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Commutators of C1-diffeomorphisms

preserving a submanifold
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Abstract. We consider the group of C1-diffeomorphisms of M which is

isotopic to the identity through C1-diffeomorphisms preserving N for a compact

manifold pair ðM;NÞ and prove that the group is perfect. Also we prove that it is

uniformly perfect for a certain compact manifold with boundary.

1. Introduction and statement of results.

LetM be a connected C1-manifold without boundary and let D1
c ðMÞ denote

the group of all C1-diffeomorphisms of M which are isotopic to the identity

through C1-diffeomorphisms with compact support. It is well known by the

results of M. Herman [8] and W. Thurston [16] that D1
c ðMÞ is perfect, that is,

every element of D1
c ðMÞ is represented by a product of commutators. There are

many analogous results on the group of diffeomorphisms preserving a geometric

structure of M.

In this paper we consider the relative case. Let M be an m-dimensional

connected C1-manifold and N a proper n-dimensional C1-submanifold and let

D1
c ðM;NÞ denote the group of all C1-diffeomorphisms ofM which are isotopic to

the identity through C1-diffeomorphisms preserving N with compact support.

The first purpose of this paper is to prove the perfectness of D1
c ðM;NÞ. We

have the following.

THEOREM 1.1. D1
c ðM;NÞ is perfect for n � 1.

COROLLARY 1.2. Let M be an m-dimensional C1-manifold with boundary.

Then D1
c ðM;@MÞ is perfect for m � 2.

By the fragmentation argument, the proof of Theorem 1.1 is reduced to prove
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the following.

THEOREM 1.3. D1
c ðRm;RnÞ is perfect for n � 1.

In the case n ¼ 0, the second author [6] proved that H1ðD1
c ðM;NÞÞ ¼�

R� � � � �R (k times) for N ¼ fp1; � � � ; pkg. Here H1ðD1
c ðM;NÞÞ is defined by the

quotient group of D1
c ðM;NÞ by its commutator subgroup. In [1], [2] we treated

the case when M has a smooth action of a compact Lie group, and calculated the

first homology group of the equivariant diffeomorphism group of M.

The second purpose of this paper is to study the uniform perfectness of

D1
c ðM;NÞ. Since D1

c ðMÞ is perfect by Thurston [16], each element f of D1
c ðMÞ

can be represented as a product
Qk

i¼1½g2i�1; g2i�, where gi 2 D1
c ðMÞ. If every

element of D1
c ðMÞ can be represented as a product of a bounded number k of

commutators of its elements, then the group is said to be uniformly perfect. For

example, it is known that D1ðS1Þ is uniformly perfect. In fact D1ðS1Þ is

represented as a product of at most two commutators (M. Herman [9]).

Recently T. Tsuboi [18] has studied the uniform perfectness of DiffrcðMÞ and
proved that it is uniformly perfect if 1 � r � 1 and r 6¼ dimM þ 1 andM belongs

to a certain wide class of manifolds. In [3] Burago, Ivanov and Polterovich, they

obtained the remarkable results on the uniform perfectness of DiffrcðMÞ achieved
with excellent methods. On the other hand, if we consider the diffeomorphisms of

M preserving a geometric structure of M, then there exist certain cases that the

group is not uniformly perfect (c.f. J. Gambaudo-É. Ghys [7], M. Entov [4]).

From Corollary 1.2, each element f of D1
c ðM;@MÞ can be represented as a

product of commutators. Then we can prove the following uniform perfectness for

D1
c ðM;@MÞ.

THEOREM 1.4. Let M be an m-dimensional compact manifold with bound-

ary such that both groups D1
c ðintMÞ and D1ð@MÞ are uniformly perfect. Then

D1ðM;@MÞ is a uniformly perfect group for m � 2.

2. Basic lemmas and the group of leaf preserving diffeomorphisms.

In this section, we prepare basic lemmas and a result which are necessary to

prove Theorem 1.3.

Let G : Rn ! GLðm� n;RÞ be a C1-mapping satisfying that G is C1-close

to the constant mapping e : Rn ! GLðm� n;RÞ, x 7! Im�n and the support of G

is contained in the open ball Bn
� ¼ fx 2 Rn j kxk < �g. Then we have the following

by Lemma 4 of [1].

