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Abstract. We consider the group of C*-diffeomorphisms of M which is
isotopic to the identity through C*-diffeomorphisms preserving IV for a compact
manifold pair (M, N) and prove that the group is perfect. Also we prove that it is
uniformly perfect for a certain compact manifold with boundary.

1. Introduction and statement of results.

Let M be a connected C*-manifold without boundary and let D (M) denote
the group of all C*°-diffeomorphisms of M which are isotopic to the identity
through C*-diffeomorphisms with compact support. It is well known by the
results of M. Herman [8] and W. Thurston [16] that DX°(M) is perfect, that is,
every element of D (M) is represented by a product of commutators. There are
many analogous results on the group of diffeomorphisms preserving a geometric
structure of M.

In this paper we consider the relative case. Let M be an m-dimensional
connected C'*°-manifold and N a proper n-dimensional C'*°-submanifold and let
DX (M, N) denote the group of all C*°-diffeomorphisms of M which are isotopic to
the identity through C*°-diffeomorphisms preserving N with compact support.

The first purpose of this paper is to prove the perfectness of DX°(M, N). We
have the following.

THEOREM 1.1. D%(M, N) is perfect forn > 1.

COROLLARY 1.2. Let M be an m-dimensional C*-manifold with boundary.
Then DX*(M,0M) is perfect for m > 2.

By the fragmentation argument, the proof of Theorem 1.1 is reduced to prove
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the following.
THEOREM 1.3. DX(R™, R") is perfect forn > 1.

In the case n =0, the second author [6] proved that H;(DX(M,N)) =
R x --- x R (k times) for N = {py,---,pr}. Here H{(D°(M, N)) is defined by the
quotient group of D°(M, N) by its commutator subgroup. In [1], [2] we treated
the case when M has a smooth action of a compact Lie group, and calculated the
first homology group of the equivariant diffeomorphism group of M.

The second purpose of this paper is to study the uniform perfectness of
D¥(M,N). Since DX (M) is perfect by Thurston [16], each element f of DX (M)
can be represented as a product Hle [g2i-1, g2i], where g; € D°(M). If every
element of D°(M) can be represented as a product of a bounded number & of
commutators of its elements, then the group is said to be uniformly perfect. For
example, it is known that D>(S') is uniformly perfect. In fact D>(S') is
represented as a product of at most two commutators (M. Herman [9]).

Recently T. Tsuboi [18] has studied the uniform perfectness of Diff (M) and
proved that it is uniformly perfect if 1 < r < oo and r # dim M + 1 and M belongs
to a certain wide class of manifolds. In [3] Burago, Ivanov and Polterovich, they
obtained the remarkable results on the uniform perfectness of Diff] (M) achieved
with excellent methods. On the other hand, if we consider the diffeomorphisms of
M preserving a geometric structure of M, then there exist certain cases that the
group is not uniformly perfect (c.f. J. Gambaudo-E. Ghys [7], M. Entov [4]).

From Corollary 1.2, each element f of DX(M,0M) can be represented as a
product of commutators. Then we can prove the following uniform perfectness for
DX (M,0M).

THEOREM 1.4. Let M be an m-dimensional compact manifold with bound-
ary such that both groups DX (intM) and D>*(OM) are uniformly perfect. Then
D>*(M,0M) is a uniformly perfect group for m > 2.

2. Basic lemmas and the group of leaf preserving diffeomorphisms.

In this section, we prepare basic lemmas and a result which are necessary to
prove Theorem 1.3.

Let G: R" — GL(m — n, R) be a C*-mapping satisfying that G is C'-close
to the constant mapping e : R" — GL(m —n, R), « — I,,,_,, and the support of G
is contained in the open ball Bf = {z € R" | ||z|| < 6}. Then we have the following
by Lemma4 of [1].

