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Introduction.

Let $X(t, W)$ be a one-dimensional diffusion process starting at $0$ and with
generator

(1) $\mathcal{L}_{W}=\frac{1}{2}e^{W(x)}\frac{d}{dx}(e^{-W(x)}\frac{d}{dx})$ ,

where $\{W(x), x\in R\}$ is a random environment. The process $X(t, W)$ can be
constructed from a one-dimensional Brownian motion through a change of scale
and time. It is assumed that the Brownian motion (used for the construction
of $X(t, W))$ and the random environment $\{W(x)\}$ are independent. Formally,
$X(i, W)$ is a solution of the stochastic differential equation

$dX(t)= Browniandifferentia1-\frac{1}{2}W’(X(t))dt$ .

We are interested in the asymptotic properties of $X(t, W)$ as $tarrow\infty$ . A result
for this type of random environment problem goes back to Sinai [12]. When
$\{W(x), x\in R\}$ is a Brownian environment, Brox [1] introduced the diffusion
process $X(t, W)$ as a continuous model of Sinai’s random walk ([12]) in a Ber-
noulli environment and obtained the following result of Sinai-type: $(\log t)^{-2}X(t, \cdot)$

$-b(t, \cdot)$ tends to $0$ in probability as $tarrow\infty$ where $b(t, W)$ is a suitable function
depending only on $t$ and the environment $W=W(\cdot)$ ; moreover, the distribution
of $(\log t)^{-2}X(t, \cdot)$ tends to a limit which is the same as the limit distribution in
Sinai’s case. Kesten [9] and Golosov [5] obtained the explicit form of the
limit distribution (see also [15] for some extension). Results of Sinai-type for
a wider class of random environments were then obtained by Letchikov [10]
(for non-simple random walks) and Kawazu, Tamura and Tanaka [7], [8] (for
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diffusion processes in asymptotically self-similar random environment). A more
refined result (localization) was obtained by Golosov [4] in the case of Sinai’s
reflecting random walk. The result is roughly stated as follows: for large
$n$ the position of the random walk at time $n$ is localized in a finite neighbor-
hood of a suitable point $b_{n}$ depending only on $n$ and the environment. The
result of this type (localization) was then obtained by Tanaka [16] for a diffu-
sion process $X(t, W)$ in Brownian environment. The result asserts the existence
of the limit distribution of $X(e^{\lambda}, \cdot)-b_{\lambda}(\cdot)$ as $\lambdaarrow\infty$ where $b_{\lambda}(W)$ is a suitable
function of $\lambda$ and the environment $W$ alone.

The purpose of this paPer is to study the localization of diffusion processes
for a considerably wider class of random environments. The random environ-
ment $\{W(x), x\in R\}$ we consider is described as follows: When $W(x)$ is ob-
served at integers $x$ , it is a random walk; more precisely, $W(x)$ is a constant
on each interval $(n, n+1),$ $n\in Z$ , and $\mathfrak{W}^{+}=\{W(n), n\geqq 0\}$ and $\mathfrak{W}^{-}=\{W(-n), n\geqq 0\}$

are independent random walks in $R$ . The essential assumption is the existence
of common scaling (without centering) of $\mathfrak{W}^{+}$ and $\mathfrak{W}^{-}$ which ensures the con-
vergence in law of the scaled random walks to strictly stable processes. Our
main result is stated in \S 1. Although we do not discuss here the localization
problem in the case of random walks, it will be possible to treat the problem
starting from the present model and using optional sampling.

Roughly speaking the outline of our argument is similar to that of [16];
however, it is to be noted that there are several points which we had to study
anew. For example, in order to know about the probability law of a valley
which is essential in our argument, we must study certain time reversals of
random walks, conditioned random walks and their relationship (see \S 2). The
result of this part has also its own interest. To grasp the outline of our
method the reader is recommended to proceed to the first subsection of \S 4
after only glancing through \S 2 and \S 3.

In \S 1 we state the problem and the result. \S 2 is devoted to the study of
certain random walk problems as explained above. In \S 3 we define a valley
of an environment with reference to [1] and [9] and give some information
about the probability law of a valley using the result of \S 2. In \S 4 we first
give an outline of the proof of the main theorem and then prepare some lemmas
concerning diffusion processes in a (suitably scaled) environment. We complete
the proof of our main theorem in \S 5.

\S 1. Statement of the result.

Let $W$ be the space of step functions $W:Rarrow R$ with the following prc-
pertles:
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$i$ . $W$ vanishes identically in the open interval $(-1,1)$ .
ii. $W$ is constant in each open interval $(n, n+1),$ $n\in Z$ .
iii. $W$ is right continuous on $[0, \infty)$ and left continuous on $(-\infty, 0]$ .

Throughout the paper we are given a probability measure $Q$ on $\subset w$ satisfying
the following assumption (A).

Assumption (A). (i) Let $Y_{n}=W(n)-W(n-1),$ $n\geqq 1$ , and $Y_{n}=W(n)-W(n+1)_{r}$

$n\leqq-1$ . Then $\{Y_{n}, n\geqq 1, Q\}$ and { $Y_{n}$ , n$--1, $Q$ } are families of $i$ . $i.d$ . random
variables and the families are independent each other.

(ii) The distribution of $Y_{1}$ (resp. $Y_{-1}$ ) belongs to the domain of attraction
with centering constant $0$ of some strictly stable distribution $\mu_{+}$ (resp. $\mu-$ ) of
index $\alpha,$

$0<\alpha\leqq 2$ , whose density is positive in the whole of $R$ . Moreover, the
normalizing constants for $W(n)=\Sigma_{k=1}^{n}Y_{k}$ and $W(-n)=\Sigma_{k=1}^{n}Y_{-k}$ (which ensure
the convergence in law to $\mu_{+}$ and $\mu-$ , respectively) can be chosen to be the
same.

It is to be noted that $\mu_{+}$ and $\mu-$ have the same index $\alpha$ . For $W\in\wp$ let
$X(t, W)$ be a one-dimensional diffusion process with generator $X_{W}$ of (1) start-
ing at $0$ . Following It\^o and McKean [6] we construct $X(t, W)$ from a one-
dimensional Brownian motion $B(t)$ through a change of scale and time (see the
beginning of \S 4). The probability measure governing this Brownian motion is
denoted by $P$. An element $W$ of $\wp$ is called an environment. We assume that
the Brownian motion $B(t)$ and the environment $W$ are independent. Thus the
product probability measure $B=P\otimes Q$ determines the full law of $X(t, \cdot)$ .

In general, given a random variable $Y$ taking values in $[0, \infty]$ such that
Prob. $\{Y>0\}>0$ we define the renewal function $R(x),$ $x$ 1110, corresponding to $Y$

by

$R(x)=1+ \sum_{n=1}^{\infty}Prob.\{Y_{1}+\cdots+Y_{n}\leqq x\}$ ,

where $Y_{k},$ $k$ 1111, are independent copies of $Y$ . Note that $R(x)<\infty$ . We denote
by $R(x-),$ $x>0$ , the left limit of $R(\cdot)$ at $x$ and put $R(O-)=1$ .

