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Abstract. We show that the nonlinear wave equation Du+u} =0 is
globally well-posed in radially symmetric Sobolev spaces HE ,(R®) x H*!(R?) for

rad
all integers k> 2. This partially extends the well-posedness in H¥(R®) x
H*'(R3) for all k € [1,2], established by Lions and Strauss [12]. As a consequence
we obtain the global existence of C* solutions with radial Cj° data. The
regularity problem requires smoothing and non-concentration estimates in
addition to standard energy estimates, since the cubic damping is critical when
k=2. We also establish scattering results for initial data (u,u)|,_, in radially
symmetric Sobolev spaces.

1. Introduction.

Let 0 = 0> — A be the wave operator on R x R* and Du = (u;, Vu) be the
space-time derivative of u. We consider the wave equation with nonlinear
damping

Du—l—ug’:O, ze R t>0, (1.1)
and initial conditions
ul,_y = o, Uelyg = ut, r € R, (1.2)

where (ug,u;) € H*(R?*) x H*"'(R*). Global well-posedness (existence and
uniqueness) in Sobolev spaces is an open question for k > 2. Interestingly, the
answer is affirmative for k € [1,2] due to Lions and Strauss [12]; see also Joly,
Metivier and Rauch [7] and Liang [11]. Below we outline the major difficulties to
obtain well-posedness in Sobolev spaces with k> 2 and explain our partial
solution. We use D* to denote partial derivatives of order oo = (g, a1, a2, 3) and
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| 1|, to denote the norm in LP(R®) for p € [1, ).

A priori estimates are essential for any global well-posedness result. Let us
begin with a basic estimate in H'(R?) x L?(R?) known as the energy inequality.
From

2
S IDNe _ oy,
which is valid for sufficiently regular solutions of (1.1), we conclude that the
energy decreases in time: ||Du(t)|l, < ||Du(0)]|,. Recall that we only multiply with
u; and apply the divergence theorem to obtain the above energy identity.

To establish higher regularity, we look for a priori estimates in H?(R?) x
H'(R?). Assuming that (1.1) can be differentiated once, we have

OD%u + 3u? Du; = 0, la| = 1.

The above equation is also dissipative, since multiplying with D%u; and
integrating on R?® yields the identity

o 2
A IPP Ok _ g,y (o)l
Hence | DD%u(t)|, < [|[DD*u(0)|l, for |a]=1, i.e., all second-order norms
decrease.

We can make such formal calculations rigorous using the monotonicity of
nonlinear damping and standard approximation arguments. (Monotonicity means
that (u} —v})(u; — v;) > 0 for any two functions. This property implies that the
evolution governed by (1.1), (1.2) contracts initial data in the energy space; see
Lemma 3.1 or [12], [7], [11].) Once we have suitable estimates and global well-
posedness in H*(R®) x H*"'(R?) for k = 1 and k = 2, we can extend the result to
all k € [1,2] by interpolation.

Monotonicity is not sufficient, however, to show global well-posedness for
k > 2. Returning to equation (1.1), we notice that high-order derivatives produce
non-dissipative terms. In particular, the equation for Dy with || = 2 is

ODu + 3u; Duy + Y capu D u D7y = 0,

B+y=a

where cg, are some constants. Now || DD%u(t)||, is not necessarily a decreasing
function of ¢, as the energy identity is more complicated:
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d || DD*u(t
p I ”2 Z c(;,ﬂ,/utDﬁutDWutDaut dx
t B+y=a

= — 3| (£) Dy (1) |[3-

The integral is neither positive nor linearly bounded by the other terms, so it is
not clear whether ||[DD%u(t)||, < oo at all ¢. To the best of our knowledge, the
question is still open for data of arbitrary size in H3(R®) x H?(R?). We should
mention that the global existence and asymptotic behavior for small data are well
understood; see Klainerman and Ponce [9], Hormander [6], and the recent work of
Matsuyama [13] and references therein.

This paper establishes global well-posedness for large data under the
assumption of radial symmetry. To state the result, we let £ > 1 and introduce

H" (R®) = {u € H*(R®) : u is a function of |z|}.

Clearly u(z) depends only on |z| if and only if

(20, — 20, Ju(z) =0,  1<i<j<3.

Such spaces are invariant under the evolution map determined by (1.1), (1.2).
The most important case is k = 3, since it ensures that u;, Du; € L*(R., L™(R?)).
Then higher regularity follows from energy estimates and simple induction.

rdd(R3) X HIQELd(RS)
Then problem (1.1), (1.2) admits a unique global solution u, such that

THEOREM 1.1.  Assume that the initial data (ug,u;) € H?

