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Abstract. We compute the homotopy groups of the spaces of self maps of Lie
groups of rank 2, SU(3), Sp(2), and G2. We use the cell structures of these Lie groups
and the standard methods of homotopy theory.

1. Introduction.

For pointed spaces X and Y, we let map, (X,Y’) denote the space of pointed
maps from X to Y. We take the trivial map * as a base point of map, (X,Y). The
homotopy groups of function spaces have long been studied in homotopy theory.
Indeed, if X = S", then map,(S™,Y") coincides with the iterated loop space Q"Y'
Hence the homotopy groups m,map,(S",Y) are known by the homotopy groups
of Y. However, even if the number of the cells of X is small, the determination of
the group structure of m,map,(X,Y") is not easy in general.

In this paper we study the homotopy groups of the self maps map, (X, X) in
the case where X is a compact Lie group of rank 2. Precisely, we consider SU(3),
Sp(2), and G5. The homotopy-theoretic structures of these spaces are well known.
In particular, their homotopy groups are computed in Mimura-Toda [MT], and
Mimura [M]. Our results entirely depend on their work.

The homotopy groups of map, (X, X) are closely related to the homotopy
groups of other interesting spaces. For instance, we have

(i) We can apply our results to the homotopy groups of the spaces of self-
homotopy equivalences. When X is a topological group, all connected components
of map, (X, X) have the same homotopy type. Hence we have an isomorphism:

mp(aut, (X), 1x) & m,map, (X, X)

where aut,(X) is the space of the based maps of X which are homotopy equiva-
lences. In [D], Didierjean studied the homotopy groups of m, (aut.(X)) for rank 2
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Lie groups by using other methods. Our results in this paper extend some of the
results in [D].

(ii) Our results in this paper can be used to know the homotopy types of the
gauge groups ¥ (P). Generally, for a principal G-bundle P — X,

mapp (X, BG) ~ BY(P)

by Atiyah-Bott [AB], where map (X, BG) is a subspace of f € map(X, BG) such
that f is homotopic to the classifying map of P. There exists a fibration as follows.

G % map, p(X, BG) — B¥(P) — BG,

where map, p(X, BG) = map, (X, BG) Nmapp(X, BG). In particular, when X =
S™, the adjoint of the map « is an element of m,,_jmap, (G, G).

Finally, we make mention of the homotopy group mopmap, (X, X). This set is
considered as the homotopy classes [ X, X], and is a group when X is a topological
group. In the case that X is a connected Lie group of rank 2, momap, (X, X) are
studied in [AOS], [KO], [MO], [0O1], [02], [03].

Now we state our main results in this paper.

THEOREM 1.
n m,map, (SU(3),SU(3)) m,map, (Sp(2), Sp(2))
1 Z2 Z2
2 ZDZy®ZsD Zs Z3
3 Z,®Zs® Z3 Zy® Zy® Zs ® Zs
4 Zy D Z50 Zs Z3ZyDZ16®Zs®Zs D Zy
5 Zy®ADZ3D Zs VA
6 Zo® Z3 D ZED Zy VA
T Zy®Zs®Z30ZyDZ2 | Zs® Z3o D Zo® Zo D Z3 ® Zy
8| ZoDZiDZsDZEDZyDZy| ZyDZs®Zg®Z5D Zy

Here Z, denotes the direct sum of r copies of Z,,, and A is Zy & Z4 or Zs.
Hamanaka-Kono [HK] proves A = Zs.
For the exceptional Lie group Gy we obtain the following.

THEOREM 2. ﬂlmap*(Gg, Gg) = 75D Zs.

ACKNOWLEDGEMENTS. We thank Professor A. Kono for suggesting the rela-
tionship between the gauge group theory and our work. We thank also the referee
for useful comments. For example, our original proof of Proposition 4.4 (4) below
has been replaced by simpler one.
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2. Preliminaries.

As defined in the introduction, map,(X,Y) denote the function space of
pointed maps from X to Y. We consider map, (X,Y") as a topological space having
the compact open topology. We denote by 7, map,(X,Y") the homotopy group of
the component of the trivial map. Namely,

momap, (X,Y) = m,(map, (X, Y), %).

In this paper we shall identify m,map,(X,Y) with [E"X,Y] by the adjoint iso-
morphism, where X" X = " AX.

Recall that if the following diagram is commutative up to homotopy, then we
call h an extension of h and f a coextension of f.

w W

Here C, =Y U, CX is the reduced mapping cone of g, 7 is the inclusion, and ¢ is
the quotient map.
We follow Toda’s notation [T2] for elements of homotopy groups of spheres.
As is well-known, we have

SU(3) = 8% Upye® Ug €®,  ma(S%) = Za{ns}s
Sp(2) =S U, Uel® 76(S?) = Zip{w}, w=v +a1(3).

Let

v
?

§7 — Oy, ——>SUE);  §*—>C ——Sp(2)
be the inclusion maps. Write i = j o ¢’. Let
g3:Cpy =% q:SUB)—S% g3:Co—8", ¢:5p(2) ="

be the quotient maps. Let
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§3 —=SU(3) —> g7 ;

be the canonical fibrations. As is well-known, p o j = g3.

NotAaTION 2.1.  Given z € [¥™C,,,SU(3)] (resp. = € [E™C,,Sp(2)]), an
extension of z to ™ SU(3) (resp. £ Sp(2)) is denoted by T € [¥™ SU(3), SU(3)]
(resp. T € [X™Sp(2),Sp(2)]), that is, x = (X™j)*T. Given z € [£™ S SU(3)]
(resp. z € [2™83,Sp(2)]), we denote by Z an element of [$™ SU(3), SU(3)] (resp.
[X~™Sp(2),Sp(2)]) such that z = (X™3)*(Z).