For $W\in w$ we put

$\partial^{+}=\min\{n\geqq 1:W(n)\geqq 0\}$ ,

$\hat{\sigma}^{-}=\max\{n\leqq-1:W(n)\geqq 0\}$ ,

$\tau^{+}=\min\{n\geqq 1:W(n)<0\}$ ,

$\tau^{-}=\max\{n\leqq-1:W(n)<0\}$ ,

and denote by $R^{+}(x),\hat{R}^{-}(x),$ $R^{+}(x)$ and $R^{-}(x)$ the renewal functions correspond-
ing to tbe random variables $W(\partial^{+}),$ $W(\text{\^{a}}^{-}),$ $-W(\tau^{+})$ and $-W(\tau^{-})$ (the basic pro-
bability here is $Q$ ), resPectively. We also denote by $P^{+}(x, dy),\hat{P}^{+}(x, dy)$ ,
$P^{-}(x, dy)$ and $\hat{P}^{-}(x, dy)$ the distributions of $x+W(1),$ $x-W(1),$ $x+W(-1)$ and
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$x-W(-1)$ under $Q$ , respectively. We now define for $x\geqq 0$

$p^{+}(x, dy)=R^{+}(x-)^{-1}\hat{P}^{+}(x, dy)\hat{R}^{+}(y-)1_{(0.\infty)}(y)$,

$p^{-}(x, dy)=R-(\chi-)^{-1}\hat{P}^{-}(x, dy)\hat{R}^{-}(y-)1_{(0.\infty)}(y)$ ,

$q^{+}(x, dy)=R^{+}(x)^{-1}P^{+}(x, dy)R^{+}(y)1_{I0.\infty)}(y)$ ,

$q^{-}(x, dy)=R^{-}(x)^{-1}P^{-}(x, dy)R^{-}(y)1_{\zeta(’\infty)}(y)$ .
Then, as we shall see in \S 2, these are Markov transition functions on $[0, \infty)$ .

In general a Markov chain with (one-steP) transition function $p(x, dy)$ will
be called a $P$ -chain in this paper.

Let $CW^{+}$ (resp. $W^{-}$ ) be the space of step functions $W:Rarrow[0, \infty)$ with the
following two properties:

1. $W(0)=0$ .
2’. $W$ is constant on each interval $[n, n+1)$ (resp. $(n, n+1]),$ $n\in Z$ .

We introduce the probability measures $\tilde{Q}^{+}$ and $\tilde{Q}^{-}$ on $7\nu^{+}$ and $W^{-}$ , respectively,
determined by the following conditions:

(1) $\{W(n), n\geqq 0,\tilde{Q}^{+}\}$ is a $q^{+}$-chain, $\{W(-n), n\geqq 0,\tilde{Q}^{+}\}$ is a $p^{+}$-chain and
these two chains are independent.

(2) $\{W(n), n\geqq 0,\tilde{Q}^{-}\}$ is a $p^{-}$ -chain, $\{W(-n), n\geqq 0,\tilde{Q}^{-}\}$ is a $q^{-}$ -chain and
these two chains are independent.

Then we can prove that $e^{-W}\in L^{1}(R, dx)a.s$ . with respect to $\tilde{Q}^{+}$ and $\tilde{Q}^{-}$ (see

Proposition 2.2 and Corollary 2.2). Next, for each $W\in\psi^{+}$ or $\in W^{-}$ with $e^{-W}\in$

$L^{1}(R)$ we introduce a probability measure $\tilde{P}_{W}$ on $\sim f$ the space of real valued
continuous functions defined in $[0, \infty)$ , as follows: $\tilde{P}_{W}$ is the probability law of
the one-dimensional diffusion process with generator (1) and with initial distri-
bution

$\tilde{\nu}_{W}(dx)=e^{-W(x)}dx/\int_{R}e^{-W(y)}dy$ .

Note that $\{\tilde{\omega}(t), t\geqq 0,\tilde{P}_{W}\}$ is a stationary process, where $\tilde{\omega}(t)$ denotes the value
of $\tilde{\omega}(\in\tilde{\Omega})$ at time $t$ . We now define probability measure 1 on $R$ and $\tilde{P}$ on di
by

$\tilde{\nu}=\mathfrak{p}\int_{q\nu+}\tilde{Q}^{+}(dW)\emptyset_{W}+(1-\mathfrak{p})\int_{\psi-}\tilde{Q}^{-}(dW)\tilde{\nu}_{W}$ ,

$\tilde{P}=\mathfrak{p}\int_{w+}\tilde{Q}^{+}(dW)\tilde{P}_{W}+(1-\mathfrak{p})\int_{w-}c\tilde{Q}^{-}(dW)\tilde{P}_{W}$ ,

where $\mathfrak{p}$ is a constant strictly between $0$ and 1 which is defined by (5.11).

Finally, for $W\in W$ let $b_{\lambda}(W)$ be defined by (3.3b) in \S 3. $b_{\lambda}(W)$ is a function
of the environment $W$ alone and does not depend upon the Brownian motion
used for the construction of $X(t, W)$ . Our main theorem is now stated as



Localization of diffusion processes 519

follows.

MAIN THEOREM. The process $\{X(e^{\lambda}+t, \cdot)-b_{\lambda}(\cdot), t\geqq 0,9\}$ converges as $\lambdaarrow\infty$

to the stationary process $\{\tilde{\omega}(t), t\geqq 0,\tilde{P}\}$ in the sense of weak convergence of the
corresponding probability measures on $\tilde{\Omega}$ and hence, in particular, the distribution
of $X(e^{\lambda}, \cdot)-b_{\lambda}(\cdot)$ converges to il as $\lambdaarrow\infty$ . Moreover, the weak convergence can
be strengthened to the convergence with respect to the total variation norm if the
probability measures under consideration are restricted to the $sub-\sigma- fieldS_{h}==$

$\sigma\{\tilde{\omega}(t):0\leqq t\leqq h\},$ $h$ being any positive cons tant.

\S 2. Certain Markov chains attached to random walks.

In this section we introduce several Markov chains attached to a random
walk. The results obtained here will be used for proving our main theorem in
\S 3 and \S 5.

Throughout this section we are given a random walk $\mathfrak{S}=\{S_{n}, n\geqq 0\}$ where

$S_{0}=0$ , $S_{n}=X_{1}+\cdots+X_{n}$ $(n\geqq 1)$ ,

$X_{k},$ $k\geqq 1$ , being independent identically distributed random variables. We often
write $S(n)$ instead of $S_{n}$ . The following will be used:

Sfi $=x+S_{n}$ , $x\in R$ ,

$P(x, dy)=P\{x+X_{1}\in dy\}$ , $\hat{P}(x, dy)=P\{x-X_{1}\in dy\}$ .

We shall also consider the dual random walk $\hat{\mathfrak{S}}=\{\hat{S}_{n}, n\geqq 0\}$ where $S_{n}=-S_{n}$ .

2.1. Time reversals of random walks. Let

(2.1) $\tau=\min\{n\geqq 1:S_{n}<0\}$

and assume that

(A.1) $\tau<\infty$ a.s.

We consider the time reversal

(2.2) $(0, S_{\tau-1}-S_{\tau}, S_{\tau-2}-S_{\tau}, \cdots S_{1}-S_{\tau}, -S_{\tau})$ ,

which is regarded as a random variable taking values in the path space

$\{w=(w(O), w(1), \cdots , w(l)):w(O)=0,0<w(l)=\min\{w(k):1\leqq k\leqq l\}, l\geqq 0\}$ .
We then take independent copies $w_{k},$

$k\geqq 1$ , of the random variable (2.2) and
write $w_{k}=(w_{k}(0), w_{k}(1)$ , , $w_{k}(l_{k})),$ $k\geqq 1$ . One of the Markov chains we con-
sider is defined by
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(2.3) $U_{n}=\{$

$w_{1}(n)$

$\sum_{j=1}^{k-1}w_{j}(l_{j})+u_{k}(n-\sum_{j=1}^{k-1}l_{j})$

Let

for $0\leqq n\leqq l_{1}$ ,

for $\sum_{j=1}^{k-1}l_{j}<n\leqq\sum_{j=1}^{k}l_{j}$ , $(k\geqq 2)$ .

$\xi(x)=\{$

1 for $x=0$ ,

$E \{\sum_{\tau 0\leqq n<}1_{\mathfrak{c}(Ix)}(S_{n})\}$ for $x>0$ ,

and define $p(x, dy)$ by

(2.4) $p(x, dy)=\xi(x)^{-1}\hat{P}(x, dy)\xi(y)1_{(0.\infty)}(y)$ .

The following theorem is proved in Tanaka [17] (see also Lemma 6 of Golosov
[4] $)$ .

THEOREM 2.1. Under the assumption (A.1) $p(x, dy)$ is a Markov transition
function on $[0, \infty)$ and the process $\{U_{n}, n\geqq 0\}$ defined by (2.3) is a Markov chain
on $[0, \infty)$ with transition function $p(x, dy)$ , namely, a p-chain.