“ue C(Ry, HOJ(RY), || <3.

rad

COROLLARY 1.2.  Assume that the initial data (ug,w1) € H2 ((R®) x H2,(R?).
Then the global solution of problem (1.1), (1.2) satisfies

t
Yo [ IDus) ds < Ci(ugun),  £20,
1<lal<2 70
Z DD u(t)ll, < Co(ug,u1),  t2>0,
la]<2

for implicit constants Ci(ug,w1), k= 1,2, which are finite whenever the norm
llwoll gs + lJuill g is finite; see the remark below.
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REMARK 1.3. The implicit bounds come from Proposition 3.2 dealing with
the non-concentration of certain space-time norms. Such results are typical for
wave and Schrodinger equations with critical nonlinearities; see Struwe [19],
Grillakis [5], Shatah and Struwe [16], Bahouri and Gérard [1], and Tao, Visan,
and Zhang [23]. It may be possible to obtain explicit bounds by the induction on
energy argument of Bourgain [2] and Tao [21], [22].

THEOREM 1.4.  Assume that the initial data (ug,u1) € HF ;(R*) x HF L(R?),
where k > 4 is an integer. Then problem (1.1), (1.2) admits a unique global solution
u, such that

Due C(Ry, H\(R*), o] <k
If (ug,u1) € C(R?) x C%(R?) and (ug,uy) have compact support, then

problem (1.1), (1.2) admits a unique global solution u with compact support in x,
such that

ue C¥(R,,C%\(RY)).

The proofs of Theorem 1.1, Corollaries 1.2 and Theorem 1.4 rely on the
“forbidden” Strichartz estimate and non-concentration arguments. The L}L? —
L2L% Strichartz estimate (due to Klainerman and Machedon [8]) for the wave
equation in R x R? is valid only for radially symmetric solutions which explains
the condition for radially symmetric data. The non-concentration of space-time
norms

/I||uf,(t)Duf,(t)||§dt ~0,  |]—o0. (1.3)

is rather simple compared with the non-concentration argument for semilinear
wave and Schrédinger equations in [19], [5], [16], [2], [21], [1], and [23].
Nevertheless, using (1.3) gives rise to the implicit constants in Corollary 1.2. To
remove the condition for radial symmetry we may also need a more involved
argument along the lines of Colliander, Keel, Staffilani, Takaoka, and Tao [3].

In conclusion, the critical nonlinear damping in R? is quite different from
other critical nonlinearities (at least for radial data). An indication is the
invariant scaling of equation (1.1):

w(x,t) — ug(z,t) = LYV?u(z/L,t/L), L>0.
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We see that the kth-order norms scale as
I Dur(t)lly = L7 Du(t/L)|l,, la| = &,

so problem (1.1), (1.2) is supercritical for k < 2 and critical for k = 2. Surprisingly
the global well-posedness for such k is already known from [12], where
monotonicity plays a more decisive role than scaling invariance. This is the main
difference between wave equations with nonlinear damping and other semilinear
wave and Schrodinger equations.

For completeness we also study the long time behavior of solutions
constructed in Theorem 1.1 and Corollary 1.2. It turns out that such solutions
are asymptotically free, since the term uf is supercritical for scattering theory in
R3. In comparison, the cubic damping is critical (and modifies the asymptotic

profiles) in the following related equations:

Dququuf:O, zeR, t>0,

Dquuf:O, re R t>0.
Asymptotics for these are obtained by Delort [4] and Sunagawa [20] and by
Kubo [10], respectively; see also Mochizuki [14] for the wave equation with
general nonlinear damping and Nakanishi [15] for the Sobolev critical Klein-

Gordon equation. In the case of equation (1.1) we readily verify the sufficient
condition for scattering:

/ D"l dt <00, 0< o] <2,
0

where the initial data (ug,u1) € HS,(R*) x H2,(R?). In fact, the above is a
simple consequence of the estimates in Corollary 1.2.

THEOREM 1.5.  Assume that the initial data (ug,u1) € Ho ,(R*) x H2,
The global solution u of problem (1.1), (1.2) is asymptotically free:

(R%).
[D%u(t) = Duy(t)]l, — 0,  t— oo,

for1 < |a| < 3, where uy is a solution of Tuy = 0 with initial data

Du(w,0) € Hyy(R°) x Hypy(RY).
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REMARK 1.6.  We expect similar scattering results in H* ((R*) x H"* '(R?)
with integer k > 4.

The rest of this paper is organized as follows. Section 2 contains several basic
facts and estimates for the wave equations in R x R?. The regularity problem in
H3 (R*) x H2,(R?) is split between Sections 3 and 4. In Section 5 we use simple
induction to prove Theorem 1.4 about well-posedness in H* ,(R?) x H'(R?)
with k > 3. The scattering results of Theorem 1.5 are verified in the last Section 6.

