[(91, 92)) (1)

holds for any holomorphic functions F', where Resa is the restriction map to A.
For Z = (z;j) € Hap, we put 07 = (((1 + 5ij)/2)(a/8zij))1gi,jg2n’ where §;;
is Kronecker’s delta. So for D, there exists a polynomial Pp in components of
2n x 2n symmetric matrix such that D = Pp(dz). So we would like to characterize
Pp.

We consider a polynomial P*(X,Y) in components of two n x d matrices X
and Y which satisfies the following three conditions.
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(i) P*(AX,BY) =det(AB)"P*(X,Y) for any A, B € GL(n,C).
(ii) P*(Xh,Yh)=P*(X,Y) for any h € O(d).
(iii) P*(X,Y) are pluriharmonic for each X and Y:

A”(X)P* = A”(Y)P* = 0, (Z,_] = 1,...,71),

where we put A;;(X) = ij:l(awaxmaxw) and A;;(Y) = Zﬁzl(az/aymﬁyﬂ)

for X = (z4;), Y = (yi;). Under the condition (i), the condition (iii) is equivalent

to say that P*(X,Y) are harmonic for each X and Y. We assume that d > n.

Then by the classical invariant theory, for each P* which satisfies (ii), we have the
unique polynomial P in components of 2n X 2n symmetric matrix such that

N XX Xty

P (X, Y)=P (YtX YtY> .

If we write P as P = P(T) where T is a 2n X 2n symmetric matrix, then by (i) we
have P((4 5)T('2.5,)) = det(AB)”P(T) for any A, B € GL(n,C). We denote
by P, . the set of all such polynomials P and we call v an index of the polynomials
P e P, ,. The total degree of P as a polynomial is nv. The following theorem is

a part of the main theorem of [13].

THEOREM 2.1 ([13]). We fiz natural numbers n. For each d > n and v, a

differential operator P(0z) satisfies the condition (1) if and only if P € P, , and

()}ffig if:g) is pluriharmonic for each X € M,, q orY € M, 4. Besides, for each
d > n and v, such a differential operator exists uniquely up to constant.

Here note that the space P, , does not depend on d but the harmonicity
condition depends on d. We denote by 72, , 4 the one-dimensional subspace of
P, , which satisfies the pluriharmonicity defined above.

3. Invariant polynomials of GL(n) X GL(n).

In this section, we give generators of P, ,. We denote by Sym,, (R) the set of
n x n symmetric matrices with coeflicients in R. We can regard P, , as the set of
polynomials P(R, S, W) in the components of (R, .S, W) € Sym,, (R) x Sym,, (R) x
M, (R) such that the following relation is satisfied for any A, B € GL(n, R).

P(AR'A,BS'B, AW 'B) = det(AB)"P(R, S, W). (2)

Here in the (X,Y’) coordinates in the last section, we have R = X 'X, S =YY
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and W = X'Y. The direct sum P, = @, , Py, becomes a graded ring by
the natural multiplication. We also define the graded subring of even indices by
P, cven = @SOZO P, 5,. In order to give generators of these graded rings, we
introduce the following notation. For each 0 < a < n, we define polynomials P,

in (R,S,W) € Sym,,(R) x Sym,,(R) x M,(R) by

det (fmlf Igf) =" Pu(R, S, W)a",
a=0

where r is an indeterminate. For example, Py(R,S,W) = (=1)"det(W)? and
P,(R,S,W) = det(RS).

ProPOSITION 3.1.  The graded 1ing P, cpen 15 generated by the polynomials
P, (0 < a < n)and P, = Ppepen ® det(W)P,, cpen- The n + 1 polynomials
det(W), Py,..., P, are algebraically independent.

Proor. We take P € P, ,. If P(R,S,W) € P, ,, then the polynomial
P is determined by its values at R = S = 1,, and W= diagonal matrices. In-
deed, this polynomial is determined by its values on any non-empty open subset
e.g. the open set consisting of (R, S, W) such that R > 0, S > 0 (positive definite
symmetric matrices) and W € GL(n,R). For these R, S, W, we can take A,
B € GL(n,R) so that AR'A = BS*B = 1,. Now put Wy = AW!B. Since
we assumed that det(W) # 0, there exist orthogonal matrices hi, he such that
hiWohe = D where D is the diagonal matrix with diagonal elements d; (1 < i < n)
with d; # 0. So by (2) we have P(1,,1,,D) = det(h1hs)"P(1,,1,,Wy) =
det(h1he AB)YP(R,S,W) and this shows that P is determined by P(1,,1,, D).
Now, since P(1,,1,,V~tDV) = P(1,,1,, D) for any permutation matrix V, the
polynomial P(1,,1,,D) is a polynomial in elementary symmetric polynomials
of di,...,d,. For each ¢ with 1 < ¢ < n, take a diagonal matrix €; such that
(i,7)-component is —1 and that the other diagonal components are 1. Then we
see P(1,,1,,6;D) = (-1)*P(1,,1,,D). So, if v is even, then P(1,,1,,D) is a
polynomial in elementary symmetric polynomials of d,...,d2. If v is odd, then
P changes sign if we change d; into —d; for i. This means that P(1,,1,,D) is
divisible by d; ---d,, and P(1,,1,,D)/(dy---d,) is a symmetric polynomial of
&2, .

Put det(z1,, — Wo'Wy) = >0 _, *P.(Wy). By the relation

det (z1, — Wy 'Wy) = det(z1, — D?),

we see that P(1,,1,,Wy) is a polynomial in P/ (Wy) when v is even. When
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v is odd, we have P(1,,1,,D)/det(D) = P(1,,1,, Wy)det(hihs)"/det(D) =
P(1,,1,,Wy)/det(Wy), so we see also that P(1,, 1, Wp) is det(WWy) times a poly-
nomial of P’. Since we have det(z1,, — Wy ‘W) = det(z1, — BIWR W !B) =
det(al, — S~V IWRIW) = det(z1, — R-'WS~ W), and

R' 0 ||lzR W 1, 0] zl, — RTIWS MW R™'W
0 SY['W S||-S7''W 1,| 0 1, |’
we get
xR W
det(RS) det (wln—WOtWO) =l gl

Hence, we get P,(R,S,W) = P.(Wy) det(RS).
First, we assume that v is even. Since

det(RS)"/2P(1,,,1,, Wo) = det(AB) "V P(1,,1,, Wo) = P(R, S, W),
we see that P(R,S, W) is a linear combination of the following functions
n—1 n—1 .
det(RS)"/ T] PL(AW 'B)*e = ] PalR, S, W)* det(RS)"/?>~ a0,
a=0 a=0

We will show that v/2 — ZZ;E‘) €« 18 non-negative. Now we consider the degree of
this polynomial P. We write R = (r;;), S = (si;), W = (w;;) and put

liyip [Migiy,, Misie
P(R7 S, W) = E CivigiziatsicTiyiy Sizgiy Wisig -
1<i1<ia<n
1<iz<ig<n
1<is,ig<n
For simplicity, we put l;; = l;; and m;; = mj ;. Taking diagonal matrices

A = diag(ay,...,a,), B = diag(by,...,b,), we get P(AR'A, BS'B, AW'B) =
(ITi-, a;b;)"P(R,S,W). This means that for a fixed i or j, we have 2l; +
gt livin + Digmt Misie = Vs OF 25 + 30, My j + D25 g Mg j = v. Hence
if we denote by Ni; the degree of P(R,S, W) with respect to w1, then Ny; < v.
If we assume that v is even, then we may write P(1,,1,,D) = P(1,,1,, Wy) =
St eeoy -y en1) [10Zg PL(Wo)e=. Here P, (W) is the elementary symmetric
polynomial of d?. By Lemma 3.2 we shall see below, we see that the de-
gree of P(1,,1,,Wy) with respect to d; is the maximum of 22”;(1) e for

[0
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c(egy ..., en—1) # 0. On the other hand, the degree of P(1,, 1, D) = P(1,, 1,, W)

with respect to d; is at most N1; < v. So we have 222;5 o < V.

Next, we assume that v is odd. Then, we have
P(1,, 15, Wo) = det(Wo)p(Py(Wo), ..., Pa_1(Wo)),
where p is a polynomial of n variables. Since det(Wy) = det(AB) det(W), we get
P(R,S,W) = det(W) det(AB) " *'p(Pj(Wo), ..., P\_1(Wp))
= det(W) det(RS) =D/ 2p(P{(Wy), ..., Ph_1(Wp)).
This last polynomial is a linear combination of monomials

n—1
det(W) det(RS) - D/2=%00¢e T Pa(R, 5, W)%.

a=0

Hence by the same argument as in the case of even v, we have (v—1)/2 > Zg;é €q-

Finally, the restriction of Py,...,P,—1 to (R,S, W) = (1,,1,,D) is alge-

braically independent, and since Py, ..., P, are homogeneous polynomials of the
same degree, this also implies that Py, ..., P, are algebraically independent. [
Now we show the lemma we used above. Let F(z1,...,z2,) be a polynomial.