We are now going to give another expression of $\xi(x)$ . Put

(2.5) $\partial=\min\{n\geqq 1:S_{n}\geqq 0\}$

and let $R(x)$ be the renewal function corresponding to the random variable $S(\hat{\sigma})$ .
The convention $S_{\infty}=S(\infty)=\infty$ is used throughout our argument. Thus $S(\hat{\sigma})$ is
understood to be $\infty$ when $\partial=\infty$ .

PROPOSITION 2.1. Under the assumption (A.1),

$\xi(x)=\hat{R}(x-)$ , for $x\geqq 0$ .

PROOF. It is known that (for example, see Feller [3: XVIII. 3] or Chung
[2: 8.4] $)$ for $0\leqq r<1$

(2.6) $1-E \{r^{\hat{\sigma}}\cdot e^{\sqrt{}}\overline{-1}\lambda s_{(\hat{\sigma})}\}=\exp(-\sum_{n=1}^{\infty}\frac{r^{n}}{n}E\{e^{J_{-1}^{-}\lambda s_{(n)}} ; S(n)\geqq 0\})$ ,

(2.7) $E$ $\{\sum_{0\leqq n<\tau}r^{n}e^{\sqrt{}\overline{- 1}\lambda s_{(n)}}\}=\exp(_{n=1}-1\lambda S(n)S(n)\geqq 0\})$ .

We therefore have

(2.8) $E \{\sum_{\tau 0n}r^{n}e^{\sqrt{}}\overline{-1}\lambda S(n)\}=(1-E\{r^{\hat{\sigma}}\cdot e^{l\overline{- 1}\lambda S(\hat{\sigma})}\})^{-1}$ , $0\leqq r<1$ .

Let $F_{r}(dx)$ and $G_{r}(dx)$ be the measures on $[0, \infty)$ defined by

$F_{r}(A)=E\{r^{\hat{\sigma}}\cdot 1_{A}(S(\hat{\sigma}))\}$ ,

$G_{r}(A)=E$ $\{\sum_{0\leqq n<\tau}r^{n}1_{A}(S(n))\}$ ,
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respectively, for any Borel subset $A$ of $[0, \infty)$ . Then (2.8) means that the
Fourier transform of the measure $G_{r}(dx)$ equals the Fourier transform of the
measure $\Sigma_{n=0}^{\infty}F_{r}^{n*}$ , where $F_{r}^{n*}$ is the $n$ -fold convolution of $F_{r}$ and $F_{r}^{0*}$ is the $\delta-$

distribution at $0$ . Thus we have

$G_{r}([0, x))= \sum_{n=0}^{\infty}F_{r}^{n*}([0, x))$ , $x>0,0\leqq r<1$ .

NOW letting $r\uparrow 1$ in the above we obtain $\xi(x)=R(x-)$ . $\square$

COROLLARY 2.1.
$p(x, dy)=R_{(}x-)^{-1}\hat{P}(x, dy)R(y-)1_{(0,\infty)}(y)$ , $x\geqq 0$ .

Next we consider the random time

(2.9) $\sigma=\min\{n\geq 1:S_{n}\leqq 0\}$ .

We exclude the trivial case where $X_{k}=0,$ $a.s.$ . Then $\sigma<\infty a.s$ . if and only if
(A.1) is satisfied. So under (A.1) time reversal can also be defined in terms of
$\sigma$ ; in fact, we can define a process $\{U_{n}, n\geqq 0\}$ exactly in the same way as we
defined $\{U_{n}, n\geqq 1\}$ but with the replacement of $\tau$ by $\sigma$ . The Markovian pro-
perty of $\{U_{n}, n\geqq 0\}$ can be proved by a method similar to that in [17]; how-
ever, here we give another proof based on Theorem 2 and Corollary 2.1. Put

(2.10) $\hat{\tau}=\min\{n\geqq 1:S_{n}>0\}$ ,

and let $\hat{R}(x)$ be the renewal function corresponding to $S(\hat{\tau})$ . We then define
$\overline{p}(x, dy)$ by

(2.11) $\overline{p}(x, dy)=R(x)^{-1}\hat{P}(x, dy)R(y)1_{\ddagger 0,\infty)}(y)$ .

THEOREM 2.2. Under the assumption (A.1) $\overline{p}(x, dy)$ is a Markov transition
function on $[0, \infty)$ and the Process $\{U_{n}, n\geqq 0\}$ is a $\overline{p}$-chain.

PROOF. Taking it for granted that $\overline{p}(x, dy)$ is a Markov transition function
(the proof is omitted), we prove that $\{U_{n}, n\geqq 0\}$ is a $\overline{p}$-chain. For each $\epsilon>0$

we consider the random walk $S_{n}^{(^{\epsilon})}=X_{1}^{(\epsilon)}+\cdots+X_{n}^{(g)}=S_{n}-n\epsilon$ , where $X_{k}^{(e)}=X_{k}-\epsilon$

and put
$\tau^{(g)}-\min\{n\geqq 1:S_{n}^{(\epsilon)}<0\}=\min\{n\geqq 1:S_{n}<n\epsilon\}$ .

We can define $\{U_{n}^{(8)}, n\geqq 0\}$ in terms of $S_{n}^{(\in)}$ and $\tau^{(8)}$ exactly in the same way
as we defined $\{U_{n}, n\geqq 0\}$ . Since $\tau^{(\text{\’{e}})}\uparrow\sigma$ as $\epsilon\downarrow 0$ , we can easily see that for
any bounded continuous functions $f_{1},$ $\cdots$ , $f_{n}$ on $[0, \infty)$

(2.12) $\lim_{\epsilon\downarrow 0}E\{f_{1}(U_{1}^{(\epsilon)})f_{2}(U_{2}^{(\epsilon)})\cdots f_{n}(U_{n}^{(\epsilon)})\}=E\{f_{1}(\overline{U}_{1})f_{2}(\overline{U}_{2})\cdots f_{n}(\overline{U}_{n})\}$ .

According to Theorem 2.1 and Corollary 2.1, $\{U_{n}^{(\xi)}, n\geqq 0\}$ is a Markov chain on
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$[0, \infty)$ and its transition function is given by

$p^{(g)}(x, dy)=R(8)(x-)^{-1}\hat{P}(x, dy)R^{(\epsilon)}(y-)1_{(0.\infty)}(y)$ ,

where $\hat{P}^{(8)}(x, dy)=P\{x-X_{1}^{(\epsilon)}\in dy\}=\hat{P}(x+\epsilon, dy)$ and $R^{(g)}(x)$ is the renewal
function corresponding to $S^{(\epsilon)}(\partial^{(\epsilon)}),\hat{\sigma}^{(\epsilon)}$ being defined by

$\hat{\sigma}^{(\text{\’{e}})}=\min\{n\geqq 1:S_{n}^{(g)}\geqq 0\}=\min\{n\geqq 1:S_{n}\geqq n\epsilon\}$ .

Note that $S^{(g)}(\hat{\sigma}^{(g)})=\infty$ when $\hat{\sigma}^{(\epsilon)}=\infty$ . We are now going to prove that

(2.13) $R^{(6)}(x-)arrow\hat{R}(x)$ as $\epsilon\downarrow 0$ for each $x\geqq 0$ .
For this purpose take independent copies $Y_{k}^{(\epsilon)},$ $k\geqq 1$ , of $S^{(\epsilon)}(\hat{\sigma}^{(\epsilon)})$ and write

$R^{(g)}(x-)=1+ \sum_{n=1}^{\infty}R_{n}^{(\epsilon)}(x-)$ , $R_{n}^{(\in)}(x-)=P\{Y_{1}^{(6)}+\cdots+Y_{n}^{(\text{\’{e}})}<x\}$ .

