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Abstract. Let B denote the unit ball in C
n, and n the normalized Lebesgue measure

on B. For a > �1, define dnaðzÞ ¼ Gðnþ aþ 1Þ=fGðnþ 1ÞGðaþ 1Þgð1� jzj2Þa dnðzÞ,

z A B. Let HðBÞ denote the space of holomorphic functions in B. For pb 1, define

ðANÞpðnaÞ ¼ f A HðBÞ : k f k1

ð

B

flogð1þ j f jÞgp
dna

� �1=p

< y

( )

:

ðANÞpðnaÞ is an F-space with respect to the metric rð f ; gÞ1 k f � gk. In this paper we

prove that every linear isometry T of ðANÞpðnaÞ into itself is of the form Tf ¼ cð f � cÞ

for all f A ðANÞpðnaÞ, where c is a complex number with jcj ¼ 1 and c is a holomorphic

self-map of B which is measure-preserving with respect to the measure na.

1. Introduction.

Let nb 1 be a fixed integer. Let HðBÞ denote the space of all holo-

morphic functions in the open unit ball B1Bn of the complex n-dimensional

Euclidean space C
n. Let n denote the normalized Lebesgue measure on B.

For each a A ð�1;yÞ, we set ca ¼ Gðnþ aþ 1Þ=fGðnþ 1ÞGðaþ 1Þg and dnaðzÞ ¼

cað1� jzj2Þa dnðzÞ, z A B. Note that naðBÞ ¼ 1. For each a A ð�1;yÞ and p A

½1;yÞ, we define the weighted Bergman-Privalov space ðANÞpðnaÞ by

ðANÞpðnaÞ ¼ f A HðBÞ : k f kðANÞ pðnaÞ
1

ð

B

flogð1þ j f jÞgp
dna

� �1=p

< y

( )

:

In [9], the Privalov space N pðBÞ ð1 < p < yÞ is defined by

N pðBÞ ¼ f A HðBÞ : k f kN pðBÞ 1 sup
0ar<1

ð

S

flogð1þ j frjÞg
p
ds

� �1=p

< y

( )

;

where s is the normalized Euclidean measure on the unit sphere S1 qB and
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frðzÞ ¼ f ðrzÞ for 0a r < 1, z A C
n with rz A B. In the case n ¼ 1, the spaces

N pðB1Þ were firstly considered by I. I. Privalov in [6 ]. Their properties were

studied in [8], [5] and [9]. Moreover, M. Stoll [8] (p. 157) defined the Bergman-

Privalov spaces ðANÞpðnÞ and mentioned their some properties. For f A HðBÞ

and p A ð1;yÞ, it holds that lima#�1k f kðANÞ pðnaÞ
¼ k f kN pðBÞ. (See [1], §0.3 and

p. 25.) Recently, Y. Iida-N. Mochizuki [3] (in the case n ¼ 1) and A. V. Sub-

botin [10] (in any dimensional case nb 1) have determined the isometries of the

Privalov spaces N pðBÞ:

Theorem (Y. Iida-N. Mochizuki and A. V. Subbotin). Let 1 < p < y.

Then every linear isometry T of N pðBÞ into itself is of the form Tf ¼ jð f � cÞ for

all f A N pðBÞ, where j is an inner function in B and c is a holomorphic self-map of

B whose radial limit map c� is measure-preserving with respect to the measure s.

This means that it holds that
Ð

S
h � c� ds ¼

Ð

S
h ds for every bounded or positive

Borel function h on S.

The purpose of the present paper is to prove an analogous result for the

linear isometries of the Bergman-Privalov spaces ðANÞpðnaÞ.

2. Preliminaries.

In order to prove our main result (Theorem 1 in §3) we need several lemmas.

From now on, till the end of this paper, we fix a A ð�1;yÞ and p A ½1;yÞ.