We write F'(21,...,2n) = >4 cpz” where 8 runs over 8= (By,...,3,) € (Z>o)"
and 2° = zlﬁl oozBn . Weput |B] = 81 + -+ + Bn. For i with 1 <i < n, we denote

by s; the elementary symmetric polynomial of independent variables d, ..., d, of
degree 1.
LEMMA 3.2.  Notation being as above, assume that F(s1,...,sy) is of degree

a with respect to di. Then the total degree of F(z1,...,2y,) is a.

PROOF. Denote by b the maximum of || such that c¢g # 0. We write all
such indices by 31, ..., 3. We show that b = a. For i with 1 <i <n —1, we
denote by o; the elementary symmetric polynomial of ds, ..., d, of degree i. For
simplicity, we put g = 1. Then we have s; = dy0;_1 + 0;. So the highest degree

) ) @ gl O N CRFIO) )
term with respect to d; in s7' s5° ---sp* is given by djo}® 05° -0, If
@ — 59 for all | = 2,...,n, then since [3@)| = [3U)| = b, we have 8" = g
and so ) = BU). So for different 4, the coefficient of d4 is different. Since
01,...,0n_1 are algebraically independent, the coefficient of d? in F(sy,...,sy)
does not vanish. So we have a = b. (]
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REMARK 3.3. For any P(R,S,W) € P,, we have P(S,R,'W) =
P(R,S,W). By virtue of Proposition 3.1, this is proved by seeing that P, and
det(W) satisfy the same property. As for det(W), this is trivial. As for P,, we

have

R WY (0 z1,\ (=S "W\ [0 z7'1,

tws) \1. 0 W R 1, 0 ’
so by definition we have the result. We also have a direct proof without using
Proposition 3.1 from the relation (2) but omit the details.

The space P, is not invariant by A;;(X) or A;;(Y"), and in order to describe
the action of Laplacians A;;(X) or A;;(Y), we must study the structure of the
images of these operators. For any m xm matrix V' and integers 7, j with 1 < 4,5 <
m, we denote by V; ; the (i, j)-cofactor of V, i.e., (—1)**7 times the determinant of
the matrix which is obtained by removing the i-th row and the j-th column from
V. For each integer 0 < 3 < n — 1, we define polynomials ]35(R, S, W) by

n—1

zR W =

(tW S>11=ZP5<R,S,W>x’3
B=0

LEMMA 3.4.  The 2n+1 polynomials P, (0 < a <n) and ﬁg 0<g<n-1)
are algebraically independent. A fortiori, the polynomials Pg (0 < 3 <n —1) are
linearly independent over the ring P,.

PROOF. We prove this by induction on n. Let F(Xy,...,X,,Yo,..., Y1)
be a non-zero polynomial of the smallest total degree such that F(Py,...,P,,
Po, e P 1) = 0. We shall show that F' = 0 by induction. When n = 1, if we
put R = (r), S = (s) and W = (w), we have Py = —w?, P = rs, Py = s, which
are algebraically independent. Hence we have F = 0.

Now we assume that n > 1 and that the claim is true up to n — 1. We can
write F' as

F(Xo,...,Xn,Y0,..., Y1) = F1(Xo,..., Xp-1,Y0,..., Y5 2)
+ XnFQ(XO> e 7Xn—1;Xn7Y07 .. '7Yn—2)
+ Yo 1 F3(Xo, .oy X1, X, Yo, o, Yoo).

First, Weputrm—sm—Oforalll<z<nandwm—wm—0f0rz7én Wy = 1.
Then we get P,_1 = P, =0 and —P, (0 <o <n—1) and P,@(O<ﬁ<n—2)
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becomes the corresponding polynomials for n — 1 of the first (n — 1) x (n — 1)
matrices of R, S, W. Hence, by induction hypothesis, we get F; = 0. Now, let
us go back to the original polynomials F. Put r,; = 0 for all i # 1. Then we
get ]3n_1 =0and P, = *7’721,1R1,n;1,n det(S), where Ry .1, means a minor of R
where the first and the n-th rows and the first and the n-th columns are removed.
Since this is not zero, we see that FQ(P07...,Pn_17ﬁO,...,ﬁn_g) =0if ry; =
0 for (at least) all ¢« # 1. Now write Fy = Fy(Xo,..., Xn-1,Y0,...,Yn_2) +
XnF5(Xoy ..o, X0, Yo, ..., Yi_2). If we put here r,,; =0, s,;, =0foralll1 <i<n
and wi, = wn; = 0 (i # n), wp, = 1 in Fy, then P, = 0 and by the same
argument for Fy, we see that Fj is identically zero and Fy is a multiple of X,,.
Repeating the same procedure several times, we see that Fy is divisible by X!
for | which exceeds the degree of Fy, so we have Fp = 0. Hence finally we get
F5(P,.. .,Pn,ﬁo, .. .,13”_1) = 0, but since F3 is a polynomial of smaller degree
than F', we get a contradiction. O

4. Invariant pluriharmonic polynomials.

4.1. Pluriharmonicity for R, S, W.

To get the one-dimensional subspace %, , 4 of P, ,, we must investigate the
action of A;;(X) and A;;(Y) on P, ,. But, for any P(R,S,W) € P, ,, we have
P € 4,4 if and only if Ay (X)P(X'X,Y'Y,X'Y) = 0. This is proved by
Remark 3.3 in the last section and the fact that P becomes (sgn(o)sgn(r))” P
under the permutation of indices of R = (r3;), S = (s;5), W = (w;;) as rj; —
To(i)a(j)s Sij — Sr(i)r(j)» Wij — Wo(i)r(;) for any element o, 7 in the symmetric
group S, of n letters. For the sake of simplicity, we write A;; = Ay1(X) in the
rest of this paper. It is a routine calculation to rewrite the operator Aj; by the
coordinate of R, S, W. If we denote by 8;; = (14 6;;)(9/0t;;) for T = (4, %y ) =
(ti;), the result is given by

2n
Ay =don + Z 1;701401;.

ij=1

(cf. [14].) As we explained, the coordinates of X, ¥ and those of R, S, W corre-
spond bijectively under our assumption d > n. So we often use (X,Y") coordinates
instead of (R, S, W) in our calculation. For functions F(X,Y) and G(X,Y), we
define (F,G) by

A (FG) = (A1 F)G + (F,G) + F(A;,G).

In the (X,Y) coordinates, we have



282 T. IBUKIYAMA, T. KuzUMAKI and H. OCHIAI

d
oF 0G

F,G)=2) . 3

( ) = 3x1j 3x1j ( )

Of course we have (P,, P3) = (P3, Pa).

PROPOSITION 4.1.

(1) For 0 < a <n, we have
APy =2(d—2n+4 a+1)Pay — 2(a+ 1) Ps.

(2) For 0 <a < p<n, we have

a—1
(Pa,P3) =8Py Ps_1 — 8 > (—Pai-1Pssi + Paiis1Paio2)
i=0
+38 Z(*Pa—iﬁm—i + Pﬁ+i+113a—i—1)~

i=0
Here we understand that P, = 0 for a < 0 or n < a and that ﬁa =0 for

a<0orn<a.

We prove this by using (X,Y") coordinates. We prepare the following notation
and Lemma. We put

rXtX X'Y R W
T =yx yiy)=lw s

and denote the components of R, .S, W by the same notation as before. We denote
by T'(z);; the (i, j) cofactor of T'(x), that is, (—1)**7 times the determinant of the
(2n — 1) x (2n — 1) matrix obtained by removing i-th row and j-th column. For
any j and a with 1 < j <2n and 0 < a <n — 1, we define ﬁéj) = ﬁo(,j)(XJ/) by

n—1

T(,I)lj = Z ﬁéj)xa.

a=0

In particular, we have ﬁa = ﬁél).

LEMMA 4.2. Foralll<i<n,0<a<mn,and1 <k <d, we have
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Z (rijﬁéjjl + wijﬁc(yj+n)) = 01iPa, (4)
=1
> (wjiPY) + s PITM) =0, (5)
j=1
S ~ S OP,

2> (e Py + ypP) = 5oe (6)

j=1

Proor. Expanding det(T'(x)) at the i-th row for 1 <1 < n, we have

n
det(T Z o T ()1 + wiT(2)1,54n),
j=1

so we obtain (4) for ¢ = 1 by taking the coefficient of z®. If ¢ # 1, then the
left-hand side of (4) is the coefficient of the determinant of the matrix obtained
by replacing the first row of T'(x) by the i-th row, so the determinant is zero. The
assertion (5) is obtained similarly by replacing the first row of T'(x) by (i + n)-th
row. We show (6). The variable x1; appears ounly in the first row and column of
T'(z), so by differentiating each row, we have

O det(T -
9det(T'(2)) _ 2y (1 + 81zl (x 1J+ZyﬂkT )1 nt

Bxlk =

+x Z ZL’jkT(CC)jl + Z yjkT(x)n+j,1

9 (m STy + yjkT(xh,w), )
j=1 j=1

since T'(z) is symmetric and T'(z);; = T'(z)1; for any 4. Taking the coefficient of
x®, we have (6). O

We give a remark on a formula of the general determinant. Let m and n be
natural numbers such that m < n. V' = (v;;) be an n x n matrix with components
v;j. For any j with 1 < j < n, denote by V(j) the matrix obtained by replacing
vi; by 0 for m + 1 <4 <n. Then we have the formula
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mdet(V) =) det(V(j)). (8)

We can prove this by induction on m. If m = 1, the assertion is true by the
expansion of det(V') at the first row. Now we may assume that the assertion is
true for m — 1. Now take the expansion of det V(j) at the first row. Then the
part which contains vy is from det V' (k ) given by vy X Vlk where V” is the (,7)-
cofactor of V and given by vy, x (m—1)Vi from > jx det(V(k)) by the inductive
assumption. So we prove the formula (8).