2. Basic estimates.

The most important tools in this paper are the L;L? — LXH! (energy)
estimate and L;L? — L?L%° (radial Strichartz) estimate for the wave equation in
R x R’

LEMMA 2.1.  Let u be a solution of the Cauchy problem in R x R®
Ou=F, U,y = uo, Utlseg = U1

(a) For any source and initial data, u satisfies the energy estimate
t
[1Du(®)lly < C([[Vuolly + [[u]ly) + C/O [E(s)ll; ds

with an absolute constant C for all t > 0.
(b) For radial source and initial data, u is also a radial function which satisfies

2
(/ Jus) ds) < C(IVunlly + [furlly) + € / 1F(s), ds

with an absolute constant C for all t > 0.

Part (a) is a classical result presented, for instance, in the books of
Strauss [18], Hoérmander [6], and Shatah and Struwe [17]. Klainerman and
Machedon [8] have found the homogeneous version of estimate (b) which implies
the non-homogeneous estimate stated here.

We will work with classical solutions of problem (1.1), (1.2) whose local
properties are well understood. The following is a collection of useful facts.

LEMMA 2.2.  Assume that k> 3 and (ug,u;) € H*(R®) x H*'(R?).
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(a) There exists T > 0, such that problem (1.1), (1.2) has a unique solution u
satisfying

Due C([0,T), H**U(R?)),  |a| <k
Moreover, we have

sup || D%u(t)[l, < Cj,
t€[0,7]

where T and Cy can be chosen to depend continuously on ||uol| g + ||u1 || g1
(b) The continuation principle holds: if T. = Ty (ug,u1) is the supremum of all
numbers T for which (a) holds, then either T\, = oo or

sup [[D%u(t)]|, = oo
tel0,T)

for some a with |a| < k.
(c) If the data (up,uy) are spherically symmetric, the solution (u,u;) is also
spherically symmetric.

Unfortunately, we do not have a single reference for all facts. The
aforementioned books [18], [6], and [17] discuss these and other folklore results
about nonlinear wave equations.

We conclude with an elementary functional inequality to replace the usual
Gronwall inequality in some estimates.

LEMMA 2.3. Let N: R, — R, be a non-decreasing function and 6 > 0 be a
constant. If, for some non-decreasing function A: R, — R, and a constant

B> 0,
N(t) < A(t) + BN(t — 6)
holds for all t > 6, then
N(t) < (1+B)"(N(0) + A@)),

for allt > 6.

PrROOF. If t =6 there is nothing to be proved. For ¢ > ¢ there exists a
positive integer n, such that ndé <t < (n+ 1)6. From the inequality for N, we
obtain the chain of inequalities
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N(né) < A(nd)+ BN((n—1)6)
< A(né) + BA((n —1)6) + BEN((n — 2)6)
<
< (14 B+---+ B A(nb) + B"N(0).

The final step uses A(k6) < A(nd) whenever k <n. Bounding the geometric
sequence of B by a simpler function, we can write

N(né) < (1+ B)" " A(né) + B*N(0).

Since nd < t < (n+ 1)4, we have a few additional steps:

IN

N(t) < A(t)+ BN(nd)
A(t) + B(1 4+ B)" ' A(né) + B N(0)

< (14 B)"A() + (1+B)""'N(0).

IN

Increasing n to t/6, we complete the proof. O

3. Non-concentration and smoothing estimates.

Lemma 2.2 (b) implies global well-posedness when all || D%u(t)||, |a| < 3, are
locally bounded functions of ¢. Hence our goal is to show that such norms can not
blow up in finite time.

We begin with two preliminary estimates for problem (1.1), (1.2) involving
first and second order norms. These results, called the energy dissipation laws, are
discussed in the introduction. We outline the proofs for completeness.

LEMMA 3.1.  Assume that (ug,u1) € H*(R?) x H*(R®) and |a| = 1. Let u be
the solution of problem (1.1), (1.2) eatended on a mazimal interval [0,T,) by
Lemma 2.2. (The main theorem claims T, = oo, but this result is not established
yet.) Then

1
S IDuO)I,

1 t
SIDuOI+ [ (o)l s

1 « 2 ! a 2 1 « 2
S0+ [ Dl ds = S0

for 0 <t < T,. Thus the following norms of u are bounded functions of t:
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[Du)lly < [[Du(0)[ly,  [|IDDu(t)ll, < [DD*w(0)]ly, |af <1.

PrROOF. To show the first-order identity, we combine the divergence
theorem and

| Dul”
2

0= (Ou+ud)u = < > —div(uVu) + u;.
t

The result follows from integration on R* if u(x,t) has compact support with
respect to x. More generally, we can approximate (ug(z),u;(z)) with compactly
supported C* functions and use the finite propagation speed to show that the
boundary integral of div(u;Vu) is zero. Property (a) in Lemma 2.2 implies that
the approximations will converge to the actual solution.