LEMMA 2.1. There exist C1-mappings Gi : R
n ! GLðm� n;RÞ and
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’i 2 D1
c ðRnÞ ði ¼ 1; 2; � � � ; q ¼ ðm� nÞ2Þ satisfying that

(1) each ’i is C
1-close to the identity and is supported in B�,

(2) each Gi is supported in Bn
2
ffiffi
3

p
�
and is C1-close to e, and

(3) G ¼ ðG�1
1 � ðG1 � ’1ÞÞ � � � � � ðG�1

q � ðGq � ’qÞÞ.

Let F0 be the product foliation of Rm with leaves of form fRn � fygg where

ðx; yÞ is a coordinate of Rm ¼ Rn �Rm�n. By D1
L;cðRm;F 0Þ we denote the group

of leaf preserving C1-diffeomorphisms of ðRm;F 0Þ which are isotopic to the

identity through leaf preserving C1-diffeomorphisms with compact support.

Then we have the following splitting lemma.

LEMMA 2.2 (Splitting lemma). Suppose that f 2 D1
c ðRm;RnÞ is C2-close to

1Rm and the support of f is contained in Bm
� . Then there are g1, g2 2 D1

c ðRm;RnÞ
such that

(1) f ¼ g2 � g1,
(2) g1 and g2 are C2-close to 1Rm and their supports are contained in Bm

� ,

and

(3) g1 2 D1
L;cðRm;F 0Þ, ĝ2ðxÞ 2 D1

c ðRm�n; 0Þ for any x 2 Rn, where ĝ2ðxÞ :
Rm�n ! Rm�n is defined by ĝ2ðxÞðyÞ ¼ g2ðx; yÞ for y 2 Rm�n.

PROOF. Take f 2 D1
c ðRm;RnÞ. We have kf � 1Rmk2 < " for a sufficiently

small " > 0, where k � k2 denotes the C2 norm. We put fðx; yÞ ¼ ðf1ðx; yÞ;
f2ðx; yÞÞ 2 Rm ¼ Rn �Rm�n. Note that f2ðx; 0Þ ¼ 0. Put g1ðx; yÞ ¼ ðf1ðx; yÞ; yÞ.
Then we have g1 2 D1

L;cðRm;F 0Þ and g1 is C2-close to 1Rm since kg1 � 1Rmk2 �
kf � 1Rmk2 < ". We define a map f̂1 : R

m�n ! D1
c ðRnÞ by f̂1ðyÞðxÞ ¼ f1ðx; yÞ for

y 2 Rm�n and x 2 Rn. Then f̂1 satisfies f̂1ðyÞ ¼ 1Rn for kyk � �. Then we have by

easy calculations that g�1
1 ðx; yÞ ¼ ðf̂1ðyÞ�1ðxÞ; yÞ for x 2 Rn and y 2 Rm�n. We put

g2 ¼ f � g�1
1 . Then we have g2ðx; yÞ ¼ f � g�1

1 ðx; yÞ ¼ ðx; f2ðf̂1ðyÞ�1ðxÞ; yÞÞ for

ðx; yÞ 2 Rm ¼ Rn �Rm�n. Note that g2 2 D1
L;cðRm;F 1Þ, where F 1 is the product

foliation of Rm with leaves of form ffxg �Rm�ng. By putting ĝ2ðxÞðyÞ ¼
f2ðf̂1ðyÞ�1ðxÞ; yÞ, we have a map ĝ2 : R

n ! D1
c ðRm�n; 0Þ satisfying that ĝ2ðxÞ ¼

1Rm�n for kxk � �. For, take any x 2 Rn. Then the Jacobian of ĝ2ðxÞ at y ¼ 0

satisfies the following:

@ĝ2ðxÞi
@yj

¼
Xn
k¼1

@f2;i

@xk
ðf̂1ðyÞ�1ðxÞ; yÞ �

@ðf̂1ðyÞ�1
k ÞðxÞ

@yj
þ
@f2;i

@yj
ðf̂1ðyÞ�1ðxÞ; yÞ

thus,
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@ĝ2ðxÞi
@yj

� �
� Im�n

����
����

�
Xm�n

i;j¼1

Xn
k¼1

@f2;i

@xk
ðf̂1ðyÞ�1ðxÞ; yÞ �

@ðf̂1ðyÞ�1
k ÞðxÞ

@yj

�����
�����

þ
X
i6¼j

@f2;i

@yj
ðf̂1ðyÞ�1ðxÞ; yÞ

����
����þXm�n

i¼1

@f2;i

@yi
ðf̂1ðyÞ�1ðxÞ; yÞ � 1

����
����

� ðm� nÞ2ðn"þ 1Þ":

