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1. Introduction.

In this paper we establish the existence of global Lipschitz continuous solutions to
the Cauchy problem for the one-dimensional quasilinear wave equation

(L.1) 02w — 0x0(0w) +f(w) =0,
for all (x,t) € R x (0,00), with initial conditions
(1.2) w(x,0) = wo(x), 0w(x,0) = w;(x),

for all xe R. Here f is a smooth function with f(0) =0 and o is a given smooth
function such that ¢'(#) >y >0 (y>0) and wo”(u) >0 for u+#0; wy and w; are
bounded functions with compact support, wy is also Lipschitz continuous.

This equation models a vibrating string with an elastic external positional force and
can also be deduced (at a very formal level) by applying the principle of the ‘“stationary
action” from the Lagrangian density given by

1
L1 (W, Wy, w) = —2-wt2 — Z(wx) — F(w)

where 2’ =¢ and F' =f.
As an example we can consider the quasilinear Klein-Gordon equation

(1.3) ?w — 0x0(0w) +mw=0 (meR)
and the quasilinear Sine—-Gordon equation
(1.4) 3*w — 0,0(8,w) +sinw = 0.

Let us notice that the semilinear versions of the equations (1.3), (1.4) exhibit linear
dispersive waves [Wh], although this behaviour has not yet been analyzed in detail in the
present case.

The Cauchy problem (1.1)-(1.2) will be considered in the following equivalent
formulation. Denote by

(1.5) u=0xw, v=0w.
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Then the functions (u,v,w) satisfy the Cauchy problem

o — 0,0 =0,
(1.6)

00 — Oxo(u) = —f (w),
(1.7) ow =,

for all (x,7) € R x (0,00), with initial conditions
(1.8) u(x,0) =up(x), ov(x,0)=0v9(x), w(x,0)=wp(x),

for all xe R. Here up := d,wp and vy := wy.

Observe that (1.6)—(1.7) is a nonhomogeneous system of conservation laws. The
local existence theorem for this class of problems was first proved in [DH], for initial
data having small total variation and in the class of weak entropy BV solutions, by
using a simple fractional step version of the Glimm’s scheme [G1]. Global solutions
were then obtained under some complete dissipative assumptions on the source term
(IDH], Theorem 2) which are not verified in the present case. Other results of
convergence of the fractional step version of the Glimm’s scheme have been obtained in
[YW], for a nonhomogeneous system of isentropic gas dynamics (y = 1).

For 2 x 2 strictly hyperbolic systems, with genuinely nonlinear fields, a quite general
theory for L® solutions was developed by Di Perna [DiP]. He used the theory of
invariant domains [CCS] to obtain the L* bounds of the parabolic approximations and
the method of compensated compactness [Ta] to show the existence of global weak
entropy solutions. Moreover, for (1.6), the existence of solutions in L* was also
established under some assumptions on the term f, which could be depending on u, v
but not on w, and ¢ having at most one inflection point in the strain hardening case
[DiP]. Again the case f(w) # 0 cannot be directly handled by using this approach.

Here we deal with (1.6)—(1.7) by devising a finite difference approximation of the
solutions, which is a modified (implicit) version of the fractional step Lax-Friedrichs and
Godunov schemes, in the spirit of [DCL], [MNL2]. In Section 2 we give some
definitions and describe our scheme. The consistency and the convergence of uniformly
bounded approximations are shown in Section 3 and in Section 4, respectively. Finally,
in Section 5, under a sublinear assumption for the function f, we obtain the L* bounds
(locally in time) for the approximating solutions and then the existence of global weak
entropy solutions, in particular for the equations (1.1) and (1.2).