LEMMA 2.1.  There exist C®-mappings G;: R" — GL(m —n,R) and
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@; € DX(R") (i =1,2,---,q = (m —n)®) satisfying that
(1) each @; is C'-close to the identity and is supported in Bs,
(2) each G; is supported in By = and is C'-close to e, and
(3) G=(Gi" (Growr)) - (G1 - (Gyopy)).

Let %, be the product foliation of R™ with leaves of form {R" x {y}} where
(z,y) is a coordinate of R™ = R" x R"™". By DF (R", 7) we denote the group
of leaf preserving C*°-diffeomorphisms of (R™, %) which are isotopic to the
identity through leaf preserving C*°-diffeomorphisms with compact support.
Then we have the following splitting lemma.

LEMMA 2.2 (Splitting lemma).  Suppose that f € DX(R™, R") is C*-close to
1gm and the support of f is contained in By'. Then there are g, g» € DX(R™, R")
such that
(1) f=g200,
(2) g1 and go are C?-close to 1g» and their supports are contained in By,
and
(3) g1 € DE(R™, Fy), ga(z) € DX(R™",0) for any x € R", where §a():
R"™™™ — R™™" is defined by ga(z)(y) = g2(x,y) fory e R™".

PROOF. Take f € DX(R™,R"). We have || f — 1g»||, < € for a sufficiently
small & >0, where ||-||, denotes the C? norm. We put f(z,y) = (fi(z,v),
fo(z,y)) € R™ = R" x R™". Note that fo(z,0) =0. Put gi(z,y) = (fi(z,9),7).
Then we have g; € D¥.(R™, %) and g¢; is C?-close to 1g» since ||g; — 1gn||, <
|f —1gn|l, <e. We define a map fi: R™™ — D®(R") by fi(y)(z) = fi(z,y) for

y€ R™ " and x € R". Then f; satisfies fl( ) = 1g» for ||y|| > 6. Then we have by
easy calculations that g;'(z,y) = (fi(y) ' (z),y) for € R" and y € R™™". We put
g2=fogr'. Then we have gy(z,y) = fo g (x,y) = (z, LH(/i(y) " (z),y)) for
(z,y) € R" = R" x R™". Note that g» € D° (R™, %), where .#, is the product
foliation of R™ with leaves of form {{z} x R""}. By putting j(z)(y) =
fo(fi(y) " (x),y), we have a map gs : R* — DX (R™™",0) satisfying that go(z) =
1gn—= for ||z|| > 6. For, take any = € R". Then the Jacobian of g(x) at y =0
satisfies the following:

ol Ofai F () Ne) Ofs 5.
92 Z 63;1 (fily) " (2),y) - 1((1;3;; )( >+ 8; (fi(y) ™ (2),v)

thus,
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m-n n 8f21 ~ . 8(‘]?1(3})];1)(33)
< X3l () @) =g
+ ; %Z’_i (fl(y)‘l(x),y)’ + 2 %f;i(fl(y)_l(x),y) - 1'

Hence we have ¢o(z) € DX(R™",0) for x € R". This completes the proof of
Lemma2.2. (]

Let # be a C*>-foliation of a C*°-manifold M. By DY (M,.#) we denote the
group of leaf preserving C*°-diffeomorphisms of (M, .7) which are isotopic to the
identity through leaf preserving C*°-diffeomorphisms with compact support.

Then T. Tsuboi (and T. Rybicki [11] independently) proved the following by
looking at the proofs in [8] and [16].

THEOREM 2.3 (Theorem 1.1 of [17]).  DF.(M, F) is perfect.

3. Proof of Theorem1.3.

Take f € DX(R™, R"). We may assume that f is C2-close to 1g» and is
supported in B}'. From Lemma2.2, there are gi, go € D°(R™, R") such that (1)
f=g20a, (2) g1 and g are C?-close to 1g» and are supported in By, and (3)
91 € DE (R", F0), g2(x) € DX (R"",0) for any x€ R", where gs(z)(y) =
Fofily) " (@), ).