S Cy, S M SU(3) ; S, b 3 Sp(2)

ﬂ y N4
ymg3 SU(?’) ym g3 ———Sp(2)

For any abelian group I' and a set of prime numbers P, let T'(py be the
localization of I" at P. Given maps f: X — Y and g : Y — Z, we usually denote
their composition by g o f, but sometimes we denote it simply by gf.

3. m,map,(SU(3),SU(3)).

The odd primary components of [X™ SU(3),SU(3)] are easily obtained from
the results in [T2], since if p is an odd prime, then SU(3),) ~ S:(”p) X S‘E’p) (homo-
topy equivalent). Thus

[E™SU(3), SU3)](p) = Tn+3(S® X S°) (p) @ Tnp5(S* X 8%) () @ Mges(S® X S°) ()

(3.1)

Hence in the rest of this section we calculate [¥" SU(3),SU(3)](2) for n > 1. We

use

n 7, SU(3) | gen. of 2-comp. || n 7 SU(3) gen. of 2-comp.
1,2,4,7 0 12 Z4s D Zis [0’”’] (2[0’”’] = i*ug)

3 Z 1403 13 Zo D Zs i*E/

5 Z [2L5] 14 Z4 (&%) ZQ (&%) Z21 [V52]l/11, i*ul

6 Zs D Zs I 15 VARSYAY [2L5}l/50'8

8 Zy® Zs [2t5]vs 16| Z4s B Z> B Zss © Z3 [2¢5]C5, [VsTs]

9 Zs 17 Zo® Z>® Zs1s [V5]Vf17 [V57}859}

10 | Z2 @ Zs5s [vsn3] 18| Z2 ® Z> ® Z15 © Z3 14E3, [VsNsfio)

11 Z4 [1/52] (2[V52] = ’L'*Eg) 19 Z4 D Z2 D 22 D Zg? [0’”’]0’127 [V5DS]V16

Table 1. 7,(SU(3)).
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This is contained in [MT] with the following notation: [z] € m,(SU(3)) denotes
an element such that p,[z] = z.

Fist we prove [ SU(3), SU(3)](2) = 0. By Table 1, we have the following exact
sequence.

(Z9)"

0 20, [9SU3),SUB)) @ 2

[S* Un,e®, SUB)]2)
It suffices for our purpose to prove

[S* Up,e®,SU(3)] 2 =0 (3.2)

By Table 1 we have the following exact sequence.

(Zg3)” (z)”
e

st UmeG,SU(:})](?) 7.0 (33

Zoy{[265]} —2— Zo{int'}
We use the following theorem [MT, Theorem 2.1].

THEOREM 3.1 ([MT)). Let F 5 X % B be a fibration, and 9 : 7,(B) —
Tn—1(F) the boundary operator. Assume that o € mpi1(B), 6 € m(S™) and
v € mi(SY) satisfying Oao 8 = 0 and Bo~y = 0. For an arbitrary element § €
{0a, 8,7} C M1 (F), there exists an element € € m41(X) such that p.e = a0 X[
and 1.0 = €0 Xry.

We apply this theorem to the fibration 3 ER SU(3) & §° by taking

Q =5, ﬂ:2L47 Y =4 k=5 l=m=4.

Indeed this case can be applied, since 3o~ = 0 and da = 13 so that da o 8 = 0.
It follows that for any ¢ € {Oa, 3,7} there exists € € 75(SU(3)) such that

Pi€ =aoXNf =25, 9,0 =¢€co0Xn.

In particular we have € = [2¢5]. Since {n3,2t4,m4} = {V/, =’} by [T2, (5.4)], we
then have

iV = [2u5] o M5 = nE[25). (3.4)

Hence by (3.3) we have (3.2) as desired.
In order to calculate [¥"SU(3),SU(3)](2) for n > 2, we recall a result of
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Browder-Spanier [BS] that the attaching map of the top cell of an H-space is
stably trivial. Hence

¥3SUB) ~ P uU,e® Vst (3.5)
More precisely, we can prove
Yo = Xi' oy oy

We do not use this equality in this paper. So we omit its proof. We have

LEMMA 3.2 [£7SU(3),SU(3)] 2 15 (SU(3)) & [C

N3+n?

SU(3)] forn > 2.

Proor. If n > 3, then the result follows from (3.5). For n = 2, we have
[22SU(3),SU(3)] = [%3SU(3), BSU(3)]

and the lemma follows also from (3.5). O

Hence it suffices for our purpose to determine [C,, , ,SU(3)]) for n > 2.

The generators of the 2-components of [X" SU(3), SU(3)] are as follows.

n | 2-components generators

1 0

2| Z®Z 2[2:5], (52q)"[vsng]

3| Zi®Zs (2%q)*[v3), i/

4 Z, (Z1)*[0"]

5| Zo® Zs (Z5¢)*i.e’, [2t5] o s

6|22 ® Z4 @ Za | (X°) it (E°9)* (3] 0 v11), TOgs" V3]
T Zi® Zs (X7)*([2ts] 0 w50), [v5m3]
82,8200 Zs| (S0 vsial, (B0)" (250 Gs), (2]

Table 2. 2-components of [X" SU(3), SU(3)].

3.1. [Cy,,SU(3)].
By Table 1, we have the following exact sequence.

0 —— [ Upe”, SUB)] —— Z{[2s5]} —2 Zo{is/} @ Zs
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Hence by (3.4) we have [C,,,SU(3)] = Z{2[2:5]}. Thus we obtain

5

[528U(3),8U@)] = Z{2Pss]} & Z:{(5%0) " [vsndl} & Zis.