It is easy to see that there exist $x_{0}$ and $\theta\in(0,1)$ such that

$\tilde{R}_{1}^{(\epsilon)}(x_{0}-)=P\{S^{(\text{\’{e}})}(\hat{\sigma}^{(\epsilon)})<x_{0}\}<\theta$

for all sufficiently small $\epsilon>0$ . Now let $x>0$ be given and put $\nu=[x/x_{0}]+1$ .
Then

$\tilde{R}_{\nu n}^{(\epsilon)}(x-)\leqq\nu R_{n}^{(\epsilon)(\frac{x}{\nu}-)}\leqq\nu\tilde{R}_{n}^{(\epsilon)}(x_{0}-)\leqq\nu\tilde{R}_{1}^{(\epsilon)}(x_{0}-)^{n}<\nu\theta^{n}$ ,

Since fif $\epsilon$ )$(x-)$ is decreasing in $n$ ,

(2.14) $R_{n}^{(\epsilon)}(x-)<c\rho^{n}$ for all sufficiently small $\epsilon>0$ ,

where $c=\nu/\theta$ and $0<\rho=\theta^{1/\nu}<1$ . On the other hand, since

$\{$

$\hat{\sigma}^{(\epsilon)}\downarrow\hat{\tau}$ as $\epsilon\downarrow 0$ ,

$P\{S^{e\epsilon)}(\hat{\sigma}^{(\text{\’{e}})})=S(\hat{\tau})-\hat{\tau}\epsilon,\hat{\tau}<\infty\}arrow P\{\hat{\tau}<\infty\}$ as $\epsilon\downarrow 0$ ,

$\tilde{R}_{n}^{(6)}(x-)$ tends to $R_{n}(x)$ as $\epsilon\downarrow 0$ for each $n\geqq 1$ and $x\geqq 0$ where $R_{n}(x)=P\{\hat{Y}_{1}+$

... $+\hat{Y}_{n}\leqq x$ }, $\hat{Y}_{k},$ $k\geqq 1$ , being independent copies of $S(\hat{\tau})$ . This fact combined
with (2.14) implies (2.13).

Finally, for a function $f$ on $[0, \infty)$ we denote by $f^{0}$ the function defined
on the whole of $R$ by $f^{0}(x)=f(x)$ for $x>0$ and $f^{0}(x)=0$ for $x\leqq 0$ . Since
$\{U_{n}^{(\epsilon)}, n\geqq 0\}$ is a $p^{(\epsilon)}$ -chain, for any continuous functions $f_{1}$ , $\cdot$ . , $f_{m}$ on $[0, \infty)$

with compact supports we have
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$E\{f_{1}(U_{1}^{(\text{\’{e}})})f_{2}(U_{2}^{(\epsilon)})\cdots f_{m}(U_{m}^{(\epsilon)})\}$

$= \int_{(0.\infty)}F^{(\epsilon)}$ ( $0,$ $d$ Xl) $f_{1}(x_{1}) \int_{(0.\infty)}\hat{P}^{(\epsilon)}(x_{1}, dx_{2})f_{2}(x_{2})\int_{(0.\infty)}\cdots$

$\int_{(0.\infty)}\hat{P}^{(\epsilon)}(x_{m-1}, dx_{m})f_{m}(x_{m})R^{(\text{\’{e}})}(x_{m}-)$

$=E\{f_{1}^{0}(-S_{1}^{(\epsilon)})f_{2}^{0}(-S_{2}^{(\epsilon)})\cdots f_{m}^{0}(-S_{m}^{(\epsilon)})\tilde{R}_{-}^{(\epsilon)}(-S_{m}^{(\epsilon)})\}$

$=E\{f_{1}^{0}(-S_{1}+\epsilon)f_{2}^{0}(-S_{2}+2\epsilon)\cdots f_{m}^{0}(-S_{m}+m\epsilon)\tilde{R}_{-}^{(\epsilon)}(-S_{m}+m\epsilon)\}$

where $R_{-(x)=R^{(\text{\’{e}})}(x-)}^{(\text{\’{e}})}$ for $x>0$ and $R_{-}^{(\epsilon)}(x)=0$ for $x\leqq 0$ . Making use of (2.13)
together with the monotone property and the right continuity of renewal func-
tions, we can prove that $R_{-}^{(\text{\’{e}})}(x+m\epsilon)$ converges to $\hat{R}(x)$ as $\epsilon\downarrow 0$ for each $x\geqq 0$ .
Therefore we have

(2.15) $f_{1}^{0}(-s_{1}+\epsilon)f_{2}^{0}(-S_{2}+2\epsilon)\cdots f_{m}^{0}(-S_{m}+mS)R_{-(-S_{m}+m\epsilon)}^{(\underline{\Leftrightarrow})}$

$arrow\{$

$f_{1}^{*}(-S_{1})f_{2}^{*}(-S_{2})\cdots f$a$(-S_{m})\hat{R}(-S_{m})$ , if $-S_{m}\geqq 0$ ,

$0$ if $-S_{m}<0$ ,

as $\epsilon\downarrow 0$ , where $f_{k}^{*}(x)=f_{k}(x)$ for $x\geqq 0$ and $f_{k}^{*}(x)=0$ for $x<0$ . Since the support
of $f_{m}^{0}$ is compact, the convergence of (2.15) is bounded. We thus have

$\lim_{\text{\’{e}}\downarrow 0}E\{f_{1}(U_{1}^{(\epsilon)})f_{2}(U_{2}^{(\epsilon)})\cdots f_{m}(U_{m}^{(\epsilon)})\}$

$=E$ { $f_{1}^{*}(-S_{1})f_{2}^{*}(-S_{2})\cdots f$a$(-S_{m})\hat{R}(-S_{m})$ }.

This combined with (2.12) implies

$E\{f_{1}(\overline{U}_{1})f_{2}(\overline{U}_{2})\cdots f_{m}(\overline{U}_{m})\}$

$=the$ right hand side of (2.15)

$= \int_{\subset 0.\infty)}P(0, dx_{1})f_{1}(x_{1})\int_{\subset 0.\infty)}\overline{p}(x_{1}, dx_{2})f_{2}(x_{2})\int_{I0.\infty)}\cdots\int_{I0.\infty)}\overline{p}(x_{m-1}, dx_{m})f_{m}(x_{m})$ ,

as was to be proved. $\square$

2.2. Conditioned random walks. For $\lambda>0$ and $x\geqq 0$ we define $\eta_{\lambda}(x)$ and
$\overline{\eta}_{\lambda}(x)$ for O$x $<\lambda$ by

(2.16) $\eta_{\lambda}(x)=the$ probability that the random walk SE hits $[\lambda, \infty)$

before it hits $(-\infty, 0)$ ,

(2.17) $\overline{\eta}_{\lambda}(x)=tbe$ probability that the random walk $S_{n}^{x}$ hits $[\lambda, \infty)$

before it hits $(-\infty, 0]$ .

We also put $\eta_{\lambda}(x)=\overline{\eta}_{\lambda}(x)=1$ for $x\geqq\lambda$ . By $S_{n}^{x}$ hits $A$ ’ we understand that $S_{n}^{x}$



524 K. KAwAzu, Y. TAMURA and H. TANAKA

hits $A$ at some $n\geqq 1$ . We can define Markov transition functions $q_{\lambda}(x, dy)$ and
$\overline{q}_{\lambda}(x, dy)$ on $[0, \infty)$ by

(2.18) $q_{\lambda}(x, dy)=\{$

$\eta_{\lambda}(x)^{-1}P(x, dy)\eta_{\lambda}(y)1_{I0.\infty)}(y)$ for $0\leqq x<\lambda$ ,

$\delta_{x}(dy)$ for $x\geqq\lambda$ ,

(2.19) $\overline{q}_{\lambda}(x, dy)=\{$

$\overline{\eta}\lambda(x)^{-1}P(x, dy)\overline{\eta}_{\lambda}(y)1_{(0,\infty)}(y)$ for $0\leqq x<\lambda$ ,

$\delta_{x}(dy)$ for $x\geqq\lambda$ ,

where $\delta_{x}$ denotes the probability measure concentrated at $x$ . Note that each
point of $[\lambda, \infty)$ is a trap for $q_{\lambda}$ -chain as well as for $\overline{q}_{\lambda}$ -chain.