2. The approximating solutions.

First we define the notion of weak entropy solutions for the problem (1.6)—(1.8).
Set U = (u,v), (U) = (—v,—0o(u)), B(w) = (0,—f(w)) and Up = (up,vp). The system
(1.6) i1s now denoted by

(2.1) 0, U + 05 (U) = B(w).
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DEFINITION 2.1. The functions (U,w) are a weak solution to (1.6)—(1.8) if, for all
smooth functions ¢ € (CF (R x [0,00)))? and x e Cy (R x [0,00)) one has

”{t>0}{U 9+ A (U) - g+ B(w) - ¢} dxdt
(22) + J Us(x) - (x,0) dx = 0,
{r=0}

(2.3) JJ {wy, + vy} dxdt + J wo(x)x(x,0)dx = 0.
{t=0}

{=0}

Notice that, as a consequence of this definition, since U is locally bounded, then w is a

locally Lipschitz continuous function.
An entropy-entropy flux pair (,q) for (2.1) is a couple of smooth functions of U

such that
Vg=Vn -VstT,

where V denotes the gradient respect to U. A classical example of strictly convex
entropy function is the “mechanical energy’:

nt = 102 —I—j a(s)ds.
2 0

In analogy with [La2] we give the following definition.

DEFINITION 2.2.  The functions U = (u,v) and w are a weak entropy solution to the
problem (1.6)—(1.8) if and only if

1) (U,w) is a weak solution;

il) for any convex entropy function n one has

(2.4) om~+0xg < (Vn)-B(w) in2.
We recall also that the characteristic velocities for (1.6)—(1.7) are given by

(2.5) A= —=v\d'(u), Ar=+/d'(u), A =0.

The right (respectively left) eigenvectors r; (respectively /;) corresponding to eigen-
values 4; (i = 1,2), can be taken in the form:

n=(1,/dW)’, rn=_(,-v/dW);
h=(/o'(u),1), L=(-d'u),l).
The field associated to the eigenvalue 4; is said to be genuinely nonlinear if

Vi-r#0, (i=12).
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In the present case we have
O.ll(u)
2+/a'(u)

and then both the fields are not genuinely nonlinear for u = 0.
The Riemann invariants associated to 4; and A, are given respectively by

Vﬂi r = (-—l)i

(2.6) n=v-g(u), &=v+gu),
where g(u) = [} /0'(s) ds.

Then, in the Riemann invariants coordinates the system (1.6)-(1.7) can be written
(formally)

0:€ + M10x& = —f (w),

(2.7) 0 + A20xn = —f (w),
atW = é%—ﬁ

Let us recall now some backgrounds about admissibility of solutions to the Riemann
problem for the homogeneous system

{6,14 — O0xv0 =0,

(28) 0w — dxa(u) = 0.

We have that across any discontinuity curve (c(¢),¢), a weak solution (u,v) to (2.8)
satisfies the Rankine-Hugoniot condition

0= _ofu) —ofu) _

)

U, —u_ Uy —U_

where (uy,v4) = (u,v)(c(t) £ 0,¢) and ¢ is the speed of the discontinuity. For any
(up,vo) let the shock set through (up,vy) be the set of points (u,v) satisfying the
Rankine-Hugoniot condition

v —v _ a(uy) — a(u)

= ¢(ug, vo; u,v).
U— U UV— 1

In [Lil1,2], T.P. Liu proposed a pointwise entropy condition which is described as
follows: across every discontinuity the following condition is satisfied.

(2.9) C(u—,v_juy,vy) < é(u_,v_;u,v),

for all (u,v) on the shock set through (u_,v_) and (uy,v4). This condition extends the
celebrated Lax shock inequalities (see [La2]) to systems which are not genuinely
nonlinear. Moreover, applying the results in [Lil,2], it is easy to show that the
Riemann problem for system (2.8) has a unique solution in the class of piecewise self-
similar solutions composed by constant states connected by shocks, rarefaction waves
and contact discontinuities for arbitrarily large initial data. The invariant regions for
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this system are of the form
{(u,0); |¢] < N, |n| < N},

for any N >0, where £ and 5 are the Riemann invariants.

Moreover, by using the results in [CL], it is possible to show that these solutions are
also weak entropy solutions in the sense of Definition 2.2 (with # = 0). Let us point
out that condition (2.9) is equivalent to the entropy inequalities (2.4), and then to the
Lax shock inequalities, only in the genuinely nonlinear case, but in general it is strictly
stronger, see again [CL].