3.2. [Che, SU(3)](2).
By [T2] and Table 1, we have the following commutative diagram with exact
rows and columns.

Zo{v'ne} —— Zo{v'ng} [Cue: )2y ——— Za{v'} —"— Z2{v'ne}

| Lk L

(=3¢3)*
0 o—>Z4{[2L5]V5}—>[CnG,SU( )2) ~—>Zz{z*l/ - 0

! L L ! !

* 23 *
Zo{n?y —T—  Z{usy L

HZ A

a*

[Cre, SN2y ——— Za{ns} —=— Za{n?}

1R

By the first and third rows, we have the following results ([KMNST, Propositions
3.3 and 3.1]):

[Cuor Sy = Z2{207}, (O, SN2y = Za{ (ZPa3) w5} (3.6)

By the second row, the order of [C,;, SU(3)](2) is 8. Hence the middle column is
short exact by (3.6). Since

P«(3%q3) " ([25] o v5) = (Z%q3) " pu([2t5] 0 v5) = 2(Eq3) s,

we have [y, SU(3)](2) % Z4 ® Z2. Hence [Cy, SU(3)](2) = Zs{i.v/'}.

3.3. [Cy,,SU(3)](2)-
By Table 1, we easily see that [C,,,,SU(3)](2) = 0.

3.4. [Cns, SU(3)](2).
By Table 1, we have the following exact sequence:

(2°d)"

»°
B 100 SUB) @) s Zy{[2es] ovs} —— 0

0 —— Zg{[l/57’]§]}

This does not split as shown by Hamanaka-Kono [HK]. Hence

[Cis, SUB)](2) = Zs{[2t5] 0 15}
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3.5. [Cy,,SU(3)](2)-
By Table 1, we have the following exact sequence:

(Z°g3)"

Zo{lvsnd]} —2s Z,{[2)} [Cyo, SUB)]2) —— 0

Thus 73, [vsn2] is 0 or 2[v2]. To induce a contradiction, assume nj,[vsn3] = 2[v2].
Then 2([v2] o v11) = (2[v2]) o v1i1 = [vsmd] © Mo © v11 = 0 since n1g o v11 = 0 by
[T2]. This contradicts the fact that the order of [v2] o 17 is 4. Hence

[vsng) 0 o = 0 (3.7)
so that

[Cro, SUB)](2) = Za{ (Z°3) " [V3]}-

3.6. [Cy.,,SU(3)](2)-
The purpose of this subsection is to prove

[Cmov SU(3)](2) = ZS{[V577£23]}‘ (3'8)

By [T2], Table 1 and (3.7), we have the following commutative diagram with exact
rows and columns:

(=7q3)*

Zo{esy —2 s Z3{esnu, ps) [CiiorS*l2y —— 0

(Z7i/)*

* 7 * *
Z 2]y — Zu{[0"]} E (G, SUB) ) s Zo{ s3]} —2— 0

! 1 I |

* =0 27 * 277‘-/*
Zo{d} T Zo{o"y S [0Sl o Zefuamd) — 0

(3.9)
By the first row, we have the following result ([KMNST, Proposition 3.7]):
[Cmm Sg](Q) = Z2{(E7Q3)*M3}~ (3.10)

We need
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PROPOSITION 3.3.

(1) [v3]om1 =0.
(2) ([KMNST, Proposition 3.5])  [Cy,,,S%](2) = Za{vsn3 }.

Before proving this proposition, we prove (3.8) by using it. By Proposition
3.3, we have the following commutative diagram with exact rows and columns.

27 *
Zo{pus} % Zy{(X7g3)"pa }

B |
(=7i)*

57 )
0o —— Z4{[a”']} &), [Cnio>SUB)]2) —— Zg{[l/g)ng}} — 0

|- |- = |-

m (27(13)* 72 (272»/)* 9
0 —— Zy{o"} —— Z4{V5778} — Zo{vsng} —— 0

Hence [Cy,,,SU(3)](2) is isomorphic to Zg or Z4 & Z5. To induce a contradiction,
assume it is Z4 ® Z5. Then

(Coio SUB)2) = Zo{ osnl } & Zo{ o] — (Z74s) (0" |

since p.[vsn3] generates [Cy,,,S%](2). We have i, (S7¢3)*us = 2(X7¢3)*[0”] =

2 [sn3]. Hence the cokernel of the second i, which is isomorphic to [Cy,,, S%](2) is
Zy ® Zy. This contradicts Proposition 3.3 (2). Therefore we obtain (3.8).

PROOF OF PROPOSITION 3.3. The assertion (2) is proved in [KMNST,
Proposition 3.5 (4)]. We prove (1) as follows. Since 717 is of order 2, [v2] o nyy is
0 or 2[¢""]. To induce a contradiction, assume [v2] o 11 = 2[0"”’]. Then, by [T2,
Lemma 6.4] and Table 1, we have

V2] o 011 0 mis = [V3] 0 i1 0 012 = 2([0""] 0 012) # 0. (3.11)
By Table 1, we can write [v2] 0 011 = a - .83 + b - [Vsnspg] (a,b € Z). Then
V§011 = p*([vg} © 011) =b-vsnglig.
By [T2, (7.19)], 0'v14 = x - v7010 with z odd. Hence

vs0Xo ovis = vs0m-vg 00y = VEOL].
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On the other hand, v50Xc" = 2(vs05) by [T2, (7.16)]. Hence vs0X0’ovy5 = 0, since
27r18(S5)(2) =0 by [T2]. Thus 12011 = 0 so that b is even and [2] 0011 = a-4.Z3.
We then have