The main purpose of this subsection is to define $q$-chain and $\overline{q}$-chain (con-

ditioned random walks) by showing the existence of the limit $q_{\lambda}(x, dy)$ and
$\overline{q}_{\lambda}(x, dy)$ as $\lambdaarrow\infty$ . For tbis purpose we need the assumption

(A.2) $\hat{\tau}<\infty$ a.s.,

where $\hat{\tau}$ is defined by (2.10).

We denote by $R(x)$ (resp. $\overline{R}(x)$ ) the renewal function corresponding to $-S_{\tau}$

(resP. $-S.$ ), where $\tau$ (resp. $\sigma$ ) is defined by (2.1) (resp. (2.9)). We also put

$\hat{\sigma}_{\lambda}=\min\{n\geqq 1:S_{n}\geqq\lambda\}$ .
Then we have the following theorem.

THEOREM 2.3. Under the assumption (A.2) we have for each xlllO

(i) $\eta_{\lambda}(x)\sim R(x)P\{\hat{\sigma}_{\lambda}<\tau\}$ , $\lambdaarrow\infty$ ,

(ii) $\overline{\eta}_{\lambda}(x)\sim\overline{R}(x-)P\{\hat{\sigma}_{\lambda}<\sigma\}$ , $\lambdaarrow\infty$ .

PROOF. We give the proof of (ii). Define a random variable $Y(\lambda)$ by

$Y(\lambda)=\{$

$-S_{\sigma}$ if $\sigma<\partial_{\lambda}$ ,

$\infty$ if $\sigma>\partial_{\lambda}$ ,

and then take a sequence of random variables $Y_{k},$ $k\geqq 1$ , in such a way that
(a) the distribution of $Y_{1}$ equals that of $Y(\lambda-x)$ ,
(b) for $n\geqq 1$ , the conditional distribution of $Y_{n+1}$ under the

condition that $\{Y_{k}, 1\leqq k\leqq n\}$ is given equals the
distribution of $Y(\lambda-x+y)$ where $y=Y_{1}+\cdots+Y_{n}$ .

Then

(2.20) $\overline{\eta}_{\lambda}(x)=P\{Y_{1}=\infty\}+\sum_{n=1}^{\infty}P\{Y_{1}+\cdots+Y_{n}<x, Y_{n+1}=\infty\}$ .

Next, let $Y_{k}’,$ $k\geqq 1$ , be independent copies of $Y(\lambda-x)$ , let $Y_{k}’’,$ $k\geqq 1$ , be inde-
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Pendent copies of $Y(\lambda)$ and assume that $\{Y_{k}’, k\geqq 1\}$ and $\{Y_{k}’’, k\geqq 1\}$ are also
independent. Then, using the fact that $Y(\lambda)\underline{\geq}Y(\lambda’)$ for $\lambda<\lambda’$ , we can easily
prove that

$P\{Y_{1}^{\prime/}=\infty\}\leqq P\{Y_{1}=\infty\}=P\{Y\{=\infty\}$ ,

$P\{Y_{1}’+\cdots+Y_{n}’<x, Y_{n+1}’’=\infty\}\leqq P\{Y_{1}+\cdots+Y_{n}<x, Y_{n+1}=\infty\}$

$\leqq P\{Y_{1}’’+\cdots+Y_{n}’’<x, Y_{n+1}’=\infty\}$ .
Therefore, (2.20) yields

$P \{Y_{1}’’=\infty\}[1+\sum_{n\Rightarrow 1}^{\infty}P\{Y_{1}’+\cdots+Y_{n}’<x\}]$

$S\overline{\eta}_{\lambda}(x)\leqq P\{Y_{1}’=\infty\}[1+\sum_{n=1}^{\infty}P\{Y_{1}’’+\cdots+Y_{n}’’<x\}]$ ,

that is,

(2.21) $P\{\hat{\sigma}_{\lambda}<\sigma\}\overline{R}_{\lambda-x}(x-)\leqq\overline{\eta}_{\lambda}(x)\leqq P\{\hat{\sigma}_{\lambda- x}<\sigma\}\overline{R}_{\lambda}(x-)$ ,

where $\overline{R}_{\lambda}(x)$ is the renewal function corresponding to $Y(\lambda)$ . On the other hand,

$P\{\partial_{\lambda}<\sigma\}=E\{\overline{\eta}_{\lambda}(S(\partial_{\lambda-x})_{l;}^{\backslash }\partial_{\lambda-x}<\sigma\}\geqq\overline{\eta}_{\lambda}(\lambda-x)P\{\hat{\sigma}_{\lambda-x}<\sigma\}$ ,

that is,
$\overline{\eta}_{\lambda(\lambda-x)P\{\hat{\sigma}_{\lambda-x}<\sigma\}}\leqq P\{\partial_{\lambda}<\sigma\}$ $ $P\{\partial_{\lambda-x}<\sigma\}$ .

Since $\overline{\eta}_{\lambda}(\lambda-x)$ coincides with the probability that $S_{n}$ hits $[x, \infty)$ before it hits
$(-\infty, -(\lambda-x)],\overline{\eta}_{\lambda}(\lambda-x)$ tends to $p=P${ $S_{n}$ hits $[x,$ $\infty$ )} as $\lambdaarrow\infty$ , but $p=1$ by
(A.2). Therefore, $P\{\hat{\sigma}_{\lambda-x}<\sigma\}\sim P\{\hat{\sigma}_{\lambda}<\sigma\}$ as $\lambdaarrow\infty$ . Moreover, it is easy to
see that $\overline{R}_{\lambda}(x-)$ tends to $\overline{R}(x-)$ as $\lambdaarrow\infty$ . Thus (2.21) implies the assertion
(ii) of the theorem. The assertion (i) can be proved similarly. $\square$

REMARK 2.1. From the above proof we see that the convergence of
$\eta_{\lambda}(x)/P\{\partial_{\lambda}<\tau\}$ to $R(x)$ is uniform on each bounded $x$ -interval. A similar
statement also holds for $\overline{\eta}_{\lambda}(x)$ .

We now introduce $q$-chain and $\overline{q}$-chain. Put for x10

(2.22) $q(x, dy)=R(x)^{-1}P(x, dy)R(y)1_{\mathfrak{c}0.\infty)}(y)$ ,

(2.23) $\overline{q}(x, dy)=\overline{R}(x-)^{-1}P(x, dy)\overline{R}(y-)1_{(0,\infty)}(y)$ .
AS we shall see soon, these are Markov transition functions on $[0, \infty)$ . Theo-
rem 2.3 now means that

$\{$

$\lim_{\lambdaarrow\infty}q_{\lambda}- chain=q$-chain,

$\lim_{\lambdaarrow\infty}\overline{q}_{\lambda}- chain=\overline{q}$-chain.
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In this sense, $q$-chain and $\overline{q}$-chain may be regarded as “conditioned random
walks”. They are also denoted by $q(\mathfrak{S})$-chain and $\overline{q}(\mathfrak{S})$-chain to stress the basic
random walk $\mathfrak{S}$ .

In the preceding subsection we introduced $p$ -chain and $\overline{p}$-chain. When we
want to stress the underlying random walk $\mathfrak{S}$ , they are denoted by $p(\mathfrak{S})$-chain
and $\overline{p}(\mathfrak{S})$-chain, respectively. Thus we can also consider p(@)-chain and $\overline{p}(\hat{\mathfrak{S}})-$

chain. Then by (2.11) and Corollary 2.1 the transition functions of these chains
are given by (2.23) and (2.22), respectively. Therefore we obtain the following
theorem.

THEOREM 2.4. Under the assumption (A.2)

$\{$

$\overline{p}(\hat{\mathfrak{S}})- chain=q(\mathfrak{S})$-chain,

$p(\hat{\mathfrak{S}})- chain=\overline{q}(\mathfrak{S})$-chain.