Hence we have ĝ2ðxÞ 2 D1
c ðRm�n; 0Þ for x 2 Rn. This completes the proof of

Lemma 2.2. �

Let F be a C1-foliation of a C1-manifold M. By D1
L;cðM;FÞ we denote the

group of leaf preserving C1-diffeomorphisms of ðM;FÞ which are isotopic to the

identity through leaf preserving C1-diffeomorphisms with compact support.

Then T. Tsuboi (and T. Rybicki [11] independently) proved the following by

looking at the proofs in [8] and [16].

THEOREM 2.3 (Theorem 1.1 of [17]). D1
L;cðM;FÞ is perfect.

3. Proof of Theorem1.3.

Take f 2 D1
c ðRm;RnÞ. We may assume that f is C2-close to 1Rm and is

supported in Bm
� . From Lemma 2.2, there are g1, g2 2 D1

c ðRm;RnÞ such that (1)

f ¼ g2 � g1, (2) g1 and g2 are C2-close to 1Rm and are supported in Bm
� , and (3)

g1 2 D1
L;cðRm;F 0Þ, ĝ2ðxÞ 2 D1

c ðRm�n; 0Þ for any x 2 Rn, where ĝ2ðxÞðyÞ ¼
f2ðf̂1ðyÞ�1ðxÞ; yÞ.

By Theorem 2.3, g1 is represented as a product of commutators of elements in

D1
L;cðRm;F 0Þ.

Thus we shall prove that g2 can be represented as a product of commutators

of elements in D1
c ðRm;RnÞ. Let dĝ2ðxÞð0Þ be the differential of ĝ2ðxÞ at y ¼ 0 for

each x 2 Rn. Since g2 is C2-close to 1Rm , dĝ2ð�Þð0Þ is C1-close to the constant

mapping e ðeðxÞ ¼ Im�nÞ and is supported in Bn
� . Then we have by Lemma 2.1 that

there exist C1-mappings Gi : R
n ! GLðm� n;RÞ and ’i 2 D1

c ðRnÞ ði ¼ 1; 2; � � � ;
q ¼ ðm� nÞ2Þ satisfying that (1) each ’i is C1-close to the identity and is

supported in Bn
� , (2) each Gi is supported in Bn

2
ffiffi
3

p
�
and is C1-close to e, and (3)

dĝ2ð�Þð0Þ ¼ ðG�1
1 � ðG1 � ’1ÞÞ � � � � � ðG�1

q � ðGq � ’qÞÞ.
Let � : ½0;1Þ ! ½0; 1� be a C1-monotone decreasing function satisfying that

�ðtÞ ¼ 1 for t � ð1=2Þ� and �ðtÞ ¼ 0 for t � � and put a C1 function � : Rm�n !
½0; 1� by �ðyÞ ¼ �ðkykÞ. For Gi, we define a C1-mapping hGi

: Rm ! Rm by
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hGi
ðx; yÞ ¼ x; ð�ðyÞ �GiðxÞ þ ð1� �ðyÞÞ � Im�nÞyð Þ:

We see that hGi
is a C1-diffeomorphism of Rm since Gi is C

1-close to e. Note that

hGi
ðx; yÞ ¼ ðx;GiðxÞyÞ for kyk � ð1=2Þ�.

For ’i 2 D1
c ðRnÞ, we put

F’iðx; yÞ ¼ ð�ðyÞ’iðxÞ þ ð1� �ðyÞÞx; yÞ:

We see that F’i is a C
1-diffeomorphism ofRm since each ’i is sufficiently C1-close

to the identity. Then, since F�1
’i

ðx; yÞ ¼ ð’�1
i ðxÞ; yÞ for kyk � ð1=2Þ�, we have that

h�1
Gi

� F�1
’i

� hGi
� F’iðx; yÞ ¼ ðx;GiðxÞ�1 �Gið’iðxÞÞ � yÞ

for kyk � ð1=2Þ�.