[llg] 00110M18 = G * &y (537718) =a- i*(773§4) =a- (i*773 054) =0,

since i,m3 € m4(SU(3)) = 0. This contradicts (3.11). Therefore [vZ]on; =0. O

3.7 [Cows SUB)](2)-
By Table 1 and Proposition 3.3 (1), we have the following commutative dia-
gram with exact rows and columns:

1" 77;2 . (2843)* (EBi/)* 2
Z{[o"]} ——  Zofine’} ——— [Cn)),SUB)2) Zi{[3]} —— 0
| |- |7 |
* 8 * 8 1y *
2"} e Zofe) S [OnS]  Ze{d) ——— 0
| e e |
* 7 *
Zy{es} o, Z3{ 3, m3e4} (2as) [C’mo,SS](Q) - 0
(3.12)
The purpose of this subsection is to prove
[Co» SUB)(2) = Zs{[v3]},  4- 2] = (Z°gs)"ine’. (3.13)

We need two lemmas.

LEMMA 3.4.
(1) [o"]oma = 0. _ _
(2) ((KMNST, Proposition 3.6]))  [Cy,,,S°] = Zy{p.[vZ]}, 2 p.pd] =
(28(]3)*85.

ProoFr. Consider the following commutative diagram.

4 14,5,

m2(SUB)) 2 1, (SUM)) —22 115(SU(5))

o

* * *
Jr7/12 l”hz Jr7112

m3(SUB)) @)~ ms(SUMA)) —2 my5(SU(5))
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Here i, : SU(k) — SU(l) is the inclusion map. Recall from [T1, Theorem 4.4]
that m12(SU(5)) = Zg® Z45. Then the first i3 4, is bijective and the second i3 4, is
injective by [MT]. Since m15(S%) = m14(S?) = 0 by [T2], the first iy 5, is injective
and the second i45, is bijective. Let g denote a generator of the 2-primary part
of m12(SU(5)) satisfying i35, [0"'] = 2¢g. Then

i3,5,Mal0""] = Maizs, [0"] = nia(29) = g 0 2m2 = 0.

Hence nj5[0”’] = 0 and we obtain (1).

Since no precise proof of (2) is in [KMNST], we give a proof of (2). We firstly
claim that the second p. of (3.12) is surjective, that is, the second 9 of (3.12) is
trivial. We have

Og5 = Ous 0 €4 = 1364 = €371 = N1€3

so that N ; .
0(X°q3)"es = (Xq3)"0e5 = (X'q3) " ni1e3 = 0.

Of course dp.[v2] = 0. Hence the second 9 of (3.12) is trivial, since [Cy,,,S?] is

generated by (33¢3)*es and p.[v2].

By [T2, (7.4)], 0"/m2 = 0. Hence, by the second row of (3.12), the order
of [Cp,,,S%] is 4. To induce a contradiction, assume [C,,,,S°] & Z2, that is,
[Cyy11s S°] = Z3{(23¢3)*e5, p« [VZ] }. Then the surjectivity of p. : [Cy,,, SU(3)](2) —
[Cy,,, S°] implies that [Cy,,, SU(3)](2) is generated by at least two elements, that is,
it must be that [Cy,,,SU(3)](2) = Z2{(E8¢3)*ise’} & Z4 {[Tg]} But this is impos-

Mmoo

sible, since p,(X8g3)*i.e’ = (¥8¢3)*paise’ = 0. Therefore [C),,, S%] = Z4{p*@}

with 2 - p.[vd] = (X8¢3)*es. O

We use the following fibration:

SU@B) —— Gy —2 g8

We use notations and results of [M] freely. By [T2, M] and Table 1, we have the
following commutative diagram with exact rows and columns where all groups are
localized at 2:
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. (2%g3)*
Zs {76+ 26)} ® Zo{in[v2]v11} ——> [Cnyz, G

B P

n* (29g3)* (=94')*
Zi{o"} —— > Zs{T6} ® Za{ee} ————> [Cnyy, §°) ————— Z>{13}

la * ) : ia

=0 »8 * 587)*
Zy{[o"" M= Zo{ixe’ #> [Chyy1,SU(3)] ¥» Z4{[v3]
N1 5

Tx iz*

(281-/)*

0 [Cn115 Go2) = Z2{g*[V§]} @ Z(g)
(3.14)
Here we have used results of [M] that m12(G2) = m15(G2) = 0. We need
LEMMA 3.5.
(1) ([M, Proposition 6.3]) 0Ug = Ogg = ixe’.
(2) (KMNST, Proposition 3.6])  [Cy,,,8% @) = Zi{(X%s)'T6} @

Z4{Ep*@} and 2 - Ep*@ = (X%3)*e6.

PROOF. We give a proof of (2), because our notations are different from ones
in [KMNST)]. Consider the following commutative diagram with exact rows:

n12=0 (2%gs)*

)
[Cnir s S%)2) — Z2{v3} —0

Zo{es}
lz :lz

iz
* 29 * Egi/ *
Z{o"} —2e Zy{w6} © Zofes} k(O S (0) e Zo {12} —> 0

Z2 {O_I/I}

By Lemma 3.4 (2), we have

25, (V2] = (%) Ses = (29¢3)* 6. (3.15)

We have njs0” = 4 -Ug by [T2, (7.4)] so that we have the following short exact
sequence:

292»/ *
0 — Z4{(29Q3)*36} D ZQ{(qug)*EG} — [Cnm,s6](2) L—)——> ZQ{I/62} — O

Thus the order of Yp.[v2] is 4 by (3.15), and we obtain (2) by the above exact
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sequence, since (%%')*Yp.[v2] = 13. O
PROOF OF (3.13). We have

0= 0p.(3%¢3)" (Vs + €6) = O(2%q3)* (V6 + €6) = O(X7q3)*V6 + 2 - O5p.[V2],

where the last equality follows from (3.15). Hence

—2-0%p.[13] = 0(X%43) V6 = (X°q3) 076 = (X°¢3)"i.e’,

where the last equality follows from Lemma 3.5 (1). Thus the order of 9%p.[v?]
is 4. On the other hand,

(85 (2- [12]) = 2[v2] = a2 = A(X%)* Tp.[12] = (B%')* Op. [1V2].