PROOF OF PROPOSITION 4.1. We calculate A1 P, by using (8). Differen-
tiating both sides of (7), for each k with 1 < k < d, we have

0% det(T(z = ln i

The variable 21y, is only in the first column of T'(x)1; and the derivatives of the first
column is calculated by 0r;1/0x1, = x i, Owij/0x1 = yji. Since 22:1 Tkl =
ri; and Zi:l TikYjk = Wi;, the sum 22:1 ik (0T (x)1;/0x1) is obtained by re-
placing the first column of T'(z)1; by (72, 734, - - - Tni> Wil, W2, - - -, Wi ), SO this is
—T(x)11 for each 7 (including the signature). So the sum of the first two terms
in the parenthesis of (9) over k = 1 to d is (d — n + 1)T(x)11. Now the third
term is similar but slightly different. The reason is that if we sum up over k = 1
to d for each 4, then by the same calculation as before, we have a matrix simi-
lar to —T'(x)11, but this time the (i + n) column is replaced by !(z1;, 5;) where
W = (wa;, Wai, ..., Wp;) and § = (814, 82i,- - -, Sni), and not by *(w;, 5;). So if we
divide this column into two parts as (z — 1)!(w;,0,...,0) + *(w;,5;), then the
latter vector gives —T'(z)11. On the other hand, if we take z(0T(x)11/0x), then
this is the sum of the determinant obtained by replacing i-th column of T'(x)1; by
2t (rei, 734y - -y Tni, 0, ..., 0). So by the formula (8), the sum over i = 1 to n of the
part coming from *(w;,0,...,0) is given by

8T(m)11

—(n—-1T(x)11 +z p

Hence we have

Zzylk I hmsi =-nT(x)n + (z—1) < —(n—=1)T(x)11 + xaTé(;)H)

i=1 k=1 Oz1x
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So Ay det(T(x)) is

2(d—n+1)aT(x)11 —2nT(x)11 — 2(x — 1)(n — 1)T(x)11 + 2(z — 1)‘%%96)11
x
n—1 n—1
=2 Z(d — 2 +a+2)2*t P, -2 Z(a +1)2°P,.
a=0 a=0

So we have (1) of Proposition 4.1.
Now we show (2) of Proposition 4.1. By Lemma 4.2, assuming that a < §,

we have
d
— Ox11 0T 1k
d n R 4 n R )
=3 (3 (P2 b Pl ) (3 (P e P) )
j=1
i,j=1

= 4P, Pﬂ L+4 Z wsz(z) Pén-‘rj) 44 Z Sijp(gnJri)Pﬁ(n-‘rj)

1,j=1 1,j=1

— AP Pg =4 Z s P an+l)P nti) 4y Z si; P n+z)P (n+j)

3,j=1 i,j=1
Now using Lemma 4.2 repeatedly, we have
Z S”P(nJrz)P(TH-]) Z wﬂﬁénﬂ)ﬁ(ﬂ

ij=1 ij=1

= —P,Ps+ Z rji P P

1,7=1

- _p P,B +Pﬁ+1Pa - Z wj; (n+])P[§7JLrJ1rZ)
4,j=1

=-P, Pﬁ+Pﬁ+1Pa L+ Z S”P(n—"_l)P(n—H).
4,j=1
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Using this repeatedly, we have (2) of Proposition 4.1. O

Now we study the pluriharmonicity of the polynomial P(R,S,W) € P, ,,. We
can rewrite the formula (2) of Proposition 4.1 for (P,, Pg) as

a—2
(Pa, Pg) =8 Z(Pa+5—"f - Pa+5—’Y—1)P’Y +8Pp41FPa1
v=0
+8FPaPp-1+38 Z(Pa-i-ﬁ—"/—l — Patp—) Py (10)
v=p

For b= (b, ...,b,) € Z2{", we write P® = [[_, Pb~. Now by easy induction

= a=0" a
with respect to b using the definition (3), we have

Ay (P = ZAH oo PP 4+ = Z P, P,)bo(by — 1)P'P;?
a=0

+ > (Pa,Pa)babgPPr Py (11)

0<a<pB<n

By (11) together with Lemma 3.4, we see that the image of the action of Au on
CIPy,...,P,] is in the free module over C[F,,..., P,] spanned by Po, . Pn 1.
So denoting P, by z,, there exist differential operators L, (0 < v <n —1) in

Zo, ..., &n with Clxg, ..., x,] coefficients such that
n—1 N
Anf(@o,...oxn) =Y (Lyf(z0,. .. 20)) Py
v=0

Now we write down L. explicitly. The formula (11) reads

A b A Pt 82Pb
1(P?) Z 1 ( % 5gm,P EEs
62}ﬁ
— 12
* Z 896 a0rg’ (12)

0<a<p<n

By (1) of Proposition 4.1, the first term of (12) is given by
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n

an OPY \
Z(—2(7+1)8 2(d—2n+y+2)— )PV.

o 2 O0Ty41

Now we rewrite the third term of (12). We fix v and see the coefficient of ﬁ, by
using (10). Corresponding to the terms in (10), we must consider the coefficients
of 82 /0x,0z5 in the following four cases (i) v < a—2, (ii) vy = a—1, (iii) v = -1,
and (iv) f <y < a+ (. For each case, the contribution to L. is given by

82Pb
(i) 8 Z ($a+ﬁﬂ_$a+6wfl)m>
y+2<a<lp
0?Ppb
(ii)) 8 Z T4
G2 8x7+18x5
v
0% pt
(iil) 8) w4
) az:;) axa8x7+1
. 0% p?
(iv) 8 Z <$a+ﬁfvfl_%+ﬁﬂ)ma

B<y<a+p

where the sums are always taken over a or 3 or over both.
The second term of (12) is obtained similarly and we have

- o2 pb
4 Z ($2i—w - $2i—y—1) W
1=y+2 ?
o pb
+4(zy1 + $v+2 42 T2l = T2jn) 55 922
J<y J
As a whole, for 0 <y <n —1, we have
L, =-2( +1)i+2(d—2n+ +2)
T 7 Oz, i 0Ty 41
62
4 it i
* Z_xﬂ "’83:8:3] 4D T ' Ox,01;
Y+1<i,5 Y+2<1,5

0? H?
e Z Vitj—r= 1896 ox; Z Vitj- W(‘)x oz’
j

1,j<v+1 1,5 <
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Rewriting this we have

ProrosITION 4.3.  For 0 <y <n—1, we have

L

o
=27+ 1) +2(d—2n+ 7 +2)

Oz

+4 Z Tk Z 8(pk+7 303 _4z_:$kzaxk+w 30z3

k=~+2 B=~+1

al‘,y_._l

y+1 y+1 92
—4 Tk _— +4 Tk .
k;r?) ,622 3$k+7+1 3Oz ,;O [;k O yyt1-p028

Here we regard that 0/0x, =0 and o, =0 if @ <0 orn < .

To consider the case when v is odd, we need det(W), so we put yo = det(W).
So we have zg = (—1)"y2. It is easy to rewrite the operators L, as a differential
operator with respect to yo, 1,...,%,. The terms containing ¢ in L., is only of
the following shape.

The former appears only in Ly and the latter appears in all L,. Anyway, the new
operator is obtained by replacing the former by (—1)"(9?/dy3) and the latter by
4y0(9%/9yoOz,). We write this new operator by L. ,, when we emphasize the
expression depending on gy. As for odd v, by Proposition 3.1, we must consider
a polynomial solution yoF'(zo,...,z,). To calculate the action of the Laplacian
to this in the coordinate yq, =1, ..., T,, we need the following formulas which are
easily proved.

Ani(yo) =

(0, 7a) = ( a1 = Pa) (@ #0),
(Yo, yo) = —2(—1 )nﬁo,

(o, 7o) = —4yo Fo.
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Since we have

A1 (yoF) = A1 (yo)F + (yo, F) + yo A1 (F),

n—1
An(F) =Y (L,F)P,,
~=0
= oF
(yO»F) = Z(yo»xa)ﬁa
a=0 o
we have
n—1 N N
An(yoF) =yo Y (L, F)P,,
v=0
where
~ 0 0
L, =L,+4 - .
7 vt ((“)xA,H 8907)
From this, we can show that
n—1 N
A (WoF) = Ly yo (o F) Py,
v=0

where L., ,, is the same operator as in the case of even v. So there is essentially
no difference between even v and odd v. Hence we will often explain only the case
of even v, since the case of odd v is treated similarly.