Similarly, we can differentiate equation (1.1) and multiply with D%u,(z,t) to
show the second-order identity. Recall that we deal with solutions that have all
third-order derivatives in L?(R?). O

A simple corollary of Lemma 3.1 is the non-concentration of space-time
norms arising from the damping.

PROPOSITION 3.2.  Assume that (ug,u;) € H*(R*) x H*(R®). Let u be the
solution of problem (1.1), (1.2) extended on a mazimal interval [0,T,) by
Lemma 2.2. For every € > 0 there exists 6 > 0, such that

ty
/t lus()I[3+ D llus(s)Dus(s)[5 | ds < e

lo|=1

whenever [t1,t9] C [0,T%) and ts —t1 < 6.

PROOF. From Lemma 3.1, [us(s)||] + |lus(s)D%us(s)||5 € L(0,T%)) if
|a| = 1. Let us define the measure

p(I) :/1 s ()3 + D llus(s)Dus(s)ll3 | ds, I C[0,T),

lof=1

where I can be any Borel set. Since p is absolutely continuous with respect to the
Lebesgue measure, we have u(I) < € whenever |I| < § is sufficiently small. O

The next result combines Lemma 2.1 and Proposition 3.2 to bound the L?L2®
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norm of D%u(x,t), |a] = 1. Here the radial symmetry of initial data is essential.
Differentiating the main equation, we obtain

0D + 3u? Du; = 0, laf = 1.

Now Lemma 2.1 (b) implies that

([ 1o as) " (31)

t
< CIDD*u(0)]]; + C/ [u?(s)Dus(s)]] ds.
0

This is the starting point to establish the following estimate.

PROPOSITION 3.3.  Assume that (ug,u1) € H? ;(R*) x H2 (R®). Let u be the
local solution of problem (1.1), (1.2) constructed in Lemma 2.2. There exist an
absolute constant C' and positive constant § = 6(ug,u1), such that

. 12 1+t/6
3 ( [ IDrus)l ds) < 1+ Do),
Ja|=1 |a|=1
X Z [DD"w(0)]l,
la|=1
forallt €10,T.).
PrROOF. Lett e (0,7:). Using (3.1) and
12(5) Dt (3] < It (3)]] 120 () D)
we can write
2
([ruia)” < cippruol,
e / () o 122 (5) D0 (5)]] ds.

Summation over |«| = 1 yields the basic estimate
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o (/ 17l ds) e C > DD u(0)],

la|=1

e / lis() e 3 () D%y (5) 1 .

la]=1

635

We need the Cauchy inequality and non-concentration result of Proposition 3.2 to

bound the derivatives of nonlinear damping in terms of the seminorm

t) = MX::I </0t | Du(s)||%, ds> 1/27 t>0.

Let 6 >0 be a small number to be determined later. For ¢ < §, a direct

application of the Cauchy inequality shows that

t) < C Y IDD"u(0)],

la]=1

1/2

+C Z lus(s)D%uy(s)|3ds | N(t).

0 Jal=1

For ¢t > 6, the decomposition

([ [ )il

followed by two applications of the Cauchy inequality, results in

N(t) < O IDD"u(O)l,

|al=1
1/2
=5
+ON(t - 6) > lus(s) D, (s)|3 ds
0 Jal=1

1/2

+CN(t) / ZHus )D%uy(s)||5 ds

(3.2)
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To further simplify last estimate, we notice that

1/2

/0 D llus(s)Dus(s)|3ds | < C > IDDu(0)]),,

la|=1 |a|=1

which is a consequence of Lemma 3.1. Then

N(t) < C Y IDD*u(O)ll, +C| D IDD u(0)]ly | N(t —9)

|a|=1 la)=1
1/2
+C Z l|us (s)D%uy(s)||3 ds N(t). (3.3)

f‘s\a| 1

We can now finish the proof using either (3.2) or (3.3). Recall that
Proposition 3.2 yields 6 > 0 with the property

1/2

to 9 1
| S luepruiias) <

Ja|=1

whenever [t1,t2] C [0,T%) and ¢3 — t; < 6. Here 6 is a function of (ug, uq).
If t < 6, we refer to estimate (3.2):

N(t) < C Y IDD"w(0)]|, + % N(t).

|al=1

This completes the proof for sufficiently small ¢.
If t > 6, we go to estimate (3.3):

(t) < C Y IDD u(0)y +C| D IDD (0], | N(t —8).

|a]=1 Ja|=1

Applying Lemma 2.3, i.e., iterating the above inequality approximately ¢/4 times,
we arrive at the final estimate for large t.
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1+t/6
N(t) <C > DD u(0)],| 1+C > DD u(0)]l, ;

la|=1 la]=1

with 6 depending on (ug,u;). Unfortunately this dependence is not explicit. O

The L?L norm of Du(x,t), |a| =2, admits a similar estimate. Now we
differentiate twice equation (1.1):

OD%u =+ SU?DO‘ut =+ Z Cﬂ,'yuf,DﬁutD’YUt = O,
B+y=a

where cg,, are constants. From Lemma 2.1 we obtain

t 1/2 t
« 2 « 2 «
( [p u<s>||ocds) < CIDD ), +C [ () Do),
+C [ (o) (D97 s (3.4)

The rest is similar to Proposition 3.3 except that it involves third-order
derivatives D*u(x,t), || = 3. To handle such terms we need the energy estimate
in Section 4.