Hence there exists an integer = such that 2-[V2] — 0Xp.[V2] = z- (X8¢3)*i.e’. Thus

4-[V2] = 2-0%p.[vd] = (X8¢3)*i.e’. Therefore the order of [v2] is 8, and we obtain
(3.13).

4. m,map,(Sp(2),Sp(2)).

In this section we compute 7, map, (Sp(2),Sp(2)). Let f : 8% — $3U,e” be
the attaching map of the top cell of Sp(2), that is, Sp(2) = S®U,e” Uy €%, The
double suspension of f is trivial, that is $2f = 0, because X2 f is an element of the
homotopy group 11 (S° Us2,e?) which is isomorphic to the stable group, while f
is a stably trivial element by [BS]. Thus we obtain

2 Sp(2) ~ §° Usz,e” vV S'2.

The p-components of the homotopy groups for p > 5 are easily obtained from the
results in [T2], since if p > 5

Sp(2) ) = S?p) X S&)
and thus for n > 1

[En Sp(2)a Sp(Q)](p) = (7rn+3(s3 X 87) @’/Tn+7(s3 X 87) EBTrnJrlO(SB X 87))(p) (41)

Hence we must compute 2 and 3 components of [X" Sp(2), Sp(2)] for n > 1. The
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following table shows the generators of 2 and 3 components. Here we use the same
notation as before.

n 2, 3-components generators
1 Z3 3q €3, 1473
2 z3 S2q i, B3¢ i (ss), o}
3| Zo®Za®Zs |50 (nspa), 2" ([vr]vno), B3gs[vr]
1| Z® 2o ® Zhs ® Zs | 3[1207], Shgs ines, B4q7[207], D¢ s (3)
5 Z3 ¥5¢" [0 4], T5qa™ixpz, X0q3 ix(n3€4)
6 z3 2°¢" ([o"mal o ms), B¢ ([vr] o viy),
39g3" ([v7] o v10), £0q37 1 (n3pia)
| Zs © Zoo @ Zo ® Zo | X7q" (7] 0 010), 2[vr], 2+ 2[vr] — 2 - S7gs” [207), i-ca(3)
8| ZE®Zs®Zo |X%¢TiuEs, ires, Do¢3" [0/mua), B¢ [Cr), B3¢ [a4(7))]
Table 3. 2 and 3 components of m,map, (Sp(2), Sp(2)).

Here z is an odd integer.
As in the SU(3) case, we obtain the following lemma.

LEMMA 4.1.  [X"Sp(2),Sp(2)] = 7104n(Sp(2)) @ [Csnw, Sp(2)] for n > 1.

PROOF. The proof is similar to that of Lemma 3.2. O

Hence it suffices for our purpose to determine [Cxny,, Sp(2)](2,3), the 2 and 3
components of [Cxny, Sp(2)], for n > 1. We use the following results of Mimura-
Toda [MT].

n Tn Sp(2) gen. of 2, 3-comp. || n Tn Sp(2) gen. of 2, 3-comp.
1,2,6,8,9 0 12 Zs ® Z> Tx 43, TxT3E3

3 Z L3 13 Zy D Zo [V7] o V10, txN3 M4

4 Z> ixM3 14 Z16 D Z3 D Zss [207], ixa3(3)

5 Zy ixm? 15 Z, [0/ 714]

7 Z [12¢7] 16 Z2® Zy [o"ma] 0 ms, [v7] 0 vy

10 Zs D Z3 (&) Z5 [117]7 i*a2(3) 17 Zg (&) Z5 [V7] 0010

11 Z, ives 18| Zs @ Z> @ Zy @ Zss | [(r], ixE3, [3- a}(7)]

Table 4. 7, (Sp(2)).
41, [Cnu,Sp(2)] (0 =1,2).

By the cofibration sequence and Table 4, it is easy to see that

[Csw,Sp(2)] = Zo{i 715}, [Cs2u, SP(2)] = Za{ix(ns 0 X73) }.
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4.2. [Cgs,,Sp(2)].
By Table 4, we have the following exact sequence.

Z{12)} 0 2l ()} © Za{iv0a(3)} © Zs — [Cran, Sp(2)] — 0. (42)

LEMMA 4.2.  (Z4w)*[12t7] = i.a(3).

PROOF. It is known that %w = 2v7 + a;1(7). Let p : Sp(2) — S” be the
bundle projection with fibre S3. Then p, ([12t7]0217) = 0, and hence [12¢7]02v7 = 0
by Table 4. Next consider the composition [12¢7] o a1 (7). We apply Theorem 3.1
to the fibration p : Sp(2) — S7 by taking a = 4u7, 3 = 315, ¥ = a1(6). Then we
obtain

[12L7] o 041(7) = 1*042(3) (43)
Hence (X4w)*[12t7] = i.a2(3) as desired. O

Consequently, by (4.2) we obtain

[Cssu,9p(2)](2.3) = Zs{(X%q3)*[vr]}.

4.3. [Cxs,,Sp(2)].
By Table 4, we have the following exact sequence.

4 * 414 * 4&1*
0 —— Zg{i*€3} M [024“,,8[)(2)} u Z{[12L7}} Z—) Z120
By Lemma 4.2, Ker(X%w)* = Z{3[12:7]}. It follows that

[Cs:0,SP(2)] = Z2{(X%q3) ives} & Z{3[12¢7]}.