4.2. Generating our solutions.

4.2.1. Construction.

For small v, it is not difficult to give an explicit polynomial in %, , 4. For
example, for v = 1 or 2, it is given by

P =y, or
n —1
d— 1
-2 () (L)
=\ n—y

respectively. But for general v, there is no such simple formula. In this sec-
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tion, we give some easy constructive method to obtain non-zero polynomial so-
lutions P € J¢, , 4. First we consider the case when v is even. We assume that
F(zg,z1,...,z,) is a homogeneous polynomial of degree m in xq, ..., x, and that
L,F =0 for all 0 <y <mn—1. For each v with 0 <~ < n, we put

F('Y)(xy,mw_,_l,...,xn) =F(0,...,0,2q,...,2p).

In particular, F(°) = F. We also write F(?) as a polynomial of z as follows.

m
F('Y)(a:wxy_ﬂ, cey X)) = Z FO (00, s T )T

a=0

So we have
F()('Y)(acw...,xn) = F(’Y)(LUW...,LEn) =F(0,...,0,2,...,2n).

Since F(™) = Fé") is a homogeneous polynomial in z,, of degree m, this is a con-
stant multiple of 2. Now we show how we can recover whole F from F(™) = g™
Since it is necessary that (L,F)(0,...,0,z,...,2,) = 0, we study this condition
first. For this, we can ignore the part of L, which contains the multiplication of
zi by K < . So in the fourth term in the expression of L. in Proposition 4.3,
only the term k = = - remains. This part is given by

32

—4$fy 871"2)/ .

In the sixth term of L., only the terms (k,5) = (v,7), (v,7+1), (v +1,7+1)
remain. This part is given by

2 82
8ty ———— + 4y 1 ——-
v 8&078%7“ T+ 8m?¥+1

The other terms of L, contain only x, or derivatives at x, with u > v, so we
cannot omit. So we have

(LyF)(0,...,0,2y,...,2,)
82

—4x
Y 942
0T 41 Ox3

0]
Y
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2 k—1 92
—&—war—i—élxn,ﬂ +4 Z Tk
Y 1

Oy 41 T Gy 55 0k —a0p

—4zn:xk

k=y+3  B=v+2

)F(’Y)('T”‘/a"'azn)a

a$k+,\/+1fﬁa‘rﬁ

and this should be zero. This condition gives relations between Fy O and F gfll)

To describe this, we introduce the following differential operators for each pair of
vyand a with0 <y<n—-land0<a<m-—1.

82

)
NOTD (o) =2(d — 2n + v + 4o + 2>T + Ay 15—
y+1 v+1

i Z o Z 3wk+v ,853% - :Z o 2,

k=vy+2 B=~v+1

Since we have

0 0?
-9 1)— —dp—— |2 FO+D) — _9 20 — 1)~ 1F(’v+1)
( (v+ )8107 wwax%)x a(y + 2o —1)z]

and

52 aF(’YJrl)
8z 7(95?F0(ﬂ+1)) = 80496?:&7

T 01,0241 OTyt1

we have
(LyF)(0,...,0,2,...,25,)

=— Z 2a(y + 200 — 1)xf’;’1Fo(ﬂ+1) + Z :cf:N(V“)(a)Fo(ﬂﬂ).

a=1 a=0
For a with 0 < a < m, we write

1

- NOH)(a-1
2a(y + 20— 1) (a=1)

Nya(a) =

and we put N,41(0) = 1, ie., the identity operator. Since (L,F)(0,...,0,
Ty, ..., Tpn) =0, for each a with 1 < a < m, we have



292 T. IBUKIYAMA, T. KuzUMAKI and H. OCHIAI
+1) _ (v+1)
FOHY = Ny (@) B

So it is necessary that
FO @y, Z 22N 1 (@) Ny (@ = 1) -+ Ny (1) Ny (0) Fy .

We again introduce a notation. We write

Nyy1 = Z g )+ Nyt1(0).

Then we have F(") = N, FO+D 50

F(z0,. .., 2) = (N Ny --- N) (FS™) = (N1 Na - - - N, ) (e,

where ¢ is a constant. Since the right-hand side contains cz]* as a monomial, F is
not identically zero unless ¢ = 0. This is a formula for F' in general.

Now we apply the same method for the solutions of the variable yq, z1, ..., Z,.
If we just change Lo to Lo, and consider the system Lg ,,F = 0, L,F = 0 with
1 <~ < n—1, then we have one problem. When v is odd, then the solution
is in yoC|xo,...,Z,] and no monomial is independent of yg, so the same method
cannot apply. So instead of L., we use 57 with 1 < <n —1 defined in the last
section. Then the solution for v = 2m + 1 is given by

Yol -+ Ny (ca)),

where we put

Ny = Zfﬂ Nypi(a) - Ny (0),
Nog1 () ! <(d 2++4)8+4 o
= n x
(anl 2u(y+2u+1) TR O0xy41 T 922 | x2

k—1

n
32
+4Zxk2 4zxk2>
JR— Bt 1 6l’k+’y ﬁaxﬁ k=r+3 Bert2 8$k+w+1,ﬁa$5
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for > 1, and ]V7+1(0) =1
The following lemma is obvious by the above consideration. This will be used
later in Section 6.

LEMMA 4.4.  For any integer v > 0 and for any non-zero polynomial
F(yo,21,...,2n) € Clyo,21,...,2,], assume that P(R,S,W) = F(det(W),
Pl,..an)E%’,,’d. ThenF(O,...7O,1)7é0.

Sometimes we need explicit expressions of our polynomials to apply it to
differential operators on Siegel modular forms, e.g. for calculation of special values
of L functions (cf. [20]), and the above kind of concrete calculation would be
useful.

4.2.2. Examples of generating functions.

In the previous section, we gave a concrete method to give solutions for each
fixed degree v up to constant. It is desirable to gather these for all v and give a
neat generating functions of the solutions. But here it is a problem how to choose
each constant and the method in the previous section does not seem to work well
for this problem. Generating functions are known for n = 1 and 2. We have no
result for n > 3.

(1) When n = 1, it is the classical generating function of the Gegenbauer polyno-
mials. Define P, by

1
P b
(1 — 2you + z1u?)(d-2)/2 Z (Yo, x1)u

Then we have 0 # P, € JA , 4.
(2) When n = 2. This case has been given in [13]. Put

Ay =1 — 2you + zou?,

Ag + /A2 — 4(xg + 71 + T2)u2

R =
2

Define P, by

1 o0
R(d*5)/2\/Ag _ = ; (Yo, T1, T2)u

4(xo + 21 + 22)U

Then we have 0 # P, € 565, 4.
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5. The radial parts and system of differential equations.

In this section, we take the radial part of our system {L,}. If P € P, ,,
then we have P(R, S, W) = det(RS)"/2P(1,, 1, R~/?WS~1/2) for det(RS) # 0.
Since we have

R W

_ _ plyyo-lt
oy S = det(RS) det(z1, — R WS~ ‘W),

we define variables £, (0 < a <n)and \; (1 <i<mn) by

det(zl, — RT'WS™ W) =" &aa® = [J(x = A?).

a=0 i=1

Here the variables A2 are eigenvalues of R~Y/2WS~1*WR~1/2. We have x, =
P, = det(RS)En = xné, for each o with 0 < o < n. In particular, we have
&, = 1. For any homogeneous polynomial F(zg,...,z,) € C|xo,...,x,] of degree
m = v/2 for even v, we can write

F(zo,...,an) = zZ/QF("TO, L It 1) = 2V2F (€, ... En 1, 1).

In L
If we put G(&o,.-.,&n-1) = F(&,...,&n—1,1). Then we have

OF _ v/2-19G

ﬁxa:x” ac. for0<a<n-1,
OF v — oG
&7 v/2—1,~ v /2-2 el
oz, 2xn G-z, ;)xa 7€,

-1
_we1 (Ve 96
) (2G QZ_Ofaaga).