2.3. Convergence of $\sum\exp(-U_{n})$ . In this subsection we introduce the
following condition:

(A.3) $\lim\underline{1}\Sigma P\{S_{k}\geqq 0\}n=\kappa_{0}$ for some constant $\kappa_{0}\in(0,1)$ .
$narrow\infty nk=1$

We also introduce the condition:

(A.4) The distribution of $X_{1}$ is either a symmetric distribution not
concentrated at $\{0\}$ or (if it is not symmetric) belongs to the
domain of attraction with centering constant $0$ of a strictly
stable distribution whose density is positive on the whole of $R$ .

It is easy to see that (A.4) implies (A.3).

LEMMA 2.1. Assume (A.3) and let rc be a constant such that $\kappa_{0}<\kappa<1$ . Then

$P\{\tau>n\}\leqq$ const. $n^{\kappa-1}$ , $n\geqq 1$ ,

where const. does not depend on $n$ .
PROOF. We use the Baxter-Spitzer formula ($e.g$ . see [14])

(2.24) $\sum_{n=0}^{\infty}P\{\tau>n\}s^{n}=\exp\{\sum_{n=1}^{\infty}\frac{s^{n}}{n}P\{S_{n}\geqq 0\}\}$ , $|s|<1$ .

Applying Lemma 1 of Rogozin [11] it is easily seen that (A.3) implies

(2.25) $\exp\{\sum_{n\Rightarrow 1}^{\infty}\frac{s^{n}}{n}P\{S_{n}\geqq 0\}\}\sim(1-s)^{-\kappa_{0}}L(\frac{1}{1-s})$ as $s\uparrow 1$ ,

where $L(x)$ is a slowly varying function at infinity. Thus applying the Tau-
berian Theorem ($e.g$ . see [3: p. 447]), (2.24) implies
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$P \{\tau>n\}\sim\frac{1}{\Gamma(\kappa_{0})}n^{\kappa_{0^{-1}}}L(n)$ as $narrow\infty$ .

This implies the assertion of the lemma. $\square$

REMARK 2.2. (A.3) implies (A.1) and (A.2). In fact, if we suppose $P\{\tau=\infty\}$

$>0$ , then $\lim_{narrow\infty}S_{n}=\infty a.s$ . and consequently

$\frac{1}{n}\sum_{k=1}^{n}1_{(-\infty.0)}(S_{k})arrow 0$ a.s.
contradicting (A.3).

PROPOSITION 2.2. Under the assumption (A.3) we have

$\sum_{n=1}^{\infty}\exp(-U_{n})<\infty$ $a.s$ . and $\sum_{n=1}^{\infty}\exp(-\overline{U}_{n})<\infty$

PROOF. TO prove the convergence of the first series put $H_{k}=w_{k}(l_{k})$ where
$w_{k}(l_{k})$ is in (2.3). Then we have

(2.26) $\sum_{n=1}^{\infty}\exp(-U_{n})=\sum_{k=1}^{\infty}\exp[-(H_{1}+\cdots+H_{k-1})]\{e^{-w_{k^{(1)}}}+\cdots+e^{-w_{k^{(l_{k})}}}\}$

$ $\sum_{k=1}^{\infty}l_{k}\exp[-(H_{1}+ +H_{k-1})]$

with the convention that $H_{1}+\cdots+H_{k-1}=0$ for $k=1$ . On the other hand,

$P\{l_{k}\exp[-(H_{1}+ +H_{k-1})]>k^{-2}\}$

$=P\{l_{k}>k^{-2}\exp[H_{1}+\cdots+H_{k-1}]\}$

$\leqq$ const. $E\{k^{-2(\kappa- 1)}\exp[(\kappa-1)(H_{1}+\cdots+H_{k-1})]\}$ (since $l_{k}=\tau$)
$d$

$\leqq$ const. $k^{2}\theta^{k-1}$ ,

where $\kappa_{0}<\kappa<1,$ $\theta=E\{\exp[(\kappa-1)H_{1}]\}<1$ and $=^{\dot{a}}$ means the equality in distri-
bution. Note that we used Lemma 2.1 to derive the above inequality. There-
fore, by the Borel-Cantelli lemma we have

$P$ { $l_{k}\exp[-(H_{1}+\cdots+H_{k-1})]\leqq k^{-2}$ for all sufficiently large $k$ } $=1$ ,

and consequently $\Sigma_{n=1}^{\infty}\exp(-U_{n})<\infty a.s.$ . To prove the convergence of the
second series it is enough to note that $P\{\sigma>n\}\leqq P\{\tau>n\}$ and to do similarly. $\square$

By Theorem 2.4 combined with Proposition 2.2 we obtain

$CoROLLARY2.2$ . Let $\{V_{n}, n\geqq 0\}$ and $\{\overline{V}_{n}, n\geqq 0\}$ be a $q$-chain and q-chain,
respectively. Then under the assumPtion (A.3) we have

$\sum_{n=0}^{\infty}\exp(-V_{n})<\infty$ $a.s$ . and $\sum_{n=0}^{\infty}\exp(-\overline{V}_{n})<\infty$ $a.s.$ .
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A similar result for a $q_{\lambda}$ -chain will be need in the section 5. Now we use
the following lemma.

LEMMA 2.2. Under the assumption (A.4), we have

(2.27) $\lim_{\lambdaarrow}\sup_{\infty}\eta_{\lambda}(0)^{-1}\eta_{\lambda/2}(0)<\infty$ .

PROOF. First we note that $\lim\inf_{\lambdaarrow\infty}\eta_{\lambda}(\lambda/2)>0$ . In fact, under the condi-
tion (A.4) we have

$\{$

$\eta_{\lambda}(\lambda/2)\geqq 1/2$ if $X_{1}$ is symmetrically distributed,

$\lim_{\lambdaarrow\infty}\eta_{\lambda}(\lambda/2)=const.>0$ otherwise,

because the process $\{\lambda^{-1}S_{[(\lambda)t]}\varphi’ t\geqq 0\}$ converges in law to a stable process as
$\lambdaarrow\infty$ where $\varphi(\lambda)$ is a suitable regularly varying function at infinity with index
$\alpha$ , O<a$2. Next using the strong Markov property we have

$\eta_{\lambda}(0)=P\{\partial_{\lambda}<\tau\}=E$ { $\eta_{\lambda}(S(\partial_{\lambda/2}))$ ; a $\lambda/2<\tau$ }

1 $\eta_{\lambda}(\lambda/2)P\{\partial_{\lambda/2}<\tau\}=\eta_{\lambda}(\lambda/2)\eta_{\lambda/a}(0)$ ,

and consequently the left hand side of (2.27) is bounded by $\{\lim\inf_{\lambdaarrow\infty}\eta_{\lambda}(\lambda/2)\}^{-1}$

$<\infty$ . $\square$

Let $\{V_{\lambda}(n), n\geqq 0\}$ be a $q_{\lambda}$ -chain with $V_{\lambda}(O)=0$ . Note that any point in
$[\lambda, \infty)$ is a traP for this chain. We Put $\sigma_{\lambda}(0)=0$ and for $k=1,2$ ,

a $\lambda(k)=\min\{n>\sigma_{\lambda}(k-1):V_{\lambda}(n)\leqq\inf_{nm>}V_{\lambda}(m)\}$ ,

$H_{\lambda}(k)= \max$ { $V_{\lambda}(n)$ : a $\lambda(k-1)<n\leqq\sigma_{\lambda}(k)$ },

$N_{\lambda}=\{$

$\max$ { $k$ lill: $H_{\lambda}(1),$ $\cdots$ , $H_{\lambda}(k)<\lambda/2$ } if $H_{\lambda}(1)<\lambda/2$ ,

$0$ if $H_{\lambda}(1)\geqq\lambda/2$ .
In the following proposition $\{V_{n}, n\geqq 0\}$ is a $q$-chain with $V_{0}=0$ .

PROPOSITION 2.3. If (A.4) is satisfied, then

$\sum_{n=1}^{\sigma_{\lambda^{(N_{\lambda})}}}\exp\{-V_{\lambda}(n)\}arrow\sum_{n=1}^{\infty}\exp\{-V_{n}\}$ in law as $\lambdaarrow\infty$ .