44. [Cys,,Sp(2)]-
By Table 4, we easily have (3°¢3)* : m12(Sp(2)) = [Cxs., Sp(2)]. Hence

[Cs50,Sp(2)] = Zo{(5°q3) “ixps} & Z2{(3°gs) ix(nses) }-

4.5. [Cgs,,,Sp(2)].
By Table 4, we have the following exact sequence.
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7u.) * 6 *
Zs{[v)} @ Zis % Zu{[vi] oo} @ Zefimapa} 0 [Ceu,SP(2)] —— O

Hence we obtain
[Cs60, SP(2)] = Z2{(X%3)* [v7] o vi0} ® Z2{(2%q3) ix (n3pea) }-

4.6. [Cx7,,Sp(2)].
By Table 4, we have the following exact sequence:

0 — Zi6{[20"]} ® Zz{i.3(3)} Ew), [Csrw, SP(2)](2,3)

T 7 090]) @ Zs{ivan(3)) — 0.

We shall prove

[0270.)7 Sp(2)](2) = Zgg{M} ¥ 22{2 m -z (Z7Q3)*[20'/]},

z=1 (mod 2), (4.4)

[Cz7w7 Sp(Q)](3) = ZQ{Z*a2(3)} (45)

Firstly we prove (4.4). By Table 4 and [T2], we have the following commu-
tative diagram with exact rows and columns:

s

Zio{ (20"} [Cxr, SP2)] 2) — > Za{2v1]}

Px D= lp*
*
q

Zs{o'} (Csro,§7)2) ——> Zs{vr}

1] ]
*

Zi{e't @ Z2{773M4}>;» [Cs6u SS](Q)

Gk T

2v10)™

Ze{[v]} 2% Zu{[r] om0} & Zalivmspa} ——> [Cro,, SP(2)]2) (4.6)

We claim that the second row splits:

[Cguﬂ S7](2) = Zg{q*dl} @ Z8{77} (4.7)
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This is done as follows. By [T2], we easily have
[Cssu, S (2) = Za{V} (4.8)
and the following exact sequence:
0 —— Zo{o"} —T— [Os0u, S 0) —— Zs{vs} —— 0.

Since i* (2 - 75 — ¥%') = 0, we can write 2 - 75 — X2/ = ¢ ¢*0”" (c € Z). Then
4.75 —2-%20 = 0 so that the order of 75 is 8, since i*(2- X2/) = 4vs so that the
order of 2- X2V is 2 by (4.8). Define 77 := X%75. Then the order of 77 is 8, for
the order of *(77) = v7 is 8. Thus we obtain (4.7).

In (4.6), we have i*e’ = 2[v7] o v19 = (X"w)*[v7] by [MT]. Hence do’ = 2¢/,
1.q*e’ = q*i,e’ = 0 and

dq* o’ = q* 0o’ = 2q*¢’. (4.9)

Hence the kernel of the second i, of (4.6) equals to Z4{q*c’}. This kernel equals
to the image of the second 9 of (4.6). Hence

o7 = +q*¢’ (4.10)
by (4.7) and (4.9). We have i*(2 - 77 — p*M) = 0 so that we can write
2.77 —p2[vr] =a-q*0’ (a€ Z). (4.11)
We then have
2a-q*e' = 0(a-q*a’) (by (4.9))

=9(2 77 — p2l]) =2 077
2-q¢*"  (by (4.10)).

Hence 2a = 2 (mod 4), that is, a is odd. It follows that, by multiplying 4 with
(4.11), we have

4-q 0" = —4-p.2[7].

On the other hand, we can write
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427l =y-q"[20"] (y€ Z). (4.12)
Hence we have
4-q"0' = —y p.q*20'] = =2y - q"0".
Hence —2y =4 (mod 8), that is,

y=2 (mod 4). (4.13)
Thus the order of 4 - 2[v7] is 8, that is, the order of 2[v7] is 32. Also the order of
2 2[v7] — (y/2) - ¢*[207] is 2. Therefore we obtain (4.4) by the first row of (4.6).
As a byproduct of (4.13), we have

COROLLARY 4.3.  [v7] om0 = i3 € m11(Sp(2)) = Zo{ie3}.

PROOF.  Since indeterminacy of {2[v7], 2v19, 413} is 4 - m14(Sp(2)), we can
write

{2[1/7]7 2V107 4L13} =X- [20”} + 4. 7T14(Sp(2)) (414)
Let ¥ : Sp(2) — Sp(2) be defined by ¢*(A) = A¥. We have
¢2 o {2[1/7], 21/10, 41,13} C {4[1/7], 21/107 4L13} C {[V7], 81/107 4L13} = 47T14(Sp(2))

Hence 22[20"] € 4m14(Sp(2)) = Z4{4[20"] }Z105 by Table 4. Thus z = 0 (mod 2).
On the other hand

{2[v7], 2v10, 4113} = {[v7], 410, dtas } = {[v7], migs deas }

= {[v] o mo, iy, 4uas}. (4.15)

To induce a contradiction, assume [v7] o 19 = 0. Then {2[v7],2v10,4013} =
4m14(Sp(2)) by (4.15) and x =0 (mod 4) by (4.14). We then have

0=4-(2[v7] 0 durz) = * 0 2[vr] 0 diyg = (4 - 2[v7]) o0 durs
= (y-q"[20"]) 0 duys  (by (4.12))
=¥ 0 [20"] 0 o diy3 = 1Y 0 [20"] 0 duy4
= 4y[20"]
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Thus 4y = 0 (mod 16), that is, y = 0 (mod 4). This contradicts (4.13). O

Next we consider the 3-primary part of [Csr,,, Sp(2)], that is, we prove (4.5).
First we remark that

[Cs7,5p(2)](3) = [Can10), SP(2)](3)-
Hence it suffices to prove
[Ca:(10),SP(2)](3) = Zo.
We shall prove this as follows.