Let us describe now our finite difference scheme which combines the Lax-Friedrichs
scheme [Lal] with a suitable version of the fractional step method. A similar con-
struction can be handled by using the Godunov scheme.

Consider a partition of R x (0,00) into horizontal layers. For any ke N let

Sk = {(x, )|kh < t < (k + 1)h},

where 4 is the time mesh-length. Fix k& > 0 and set I, = {i|i + k is even}. Then define,
for any i€ I,

Ok = {(x,8) € Se|(i — 1) < x < (i + 1)1},

where / is the space mesh-length.

Moreover we shall denote by V* = (U”, wh) = (u*,v", w") the approximate solutions
we construct by using this partition.

We shall also require the following condition: for any 7 > 0 there exists a positive
constant Cr such that

/
(2.10) sup|A:(VH)| < 55 SCr, =12
Let us start the construction of V* setting for any ieI_;

‘ NG
(2.11) U0 =— J U%(x)dx,
21 Jiciy

where U° = (u°,1°), and for any k >0 and any iel;_;

] 1 (i+1)!
(2.12) yik =1 J U (x, kh — 0) dx.
21 )1y
Then, for any k > 0 and i € I, let U” = (i*, ") be the solution of the Riemann problem
for the homogeneous system (2.8), for (x, ¢) € Q; x, with the following initial condition at

t=kh

~ ULk (i-Dl<x<il
2.13 U"(x,kh + 0) = ) ’
(2.13) (x,kh +0) ; {U’“”‘, il<x<(@i-1)L

Thanks to (2.10) the elementary waves do not interact on Sj;. At this point we
define the fractional step part of our scheme, which allows us to treat this special class of
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nonhomogeneous terms. Therefore we define on S;

(2.14) wh(x, 1) = Jx i (y, 1) dy,

(2.15) u(x, 1) = i (x, 1),

(2.16) ot (x, 1) = 7" (x, 1) — Jl f(wh(x,s)) ds.
kh

3. Convergence of the scheme.

In this section we first establish the compactness properties of our scheme to use the
convergence result of Di Perna [DiP], which, in our case, can be stated in the following
way.

TueorREM 3.1 (Compactness framework). Let {V"} = {(U", w")} be a sequence of
approximate solutions to (1.6)—(1.7) which satisfy the following assumptions:
(Hy) for any T > 0 there exists a constant Ct > 0 such that

V(1) < Cr

for ae (x,t)eRx (0,T);
(Hy) for any entropy-entropy flux pair (n,q) for (1.6) the sequence of distributions

A" = am(U") + 8xq(U")

is relatively compact in H;!(Q) for any bounded open set 2 < R x (0,00). Then there is
a converging subsequence {V"™} and a locally bounded limit function V = (U, w) such that

i) U - U
in I (R x (0,00)) for any p e [l,00), as h, — 0;
ii) wh — w

in L* weak-*, as h, — 0.
Moreover, if the following assumption is also verified
(H3) for any T > 0, there is a constant Dt > 0 such that

V. w" < Dr

for ae (x,t)eR x (0,T);
then, by passing to another subsequence, still denoted by h,, we have

whv 3w

uniformly on compact subset of R x (0,00), as h, — 0, and w is a locally Lipschitz
continuous in R x (0, 00).

The proof of this statement follows closely the Di Perna’s argument and is omitted.
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In Section 5 under an additional sublinear growth assumption on f we show that
our approximation satisfy the assumption (H;). Here we show that (H,) holds true in
the general case for the approximation given by the scheme (2.14)—(2.16).

THEOREM 3.2. Assume that the initial data wuy,vo,wy are bounded measurable
functions with compact support and uy = d,wo. Let {V"} = {(U",wh)} be a locally
uniformly bounded approximating sequence given by the scheme (2.14)—(2.16).