So for 0 < v < n —1, we may write L, F = x,”L/Q_leG for some differential

operator M., with respect to £,. The derivatives with respect to x, appears in
L,,_1, but x,, appears only in coefficients for L, with v < n — 1, so by using the
above relations between derivatives of x, and &,, we can show
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0
M,=-2yv+1)=—+2(d—2n+~v+2)

afv ag'ﬂrl

i Z S Z 3§k+»y 53€ﬁ 4Z£k235k+»y 303

k=y+2  B=v+1 k=0
v+l 4l

Y ey 8&%1 96 +4Z§kzafkﬂ+l g, W

k=y+3  B=vy+2 k=0

fory<n—1and

n—1
8 2
M, . —I/(d—n+y—1)—2(d—n+1)az=:0€a8€a ;Oéaﬁgag o
9 n—1 82 82
—2n +4 o n «@ —n A ac
G T2 g gg, T 2 S o,

These are differential operators which characterize the solution in 4%, , 4 for
even v. But if we use variables \; instead of ., then det(W)/ /det(RS) =
[I-, \i, so for P € P,,, det(RS)""/2P(R,S,W) is written by A? (or &,) and
[T, \i, ie. we may write P(R, S, W) = det(RS)"/?Q(A1,. .., \,) for some poly-
nomial . Here if v is even, then @ is a symmetric function with respect to
A2,..., 22 and if v is odd, then Q/(A1---\,) is so. In each case, put Q1 = Q or
Q1= Q/(M - \p), respectively. If P € H,,, 4 and @ # 0, then by Lemma 4.4,
we have

Q1(0,...,0) #0. (14)

Now we change variables from £, to \; and give the expression of differential
operators M, by A;. Here we use the same notation M, for \; as for &,, so we
have

n—1
AP = det(RS)"/*>7! Z(M’YQ)ﬁ’Y
v=0

ProposITION 5.1.  For any v >0 and P € P, ,, we have

n—1
A P(R,S, W) = det(RS)"/*"1 > (M,Q) P,

=0
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where

"/ (1- A?)W 92
MW Z ( )> 8)\2
k=1

z#k

n 2vy—1 2v+1

YA T = (d-2n+y+1)A; ) 0

+§ — F+v(v+d—n—1)0y 1.
( [T (A2 = AD) Ok %

The proof is obtained by routine calculations but fairly long and the most of
the rest of this section is devoted to the proof of this proposition. We assume that
v is even for the sake of simplicity in the most part of the following calculation.
The correction for odd v is similar and easy, and the proof in that case will be
omitted.

First of all, to express 9/9¢, by 9/0\;, for any j with 1 < j < n, we define
5((); ) by the following expansion.

H(z ) 5(3) n— 1+££L]22$n72+_”+££j)x+£(()j)'
i#j

In particular, we have 57(321 = 1. Since

9 - 2 2
a—AjH(xﬂ\i):fQAjH(foi)

i=1 i#j

for 0 < a<n—1, we have

%o _ 5y ()
O\j = 208
and
0 = 9
o _ 2
o, ~ 2 (=208 5
Since

n—1
S = JI =2 =6; [ (3-x7),
a=0

1<i<n,i#] 1<i<n,i#j
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where d;; is Kronecker’s delta, the inverse matrix of n x n matrix
(72)\a§&]))0§a§n_1,1§j§n is easily obtained and we have

0 0
%o oM
: =Al |
0 0
agnfl %

where A = (a;5)1<i,j<n is given by

)\2’L—3

2Hl;ﬁ] ( 7 >\2)

Qi =

Now we must express the second order derivatives with respect to {€4}o<a<n—1
also by derivatives with respect to {\; }1<;<n. To calculate this, we prepare several
formulas.

LEMMA 5.2.  For any i with 1 <1i <n, we have

> Gt =0, (15)
k=0

S kG2 =TT (A = A7), (16)
k=0 1#i

n

k(k—1D&AF =2 Y [ (\ =) (17)

k=0 1<m<nl#i,m

PROOF. (15) is trivial by the definition. Since we have

n

% (z =A%) = Z I (=-X3) :Zn:k:gka:’f—l,
1 k=1

J= m=1j#m

taking z = A? we have (16). The assertion (17) is obtained by differentiating twice
by x and putting x = \?. O

PrROOF OF PROPOSITION 5.1. Now for v < n — 1, we put
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)=4 Z S Z 8§k+v 508 ngzakar’y 3085 (18)

k=y+2  B=v+1 k=0

Then the terms of the second order derivatives of M., in (13) with respect to
variables &, is M (y) — M(y + 1). We calculate M (). We have

o2 B zn: )\?(k+’7*ﬁ)*1)\§3*1 52
O+~—-0€3 = AT (A = A7) iy (A = A7) ON0A,

S g 0y

+ P
z:zl 4Hl7£i (/\7,2 - )‘12) oA Hl;éj (/\3 — 8>\J

(19)

First we see the coefficient of 92/0X;0\; in M(y) for i # j, i.e., the term ob-
tained by summation over the first term of (19) in M (y). We take the inner sum
Z,@‘ — 41 and Zg:k of (18) first. Since only the term depending on £ is essentially

)\f(kJrAY B)/\iﬁ, we have

/\2(’Y+1)/\2k /\?(’Y-‘rl)/\?k

2 Y
DY

Z )\ (kt+~y— 5))\25
B=vy+1

)\2(’7+1))\2k )\?(’H‘l))\?k

2
DY

Z)\2(k+’Y ﬁ))\Qﬁ
B=k

As for the summation of /\?(A’H)/\?k over k, by (15) we have

Zg )\2(7+1))\2k+ Z & )\ (v+1) )\Qk &1 (NN )2('y+1)
k=0 k=v+2

The summation over )\Q(WH))\% is (—1) times the above, so since we assumed
i # j, we have 0 as a total. Now let us see the coefficient of 92/0N2. In this case
we have i = j, so A; Akt =A)—1)26-1 _ )\?(k+771). Since this is independent of 3,
the summation from B=v+1tok—1orfrom g =k to ~ is just a multiplication
of k—y—1or~—k+ 1. (Of course each occurs only when k > v+ 2 or k < +.)

So we should take the following sum, which is simplified by (15), (16).



Holonomic systems of Gegenbauer type polynomials 299

T (k= v = D&AETTY = 3 (k- y - gAY

0<k<n k=0

k#y+1 n
k—2\2
=D RGN

k=0

=),

I£i

Taking the corresponding term of M (vy) — M(y + 1), we have

(1= %)
Hl;ﬁi ()‘22 - >‘12)

as a coefficient of 8%/9\?. Now we calculate the coefficient of 9/9)\; in M(v). If
i # j, then the term depending on 3 in 8/8)\1»()\55_1/1_[1#(/\? — A?)) is essentially
)\?ﬁ_l. By the same calculation for the coefficient of 9%/9X;0\; for i # j, we see
that the summation is zero for this term. So we may assume that j = 4. Then we

B P
OAi (Hl;éi ()\f - )‘2))

28 — 1)A\2~2 P
( 5 ) _ Z i ) (20)

TN A R TLn (2 -

have

We have (208 — 1)/\?ﬁ—2>\2(k+v B)—1 = (26 — 1)A3 N2k =3

k—1 ~

Y @B-1)=(k-1-7k-1+7)==> (26-1).
B=v+1 B=k
This vanishes for £ = v + 1. We have
(k=1 =)k — 14)ATH2
= Kk — DAZFT2N20HL 2D N2 (L 42y )2k \20 3

and the sum of this over 0 < k < n is calculated by Lemma 5.2. So the contribution
from the first term of (20) to the coefficient of 9/9\; in M (v) is given by
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4 " (2/\12%1 ST 2= - 02 - /\12))

4T (A2 = 27)°

1<m<nl#i,m l#1
S S i (21)
= 2 - .
Hl;éi ()\22 - /\ZZ) 1<m<n Al - )\gn Hi;él (/\12 - )‘lQ)

As for the second term of (20), we have /\?(k+vfﬁ)71+2ﬂ = A2"2771 “and the sum

for B=~v+1tok—1or f=kto~is+(k—~—1). This vanishes for k =~y + 1.
So we should take the sum over £ = 0 to n. We have

9 Z<k D)L g Z ke AZh—2 2+
k=0 k=0

=2 (07 = AD).
144

So the term coming from this cancels with the first term of (21). Hence the
coefficient of 9/9\; in M () — M(y+ 1) is given by

2v+1 2y—-1
)\i — >\i

Hl;éi (Af - )‘12) .

For M., we still have terms coming from the first order derivatives of &, and 11
in (13). The coefficient of 9/9\; is given directly by

(Y+ DA = (d—2n+y+ 2N
Hl;éi ()‘12 - )‘12) .

So taking the sum of all the above calculations, we obtained the assertion of
Proposition 5.1 for M, with v < n — 1. The proof for the assertion for M, is
similarly obtained and omitted here. O

Now the term of the second order derivatives of M., with respect to \; variables
consists only of second derivation of the same )\ and there are no mixed terms,
so it is natural to change M, to differential operators so that the second order
term contains only derivation of A\; for only one k. For that purpose, we define
an invertible linear transform from M, (0 <y <n-—1) to a new system Dy,
(1 <k <n) as follows.
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n—1
— (k)
Dy = Z & M.
v=0

We can show that these operators satisfy our demand. For that purpose we need
the following formulas.

n—1
S EPNT =5, [T (A - AD),
¥=0 I#k

n—1
S = [T (2-A) ifj#£k,

=0 1#k.j
n—1

S = Y IT (8- )
v=0 m#k l#£k,m

where ;5 is Kronecker’s delta. These relations are proved in the same way as in

Lemma 5.2.
Using these relations and Proposition 5.1, we get the following theorem by an

easy direct calculation.

THEOREM 5.3.  For each k with 1 < k <n, we have

Dkz(l—)\i)aQ+(—(d—2n+1)Ak+ZM>8

N2 NN ) o
(- 0
+ ~————+vv+d—n-1).
; (2 = \2) N
Our polynomials Q(\1, ..., A,) are solutions of the system

D,Q =0, (1<k<n).
When n = 1, this is nothing but the usual Gegenbauer differential equation.