PROPOSITION 4.4.
(1) {a1(5),a1(8),3u11} = {3t5,21(5),a1(8)} = 2a2(5) + 3m12(S°).
(2) ioas(3) =[12t7] 0 a2(7) € m0(Sp(2)).
3) [ a1(10)7SP( )N3) = [Cas10),S ] 3)-
(4) [Cay10),87)(3) = Z9

PROOF OF PROPOSITION 4.4 (1). Tt follows from [T2, Proposition 1.3]
that
Eoo{al(5), a1(8), 3L11} C <Oél, a1, 3>, EOO{3L5, 0[1(5), Oll(g)} - <3, aq, O[1>7
Y{a1(3), 36, a2(6)} C (1,3, ag).

We use the following relations [T2, (3.9)]:

<CY1,0[1,3> - <a1737a1> + <3aalaa1> > 07
(4.16)
<C¥1,C¥1,3> = <3,0{1,0él>.

Let A € {a1,1,3). Since (a1,3,a1) = as and Indet{ay,aq,3) = 3G, it follows
from (4.16) that 2A — as + 3G7 > 0 so that A € 2ay + 3Gy, since Gr3) =
Zs{as}, where Gy, denotes the k-th stable homotopy group of the sphere. Hence
<a1,a1, 3> = 20&2 + 3G7

Since ¥ : m2(S°) = Z3{a2(5)} & Zigy — Gy is injective and
Indet{a(5), a1(8),3t11} = Indet{3i5, a1 (5), a1 (8)} = 3m12(S?), it follows that

200 (5) S {041(5), 041(8), 3L11} N {3L5, 061(5), 041(8)}

so that {a1(5),a1(8),3t11} = {3t5,@1(5), a1 (8)} = 2a2(5) + 3m12(S%). O
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PROOF OF PROPOSITION 4.4 (2). We can apply Theorem 3.1 to the fibra-
tion Sp(2) — S7 by taking o = 4u7, B = 316 and v = a3(6). Indeed, we have
Boy=0and dauo B = a1(3) 035 = 0 since dvy = w = V' + a1(3). Hence we
can use Theorem 3.1 in this case. Therefore there exists € € m7(Sp(2)) such that
pr€ = 1207 and i, (a3(3)) = eoan(7) so that € = [12¢7] and i, (a3(3)) = [12¢7]oaa(7).

U

PROOF OF PROPOSITION 4.4 (3). By [T2] and Table 4, we have the fol-
lowing commutative diagram with exact rows.

0 —— Zs{i.a3(3)} [C’al(lo),Sp(2)](3> — Z3{is2(3)} —— 0

T[12L7]* T[12L7]* T[12L7]*

[Ca1(10)7S7](3) — Zz{a1(7)} —— 0.

It follows from (4.3) and Proposition 4.4 (2) that the first and the third [12¢7], are
isomorphisms so that the second [12¢7]. is also an isomorphism. Hence we obtain
Proposition 4.4 (3). O

PROOF OF PROPOSITION 4.4 (4). We shall prove the following:

[l
1t

[Car10):S7](3) = [Car(9): S%1(3) = [Cay () S”](3) = Zo{c1(5) }.
By [T2] and the fact «1(5) o @1(8) = 0 ([T2, (13.7)]), we have the following
commutative diagram with exact rows.

5.11*
[Car(8),8°] —— Zs{en(5)} & Zs — 0

|= ==

Esq/* 26 L/1 %

[Car(0),8°] —— Zs{an(6)} & Zs —— 0

P lE %’lE
7 *

0 —— Zsz{a2(7)} & Zso

0 —— Zsz{a2(5)} ® Z1o

™

7i//*
[Car 10,87 —— Zz{ar(T)} & Zs — 0

Here ¢’ : Cq,(3) — S7 is the quotient and i” : §3 — . (3) 1s the inclusion. By
the EHP-sequence ([T2, (2.11)]), we know that two X’s in the first column are
monomorphisms. Hence two X’s in the second column are also monomorphisms.
Thus suspensions induce

[Car(8):S°1(3) = [Cay (915 S (3) = [Cas (10),S"] 3)-
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Since X (31 (5)) = X(3t5 0 a1 (5)), it follows that 3 (5) = 35 0 a1 (5). We have

3i5 0 a1 (5) € {315, 1(5),1(8)} 0 X3¢ (by [T2, Proposition 1.9])
= (202(5) + 3m12(S°)) o £°¢'  (by Proposition 4.4 (1))

Hence we can write

3a1(5) = 3i5 0 a1 (5) = X°¢" (2aa(5) + x), 10z = 0.

Thus the order of o (5) is a multiple of 9. Therefore [C,,, (s),S%](3) = Zo{1(5)}.
This completes the proof of Proposition 4.4. O

4.7. [Cgs,,Sp(2)].
Since X™w = 2up, 43 + a1 (m + 3) for m > 2, we have

(X%w)*m2(Sp(2)) =0, (Z°w)*m11(Sp(2)) =0
by Table 4. Hence we have the following commutative diagram with exact rows.

EBi, * .
0 ——  Zo{[o'ma]} (Css0,Sp(2)] T2 Zolives) —— 0

! ! l

(qug)*
-

(=%q3)”
-

0 —— Zx{o'nu}t & Z3 [Cesu, 87T —— 0

Thus we easily have

[CESQJ? Sp(Q)} = ZZ{(ESQ3)*[O—/7714}} @ ZQ{Z*E}

5. ﬂlmap*(Gz,Gz).