Then the sequence of measures

A" = 0q(U") + d,q(U*)
is a relatively compact subset of Hy!, for all pair (1,q).

PrOOF. Let 2 be a bounded open set contained in R x [0,00) and let 7 > 0 be
such that Q < R x (0,7). Let N be an integer which satisfies (N + 1)h > T > Nh.
For any function ¢ € C°(22) we have

(3.1) J j(n(Uh)as, T g(UM)g,) dxdr
=(M"+ 2"+ R+ 1%, 9),

where

(32) (M* 6> = [ [x, TIn(T"(x, T — 0)) — §(x, 0)n(T*(x, 0))] dx

(33) &hey=| ), Z{c [, — (@ }6(c(2), 1) dz;

(34) (R".¢) = j{w (U") = n(T*)4, + (q(U") — q(T")p,} dxdr,

i+1)!
(3.5) (LM ¢>= Z > J( (n(U"(x,kh — 0)) — n(U"(x, kh + 0)))¢(x, kh) dx.
=] iely_,

We denote here by ¢ = c() any shock curve of the solution U” of the homogeneous
problem (2.11) in S; (k > 0) and by ¢ the shock speed given by the Rankine-Hugoniot
formula; [77], and [§], denote the jump along x = c() of the functions #(U*) and q(U*)
respectively. It will be also convenient to introduce, for any piecewise smooth function
U = U(x,t), the notations U{‘i = U(x,kh + 0) and (U], = (U* — U*).

Also, for simplicity, in this proof we shall omit the index 4 of the approximate
solutions U*, U".

Then we take a strictly convex entropy function # and its associated entropy flux
q. It follows that

(3.6) 3 J[ U)]kdx+J Z{c[n] d.}dr<c.
k>1

Note that, since the entropy inequality

¢l — 19l = 0
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is satisfied along the shock waves, we have

(3.7) J Z{c — gl }dt< C.

On the other hand we have, by the Taylor expansion of the function 7,

@+
> [ @, ax- ZZJ (n(T*) — n(T%)) dx

k>1 =lielp

N (i+1)!
=S5 | v (0 - Uy ax

(i-1)?

4 EN: rﬂ)l (J;(l _9)(T* - U¥)

k=1 iEIk_] (i_l)l

(3.8)

x V2(U* + 6(0* — U*))(0* - Ujj)Tcw) dx
=5+ 5.

Therefore, form the boundedness of V* we have

<2 32 | men ([, o)

llEIk 1
T ¢L
(3.9) gJ J In,/|f]dxdt < C.
0J-L

Moreover the entropy function 7 is strictly convex, namely there exists a constant v > 0
such that, for any vector U e R?

uviquT > |U
Then by (3.6), (3.8), we have the energy inequality
N (0 o)
(3.10) > J |U* - U*Pdx <= |h| < C.
k=1 icl. JG=1! v

Let us consider now the identity (3.1) for a general (not necessarily strictly convex)
entropy function 7. Set ¢* = #(il,kh) and denote by

Wt =3 5 [ 0w - nop)a

=1 IGIk 1

(+1)!
(Lh gy = ZZ] 1(T%) = n(U4))gx, k) di,

=1 iel_

N (+1)1
who=33 j — n(T%)) (@(x, k) — %) d.

llelk 1
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Then, for any entropy pair (1,q) we derive, from (3.7), (3.8) and (3.10),

[KM", $)| < Cl|8ll ¢y
IKZh, ¢)] < C”¢”C0(Q)7
KLY, )| < Clidll ey

The contribution of the term L* includes the effects of the external force f

1+11
KLy, )| = Z >, J — n(U*))g(x, kh) dx
k=1iel,_ i-1
(i+1)1
U* + 6(0* — U*))de
< #lea ZZJ (j (U + 0T - 0%)) dt)

dx < Cli¢llc, o

kh
X (J f(wh) ds)
(k—1)h

I(M" +Z"+ L} + LY)|| 4 < C,

Hence

where .# = Cj is the space of bounded measures on £.
Therefore, as noticed by Di Perna [DiP],