Lemma 1. Suppose f A HðBÞ and z A B. Then

logð1þ j f ðzÞjÞa
1þ jzj

1� jzj

� �ðnþ1þaÞ=p

k f kðANÞpðnaÞ
:

Proof. Let jz be the biholomorphic involution of B described in [7],

p. 25. Put u ¼ flogð1þ j f � jzjÞg
p in B. Then u is a positive plurisubharmonic

function in B. We therefore have

uð0Þ ¼

ð

B

uð0Þ dna ¼ 2nca

ð 1

0

r2n�1ð1� r2Þauð0Þ dr

a 2nca

ð1

0

r2n�1ð1� r2Þa dr

ð

S

uðrzÞ dsðzÞ ¼

ð

B

u dna:

That is,

flogð1þ j f ðzÞjÞgp
a ca

ð

B

flogð1þ j f ðjzðwÞÞjÞg
pð1� jwj2Þa dnðwÞ

¼ ca

ð

B

flogð1þ j f ðwÞjÞgpðJRjzÞðwÞð1� jjzðwÞj
2Þa dnðwÞ: ð1Þ
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By [7], Theorems 2.2.2 and 2.2.6, for w A B,

ðJRjzÞðwÞð1� jjzðwÞj
2Þa

¼
1� jzj2

j1� hz;wij2

 !nþ1
ð1� jzj2Þð1� jwj2Þ

j1� hz;wij2

( )a

¼
ð1� jzj2Þnþ1það1� jwj2Þa

j1� hz;wij2ðnþ1þaÞ
a

1þ jzj

1� jzj

� �nþ1þa

ð1� jwj2Þa: ð2Þ

The lemma follows from (1) and (2). r

Lemma 2. (a) Let f f ; ggHHðBÞ and c A C . Then

k f þ gkðANÞpðnaÞ
a k f kðANÞ pðnaÞ

þ kgkðANÞ pðnaÞ
;

k f gkðANÞ pðnaÞ
a k f kðANÞpðnaÞ

þ kgkðANÞpðnaÞ
;

minf1; jcjgk f kðANÞpðnaÞ
a kcf kðANÞpðnaÞ

amaxf1; jcjgk f kðANÞpðnaÞ
:

(b) Define rðANÞ pðnaÞð f ; gÞ ¼ k f � gkðANÞpðnaÞ
for f f ; ggH ðANÞpðnaÞ. Then

rðANÞ pðnaÞ is a complete metric on the space ðANÞpðnaÞ.

(c) The space ðANÞpðnaÞ equipped with the metric rðANÞ pðnaÞ is an F-algebra

with respect to pointwise addition and multiplication.

Proof. We can prove this lemma in the same way that is used to prove the

corresponding one for the Privalov space N pðBÞ. See [8], Theorem 4.2 and [9],

Theorem 3. The completeness of the metric space ððANÞpðnaÞ; rðANÞpðnaÞÞ follows

from Lemma 1. r

Lemma 3. Every f A ðANÞpðnaÞ satisfies limr"1k fr � f kðANÞ pðnaÞ
¼ 0.

Proof (cf. [2], §6.1). Fix e > 0. Since f A ðANÞpðnaÞ, there exists an

r1 A ð0; 1Þ such that
Ð

Bnr1B
flogð1þ j f jÞgp

dna < e, where r1B ¼ fz A C
n
: jzj < r1g.