By Theorem 2.3, g, is represented as a product of commutators of elements in
DX (R™, ).

" Thus we shall prove that g can be represented as a product of commutators
of elements in DX (R™, R"). Let dgz(x)(0) be the differential of go(x) at y = 0 for
each z € R". Since go is C*-close to 1g», dgs(-)(0) is C'-close to the constant
mapping e (e(z) = I,,—,) and is supported in Bf. Then we have by Lemma 2.1 that
there exist C*-mappings G; : R" — GL(m —n, R) and ¢; € DX(R") (i =1,2,---,
q= (m —n)?) satisfying that (1) each ¢; is Cl-close to the identity and is
supported in Bf, (2) each G; is supported in B;\/gé and is C'-close to e, and (3)
43s()(0) = (G113 (Gro) -+ (G, - (Gyo0,).

Let A : [0,00) — [0,1] be a C*°-monotone decreasing function satisfying that
A(t) =1 for t < (1/2)6 and A(t) =0 for t > ¢ and put a C* function p: R™™" —
[0,1] by u(y) = A(Jlyll)- For G, we define a C*-mapping h¢g, : R™ — R™ by
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he,(z,y) = (z, (W(y) - Gi(z) + (1 — pu(y)) - Ln—n)y)-

We see that hg, is a C*-diffeomorphism of R since G; is C'-close to e. Note that

he, (x,y) = (z, Gi(z)y) for [ly|| < (1/2)6.
For ¢; € DX(R"), we put

F,(z,y) = (uy)pi(z) + (1 — p(y)z,y).

We see that F,, is a C*-diffeomorphism of R™ since each ¢; is sufficiently C'-close
to the identity. Then, since F,'(z,y) = (¢; ' (x),y) for [ly|| < (1/2)é, we have that

hgl o F, ' ohg, o Fy(z,y) = (z,Gi(z) ™" Gi(pi(2)) - )
for 1y < (1/2)6.

LEMMA 3.1. hqg,(-)(0) = [T, [hg!, F,'] on a small neighborhood of R" x
{0}, furthermore hag ()(0) € [DF (R", R"). D (R”, R

c

PROOF. We note that hqg,0)(z,y) = (z,dg2(x)(0) - y) for z € R" and
y € R™" "(|lyll < (1/2)6). Then the equality hag,)0) = [T b, F. ] on the small
neighborhood {(z,y) € R* x R™ ™" | |ly|| < (1/2)8} of R" x {0} follows from a
simple calculation. Since hqg, (o) © (I, [ha},F@l])fl is supported in a compact
subset of R™ — R", the proof of the rest follows from the perfectness of
DX(R™ — R") (Thurston [16]). O

PROOF OF THEOREM 1.3 contir}ued. We put g3=~h ql()( o) © 92 Then we
have gy(z,9) = (2,dd()(0)" - folfi(y) ™ (@),9)) for lgll < (1/2)8. We remark
that the Jacobian of g3(z) at y =0, (993(x);/dy;) = L—y for any z € R".

The rest is proved by considering a parameter version of Sternberg [15]
(cf. [2]) in the following. We may assume that the support of g3 is contained in By’
for a small § > 0. We put ¢(z,y) = (z,cy) for 0 < ¢ < 1. Then the eigenvalues of
the Jacobian J(gso(-,y)) at y =0 are all ¢. This satisfies the condition of
Theorem 1 of [15]. By the parameter version of Theorem 1 of [15], there exists a
C*>-diffeomorphism R of R" x R™™" of the form R(z,y) = (z,Ri(z,y)) with
Ry (z,0) = 0 satisfying that R~ o (g3 0 1)) o R =1 on B}".