PROOF. For $k=1,2,$ $\cdots$ we put

$Z_{\lambda}(k)= \prod_{J=1}^{k}1_{\mathfrak{c}0.\lambda/2)}(H_{\lambda}(j))\sum_{\lambda\sigma_{\lambda C^{k-1)<ns\sigma}}(k)}\exp[-V_{\lambda}(n)]$ ,

$Z(k)= \sum_{\sigma(k-1)<n\leq\sigma(k)}\exp[-V_{n}]$ ,

where $\sigma(0)=0$ and $\sigma(k)=\min\{n>\sigma(k-1):V_{n};:;\inf_{m>n}V_{\tau n}\},$ $k\geqq 1$ . Then
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$\sum_{n=1}^{\sigma_{\lambda^{CN}\lambda)}}\exp[-V_{\lambda}(n)]=\sum_{k=1}^{\infty}Z_{\lambda}(k)$ , $\sum_{n=1}^{\infty}\exp[-V_{n}]=\sum_{k=1}^{\infty}Z(k)$ .

Therefore, to prove the proposition it is enough to show that

(2.28) for each $k$ the joint distribution of $Z_{\lambda}(1)$ , , $Z_{\lambda}(k)$

converges to that of $Z(1),$ $\cdots$ , $Z(k)$ as $\lambdaarrow\infty$ ;

(2.29) there exist $\lambda_{0}>0$ and $\theta\in(0,1)$ such that for any $\lambda>\lambda_{0}$

(i) $P\{Z_{\lambda}(k)>k^{-2}\}\leqq$ const. $k^{2}\theta^{k-1}$ ,
(ii) $P\{Z(k)>k^{-2}\}\leqq$ const. $k^{2}\theta^{k-1}$

TO show (2.29) (ii). we note that $\{V_{n}, n\geqq 0\}$ is equivalent in law to the p-chain
$\{\overline{U}_{n}, n\geqq 0\}$ (Theorem 2.4). Then, recalling the proof of Proposition 2.2, we see
that $Z(k)$ is identical in law to

(2.30) $\exp[-(\overline{H}_{1}+\cdots+\overline{H}_{k-1})]\{\exp[-\overline{w}_{k}(1)]+\cdots+\exp[-\overline{w}_{k}(\overline{l}_{k})]\}$

which is a term similar to those appearing in (2.26) (note that $H_{i}=W_{i}(l_{i})$).

Therefore as in the proof of Proposition 2.2 we see that (2.29) (ii) holds. To
proceed to the proof of (2.28) and (i) of (2.29), first we note that

(2.31) $\eta_{\lambda}(0)^{-1}\eta_{\lambda/2}(0)\leqq c$ for all sufficiently large $\lambda$

with some positive constant $c$ (Lemma 2.2). Now for any Borel subset $A$ of
$(0, \infty)^{k}$ consider the event $\Gamma=\{(Z_{\lambda}(1), \cdot , Z_{\lambda}(k))\in A\}$ . Since $\sigma_{\lambda}(k)\geqq k,$ $\Gamma=$

$U_{n=k}^{\infty}[\Gamma\cap\{\sigma_{\lambda}(k)=n\}]$ . Moreover, from the fact that $Z_{\lambda}(k)>0$ on $\Gamma$ we can see
that $H_{\lambda}(k)<\lambda/2$ on $\Gamma$ and hence $V_{\lambda}(j)<\lambda/2$ (for all $1\leqq j\leqq n$ ) on $\Gamma\cap\{\sigma_{\lambda}(k)=n\}$ .
Therefore, each event $\Gamma\cap\{\sigma_{\lambda}(k)=n\}$ can be expressed as

$\{(V_{\lambda}(1), \cdots , V_{\lambda}(n))\in A_{n}\cap[0, \lambda/2)^{n}, V_{\lambda}(n)\leqq\inf_{m>n}V_{\lambda}(m)\}$

with a suitable Borel subset $A_{n}$ of $[0, \infty)^{n}$ . Note that $A_{n}$ can be chosen to
be independent of $\lambda$ . By the definition of $q_{\lambda}$ -chain we have

(2.32) $P \{(V_{\lambda}(1), \cdots , V_{\lambda}(n))\in A_{n}\cap[0, \lambda/2)^{n}, V_{\lambda}(n)\leqq\inf_{m>n}V_{\lambda}(m)\}$

$= \int_{A0.\lambda n}n\cap\zeta/2)\eta_{\lambda}(0)^{-1}P(0, dx_{1})P(x_{1}, dx_{2})\cdots P(x_{n- 1}, dx_{n})\eta_{\lambda}(x_{n})$

$\cross\eta_{\lambda}(x_{n})^{-1}\{\int_{\mathfrak{c}\lambda.\infty)}P(x_{n}, dy_{1})+\int_{(x_{n}.\lambda)}P(x_{n}, dy_{1})\int_{\zeta\lambda.\infty)}P(y_{1}, dy_{2})$

$+ \int_{(x_{n}.\lambda)}P(x_{n}, dy_{1})\int_{(x_{n}.\lambda)}P(y_{1}, dy_{2})\int_{\mathfrak{c}\lambda.\infty)}P(y_{2}, dy_{3})+\cdots\}$

$= \int_{A_{n/2)}}\cap\zeta 0.\lambda n\eta_{\lambda}(0)^{-1}P(0, dx_{1})P(x_{1}, dx_{2})\cdots P(x_{n-1}, dx_{n})\eta_{\lambda-x_{n}}(0)$ .
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Denote by $I_{\lambda.n}$ the last integral of the above and let

$I_{n}= \int_{A_{n}}P(0, dx_{1})P(x_{1}, dx_{2})\cdots P(x_{n-1}, dx_{n})$ .

Then by (2.31), $I_{\lambda,n}$ is dominated by $c\cdot I_{n}$ for all sufficiently large $\lambda$ , say for
$\lambda>\lambda_{0}$ (independent of $n$ ), and $I_{\lambda,n}$ converges to $I_{n}$ as $\lambdaarrow\infty$ , because
$\eta_{\lambda}(0)^{-1}\eta_{\lambda-x_{n}}(0)arrow 1$ for each fixed $x_{n}$ 1110, similarly to Lemma 2.2 or end of proof
of Theorem 2.3. Therefore

$\lim_{\lambdaarrow\infty}P\{(Z_{\lambda}(1), \cdots , Z_{\lambda}(k))\in A\}=\lim_{\lambdaarrow\infty}\sum_{n=k}^{\infty}I_{\lambda.n}=\sum_{n=k}^{\infty}I_{n}$ .

But as in (2.32) we can see that $\Sigma_{n=k}^{\infty}I_{n}$ equals $P\{(Z(1), \cdot.. , Z(k))\in A\}$ and
hence (2.28) holds. Finally, taking $A=(O, \infty)\cross\cdots\cross(0, \infty)\cross(k^{-2}, \infty)$ we obtain

$P\{Z_{\lambda}(k)>k^{-2}\}$ :Sl $c\cdot P\{Z(k)>k^{-2}\}\leqq$ const. $k^{2}\theta^{k- 1},$ $\lambda>\lambda_{0}$ ,

so that, (1) of (2.29) holds. $\square$

\S 3. Some properties of the random environment $(\mathscr{W}, Q)$ .
Let $Q$ be a probability measure on $c_{W}$ satisfying the assumption (A) in \S 1.

We introduce another probability space $(W, Q)$ as follows. $W$ is the space of
functions $W:Rarrow R$ with the following three properties.

(i) $W(0)=0$ .
(ii) $W$ is right continuous and has left limits on $[0, \infty)$ .
(iii) $W$ is left continuous and has right limits on $(-\infty, 0]$ .

$Q$ is the probability measure on $W$ determined by the following (i) and (ii):

(i) $\{W(t), t\geqq 0, O\}$ is the strictly stable process such that the distribution of
$W(1)$ is $\mu_{+}$ and $\{W(-i), t\geqq 0, O\}$ is the strictly stable process such that
the distribution of $W(-1)$ is $\mu-$ (for the meaning of $\mu_{\pm}$ see (ii) of
Assumption $(A))$ .