PROPOSITION 3.4.  Assume that (ug,u;) € H? ((R®) x H? (R®). Let u be the
local solution of problem (1.1), (1.2) constructed in Lemma 2.2. There exist

positive constants C' and 6 = 6(up, u1), such that

= (f rorwse. ) )

1+4t/8
< Cl1+C > |DDu(0)l,
|a|=2
t
x> (IDD“U(O)Ib +/0 Ius(s)lliollD“us(s)lgds>
la|=2

forallt €10,T.).

PROOF. Let t € (0,7.) and 0 < s < ¢. Substitute the upper bounds
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[u?(s) D us(s)]]

s () (D ()7l

IN

s ()15 1D s (5)1 (3.5)
([ Dus (8) | 12 (8) Dt ()

IN

into inequality (3.4). Then

t 1/2 t
(0 ||D“u<s>||iods) < C(||DDuu<o>||2+ / ||us<s>||;||D“us<s>||2ds)

e / 1 Dta(5) o l11a(5) Dt (5) [ s,

Summing over |a| = 2 and introducing

o= ([rua) . ezo

jal=2

we have

N < CZ(IIDD“U(0)||2+ / '||us<s>|ic||D“us<s>||2ds)

|a|=2

+C [ 1D Lol () D ()] s

Similarly to the previous proposition, we can estimate the derivatives of nonlinear
damping in terms of N(t). There are again two cases: t < § and ¢ > 8, where § > 0
is chosen by the non-concentration result in Proposition 3.2.

For t < 6, the use the Cauchy inequality to obtain

NH<CeY <||DDau<o>||2 +f |us<s>||io||D“us<s>|2ds>

o] =2
so [ luopuias) ) (36)

For ¢t > 6, we split the integral
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(/é+/§) | Dt (3) ol s (5) D 5) 1 s

and apply the Cauchy inequality to each part. Then

Nt < ¢S (IDD )y + [ us() 2D us(s)], ds
0

|a|=2

1/2

iy ) Dun() as) Nt~

1/2

+o( [ D) v

It follows from Lemma 3.1 that

1/2

(/ " lust) Du(5) &) <Y IDD O,

la=1

so we have

<C |DD*w(0) ||y + | lus(s)]1% || Dus(s) |, ds
( [ )
(Z | DD u( IIQ) N(t—0) (3.7)

al=1

1/2

o [ Iupuias) v

Proposition 3.2 shows the existence of § > 0, such that [t1,ts] C [0,7}) and
ty —t; < 6 imply

1/2

o[ D) <.

Hence estimates (3.6) and (3.7) yield
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N(t) < OZ(|DD%<0>|2+ / ||us<s>||§o||D“us<s>||2ds)

la|=2

and

NOIEREDS (||DD“u<o>||2 <[ ||us<s>|ic||D&us<s>||2ds)

|a|=2

+C( Y IDDu(0)|l, | N(t - 6),
la|=1

respectively. The proof is complete in the first case. Lemma 2.3 helps finish the
proof in the second case. O

4. Energy estimates and global existence of radial solutions in
H3 x H?.

In Section 3 we related smoothing estimates of u(z,t) with estimates of
[ID%u(t)]]5, 1 < |a| < 3. Here we obtain an inequality for the latter norms.

PROPOSITION 4.1.  Assume that (ug,uy) € H? ((R*) x H?,(R®) and let u be

the local solution of problem (1.1), (1.2) constructed in Lemma 2.2. There exists an
absolute constant C, such that

Y IDD* (), < €Y |IDD u(0)],

la]=2 |a|=2

+C / 1Du(s) % [ S IDDu(s)], | ds

lor|=2

so S oo, | ( [ 1 Dun(s), i) "

Jal=1
for allt €10,T,).