Put a C*®-function v: R™ — [0,1] by v(z,y) = A(||(z,y)|)) for (x,y) € R™.
Note that the support of v is contained in B'. We define a C*-diffeomorphism ¥
of R" x R™™" by 1)(x, y) = (z, (v(z,y)c+ 1 —-v(z,y)) - y). Then we have 9) = 1 on
B"l‘/2 By replacing 1 to 1/} and considering R to be the identity outside of B}, g3
is written as a commutator of elements in DX(R™, R") on Bl j5)5- Outside of
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Bﬁ/zw g3 o ([R, 1;])71 is also represented by a product of commutators of elements
in DX(R™, R"), by the perfectness of D°(R™ — R") (Thurston [16]). Thus we
have that g3 is contained in [DX(R™, R"), D*(R™, R")], hence g, is so. This
completes the proof. O

REMARK 3.2. Theorem 1.1 was proved by T. Rybicki in [12], [13]. The
proof was given by following the Mather’rolling up method [10] and using some
estimate in Epstein [5]. But it is not easy to check whether the proof is complete.
We have prove it by the another method.

4. The uniform perfectness.

Let M be an m-dimensional compact connected C*°-manifold with boundary
OM. In this section we study the uniform perfectness of D*(M,dM).

DEFINITION 4.1.  The group D*(M,0M) is uniformly perfect if any element
of the group can be represented as a product of a bounded number of commutators
of its elements.

First we investigate the uniform perfectness of DX(R™, R") (n > 1).

THEOREM 4.2. DX(R™, R") is uniformly perfect for n>1. In fact, any
feDX(R™ R") can be represented as a product of two commutators of elements
in DX(R™, R").

PROOF. We prove Theorem4.2 by the parallel way to Tsuboi [18]. Take
feDX(R™ R"). By Theorem1.3, f can be represented by a product of
commutators as

k
f=T]lai bi), where a;,b; € DX(R", R").
i=1

(2

Let U be an bounded open set of R™ containing the supports of a;’s and b;’s. Take
¢ € DX(R™, R") such that {¢/(U)}"_, are disjoint. This is possible because n > 1.
We put F = H;‘:l W(Hf:j[ai, bi])¢~/ which defines an element in D*(R™, R").
Then we have

k

k k
¢l oFogoF = fo([[#lapb] e = fol[[¢b0 [ #aj0).
j=1 j=1

J=1

Thus f=[¢p~ !, F]o [szl dajp, szl #'bj¢~7]. Therefore, f can be represented
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as a product of two commutators of elements in D°(R™, R"). This completes the
proof. ([l

REMARK 4.3. Put H™ ={(x1,22,...,2y) € R™ | 2, > 0}. By the same
way as the proof of Theorem4.2, we can prove that each element of D>*(H™,
R’”_l) can be represented as a product of two commutators of its elements.

From Theorem 4.2 we can prove Theorem 1.4.

PROOF OF THEOREM 1.4. Let w:D*(M,0M)— D*(0M) be the map
which is defined by the restriction. By the isotopy extension theorem, w is
epimorphic. Take an element f € D®(M,0M) and put f = 7(f). Since D>®(9M) is
a uniformly perfect group, there exists a bounded number k such that each
element of the group is represented as a product of kK commutators of its elements.
Then f is written as f = H§:1 [gj, hj] for g;,h; € DOC((?M).A We take g; and h; in
D>(M,0M) satisfying 7(g;) = g; and w(h;) = hj. Let f= (H?Zl[gj, hj])fl of.
Then f € ker.

Let W be a collar neighborhood of OM. Then W can be identified with
[0,1) x OM. For a positive number ¢ put W, = [0,¢) x dM. If we take e sufficiently
small, then f(W.) C W. Thus f is represented on W, as f(t,z) = (fi(t, z), fo(t, z))
for (t,z) € W. with fi(t,z) €[0,1), fo(t,z) € dM. By the Taylor expansion
formula, for (¢,z) € W;

. of ! 9 f
Rtz) =t % 0,2) +t2/0 (1-7) WJ‘? (tr, z)dr.