LEMMA 3.1. hdĝ2ð�Þð0Þ ¼
Qq

i¼1½h�1
Gi
; F�1

’i
� on a small neighborhood of Rn �

f0g, furthermore hdĝ2ð�Þð0Þ 2 ½D1
c ðRm;RnÞ; D1

c ðRm;RnÞ�.

PROOF. We note that hdĝ2ð�Þð0Þðx; yÞ ¼ ðx; dĝ2ðxÞð0Þ � yÞ for x 2 Rn and

y 2 Rm�nðkyk � ð1=2Þ�Þ. Then the equality hdĝ2ð�Þð0Þ ¼
Qq

i¼1½h�1
Gi
; F�1

’i
� on the small

neighborhood fðx; yÞ 2 Rn �Rm�n j kyk � ð1=2Þ�g of Rn � f0g follows from a

simple calculation. Since hdĝ2ð�Þð0Þ � ð
Qq

i¼1½h�1
Gi
; F�1

’i
�Þ�1 is supported in a compact

subset of Rm �Rn, the proof of the rest follows from the perfectness of

D1
c ðRm �RnÞ (Thurston [16]). �

PROOF OF THEOREM 1.3 continued. We put g3 ¼ h�1
dĝ2ð�Þð0Þ � g2. Then we

have g3ðx; yÞ ¼ ðx; dĝ2ðxÞð0Þ�1 � f2ðf̂1ðyÞ�1ðxÞ; yÞÞ for kyk � ð1=2Þ�. We remark

that the Jacobian of ĝ3ðxÞ at y ¼ 0, @ĝ3ðxÞi=@yj
� �

¼ Im�n for any x 2 Rn.

The rest is proved by considering a parameter version of Sternberg [15]

(cf. [2]) in the following. We may assume that the support of g3 is contained in Bm
�

for a small � > 0. We put  ðx; yÞ ¼ ðx; cyÞ for 0 < c < 1. Then the eigenvalues of

the Jacobian Jðg3 �  ð�; yÞÞ at y ¼ 0 are all c. This satisfies the condition of

Theorem 1 of [15]. By the parameter version of Theorem 1 of [15], there exists a

C1-diffeomorphism R of Rn �Rm�n of the form Rðx; yÞ ¼ ðx;R1ðx; yÞÞ with

R1ðx; 0Þ ¼ 0 satisfying that R�1 � ðg3 �  Þ �R ¼  on Bm
� .

Put a C1-function � : Rm ! ½0; 1� by �ðx; yÞ ¼ �ðkðx; yÞkÞ for ðx; yÞ 2 Rm.

Note that the support of � is contained in Bm
� . We define a C1-diffeomorphism ~ 

of Rn �Rm�n by ~ ðx; yÞ ¼ ðx; ð�ðx; yÞcþ 1� �ðx; yÞÞ � yÞ. Then we have ~ ¼  on

Bm
ð1=2Þ�. By replacing  to ~ and considering R to be the identity outside of Bm

� , g3
is written as a commutator of elements in D1

c ðRm;RnÞ on Bm
ð1=2Þ�. Outside of
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Bm
ð1=2Þ�, g3 � ð½R; ~ �Þ

�1 is also represented by a product of commutators of elements

in D1
c ðRm;RnÞ, by the perfectness of D1

c ðRm �RnÞ (Thurston [16]). Thus we

have that g3 is contained in ½D1
c ðRm;RnÞ; D1

c ðRm;RnÞ�, hence g2 is so. This

completes the proof. �

REMARK 3.2. Theorem 1.1 was proved by T. Rybicki in [12], [13]. The

proof was given by following the Mather’rolling up method [10] and using some

estimate in Epstein [5]. But it is not easy to check whether the proof is complete.

We have prove it by the another method.

4. The uniform perfectness.

Let M be an m-dimensional compact connected C1-manifold with boundary

@M. In this section we study the uniform perfectness of D1ðM;@MÞ.

DEFINITION 4.1. The group D1ðM;@MÞ is uniformly perfect if any element

of the group can be represented as a product of a bounded number of commutators

of its elements.

First we investigate the uniform perfectness of D1
c ðRm;RnÞ (n � 1).