M'"+zh 4 L+ Lt

is in a compact subset of W~141(Q), for 1 < q; <2, as a consequence of the Murat’s
lemma [Mu]. Next we have, for 1/2 < a < 1,

(i+1)!
t<L3,¢>|<Z Zj In(U*) — n(T%)] 19(x, kh) — ¢*] dx

=1 lGIk 1

(+1)

1/2
In(U*) n(ﬁf)lde>

o

liel

< h{|llc Z(

k

3]

i (-1l

< Ch*~

< K| gl .
Then, by using the Sobolev embedding theorem
18llc; < Cllgll e

for all ¢ >2/(1 —a).
The previous inequality leads to

1L porer < R

for all 1 < g2 <2/(1+a).



442 P. MARcATI and R. NATALINI

Then
M"+zh 4 L*

lies in a compact subset of W~1%(Q), where 1 < gop = min(qi,q2) < 2/(1 + ).
Furthermore, from the boundedness assumptions on the approximating scheme, we
have that
MM+t 4 [P = A" — R
is bounded in W~=17(Q)(r > 1). Therefore, again from the Murat’s lemma, it follows

that
Mh +Lh +Zh

lies in a compact subset of H!(€2).Moreover, since

<RE g <Y ”S

< Ch||¢||Hg(g),

it follows that R” is in a compact subset of H;!(€2). Then the conclusion follows. [J

(k+1)h
th fwh) dsj(lV;ﬂ |6, + Vgl |#,|) dx dt

4. Consistency of the scheme.

To prove the consistency of our scheme we need the next elementary but crucial
result which combines an original argument due to Makino and Takeno [MT, Propo-
sition 3] and our energy estimate (3.10).

LemMA 4.1. Under the assumptions of Theorem 3.1, there exists a positive constant
C such that

N (i+1) pkh _ _
3N J f |U*(x, kh +0) — U"(x, )]* dxdt < Ch.
k=1 iel;_ (i—'l)l (k_l)h

ProoF. From Proposition 3 in [MT], we have that there exists a constant C > 0
such that, for all £k > 0 and for ¢ € ((k — 1)h, kh),

@+ 5
J |U"(x, 1) — U"(x, kh — 0)* dx
(i-1)1
2

i 1 G
" (x, kh — 0) — 57[(' N T (y, kh — 0) dy| dx.
-

c(i+1)
<C

Ji-1)
Then
P(i+1)1

| (x, 1) — @*|* dx
J-1y

(i+1)1
<2 (0 - P il - ) ax

(i-1)!

(+1)! N N
gcj | Ot — g dx.
(i-1)1



Global weak entropy solutions 443

So the conclusion for #* follows by the energy inequality (3.10). In the same way it is
easy to seen that

(i+1)!
J(. |5# (x, £) — *|* dx

(01 5
<G J | O™ — O dx
(i-1)!

G+ [ 1 (DI phk 2
+ G J = J J fw")dsdy | dx.
-1 \ 20 ity Je-1yn
Therefore the conclusion follows from (3.10) and the boundedness of w”. []

THEOREM 4.2. Assume that the sequence given by the scheme (2.14)—(2.16) verifies
the hypothesis (H;), (Hy) of Theorem 3.1. Then (Hs) is also verified and the limit
functions (U,w) are a weak entropy solution to the Cauchy problem (1.6)—(1.7)—(1.8).

Proor. Consistency with initial data follows easily by arguing as in [DCL]. Then,
take any smooth function ¢ € CP (R x (0,00)). We have

“(“% — v, )dxdt = ”(ﬁ”(zﬁ, — "¢ ) dxds

+ EN: ”Sk | (th o f(Wh)dS>¢xdxdt = Af + 45,

k=1

From the assumption (H;) there exists a constant Cr > 0 such that

kh
sup sup J f(w")ds) < Crh,
x 1<k<N | Jk=1)n
and then
|42 < Ch.