Noting that flogð1þ j f jÞgp is plurisubharmonic in B, we have for any r A ð0; 1Þ
ð

Bnr1B

flogð1þ j frjÞg
p
dna

¼ 2nca

ð1

r1

t2n�1ð1� t2Þa dt

ð

S

flogð1þ j f ðtr zÞjÞgp
dsðzÞ

a 2nca

ð1

r1

t2n�1ð1� t2Þa dt

ð

S

flogð1þ j f ðtzÞjÞgp
dsðzÞ

¼

ð

Bnr1B

flogð1þ j f jÞgp
dna < e:
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Choose e0 A ð0;yÞ so that flogð1þ e0Þg
p ¼ e. Since f is continuous on the com-

pact set r1B, there exists a d A ð0; 1Þ such that j f ðzÞ � f ðwÞj < e0 if fz;wgH r1B

and jz� wj < d. If 1� d < r < 1, then

k fr � f kp

ðANÞ pðnaÞ
¼

ð

B

flogð1þ j fr � f jÞgp
dna

¼

ð

r1B

þ

ð

Bnr1B

 !

flogð1þ j fr � f jÞgp
dna

< flogð1þ e0Þg
p þ

ð

Bnr1B

logð1þ j frjÞ þ logð1þ j f jÞf gp
dna

a eþ 2p�1

ð

Bnr1B

flogð1þ j frjÞg
p
dna þ

ð

Bnr1B

flogð1þ j f jÞgp
dna

" #

< ð1þ 2pÞe:

This completes the proof. r

Lemma 4. Let T be a linear isometry of ðANÞpðnaÞ into itself. Then

TðApðnaÞÞHApðnaÞ and the restriction of T to ApðnaÞ is a linear isometry of ApðnaÞ

into itself. Here ApðnaÞ is the weighted Bergman space:

ApðnaÞ ¼ f A HðBÞ : k f kA pðnaÞ
1

ð

B

j f jp dna

� �1=p

< y

( )

:

Proof. By adopting the way to prove Lemma 2 in [3], we can easily show

this lemma. (See also [10], §3.) r

Lemma 5 (C. J. Kolaski [4]). Let 0 < q < y, q0 2 and �1 < b < y. Let

T be a linear isometry of AqðnbÞ into itself. Then there exists a holomorphic self-

map c of B with the following two properties:

(a) Tf ¼ gð f � cÞ for every f A AqðnbÞ, where g ¼ T1 A AqðnbÞ.

(b)
Ð

B
ðh � cÞjgjq dnb ¼

Ð

B
h dnb for every bounded or positive Borel function h

in B.

Proof. See [4], Theorem 1 and §4. r

Lemma 6. Let 0 < q < y. Then there exists a bounded continuous function

yq in ½0;yÞ such that

xq � flogð1þ xÞgq ¼
q

2
xqþ1 � xqþ2yqðxÞb 0 ð0a x < yÞ:

In particular, y2b 0 in ½0;yÞ.
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Proof. See [3], Lemma 1 and p. 299. r

Lemma 7. Let T be a linear isometry of ðANÞ2ðnaÞ into itself. Then the

restriction of T to A3ðnaÞ is a linear isometry of A3ðnaÞ into itself.

Proof (cf. [3], p. 299). By Lemma 4, the restriction of T to A2ðnaÞ is a

linear isometry of A2ðnaÞ into itself. Let f A A3ðnaÞ and put g ¼ Tf . Then

f f ; ggHA2ðnaÞ. For all t A ð0;yÞ, by Lemma 6,

ð

B

fjgj3 � tjgj4y2ðjtgjÞg dna ¼

ð

B

1

t
jgj2 �

1

t3
flogð1þ jtgjÞg2

� �

dna

¼

ð

B

1

t
j f j2 �

1

t3
flogð1þ jtf jÞg2

� �

dna

¼

ð

B

fj f j3 � tj f j4y2ðjtf jÞg dna:

By Lemma 6, in B,

0a j f j3 � tj f j4y2ðjtf jÞa j f j3; lim
t#0

fj f j3 � tj f j4y2ðjtf jÞg ¼ j f j3;

0a jgj3 � tjgj4y2ðjtgjÞa jgj3; lim
t#0

fjgj3 � tjgj4y2ðjtgjÞg ¼ jgj3:

It follows from Fatou’s lemma and Lebesgue’s dominated convergence theorem

that

ð

B

jgj3 dnaa lim inf
t#0

ð

B

fjgj3 � tjgj4y2ðjtgjÞg dna

¼ lim
t#0

ð

B

fj f j3 � tj f j4y2ðjtf jÞg dna ¼

ð

B

j f j3 dna < y:

Hence g A A3ðnaÞ and kgkA3ðnaÞ
¼ k f kA3ðnaÞ

. This completes the proof. r

3. Main results.

The proofs of our main theorems are essentially the same as those of Y. Iida-

N. Mochizuki-A. V. Subbotin theorems. For the sake of completeness, however,

we describe them.