PROOF. Differentiating (1.1) twice, we find that D%u is a weak solution of

OD%u + 3u?D“ut + Z c‘gﬁutDﬂutD”"ut =0
B+y=a
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with constant c¢g,. Thus, D*u satisfies the estimate in Lemma 2.1 (a):
DD u(t)]l, < C[DDu(0)]l,

+C ) [[u2(s) D uy(s) |, ds
| [us(5)(Dusy(s))?5 ds

for t € [0, 7). Using (3.5) in both integrals and applying the Cauchy inequality to
the second integral, we can write

DD u(®)]l, < ClIDD*w(0)],

t
o / | Du(s)|% [ D ()] ds

ro( [ Iputst as) " ([ hutpucoigas)

To complete the proof, we add these estimates for all |a| =2 and refer to

1/2

Lemma 3.1 for the inequality

/0 Jus(s) Dus(s)|2ds < C S | DDu(0) 1

la]=1
(]

We can finally show that ||[DD%u(t)||,, with |a| <2, do not blow up if the
initial data have radial symmetry. Recall that such regularity is not preserved
automatically, as the equation for second-order derivatives is not dissipative.

PROOF OF THEOREM 1.1. It is clear from Lemma 3.1 that |DYu(t)l,,
|a] <2, do not blow up in finite time. Thus we consider only third-order norms.
Define

¢ 1/2
N(t) = Z(IIDD“U(t)HgﬂL/0 1D u(s)]I% d8> :

lof=2

We combine Propositions 3.4 and 4.1 to obtain
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N < Ca(u, s ) (N(O) + [N ds)

for all t€[0,T,), where Ci(ug,u1,t) is a continuous increasing function of ¢
determined from these results. Using the Gronwall inequality, we have an
exponential estimate:

N(t) < Cy(up,u,t)N(0) exp(cﬁ(uoauht)/o ||u5(s)||iods>

Proposition 3.3 shows that the integral of |ju,(s)|, is finite on any finite [0,].
Hence N(t) is finite on every finite subinterval of [0,7%). This completes the
proof. O

PROOF OF COROLLARY 1.2.  We start with the uniform estimates of L?L>
norms. Notice that inequality (3.1) is valid on any interval [t, ¢] for all |a| = 1:

& 1(/ 1 ) U< oY ipnl,

lol=1

+CZ Hu ) D%u(s)|3 ds.

|al=1

From the Cauchy inequality, we have
Ni(t) < C) DD ulto)],
la|=1

t

1/2
+CNy(t) < ||us(s)Dus(s)||§ ds) ,

to

where

t 1/2
H=>" (/ | D%u(s)]|%, ds) . t>t.
la|=1 \/1o

Since the integral on [0,00) is convergent, we can find a large ¢y, such that
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0( / f ||us<s>Dus<s>|%ds) e - (4.1)

Thus Ni(t) <2C 37, - [|IDDu(ty)|l, for all ¢ > ¢y. For bounded ¢ the estimates
follow from Theorem 1.1.

Using N (t) < C(ug,u1), t > 0, and Propositions 3.4 and 4.1, we can show
that the remaining norms in Corollary 1.2 are also uniformly bounded. Let

¢ 1/2
Ny(t) = Z(t ||D”‘u(s)||icds> . t>ty.

lal=2

It follows from (3.4) that

1/2 t
( / 1D ds) < DD u)l+C [ (6D (o)l ds
to

+C [ [lus(s) (Dug(s))l, ds,

to

where |a| = 2. Thus

No(t) < CZ||DDau(tO)||2

|a|=2
t
e / lusI% | 3 1D y(5)1l,
"0 |a|=2

remo [ f Jon(s)Du9) s ) )

Now (4.1) shows that

No(t) < 20 [IDD"u(to)],
la|=2

t
+20/ lusIE | 3 10%us(s)l; | ds
to

|o|=2
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for sufficiently large ¢ > to. An immediate consequence is

No(t) <2C > | DDulto)l
|a|=2

—|—20N3(t)( 1Du(s)|I% ds) (4.2)

to
with

N3(t) =Y sup [[DD"u(s)ll,, >t
|(I‘:2 SE[to,t]

Since Proposition 4.1 is also valid on [ty,t], we can write

Ny(t) < C Y IDDu(to) |l

lof=2

+C’N3(t)< IDu(s)|I% ds) (4.3)

to

+CNo(t) | D IDDu(0)],

Ja|=1

for all £ > ty. The convergence of

| IDuts) . as
0
and estimates (4.2), (4.3) are sufficient to bound uniformly Na(t) + N3(t). O

5. Global existence of radial solutions in H* x H*1, k > 3.

Let u be the local solution of problem (1.1), (1.2) constructed in Lemma 2.2
and define the kth-order norms

Ei(t) = Y DD u(t)]l,.

|a|=k

We will use induction in k > 2 to show the global existence of w.
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PROOF OF THEOREM 1.4. We already know that Es(t) < oo for all
t € [0,00); see Theorem 1.1. To prove that higher regularity is also preserved,
we assume that Fj_1(t) < oo on [0,00) but Ei(t) < oo only on [0,T). If we apply
D*, |a| = k, to equation (1.1), the result is