On the other hand, thanks to the energy estimate (3.9), we have

|4k = ij(ﬁ(x, kh)(@" (x, kh + 0) — &*(x, kh — 0)) dx
k;l (i+1H)
<[ DON 00 K) — 8@ 5 R +0) e 0)
k=1 i J-DI

i+ 1)1

" l+1)1 1
! x, kh—0) — = J
;Zi:¢ J ) 20 Jii-1y

(i+1)! 172
< c\ﬁn¢uq{ 3 J 2% (o, kb — 0) — @ (x, kh + 0) dx}

ik =11
lil|<L

i"(y, kh — 0) dy] dx‘

< CVh.
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Consider now the second equation in (1.6). For any smooth function ¢e
Cy (R x (0,00)) we have

”(v’ws, — o), — F(w")p) dxds

- j j(ﬁ”as, — (@), — f(W")$) dxds

+ g ”s,,_. (J:k_l)h F(wh ds) ¢, dx dt

N
ZJqﬁ(x kh) (5" (x, kh — 0) — " (x, kh + 0)) dx

k=1
t
” (w ")¢dxdt+2” (j f(wh) )¢,dxdt
Seot \ J(k=1)n
Again from the assumption (H;) we have
|B%| < Ch.

Furthermore we have

|BY| =

iJ é(x, kh) (5" (x, kh — 0) — " (x, kh + 0)) dx
k=

- [[ romgaxa

(i+1)!
J (¢(x, kh) — ¢™) (" (x, kh + 0) — 5" (x, kh — 0)) dxi
(i—=1)!

L [ ” 1 (G0
4 J_l)l[ (x, kh — 0) — 21J( =0y

k=1 iEIk_1

1 (G kh
+—J J f(wh dydt] dx—JJf(wh)¢dxdt
21 ) i—yr Jk—1yn

< CVh+ < CVh.

(+1) pkh .
Z J J(k—l)h SO)(@* - b, 1) dxds

ki J-1!

Take now any convex entropy function # and let ¢ be the correspondent entropy-
flux. For any nonnegative function ¢ € C°(R x (0,00)) we have
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” (UM, + q(UM) ¢, — n,(U") f(w")¢) dx dt
JJ Uh ¢’ + q Uh)¢x ”u(Uh)f(wh)¢) dxdr

+Z“ {In(U") = (")), + lg(U") — q(T™)]4,

Sk-1
— [1,(U") = 1,(UM)f (w") g} dx dr
= Cl + C1.
Since the functions #,q,#, are smooth there exists a constant C such that
(4.1) |CH| < Ch.
Consider now the term Cf’. We have

N

Cl = [ 8t k) (n(0%) — n(09) &
k=1
- |[mnrehpaxa
ZJ (+1) x kh ik)(n((”]fk) _ ﬂ(Uj’_k))dx
ki i—1)!
(i+1)!
2 ¢ J (0™ ) — n(T™)) dx
i~1)!

m(f/")f(wh)¢dxdt

(+1n!

(B, k) - ¢ (n(T™) — n(T™)) dx

:M

(-1

~.

JI
ey

k

LU - I,
4 ¢"‘J (%) | 2x kh — 0) ~
ki (i-1)1

Gl _
+Z¢"‘J , 1,(0%%) [6"(x,kh -0) -5

(i~1

k
1 (DI kh
+—J J f(wh)dydt] dx
(k—1)h

14 (i+1)l rThk  yrhk
R J 0, (0%, T%) dx
k,i (i-1)

_ j j no( ) (wh) g dx dr
= C{ll +Ch+ C1h3 + C1h4 + Cf's-

Here, for any a,b € R?, we set

445
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g@ﬁp:ﬂa—mm—bw%w+0w—mxw—mﬁw

So, from the convexity of # we have that
(4.2) Ct, > 0.