Theorem 1. Every linear isometry T of ðANÞpðnaÞ into itself is of the form

Tf ¼ cð f � cÞ for all f A ðANÞpðnaÞ, where c is a complex number with jcj ¼ 1 and c

is a holomorphic self-map of B such that
Ð

B
ðh � cÞ dna ¼

Ð

B
h dna for every bounded

or positive Borel function h in B.
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Proof. Let T be a linear isometry of ðANÞpðnaÞ into itself. Put q ¼ p

if p0 2, and q ¼ 3 if p ¼ 2. Then 1a q < y and q0 2. By Lemma 4 and

Lemma 7, the restriction of T to AqðnaÞ is a linear isometry of AqðnaÞ into itself.

By Lemma 5, there exists a holomorphic self-map c of B with the two properties

(a) and (b) in the statement of Lemma 5. Since g ¼ T1 A AqðnaÞ and naðBÞ ¼ 1,

by Hölder’s inequality we have

1 ¼ k1kA qðnaÞ
¼ kgkA qðnaÞ

¼ kgkL qðnaÞ
a kgkLqþ1ðnaÞ

:

And as in the proof of Lemma 7, we have

ð

B

q

2
jgjqþ1

dnaa lim inf
t#0

ð

B

�

q

2
jgjqþ1 � tjgjqþ2

yqðjtgjÞ

�

dna

¼ lim
t#0

ð

B

�

q

2
� tyqðtÞ

�

dna ¼

ð

B

q

2
dna ¼

q

2
:

Hence kgkL qðnaÞ
¼ kgkLqþ1ðnaÞ

¼ 1, and so jgj ¼ 1 in B. Since g A HðBÞ, g1 c in B

where c A C with jcj ¼ 1.

Now let f A ðANÞpðnaÞ. By Lemma 3,

lim
r"1

kTð frÞ � Tf kðANÞ pðnaÞ
¼ lim

r"1
k fr � f kðANÞ pðnaÞ

¼ 0:

Since f fr : 0a r < 1gU fTð frÞ : 0a r < 1gHAqðnaÞ, (a) and Lemma 1 give

Tf ¼ lim
r"1

Tð frÞ ¼ lim
r"1

cð fr � cÞ ¼ cð f � cÞ in B:

Since jgj ¼ 1 in B, (b) implies that the self-map c of B is measure-preserving with

respect to the measure na.

Conversely, if T is a mapping of the form described in the statement of the

present theorem, it is easily shown that T is a linear isometry of ðANÞpðnaÞ into

itself. r

Theorem 2. Every linear isometry T of ðANÞpðnaÞ onto itself is of the form

Tf ¼ cð f �UÞ for all f A ðANÞpðnaÞ, where c is a complex number with jcj ¼ 1 and

U is a unitary operator on C
n.

Proof. Let T be a linear isometry of ðANÞpðnaÞ onto itself. Then, by

Theorem 1, there exists a c A C with jcj ¼ 1 and a holomorphic self-map c of B

such that
Ð

B
ðh � cÞ dna ¼

Ð

B
h dna for every bounded or positive Borel function h

in B. This property of c yields cð0Þ ¼ 0. Since T�1 is also a linear isometry of

ðANÞpðnaÞ onto itself, it follows that c is biholomorphic. Hence c is a unitary

operator on C
n. r
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