In this section we shall compute [EG2, G2] (& mmap,(Gs,G2)). As in the
subsection 3.7, we use the fibration

b

SU(3) —— Gy s,

and the following results from [M].
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n m,Ga gen. of 2-comp.
1,2,4,5,7,10,12,13 0

3 Z %*L3

6 Z3

8 Z, (n5)

9 Zs (ng) o ms

11 Z® Z, (2A013), 14 [V2]

14 Zyos ® Zo | (V6 + €6), ix[VE] 0 v11

15 Zs (U6 + €6) 0 M4

Table 5. 7w, (G2).

In Table 5 we follow the notations in [M].

As is well-known, G5 has the cell structure:
Gy =8%Ue’Uelued ue’ Uell Uelt.

Let Gén) denote the n-skeleton of Go. Let M™ = Cy,, , = S" U, ,e" for
n > 2, and

Sn—l in M dn gn

be the inclusion and the quotient map, respectively. Remark that XM™ = M7+,
Then there exist the cofibrations as follows.

$® — G I S, (5.1)
G — G 2 om0 L el (5.2)

From (5.1) we obtain [MS, Lemma 3.6]:
LemMaA 5.1 (MS]).  [SGY,Go) = 0.
Next we shall show the following.
LEMMA 5.2. Ym™: [M° Gy] — [ZG&Q),GQ] is an isomorphism.

PrOOF. From Lemma 5.1 it suffices to show that (X4)* : [EzGéﬁ),Gg] —
[EM?, Gy is trivial. By Table 5 we easily have

[EM°, Go] = Zo{(ng) o Tis},  (Xio)"((ng) o is) = (ng) o s (5:3)
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and

(2%¢6)"
—_—

o~

75(Gs) 22659 Gy).

[EQMG, GQ] (E—:l)*,

Hence it suffices to to prove the following equality:
(Big)* (B8)* (Z*m)* (X2g6)" (m5) = 0.
We shall prove this by showing
Y26 0 X271 0 X6 0 Xig = 0 € m9(S®) = Zo{ns}- (5.4)
By [Mu], we have the following results.
(MY, 5% = Zy{ms}, 278 =13 © quo, (5.5)
(MO M8 = Z3. (5.6)

We have 2(3¥2710%68) = 0 by (5.6). Hence it follows from (5.5) that %2gg0%%m 0X§
is divisible by 2. Thus (5.4) is established. O

Next we shall show that

LEMMA 5.3.
(1) The induced map

Ei;,u : [ZGéH)?Gﬂ - [EGég),Gﬂ

is an isomorphism, where ig 11 : Ggg) — Gén) is the inclusion.
2) [ZGSI),Gﬂ = ZQ{<77§> omngo Em}.

PRrROOF. The assertion (1) follows from m12(G2) = 0 ([M]) and [MS, Lem-
mas 3.9 (i) and 3.11] using the cofibration

glo G§9) 19,11 Géll)'
The assertion (2) follows from (1), (5.3) and Lemma 5.2. O

Let f:8' — ng) denote the attaching map of the top cell of Gs.
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LEMMA 5.4.  There exists the following short exact sequence.

0 Z, [SGa, Go) Z, 0 (5.7)

PROOF. In the exact sequence induced by the cofibration §'3 ER ng) C Gy

12 £y $g)* Sy
(22G0D Gy &I, m15(G2) ACTN [(XGs, Ga] — [ZGéll)sz] G2 m4(G2)

(5.8)

(Xf)* is trivial by [MS, Lemma 3.13]. Here ¢ : G» — S is the quotient map.
We show that (X2 f)* is also trivial. To prove this, first we recall that

m15(G2) = Zo{ (Vs + €6) 0114}

from [M]. Here (U + ¢¢) is an element of m14(G2) such that p.(Ts + e¢) = Us + &6
by the bundle projection map p : G5 — S°. By [T2, Lemma 6.3, Theorem 7.2],
(U6 +€6) © 114 is stably nontrivial and so is (7 + €6) 0 m14. On the other hand, the
attaching map f is stably trivial by [BS]. This means

Im (Z2f)* =0
in (5.8). Thus by (5.8), Lemma 5.2 and Lemma 5.3, we obtain the result. O
THEOREM 5.5.

[2Gs, Go| = Zo{(Us +6) omaoXq} P Z2{<n(23> o7g o 27'['2}.

PROOF. By Lemma 5.4, [XG2, G| is isomorphic to Z3 or Z,. To induce a
contradiction, assume that it is isomorphic to Z4. In this case, by Lemma 5.3 (2)
and the proof of Lemma 5.4, we have

2<ng> o7 o Xmg = (Vg + €6) © 114 © 2g.

Let £ : {XG2, G} — 755(G2) be a left inverse for X°¢* : 755(G2) — {XG2, G2}
It exists, because ¥°f = 0. Here {X,Y} = lim,,[X"X,X"Y] and 73 (X) =
{S™, X'}. We then have



Homotopy groups of the spaces of self-maps of Lie groups 791

25%p, o é(EW<ng> o7s 0 z@) — ¥%p, o £(22°°<ng> o750 27'('2)

=X%p.oloXN®q¢"((V +¢€)on)
=@+en

=n’o.

Note that the element 2X°°p, OK(E"OQ}@ oTg o 27‘1’2) is trivial since 7§(S°) = Z3
(|T2]). This contradicts n?c # 0 ([T2]). Therefore, the short exact sequence (5.7)

splits and we obtain the result. ([
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