Let 4 :[0,1) — [0,1] be a C*-function such that u(t) =1 for t € [0,2/3] and
w(t) =0 for te[3/4,1). Take a positive number § <e and put As(t) =
w(t/6) (0<t<é). For (t,x) € W, let

ofi

gl(t,.’I}) =t E

1 2 ¢
(0,z) 4+ (1 — )\6(15))152/0 (1—7r) o/ (tr,z)dr.

o

Define g: M — M such that g = (g1, f>) on Ws and g = f outside of Wj.
There exist positive numbers K, L such that
3 fi

') < K _
WOl <K |

(t,x)] <L (i1=2,3) for (t,z) € W;.

Then
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of: 82
_on <%
g1(t, ) 5 (0,2)t| < 5 L
g1 ofi 0 2
-7t _ 2 < Z .
5t (t,z) B (0,2)] < 2(K+2)L+ L

Note that f5(0,z) = (0,z) for # € M. Then, if we take 6 sufficiently small, we see
that ¢ is a diffeomorphism of M.
If we define g, (0 <s<1) by

gs(t,z) = (t % (0,z)+ (1 — s)\g(t))tz/o (1-7) % (tr,x)dr, fg(t, 1:))

for (t,xz) € Ws and g, = f outside of W, then we see that {gs} is an isotopy of M
such that jo = f, §i = ¢. By the definition g(t,z) = ((8f1/0t)(0,z) - t, fo(t,z)) on
Wia/3)5- Then it is easy to see that g is isoto;zic to a diffeomorphism ¢ which is
equal to the identity on W(1/2)s and is equal to f on [(3/4)6,6) x OM. Thus we have
an isotopy fs (0 < s < 1) of M such that f; = f on [(4/5),6) x OM for any s and
fo=Ff fi=9

Let ¢ be the category number of OM and ¥ = {V;}fi} be a covering of M
such that each V; is diffeomorphic to a disjoint union of open balls in OM. Let
{uz}fﬁ be a partition of unity subordinate to the covering ¥ Define h; € D°(M)
(¢=1,2,---,£+4 1) supported in Wy such that for (¢,z) € Ws

mat) = (Fo fuln) (t.2),

hilt,2) = ((ho-e-ohin)™ o fofily ) ta) (=2, 0+1),

Then fo G ' =hiohyo---0hy and the support of h; is contained in [0,8) x V;.
We can assume that each h; is contained in DX(H™, R™'). Hence from
Remark 4.3, each h; is represented as a product of two commutators of elements in
DX(H™, R™").

Note that g is isotopic to the identity being supported in intM. By the
assumption of Theorem 1.4, there exists a bounded number s such that g is
represented as a product of s commutators of elements in D°(intM). Hence f is
represented as a product of k+2(¢+1)+ s commutators of elements in
D>*(M,0M). Since k,£,s are bounded numbers, this completes the proof of
Theorem 1.4. O
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REMARK 4.4. T. Tsuboi [18] studied the uniform perfectness of Diff (M).

He has proved that it is uniformly perfect if 1 <r < oo (r # dim M + 1) and M is
one of the following cases

(1) an odd dimensional compact manifold without boundary,

(2) an even dimensional compact manifold without boundary which has a
handle decomposition without handles of the middle index,

(3) the interior of an odd dimensional compact manifold W and

(4) the interior of an even dimensional compact manifold W which has a handle
decomposition only with handles of indices not greater than (dim W —1)/2.

The following is an immediate consequence of Theorem 1.4 and Remark 4.4.

COROLLARY 4.5. Let M be a compact manifold with boundary OM such that
intM and OM are manifolds in the cases of Remark 4.4. Then D*(M,0M) is a

uniformly perfect group.

EXAMPLE 4.6.  Since intD™ and S™ !(m > 2) satisfy the condition in
Corollary 4.5, D>®(D™, S™~1) is a uniformly perfect group.
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