As previously it is easy to see that

(4.3) |ICh| < CVh;
(4.4) Cf'z =0;
N (i+1)1 kh N -
=5 [ RO (0% dxar
k=1 iel_, ¥ (DI J(k=1)h
N (i+1)I pkh _ .
<y j j F Wy, (G5)(¢* — §) dxd
k=1iel_, (i~1)1 (k"l)h
N (i+1)! pkh .\ - .
S [ om0 - n,(0%) axar
k=1iel_ (i'—l)[ (k_l)h
= D!+ D!
It is easily seen that
(4.5) |D" < Ch.

Furthermore by using the Lemma 4.1 we have immediately that

(i+1)I pkh . B 1/2
(J J || |T*(x, kh + 0) — Uh(x,t)lzdxdt>
)h

(i-1)h J (k=1

N
(46) [Di<C> >
k

=1 iEIk_)
< CVh.
Then, by summing up (4.1)—(4.6), we have
I"> —cvh

and in the limit we obtain the entropy inequality (2.4).
Finally let us show that the limit function w verifies the equation (1.7). From the
scheme (2.14)—(2.16) we have

X X
aw:j @J:J o, 0" = o
—00 —00

in the weak sense. So the consistency is ensured if we show that
@ - ") -0

for almost every (x,t) € R x (0,00).
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In fact we have, for any ¢ € C(R x (0,00))

[

The function w is obviously Lipschitz continuous since, for almost every (x,¢)e€
R x (0,00)

¢dxdi| < Ch.

“th — v"|gdxds Jt f(wh)de

(k=1)h

OxW=1u
and

ow =v.

Moreover, from the second equation in (1.6) we have
0*w — 0,0(0,w) + f(w) =0

in the weak sense. The proof is complete. [J

5. L%* estimates.

In this section we establish the L* bounds we need on the approximate solutions
given by the scheme (2.14)-(2.16). Let us make the following natural assumption,
easily verified for the problems (1.3) and (1.4): (Hy4) there exists a constant L > 0 such
that

If'(w)| <L for all w e R.
Under this assumption we can state our main result.

THEOREM S5.1. Assume that the initial data wuy,vy,wy are bounded measurable
Sfunctions with compact support and uy = 0xwp. Under the assumption (Ha) there exists a
global weak entropy solution to the Cauchy problem (1.6)-(1.7)—(1.8).

The result follows immediately from the Theorems 3.1, 3.2, 4.2 and the following
L* bounds on the approximate solutions.

THEOREM 5.2. Under the assumptions of the Theorem 5.1, for any T > 0 there exist
some constants My, N7 > 0 and hr > 0 such that

(5.1) u*| < Mz, [o*| < Nr, |wh| <Ny,
for a.e. (x,t)eRx (0,T) and any he (0,hr).

PrOOF. Since up, vy and wy are function with a compact support, u”, v* will also be
with a compact support and, from the structure of the scheme, also w” will be with a
compact support.

Consider the discrete Riemann invariant (&* "), respectively (£*,7"), given by (2.6)
applied to (u”,v"), respectively (i*,#"). Theorefore, from (2.14)—(2.16), we obtain, for
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all (x,t) € S

ﬂmo=?mnirﬂwumma
(5.2) kh

Mmo=#mnﬁrﬂwmmm.
kh

Notice that, from (2.8) and (2.14), we have for all (x,) € Sk,

t
wh(x, 1) = wh(x, kh + 0) +J i (x, s) ds.
kh

Also, from (Hy), since f(0) =0
(5.3) |f(w)] <Lw  for anyw e R.
Denoting by

M* = max (sup |E% (x, kh + 0)|, sup |n" (x, kh + 0)|)

= max (sup |E"(x, )|, sup |7 (, t)|> ,

Sk Sk

N* = sup |w"(x, kh + 0)|,
X
we have, for (x,t) € Sg,
7] < M*,
lg(@")| < M*,

where g(u) = [} \/d'(s)ds, and
|wh| < N* + hM*.
Therefore, from (5.1) and (5.2), it follows, for (x,t) € Sk,

|e*| < M* + Lh(N* + hM¥)

and
In*| < M* + Lh(N* + hM*).
Hence
M1 < (1 + LK*)M* + LhN*
and

N*' < hM* + N*.
Then, by induction, the following inequality holds
M+ N*¥ < (M® + NO)(1 + (L + 1)h)*

< (MO +N0)e(L+1)T.
The proof is complete. []



Global weak entropy solutions 449

References

K. N. Chueh, C. C. Conley and J. A. Smoller, Positively invariant regions for systems of nonlinear
diffusion equations, Indiana U. Math. J.; 26 (1977), 373-392.