OD% + SUfDo‘ut + Z c},,_,y‘,\D“utD”utD’\ut =0
prrHA=a

with constants c,,,\ # 0 only when max(|u|, [v|, |A|) <k — 1. Estimating D*u by
Lemma 2.1 (a), we have

t
IDD%u(t)[l; < ClIDD*u(0)]|; + C/O 3 () D" us (s)]] ds

t
+C ) /0 | DFuy(s) DV ug(s) D Mug(s)||yds— (5.1)

pFrHA=a

for t € [0,Ty). A key observation is that the second integral can be bounded in
terms of Ey(s), 0 <1< k-1, and ||D%u(s)||, 1 <6 < 2.
If the largest index satisfies |u| = k£ — 1, then |v| + || =1 and

10" s (5) D s (5) D us(s) 1

IN

10" s (5) 11 D725 () o |1 D s () 1
Epa(s) Y 1D u(s)ll%.

1<[g|<2

IN

If the indices satisfy max(|ul,|v|, |\|) < k—2, we combine the Holder
inequality and Sobolev embedding in R® to obtain

10" s (5) D" (5) D s (5) |

IA

D1, () 1 D2, 1 D )
ClIV D1y () [l|V Dt () | V DV (5)

k—1
C> El(s).
=1

A

IN

Thus, (5.1) yields
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! 2
[DDu(t)|l, < CIDD"u(0)l, + C/U ([ () D%us(s)ll, ds

+C Y /E“ )| D u(s ds+cz/ E}(s)ds

1<|8]<2

for all ¢ € [0,T,). Adding these estimates for |a| = k, we obtain
' 2
EL()  CEW0) + € [ un(s)|LBu(s) ds-+ Cia )
0

where

Cr( /Ek1 (s)]| D u(s ds+C’Z/ E}(s
1<|e|<2

does not blow up in finite time due to the inductive assumption and Corollary 1.2.
Now the Gronwall inequality and Proposition 3.3 imply that Ej(¢) is uniformly
bounded on every finite subinterval of [0, T.). Hence u can be continued to a global
solution with Ej(t) < oo.

We have shown that, for all k > 1, H* x H*"! regularity is preserved during
the evolution of radial data. Thus C* regularity is also preserved during the
evolution of compactly supported radial data. ([

6. Scattering of radial solutions in H3 x H?2.

To study the behavior of u as t — oo, we restate Corollary 1.2:

/ I1Du(s)|%, ds < Ch(ug,w),
1<]al<2
Z sup || DD%u(t)||, < Co(ug, u1), (6.1)
laf<2 te[0,00)

where Cy(ug,u1), k = 1,2, are finite constants if ||ug||gs + ||u1]| g2 is finite.

PROOF OF THEOREM 1.5. We rewrite problem (1.1), (1.2) in an equivalent
integral form:
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u(z,t) = w(x,t) — /01 % u? (s, ) ds.

Here u; solves the homogeneous wave equation [u; = 0 with the same initial data:

sintv—A
S — )

w(x,t) = costvV—Aug(z) + A

1 (3?)
Define the asymptotic profile u(z,t) as

uy(z,t) = w(x,t) — /0Oo %ﬂ u?(z, s) ds.

Clearly Ouy = 0 and w(x,t) = u(x,t) — uy(z,t) is given by

w(x, t

B *sin(t — s)V—A
)_/; Y u;(x, s) ds.

Our goal is to show that ||D%u ()|, < oo and
| Dw(t)]|, — 0 as t — oo, 1< o] <3.

Hence, it is sufficient to show that the following integrals converge:

/ 1D%d (s)[ly ds < 00, |a] < 2. (6.2)
0

Using |D%u?| < 3u?|D%ul, for |a| =1, and |D*u?| < 3u2|Dus| + 6|us|| Dus|?, for
|a] = 2, we immediately obtain

/0 l(s)]], ds

> 3
/0 1D%(s)]], ds

IN

c / a8 12 1) ds,

IN

o0
c / lua ()LD us(s) [ ds, o] =1,

IN

/0 1D w(s)ll, ds 0/0 s () 151 D% () ] ds

+C/0 1Dus ()15 lus(s)ll ds, o] =
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The integrals on the right sides converge due to (6.1). Hence these estimates
imply the convergence in (6.2). O

ACKNOWLEDGMENTS. The authors wish to thank Professor Mitsuhiro
Nakao for attracting our attention to this problem. The authors are also grateful
to the referee for his careful reading of the manuscript and for his valuable
remarks.

References

[1] H.Bahouriand P. Gérard, High frequency approximation of solutions to critical nonlinear wave
equations, Amer. J. Math., 121 (1999), 131-175.

[2] J. Bourgain, Global wellposedness of defocusing critical nonlinear Schrédinger equation in the
radial case, J. Amer. Math. Soc., 12 (1999), 145-171.

[3] J. Colliander, M. Keel, G. Staffilani, H. Takaoka and T. Tao, Global well-posedness and
scattering in the energy space for the critical nonlinear Schrédinger equation in R?, Ann. of
Math. (2), 167 (2008), 767-865.