THEOREM 4.2. D1
c ðRm;RnÞ is uniformly perfect for n � 1. In fact, any

f 2 D1
c ðRm;RnÞ can be represented as a product of two commutators of elements

in D1
c ðRm;RnÞ.

PROOF. We prove Theorem 4.2 by the parallel way to Tsuboi [18]. Take

f 2 D1
c ðRm;RnÞ. By Theorem 1.3, f can be represented by a product of

commutators as

f ¼
Yk
i¼1

½ai; bi�; where ai; bi 2 D1
c ðRm;RnÞ:

Let U be an bounded open set of Rm containing the supports of ai’s and bi’s. Take

� 2 D1
c ðRm;RnÞ such that f�iðUÞgki¼1 are disjoint. This is possible because n � 1.

We put F ¼
Qk

j¼1 �
jð
Qk

i¼j½ai; bi�Þ��j which defines an element in D1
c ðRm;RnÞ.

Then we have

��1 � F � � � F�1 ¼ f � ð
Yk
j¼1

�j½aj; bj��1��jÞ ¼ f � ½
Yk
j¼1

�jbj�
�j;
Yk
j¼1

�jaj�
�j�:

Thus f ¼ ½��1; F � � ½
Qk

j¼1 �
jaj�

�j;
Qk

j¼1 �
jbj�

�j�. Therefore, f can be represented
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as a product of two commutators of elements in D1
c ðRm;RnÞ. This completes the

proof. �

REMARK 4.3. Put Hm ¼ fðx1; x2; . . . ; xmÞ 2 Rm j xm � 0g. By the same

way as the proof of Theorem 4.2, we can prove that each element of D1
c ðHm;

Rm�1Þ can be represented as a product of two commutators of its elements.

From Theorem 4.2 we can prove Theorem 1.4.

PROOF OF THEOREM 1.4. Let � : D1ðM;@MÞ ! D1ð@MÞ be the map

which is defined by the restriction. By the isotopy extension theorem, � is

epimorphic. Take an element f 2 D1ðM;@MÞ and put �f ¼ �ðfÞ. Since D1ð@MÞ is
a uniformly perfect group, there exists a bounded number k such that each

element of the group is represented as a product of k commutators of its elements.

Then �f is written as �f ¼
Qk

j¼1½�gj; �hj� for �gj; �hj 2 D1ð@MÞ. We take gj and hj in

D1ðM;@MÞ satisfying �ðgjÞ ¼ �gj and �ðhjÞ ¼ �hj. Let f̂ ¼ ð
Qk

j¼1½gj; hj�Þ
�1 � f .

Then f̂ 2 ker�.

Let W be a collar neighborhood of @M. Then W can be identified with

½0; 1Þ � @M. For a positive number " putW" ¼ ½0; "Þ � @M. If we take " sufficiently

small, then f̂ðW"Þ 	W . Thus f̂ is represented on W" as f̂ðt; xÞ ¼ ðf̂1ðt; xÞ; f̂2ðt; xÞÞ
for ðt; xÞ 2W" with f̂1ðt; xÞ 2 ½0; 1Þ, f̂2ðt; xÞ 2 @M. By the Taylor expansion

formula, for ðt; xÞ 2 W"

f̂1ðt; xÞ ¼ t
@f̂1

@t
ð0; xÞ þ t2

Z 1

0

ð1� rÞ
@2f̂1

@t2
ðtr; xÞdr:

Let � : ½0; 1Þ ! ½0; 1� be a C1-function such that �ðtÞ ¼ 1 for t 2 ½0; 2=3� and
�ðtÞ ¼ 0 for t 2 ½3=4; 1Þ. Take a positive number � � " and put ��ðtÞ ¼
�ðt=�Þ ð0 � t < �Þ. For ðt; xÞ 2W�, let

g1ðt; xÞ ¼ t
@f̂1

@t
ð0; xÞ þ ð1� ��ðtÞÞt2

Z 1

0

ð1� rÞ
@2f̂1

@t2
ðtr; xÞdr:

Define g :M !M such that g ¼ ðg1; f̂2Þ on W� and g ¼ f̂ outside of W�.