6. Inner product.

We define a natural inner product for our spherical polynomials. Originally
it comes from polynomials P(R, S, W) on the domain ©,, where



302 T. IBUKIYAMA, T. KuzUMAKI and H. OCHIAI

R W . .
D, = { (tW S) € Sym,,, (R); positive deﬁmte}
and now we can regard it as a polynomial f(\) where A = (A1,..., ;). We define
integrals for these two expressions. We put

R W (d—2n—1)/2

iy dRdS dW,

L(P) = /@ P(R, S, W)

n

B = /IAn|<An1<--~<A1<1 )

n

T = T2 0,

1<j<k<n i=1

where dR = J[,c;cjc, drij, dS = [licicjcndsij, AW = [li<; j<, dw;; for
R = (riy), S = (si5), W = (w;;). Now for any polynomial P € P,,, put
fp(A,..., ) = P(1,,1,,A) where A is the diagonal matrix whose diagonal
entries are ;. Then we see

THEOREM 6.1.

(1) For P € P, ,, I;(P) and I2(fp) are equal up to constant depending only on
n and d.

(2) For natural numbers p, v such that p # v, take P, € I, .4, P, € I, 0.4,
and define fp, and fp, as above. Then we have

L(P,P,) = L(fp,fr,) =0

where x denotes the complex conjugation.

PrOOF. We give here only a sketch of the proof. For positive definite R
and S, we have P(R,S, W) = det(RS)"/?P(1,,1,, R"Y?2WS~/2). If we put

U=R"Y2WS~Y2 thendet (.}, ' ) = det(RS) det(1—U'U) and I;(P) becomes

/ det(1, — UtU)4=2n=V/2p(1,,1,,U)dU
n—=UtU>0

up to constant. We put U = Ph (P = (p;;) is upper triangular with positive
diagonals and h € O(n)) and V = U'U = P'P. We denote by A? the eigenvalues
of V. By the condition that 1, — V > 0, we may assume that 1 > [\| > || >
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-+« > |An|. Since P(1,,1,,hiUhs) = P(1,,1,,U) for any hy, ha € SO(n), we may
assume besides that

|)\n|§)\n71§§)\1<1

We see easily that

dU = H pi'dPdh,

i=1
av =2" [[pp"'dP,
i=1

dU = 27" det(V)~Y/2aVdh,

av="J[ (\—=X})dr]--- dx}dn,

1<j<k<n

where dh is a suitable measure of SO(n) and dU, dV, dP are natural Lebesgue
measures. The integral with respect to dh is a constant and does not matter. Since
det(V)=Y2|A1 -+ An| = 1, we see that I;(P) and I(fp) are proportional and we
prove (1). Now we define a measure for any function F'(X) of X € M,, 4(R) by

I(F) = /M . e "X P(X)dX.
n,d

If F and G are pluriharmonic polynomials each of which belongs to a different
irreducible representation space of O(d), then I3(FG) = 0 (cf. [19]). Our P
in question originally comes from a polynomial P*(X,Y) which is pluriharmonic
with respect to each X or Y, and it is in the tensor product of pluriharmonic
polynomials in the same representation space of O(d). On the other hand, we can
also see that I3(P*(X,Y)) = I;(P(R,S,W)) up to constant. So (2) automatically
follows from this. O

7. Hypergeometric polynomials of several variables.

7.1. A second order differential operator.

In Theorem 5.3, we have written down the differential operators D; in the
coordinates (A1,...,A,). In this section, we express these operators in the new
coordinates (21,...,2,) in the relation z; = A\? (i = 1,...,n). They turn out to
be identified with the known differential operators.
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DEFINITION 7.1. Let a, b, c be complex parameters. We define linear partial
differential operators in (z1,...,2,) by

2

0 1 n—1 0
! — . — R [— —_ = — — — .
Di(a,b,c) = z;(1 — z) 22 + (c 2(n 1) (a +b+1 5 )zz) -

1 Zz(]-_zz) 0 _1 Zj(].—Zj)i
+22 Zi — Zj 62’1' 22 Zi — Zj 823'.

J(#4) J(F#4)

LEMMA 7.2. For each i = 1,...,n, the differential operator D; is equal to
4(D!(a,b,c)—ab) under the change of coordinates z1 = A2, ..., z, = A2, where the

values of parameters are specified as
1 1 1
a:—Eu,b:§(u+d—n—1), and c=gn.

In particular, the system of the differential equations D1Q = --- = D, Q = 0 is
equivalent to the system of differential equations D{Q = --- = D! Q = abQ.

PROOF. Under the change of variable z; = A7, we have \;(9/0\;) =
22;(0/02;), and 8%/ON? = 42(02/022) + 2(0/0%;). O

7.2. Hypergeometric solutions.

In order to describe the special solution of this system of differential equations,
we introduce, so-called, the hypergeometric functions o F} with matrix argument,
introduced by A. G. Constantine [5].

For a € C and k € Z>, we denote

T(a+k)
I'(a)

(@ = aa+ 1) (ot k- 1) =

For a partition k = (k1, ..., k) of k into not more than n parts, that is, k1 > ko >
cookp,>0and k=ky + ko +---+ k,, we set

(“”‘:ﬁ(“_;“_”)k;

We denote by C,, = Ck(z1,...,2,) the zonal polynomial corresponding to the
partition k (see Section 7.3).

DEFINITION 7.3. We define a series in z = (21,...,2,) by
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2F1(a,byc;2) = Z () (k14 -+ k)’

where k = (k1,...,k,) runs over the partition into at most n parts.

Note that if a is a negative integer, then the above expression of o F; (a, b; ¢; 2)
is a finite sum, and is a polynomial since (a); = 0 for all integers greater than —a.

The following is conjectured by Constantine [5] and is proved by R. J. Muir-
head [21, Theorem 3.1].

PROPOSITION 7.4.  The function 2 Fy(a,b;c; 21, ..., z,) is the unique solution
f of the system of the differential equations

D\f=Dyf=---=D,f=abf
with the property
(a) f is a holomorphic function near the origin (z1,...,2z,) = (0,...,0) and
£0,...,0) = 1.
(b) f(z1,...,2n) is symmetric with respect to the variables z1,. .., zp.

We know ([10, Section 6], [9, Section 7], [2, Theorem 4.1]) that the above
function o F(a, b; ¢; z) is the hypergeometric function associated with the root sys-
tem BC,, and with a degenerate spectral parameter (—a, ..., —a).

We identify the polynomial @) defined in Section 5 with the hypergeometric
function with matrix argument.

THEOREM 7.5. Let d, n and v be integers in Section 2.

(1) Suppose v is even. Then

1 1
Q()\l,...,)\n)ZQF1<—21/,2(V+d—n_1);;l;)\%,...,)\i)

up to a constant multiple.
(2) Suppose v is odd. Then

vr—11

Q()\l,...,)\n):/\1)\2-~-)\n~2F1<—2,2(y+d—n);g+1;>\%,...,)\i)

up to a constant multiple.

ProoOF. We will appeal to the uniqueness criterion of Proposition 7.4.
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(1) We have seen in (14) that the function @ is a polynomial in z1, ..., z, at
the origin, is symmetric, and satisfies the non-vanishing condition at the origin.
By Theorem 5.3, the function @ satisfies the system of differential equations with

the specified parameters. Hence @ is a multiple of o F (a, b;¢; 21, ..., 2n)-
(2) We will consider the function f(z1,...,2,) = Q(A1,..., A\n)/ (A1 An).
We have seen in (14) that the function f is a polynomial in zi,...,2, at the

origin, is symmetric, and satisfies the non-vanishing condition at the origin.
By Theorem 5.3, the function ) satisfies the system of differential equations
Dj.(a,b,c)Q = abQ with the parameters a = —v/2, b= (v+d—n—1)/2, c =n/2.
Now we use the relation

(Dj(a,b,c) —ab) o \/z122 - 2 = /2122 - 2 © (D (a', ', ') — V),

where @' = a+(1/2), b = b+ (1/2), ¢ = ¢+ 1. This relation shows that f satisfies
the system of differential equations D} (a/,b’,c’)f = o't/ f. Hence @Q is a multiple
of o Fy (a5 s 21, ., 2n). O

This is an explicit formula of the polynomials which we are interested in.