[4] J.-M. Delort, Existence globale et comportement asymptotique pour I’quation de Klein-Gordon
quasi linaire donnes petites en dimension 1, (French) [Global existence and asymptotic behavior
for the quasilinear Klein-Gordon equation with small data in dimension 1] Ann. Sci. Ecole
Norm. Sup. (4), 34 (2001), 1-61.

[5] M. Grillakis, Regularity and asymptotic behaviour of the wave equation with a critical
nonlinearity, Ann. of Math. (2), 132 (1990), 485-509.

[6] L. Hormander, Lectures on Nonlinear Hyperbolic Differential Equations, Mathématiques &
Applications, 26, Springer-Verlag, Berlin, 1997.

[7] J.-L.Joly, G. Metivier and J. Rauch, Nonlinear hyperbolic smoothing at a focal point, Michigan
Math. J., 47 (2000), 295-312.

[8] S. Klainerman and M. Machedon, Space-time estimates for null forms and the local existence
theorem, Comm. Pure Appl. Math., 46 (1993), 1221-1268.

[9] S. Klainerman and G. Ponce, Global, small amplitude solutions to nonlinear evolution
equations, Comm. Pure Appl. Math., 36 (1983), 133-141.

[10] H. Kubo, Asymptotic behavior of solutions to semilinear wave equations with dissipative
structure, Discrete Contin. Dyn. Syst., 2007, Dynamical Systems and Differential Equations,
Proceedings of the 6th AIMS International Conference, suppl., pp. 602-613.

[11] J. Liang, Nonlinear Hyperbolic Smoothing at a Focal Point, PhD dissertation, 2002.

[12] J.-L. Lions and W. A. Strauss, Some non-linear evolution equations, Bull. Soc. Math. France,
93 (1965), 43-96.

[13] T. Matsuyama, Asymptotics for the nonlinear dissipative wave equation, Trans. Amer. Math.
Soc., 355 (2003), 865-899.

[14] K. Mochizuki, Decay and asymptotics for wave equations with dissipative term, Lecture Notes
in Phys., 39, Springer-Verlag, 1975, pp. 486—490.

[15] K. Nakanishi, Scattering theory for nonlinear Klein-Gordon equation with Sobolev critical
power, Internat. Math. Res. Notices, (1999), no. 1, 31-60.

[16] J. Shatah and M. Struwe, Regularity results for nonlinear wave equations, Ann. of Math. (2),
138 (1993), 503-518.

[17] J. Shatah and M. Struwe, Geometric wave equations, Courant Lecture Notes in Mathematics,
2, New York University, Courant Institute of Mathematical Sciences, New York; American
Mathematical Society, Providence, RI, 1998.

(18] W. A. Strauss, Nonlinear wave equations, CBMS Regional Conference Series in Mathematics,


http://dx.doi.org/10.1353/ajm.1999.0001
http://dx.doi.org/10.1090/S0894-0347-99-00283-0
http://dx.doi.org/10.2307/1971427
http://dx.doi.org/10.1307/mmj/1030132535
http://dx.doi.org/10.1307/mmj/1030132535
http://dx.doi.org/10.1002/cpa.3160460902
http://dx.doi.org/10.2307/2946554
http://dx.doi.org/10.2307/2946554

(19]
[20]
21]
22]

23]

Wave equation with a critical nonlinear damping 649

73, Published for the Conference Board of the Mathematical Sciences, Washington, DC;
American Mathematical Society, Providence, RI, 1989.

M. Struwe, Globally regular solutions to the u’-Klein-Gordon equations, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4), 15 (1988), 495-513.

H. Sunagawa, Large time behavior of solutions to the Klein-Gordon equation with nonlinear
dissipative terms, J. Math. Soc. Japan, 58 (2006), 379-400.

T. Tao, Global well-posedness and scattering for the higher-dimensional energy-critical non-
linear Schrodinger equation for radial data, New York J. Math., 11 (2005), 57-80.

T. Tao, Spacetime bounds for the energy-critical nonlinear wave equation in three spatial
dimensions, Dyn. Partial Differ. Equ., 3 (2006), 93-110.

T. Tao, M. Visan and X. Zhang, Global well-posedness and scattering for the mass-critical
nonlinear Schrédinger equation for radial data in high dimensions, Duke Math. J., 140 (2007),
165-202.

Grozdena TODOROVA Davut UGURLU
University of Tennessee -Knoxville Abant Izzet Baysal University
E-mail: todorova@math.utk.edu E-mail: ugurlud@ibu.edu.tr

Borislav YORDANOV

University of Tennessee -Knoxville
E-mail: yordanov@math.utk.edu


http://dx.doi.org/10.2969/jmsj/1149166781