There exist positive numbers K;L such that

j�0ðtÞj � K;
@if̂1

@ti
ðt; xÞ

�����
����� � L ði ¼ 2; 3Þ for ðt; xÞ 2W�:

Then
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g1ðt; xÞ �
@f̂1

@t
ð0; xÞt

�����
����� � �2

2
L;

@g1

@t
ðt; xÞ �

@f̂1

@t
ð0; xÞ

�����
����� � �

2
ðK þ 2ÞLþ

�2

6
L:

Note that f̂2ð0; xÞ ¼ ð0; xÞ for x 2 @M. Then, if we take � sufficiently small, we see

that g is a diffeomorphism of M.

If we define ~gs ð0 � s � 1Þ by

~gsðt; xÞ ¼ t
@f̂1

@t
ð0; xÞ þ ð1� s��ðtÞÞt2

Z 1

0

ð1� rÞ
@2f̂1

@t2
ðtr; xÞdr; f̂2ðt; xÞ

 !

for ðt; xÞ 2 W� and ~gs ¼ f̂ outside of W�, then we see that f~gsg is an isotopy of M

such that ~g0 ¼ f̂ , ~g1 ¼ g. By the definition gðt; xÞ ¼ ðð@f̂1=@tÞð0; xÞ � t; f̂2ðt; xÞÞ on
Wð2=3Þ�. Then it is easy to see that g is isotopic to a diffeomorphism ĝ which is

equal to the identity onWð1=2Þ� and is equal to f̂ on ½ð3=4Þ�; �Þ � @M. Thus we have

an isotopy ~fs ð0 � s � 1Þ of M such that f̂s ¼ f̂ on ½ð4=5Þ�; �Þ � @M for any s and
~f0 ¼ f̂ , ~f1 ¼ ĝ.

Let ‘ be the category number of @M and V ¼ fVig‘þ1
i¼1 be a covering of @M

such that each Vi is diffeomorphic to a disjoint union of open balls in @M. Let

f�ig‘þ1
i¼1 be a partition of unity subordinate to the covering V . Define hi 2 D1

c ðMÞ
ði ¼ 1; 2; � � � ; ‘þ 1Þ supported in W� such that for ðt; xÞ 2W�

h1ðt; xÞ ¼ f̂ � ~f�1
�1ðxÞ

� �
ðt; xÞ;

hiðt; xÞ ¼ ðh1 � � � � � hi�1Þ�1 � f̂ � ~f�1
�1ðxÞþ���þ�iðxÞ

� �
ðt; xÞ ði ¼ 2; � � � ; ‘þ 1Þ:

Then f̂ � ĝ�1 ¼ h1 � h2 � � � � � h‘þ1 and the support of hi is contained in ½0; �Þ � Vi.

We can assume that each hi is contained in D1
c ðHm;Rm�1Þ. Hence from

Remark 4.3, each hi is represented as a product of two commutators of elements in

D1
c ðHm;Rm�1Þ.

Note that ĝ is isotopic to the identity being supported in intM. By the

assumption of Theorem 1.4, there exists a bounded number s such that ĝ is

represented as a product of s commutators of elements in D1
c ðintMÞ. Hence f is

represented as a product of kþ 2ð‘þ 1Þ þ s commutators of elements in

D1ðM;@MÞ. Since k; ‘; s are bounded numbers, this completes the proof of

Theorem 1.4. �
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REMARK 4.4. T. Tsuboi [18] studied the uniform perfectness of DiffrcðMÞ.
He has proved that it is uniformly perfect if 1 � r � 1 ðr 6¼ dimM þ 1Þ and M is

one of the following cases

(1) an odd dimensional compact manifold without boundary,

(2) an even dimensional compact manifold without boundary which has a

handle decomposition without handles of the middle index,

(3) the interior of an odd dimensional compact manifold W and

(4) the interior of an even dimensional compact manifoldW which has a handle

decomposition only with handles of indices not greater than ðdimW � 1Þ=2.

The following is an immediate consequence of Theorem 1.4 and Remark 4.4.

COROLLARY 4.5. LetM be a compact manifold with boundary @M such that

intM and @M are manifolds in the cases of Remark 4.4. Then D1ðM;@MÞ is a

uniformly perfect group.

EXAMPLE 4.6. Since intDm and Sm�1ðm � 2Þ satisfy the condition in

Corollary 4.5, D1ðDm; Sm�1Þ is a uniformly perfect group.
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