We give a remark on the system of differential equations appearing in Propo-
sition 7.4. As is mentioned, the function o F}(a,b;c; z), which is annihilated by
the differential operators Dj —ab (k = 1,...,n), is the hypergeometric function
associated with the root system BC,, and with a degenerate spectral parameter
(—a,...,—a). But for other functions annihilated by all the differential opera-
tors D) —ab (k = 1,...,n), we do not know they would satisfy the system of
hypergeometric differential equations associated with the root system BC, and
with a degenerate spectral parameter (—a,...,—a). The D-module counter part
is also a question; It is suggested that the left ideal of the ring & of differential
operators generated by Dj —ab (k =1,...,n) would be contained in the left ideal
of the commuting differential operators corresponding to the generalized hyper-
geometric systems of type BC,, with the parameter (—a,...,—a). Note that the
rank of the generalized hypergeometric systems of type BC,, is the order of the
Weyl group W (B,,) of type B, which is 2"n!. The generalized hypergeometric
system associated with the root system is irreducible for generic parameters. We
show in Appendix B that the system given by Dj —ab (k = 1,...,n) is holo-
nomic of rank 2. We will expect that there exists the subsystem of rank 2" in
the generalized hypergeometric system of type BC,, with a degenerate parameter
(—a,—a,...,—a) € C™ with a # 0, and such a system is given by the operators
Dj.. This expectation is compatible with the fact that the number of orbits of the
Weyl group W(B,,) through (—a, —a,...,—a) € C™ with a # 0 is 2".
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7.3. Appendix: zonal polynomial.
We recall the definition of zonal polynomials. The monomial symmetric func-

tion m,, = my(z1,...,2,) is by definition the sum of distinct permutations of a
monomial zf 1252 - zFn We introduce a lexicographic order < on the set of par-
titions of k. That is, two partitions x and ' of k has a relation x’ < k if and
only if there exists a natural number ¢ such that ki = k1,...,ki_; = k;—1 and
ki < k;. For example, (1,...,1) < k < (k) for any partition k. We denote by
C.(z) = Cx(z1,...,2,) the zonal polynomial corresponding to the partition .

This polynomial has the following properties (see, e.g., [16]):

(1) Ck(z) is a homogeneous symmetric polynomial of degree k(= ki + -+ ky,).

(ii) Ck(z) is a linear combination of monomial symmetric functions m,s with
k' < k. The coefficient of m,, in C,, is non-zero.

(iii) C(2) satisfies the differential equation

(o X

z 1 - ZJ 8ZZ>CK(Z)
i= J(#)

_ (k(n 1)+ En:k(k - i)>0n(z)-

=1

(iv) We have the following expression in the generating function
(214 +2z)F = ZCN(zl,...,zn).

Note that the conditions (i) (ii) (iii) define C}; up to a constant multiple, and the
condition (iv) gives a normalization of this constant multiple. Note that the zonal
polynomial is a zonal spherical function on GL(n)/O(n) with a parameter &.

8. Appendix A: Spherical polynomials on symmetric spaces.

In this section we give a summary on pluriharmonic polynomials and zonal
spherical functions on Grassmann manifolds.

We assume that d > 2n, and we put GL(n) = GL(n, R), O(n) = O(n, R),
and M,, 4 = M, q(R) for short.

8.1. Irreducible representations of GL(n).
Each irreducible (finite-dimensional) polynomial representation p of GL(n)
corresponds to a partition (f1, fa,..., fn) of length at most n, where f; > fo >
- > fn are non-negative integers. A partition is often identified with the Young
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diagram.

LEMMA 8.1.  For an irreducible polynomial representation p of GL(n), the
followings are equivalent.

e The restriction of p to the subgroup SO(n) contains the trivial representation
of SO(n). In such a case, the multiplicity of the trivial representation is
always one.

e p or det™' ®p (or equivalently det ®p) arises in C[M(n)]°°™ , where det
is the determinant representation of GL(n). In such a case, the multiplicity
of p on C[M(n)]3°™ is always one.

e p or p®sgn arises in C[Sym,]. In such a case, the multiplicity of such a
representation in C[Sym,] is always one.

o The partition corresponding to p satisfies the condition that f; — f; is even
foranyl<i<j<n.

Here C[M (n)]%°(™ is defined to be the space of polynomials f on M (n) such
that f(zk) = f(x) for all k € SO(n), x € M(n). The action L(g) of g € GL(n)
is given by the left translation (L(g)f)(x) = f(g ') for x € M(n). Let Sym,, be
the set of symmetric matrices of size n and C[Sym,,] the space of the polynomials
P(X) on Sym,,. The action of g € GL(n) on P is given by P(X) — P(gX'g).
The proof of Lemma 8.1 is easily obtained by using [8, p. 257, Theorem 5.2.9] and
the Frobenius reciprocity.

We denote by ¥ the set of all irreducible polynomial representations of GL(n),
and by WY C ¥ the subset consisting of the representations with the properties in
Lemma 8.1.

8.2. The space of pluriharmonic polynomials.

Recall that 7, 4 is defined to be the space of pluriharmonic polynomials
P(X) in M, 4. The group GL(n) x O(d) acts on 5%, 4 by P(*AXh) for (A,h) €
GL(n)xO0(d), X € My, 4. Now we consider a representation p®@ A of GL(n) x O(d)
realized in 7, 4. Let ¥ be the set of all irreducible representations of O(d),
and X! the set of irreducible representations of O(d) which arises in 7, 4. If
an irreducible representation p ® A of GL(n) x O(d) is realized in 4, 4, we put
7(A\) = p. Kashiwara and Vergne [19] shows that 7 gives an injective map from
¥! to the set of irreducible polynomial representations of GL(n). We denote its
image by ¥'. The map 7 gives a bijective correspondence between X! and U!.
We define U2 := U0 N P!, and ¥? := 77 1(¥?). We denote by %f(?(") the space of
pluriharmonic polynomials which are left invariant by SO(n). Since SO(n)-fixed
vector in each irreducible representation of GL(n) is at most one-dimensional
(Lemma 8.1), the space i%”ns,(?(n) is a direct sum of irreducible subrepresentations
of O(d) in ¥? with multiplicity-free.
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Yoy L9l cw
U U U
»2 I, w2 o g0

We employ the standard parametrization of the irreducible representations
of O(d). By the explicit description of the map 7 given in Theorem 6.9 and
Theorem 6.13 of Kashiwara and Vergne [19], we can read off the set 2. The
conclusion is

! = parameters with depth at most n
= {(f17"'afn707"'70; (_1)f1+"'+fn) | fl > 2 fn > 0}7
¥? = parameters in ©! with the ‘even’ condition

= {(fla-'-afn707'-'70;<_1)fl+m+fn) S 21 | fz_fj €27 (1 §Z<_]§TL>}

under our assumption d > 2n. We also have ¥ = ¥; and ¥y, = U,,.

8.3. Grassmann manifolds.

We consider the oriented Grassmann manifold &7, consisting of n-
dimensional oriented subspaces in the d-dimensional fixed real vector space. We
denote by L?(%,.,) the space of square integrable functions on the oriented Grass-
mannian manifold ¢7 . The orthogonal group O(d) acts on L*(%93,) by the
right regular representation. Let L*(%7,)o(a) be the set of O(d)—ﬁnite vectors
in L*(93,,). Every element in L*(¢, )o(a) is a real analytic function on %3,
and Lz(%czn)o(d) is a dense subspace of L? (97,)- The representation of O(d) on
L2(43,) (vesp. L*(47,)o(a)) is decomposed into a Hilbert direct sum (resp. an
algebraic direct sum) of irreducible representations of O(d) with multiplicity-free,
and the set of the irreducible representations of O(d) arising there is $2. See, e.g.,
in page 546 of [8].

We identify M, 4 with the set of n vectors in R?, where R? is considered
to be the set of row vectors. We denote by M:hd the open dense subset of M, 4
consisting of n linearly independent vectors in R%, and by Mfl’ 4 the compact subset
of M, ; consisting of n orthonormal vectors in R?. The natural inclusion M, ; C
M), ; C M, g is compatible with the natural action of O(d) from the right. The
group GL(n) acts on M;Ld from the left, and the subgroup O(n) acts on the subset
M) ;. The action of O(d) is transitive on M’ ; so that M} ; = O(d — n)\O(d).
Using these actions, we have
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]
gd,n

= S0(n)\ 7lzld

> (SO(n) x O(d ~ n)\O(d)
> (SO(n) x SO(d - n))\SO(d)

~ GL(n),\M, (22)

as O(d)-homogeneous manifold. Here GL(n); = GL(n,R); := {g € GL(n) |
det(g) > 0} is the identity component of GL(n).

8.4. Relation between pluriharmonic polynomials and Grassmann
manifolds.

The restriction of a polynomial on M, 4 to M/ d induces the map from J2;, 4 to

the space of functions on M]! ;. Since this map is O(n) x O(d)-equivariant, %SO(")

is mapped to the SO(n)-invariant functions on M,/ ;. By the 1somorphlsm (22)

we obtain an O(d)-equivariant map
SO(n o
A, d ™ LQ(%,n)o(dy

Since both sides have the same irreducible decomposition as O(d)-modules, we
conclude that this is an isomorphism.

8.5. Zonal spherical functions on Grassmann manifolds.

First we recall the zonal spherical functions on ¢7 . For each irreducible
subrepresentation V' of O(d) on L%*(%5,), we have the unique function f(g) of
g € O(d) up to a constant multiple which is bi-(SO(n) x O(d — n))-invariant. This
is also considered to be a function f(x) in V of x € ¢, such that f(zh) = f(z)
(for all h € SO(n) x O(d —n)). This function is usually called the zonal spherical
function.