J. G. Conlon and T. P. Liu, Admissibility criteria for hyperbolic conservation laws, Indiana U.
Math. J., 30 (1981), 641-652.

C. M. Dafermos and L. Hsiao, Hyperbolic systems of balance laws with inhomogeneity and
dissipation, Indiana U. Math. J., 31 (1982), 471-491.

X. Ding, G.-Q. Chen and P. Luo, Convergence of the fractional step Lax-Friedrichs scheme and
Godunov scheme for the isentropic system of gas dynamics. Comm. Math. Phys., 12 (1989), 63-84.
R. Di Perna, Convergence of approximate solutions of conservation laws, Arch. Rat. Mech. Anal,,
82 (1983), 27-170.

J. Glimm, Solutions in the large for nonlinear hyperbolic systems of equations, Comm. Pure Appl.
Math., 18 (1965), 697-715.

P. D. Lax, Weak solutions of nonlinear hyperbolic equations and their numerical computa-
tion, Comm. Pure Appl. Math., 7 (1954), 159-193.

P. D. Lax, Shock waves and entropy, in: Contributions to nonlinear functional analysis, ed.
E. Zarantonello, Academic Press, New York (1971), 603-634.

T. P. Liu, The Riemann problem for general 2 x 2 conservation laws, Trans. A. M. S, 199 (1974),
89-112.

T. P. Liu, The entropy condition and the admissibility of shocks, J. Math. Anal. Appl., 53 (1976),
78-88.

P. A. Marcati and R. Natalini, Weak solutions to a hydrodynamic model for semiconductors: the
Cauchy problem, Proc. Royal Soc. Edinburgh, 25 (1995), 115-131.

P. A. Marcati and R. Natalini, Weak solutions to a hydrodynamic model for semiconductors and
relaxation to the drift-diffusion equation, Arch. Rat. Mech. Anal., 129 (1995), 129-145.

T. Makino and S. Takeno, Initial boundary value problem for the spherically symmetric motion of
isentropic gas, Japan J. Indust. Appl. Math., 11 (1994), 171-183.

F. Murat, L’injection du cone positif de H~! dans W~!49 est compacte pour tout ¢ < 2, J. Math.
Pures Appl, 60 (1981), 309-322.

L. Tartar, Compensated compactness and applications to partial differential equations, in: Research
notes in Mathematics, Nonlinear Analysis and Mechanics, Heriot-Watt Symposium, 4, ed. R. J.
Knops, Pitman (1979), 136-212.

L. Ying and C. Wang, Global solutions of the Cauchy problem for a nonhomogeneous quasilinear
hyperbolic system, Comm. Pure Appl. Math., 33 (1980), 579-597.

G. B. Whitham, Linear and nonlinear waves, John Wiley & Sons, New York, 1974.

Pierangelo MARCATI Roberto NATALINI

Dipartimento di Matematica Pura ed Istitutc per le Applicazioni del Calcolo
Applicata “M. Picone”

Universita degli Studi dell’Aquila Viale del Policlinico 137

1-67100 L’Aquila, 1-00161 Roma,

Italia Italia



	1. Introduction.
	2. The approximating solutions.
	3. Convergence of the ...
	THEOREM 3.1 ...
	THEOREM 3.2. ...

	4. Consistency of the ...
	THEOREM 4.2. ...

	5. $L^{\infty}$ estimates.
	THEOREM 5.1. ...
	THEOREM 5.2. ...

	References