Now we explain the standard idea of doubling the variables. Let us consider
the diagonal action of O(d) on the product 47, x 97, by (z,y) — (zh,yh) for
h € O(d). A natural isomorphism '

(Gan X Gan)/O(d)
= (((50(n) x O(d =n))\O(d)) x ((SO(n) x O(d —n))\O(d)))/O(d)
= (50(n) x O(d = n))\O(d)/(50(n) x O(d —n))
=97,/(SO(n) x O(d—n))

induces the isomorphism L?(&7 , x¥47, )9 = [2(g7 )SO()>xO(d=n) Tn this man-
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ner, a zonal spherical function is considered to be a function in L? (g0 % g(zn)o(d).
If we take an orthonormal basis {f; | i = 1,...,dim V'} of an irreducible subrepre-
sentation (A, V) € X2 of O(d) in L*(%y,,), then f(z,y) = Z?;va fi(z) fi(y) is the
zonal spherical function under this identification.

Now we explain the relation between the polynomial P*(X,Y’) in Section 2
and the zonal spherical function f(z,y) = Z?;nllv fi(x) fi(y). Take a lift P’ €
%de(n) of f; under the identification %fdo(”) = [*(93,,), explained in 8.4. We
consider P*(X,Y) := E?:fv P*(X)P(Y). Then P*(X,Y) satisfies the following
three conditions:

(i) The action of GL(n) x GL(n) on the linear span of P*(aX,bY) (a,b €
GL(n)) is p® p, where p = 7(A) is the irreducible representation of GL(n).

(ii) P*(Xh,Yh)=P*(X,Y) (h € O(d)).

(iii) P*(X,Y) is pluriharmonic with respect to each X or Y.

Conversely, the restriction of P* with these properties (i)’ (ii) (iii) to %,y x
%4 n gives a zonal spherical function associated with an irreducible representation
(\,V) € ¥2. Such a polynomial seems to be essentially a generalized Jacobi
polynomial defined in [17].

We now consider the special case that the representation p of GL(n) is one-
dimensional; p(A) = (det A)” for some non-negative integer v. In this case the
condition (i)’ is rephrased as

(i) P*(AX,BY) = (det AB)"P*(X,Y) for all A, B € GL(n),

which is the same as (i) in Section 2. The corresponding parameter of A such that

p=7(A)is given by A = (v,--- ,v,0,...,0; (—=1)™).
——— ——
n [d/2]-n

9. Appendix B: Holonomic D-modules.

The purpose of this section is to give a proof of the following theorem:

THEOREM 9.1.  Let Dy be the operators given in Theorem 5.3. For each
complex parameters d and v, the system

D;Q=0 (1<k<n)

is holonomic of rank 2™.

We summarize the general terminology and the fact in D-modules. These are
given in the standard textbook, e.g., [12], [18].
Let X be an n-dimensional complex manifold. In this paper, we may assume
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that X is an open subset of C™. We denote by T*X the cotangent bundle of X,
and by (z1,...,2n,(1,...,(,) the coordinates on T*X.

Let Ox be the sheaf of the ring of holomorphic functions on X, 2 = Zx the
sheaf of the ring of (linear) differential operators with holomorphic coefficients on
X, Op+x the sheaf of the ring of holomorphic functions on 7*X. For a differential
operator D € 2, we denote by o(D) € Op«x the principal symbol of D.

EXAMPLE 9.2 ([12, Example 2.2.6]). Let .# be a left ideal of 2. We denote
by o(#) the ideal of Op-x generated by {o(D) | D € .#}. The characteristic
variety of the left D-module Z/.7 is equal to the common zeros of the ideal o(.#);

Ch(2/.9) = {(2,0) € T*X | f(2,¢) =0, for all f € o(.5)}.

It is known that the dimension of a non-empty characteristic variety is at least n =
dim X. A left D-module 2/.# is called holonomic if the dimension of the charac-
teristic variety Ch(2/.#) is at most n = dim X. For an irreducible component V' of
the characteristic variety Ch(2/.#), the multiplicity of 2/.# along V is defined to
be the multiplicity of Op«x /o (#) along V; multy (2/.9) := multy (Or+x /o (F)).

The zero section of the tangent bundle 7% X is denoted by TxX; TxX =
{(z,Q) [ ¢ =0}

LEMMA 9.3 ([12, Example 2.2.4, Proposition 2.2.5]).  The following condi-
tions on ¥ are equivalent.

(i) The characteristic variety Ch(2/.9) = T%X, and the multiplicity r =
multT;(X(@/f).

(ii) The Ox-module Op+x [o(.F) is locally free of rank r.

(iii) The left D-module /.7 is an integrable connection of rank r.

(iv) The space Homg(2/.7,0x) of solutions forms a vector bundle of rank r
over X.

Moreover, such a D-module 9/.% is holonomic on X.

Note that as for the condition (iv), the sheaf of holomorphic solutions is given
by

Homg(.@/ﬂ,ﬁx)’é{feﬁx|Df=0f0rallD€f}
={f€O0x|Dif=--=Dnf=0}

if .# is generated by D1,...,Dy.
The following fact is a direct consequence from the definition.
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LEMMA 9.4. Let & be a left ideal of 2 generated by D; withi=1,2,... N.

(1) The ideal generated by o(D;) withi=1,2,...,N is contained in o(.5).

(2) The characteristic variety Ch(Z/.7) is contained in the common zeros of
o(Dy),...,0(Dy).

(3) If the dimension of such common zeros is at most n(= dim X), then the D-
module /.9 is holonomic on X .

We give an example of Lemma 9.4(3).

ExaMPLE 9.5. Let D; € 2 (1 <14 < n) be the differential operators with
holomorphic coefficients on X such that o(D;) = ¢? (1 <i < n). Let . be the
ideal of 2 generated by Dy,...,D,. Then the left D-module 2/.# is holonomic.

In general, the inclusion (1) in Lemma 9.4 could be strict. The set
Dy,...,Dy € % is called an involutive system of gemerators if the symbols
o(Dy),...,0(Dy) generate o(&) over O« x. We give a sufficient condition to be
an involutive system.

PROPOSITION 9.6 ([18, Proposition 2.12]). Let Dq,...,Dy € 2 be differ-
ential operators of order mq, ..., my, respectively. Let & = 9D1 + - -+ YDy
be the left ideal of 2 generated by D1, ..., Dy. LetY be the common zeros of
the symbols o(Dy),...,0(Dy). Assume the following (a) and (b):

(a) The codimension of Y in T*X is N.
(b) There exist differential operators Giji, € 2 of order < m; +mj —my —1 such
that [D;, D;) = Yo~ GijeDy, for alli,j=1,...,N.

Then Dy, ..., Dy is an involutive system of generators and Ch(2/7) =Y.

Now we consider the case when the number N of generators is equal to the
dimension n of the manifold X.

PROPOSITION 9.7.  Suppose D; € 2 (1 < i <n) be the differential operators
with holomorphic coefficients on X which satisfy the condition (b) in Proposi-
tion 9.6 and the following condition:

(a’) The common zeros of the symbol o(D;) (1 < i < n) is the zero section
{(zQ) eT"X | (=0}

Then the space of solutions of the system of differential equations
Dif=--=D,f=0

forms a wvector bundle over X of rank r, where r is given by the multiplicity:
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r= multT;(X(ﬁT*X/(U(Dl), N ,U(Dn)))

PROOF. We apply Proposition 9.6 for N = n. The condition (a’) im-
plies the condition (a). Then Dg,...,D, is an involutive system of gener-
ators. Let .# be a left ideal of & generated by D; with ¢ = 1,2,... n.
Then o(#) = (0(D1),...,0(Dy)) and Ch(2/.¥) = T%X by the condition
(a). Finally, r = multT;(X(@/f) = multT}X(ﬁT*X/a(/)) = multT;{X(ﬁT*X/
(o0(D1),...,0(Dy))). Hence we see that the condition (i) in Lemma 9.3 is verified,
and the conclusion of this Proposition is the condition (iv) in Lemma 9.3. O

Note that only the condition (a’) is sufficient for the D-module 2/. to be a
vector bundle because of Lemma 9.4(2). In order to obtain an exact formula of its
rank 7, we need an extra condition such as the condition (b).

REMARK 9.8. The multiplicity r given in Proposition 9.7 seems to be equal
to the product of the orders of Dy, ..., D, that is, the product of the homogeneous
degrees in ¢ of o(Dy),...,0(Dy).

We show the following formula for the commutators.

LEMMA 9.9.  Let Dy be the operators given in Theorem 5.3. Then we have

IAZNZ — A2 — A2

Dy D] =
PP o

(D, — Dy).

PROOF. Since the proof is obtained by a straight forward calculation, we
omit it here. O

PrOOF OF THEOREM 9.1. We will apply Proposition 9.7. Let X be the set
{1, eC | A #XM(1<i<j<n)}and m; =--- =my, = 2. Then
Lemma 9.9 shows that Dy, ..., D, satisfies the condition (b) in Proposition 9.7.
Since the symbol o(Dy,) = (7, then we see that the condition (a’) in Proposition 9.7
is also satisfied. We compute the multiplicity as

r=multx (Ox ® (C[¢,- ., Gal/(¢Fs -+ G)))
= dim¢ (C[Clv RN} Cn]/(CIQ’ ERRR) 6721)) = 2"

Then the system is holonomic on X of rank 2™. (]
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