(ii) $\{W(t), t\geqq 0, Q\}$ and $\{W(-t), t\geqq 0, Q\}$ are independent.
The assumption(A)implies the existence of a regularly varying function $\varphi(\lambda)$

at infinity with exPonent $\alpha$ such that the distributions of $\lambda^{-1}W(\varphi(\lambda))$ and
$\lambda^{-1}W(-\varphi(\lambda))$ under $Q$ converge to $\mu_{+}$ and $\mu-$ as $\lambdaarrow\infty$ , respectively ($e.g$ . see
Feller [3: XVII. 5] $)$ . Therefore by a theorem of Skorohod [13] the process
$\{\lambda^{-1}W(\varphi(\lambda)x), x\in R, Q\}$ converges in law to $\{W(x), x\in R, Q\}$ as $\lambdaarrow\infty$ . Fixing
such a regularly varying function $\varphi(\lambda),$ $\lambda>0$ , we define a scaling map $\Phi(\lambda)$ ,
$\lambda>0$ , from $W$ into itself by

(3.1) $(\Phi_{\lambda}W)(x)=\lambda^{-1}W(\varphi(\lambda)x)$ , $x\in R$ .

For $W\in W$ and $x\in R$ we say that $W$ is oscillating at $x$ if the following
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(3.2a) and (3.2b) hold.

(3.2a) $\sup_{(x.x+\epsilon)}W>W(x+)$ and $\inf_{(x.x+\epsilon)}W<W(x+)$ , for any $\epsilon>0$ .

(3.2b) $\sup_{(x-\epsilon.x)}W>W(x-)$ and $\inf_{(x-\epsilon.x)}W<W(x-)$ , for any $\epsilon>0$ .

$\sim fi$ Here $\sup_{I}W$ and $\inf_{I}W$ stand for $\sup_{y\in I}W(y)$ and $\inf_{y\in I}W(y)$ , resPectively, for
a subset $I\subset R$. $W$ is said to take a local maximum (resP. local minimum) at $x$

if $\sup_{(x-\epsilon.x+\epsilon)}W=W^{*}(x)$ (resp. $\inf_{(x-\epsilon.x+\epsilon)}W=W_{*}(x)$) for some $\epsilon>0$ where $W^{*}(x)$

$=W(x+)W(x-)$ and $W_{*}(x)=W(x+)\Lambda W(x-)$ .
Let $W\#$ be the set of elements $W(\in W)$ satisfying the following conditions

i) $\sup\{W(x):x\geqq 0\}=\sup$ { $W(x)$ : x;:$ $0$ } $=\infty$ .
ii) If $W$ is discontinuous at $x\in R$, then $W$ is oscillating at $x$ .
iii) For any open set $G\subset R,$ $\#\{x\in G:W(x)=\sup_{G}W\}\leqq 1$ and $\#\{x\in G:W(x)$

$= \inf_{G}W\}\leqq 1$ .
iv) $W$ does not take a local minimum at $0$ .

REMARK 3.1. By ii) we see that $W\in W\#$ can take local maxima or local
minima only at continuity Points of $W$ .

LEMMA 3.1. $Q\{W\#\}=1$ .

PROOF. Since (3.2a) holds Q-a. $s$ . when $x$ is replaced by an arbitrary (non-

negative) stopping time with respect to the process $\{W(t), t\geqq 0, Q\}$ and since
points of discontinuity of $\{W(t), t\geqq 0\}$ can be sorted out by a sequence of such
stopPing times, we see that (3.2a) holds for any discontinuity points $x\geqq 0$ of
$W$ Q-a. $s$ . Considering the process { $W(t-T-)-W(-T-)$ , OSt$T, $Q$ } instead
of $\{W(t), t\geqq 0, Q\}$ where $T>0$ is arbitrary but fixed, we see that (3.2a) holds
for any discontinuity point $x\leqq 0$ of $W$ Q-a. $s.$ . Since (3.2b) can be discussed
similarly, we see that $Q$-almost all $W$ have the property ii) in the definition of
$W^{*}$ . We next prove that $Q$-almost all $W$ have the property iii). In order to
prove the first part of iii) holds Q-a. $s.$ , it is enough to prove that $Q\{\Lambda_{abc(f}\}=0$

for any rational numbers $a<b<c<d$ , where $\Lambda_{abcd}=\{W\in W:\sup_{(a.b)}W=$

$\sup_{(c.(}f)W\}$ . Set $m=(b+c)/2,$ $X_{1}= \sup_{a<x<b}\{W(x)-W(b)\},$ $Y_{1}=W(b)-W(m),$ $X_{2}=$

$\sup_{c<x<d}\{W(x)-W(c)\}$ and $Y_{2}-W(c)-W(m)$ . Then $X_{1},$ $Y_{1},$ $X_{2}$ and $Y_{2}$ are inde-
pendent. Since the distributions of $Y_{1}$ and $Y_{2}$ have densities, so do the distri-
butions of $X_{1}+Y_{1}$ and $X_{2}+Y_{2}$ . Therefore

$Q\{ \sup_{(a.b)}W=\sup_{(c.d)}W\}=O\{X_{1}+Y_{1}+W(m)=X_{2}+Y_{2}+W(m)\}$

$=O\{X_{1}+Y_{1}=X_{2}+Y_{2}\}=0$ .

Similarly the second part of iii) holds Q-a. $s.$ . $\square$
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For $W\in W\#$ , we give the definition of a valley of $W$ . A part $\{W(x),$ $a\leqq$

$x\leqq c\}$ of $W$ is called a valley of $W$ if
(i) $a<c$ ,
(ii) there exists $b\in(a, c)$ such that

$\{$

$W(a)>W(x)>W(b)$ for every $x\in(a, b)$ ,

$W(c)>W(x)>W(b)$ for every $x\in(b, c)$ ,

(iii) $W$ is continuous at $a,$
$b$ and $c$ .

(iv) $H_{-} \equiv\sup\{W(y)-W(x):a\leqq x\leqq y\leqq b\}<W(c)-W(b)$ ,

$H_{+} \equiv\sup$ { $W(x)-W(y)$ : b\leqq x$ $y c$ } $<W(a)-W(b)$ .

For simplicity, we write $(a, b, c)$ instead of { $W(x)$ , a$x\leqq c}. $A=H_{+}H_{-}$ is
called the inner directed ascent and $D=(W(a)-W(b))\Lambda(W(c)-W(b))$ is the depth
of the valley.

In our discussions a valley $(a, b, c)$ with $a<0<c$ plays a particularly im-
portant role. Kesten [9] gave another description of sucb a valley. Following
[9] we define $(a_{\lambda}, b_{\lambda}, c_{\lambda})$ for $W\in W$ and $\lambda>0$ . Set

$c_{\lambda}^{+}= \inf\{x>0:W^{*}(x)-\inf_{\subset(1.x}W_{*}\geqq\lambda\},$ $c_{\lambda}^{-}= \sup\{x<0:W^{*}(x)-\inf_{(x,0J}W_{*}\geqq\lambda\}$ ,

$V_{\lambda}^{+}= \inf_{[0.c_{\lambda}^{+}]}W_{*}+\lambda$
,

$V_{\lambda}^{-}=nfW_{*}+\lambda[c^{\frac{i}{\lambda}}.0]$

$b_{\lambda}^{+}= \inf\{x\geqq 0:W_{*}(x)=V_{\lambda}^{+}-\lambda\}$ , $b_{\lambda}^{-}= \sup\{x\leqq 0:W_{*}(x)=V_{\lambda}^{-}-\lambda\}$ ,

$M_{\lambda}^{+}= \sup_{[0.b_{\lambda}^{+}]}W^{*}$
,

$M_{\lambda}^{-}=[b^{\frac{u}{\lambda}},0]spW^{*}$
,

$a_{\lambda}^{+}= \inf\{x\geqq 0:W^{*}(x)=M_{\lambda}^{+}\}$ , $a_{\lambda}^{-}= \sup\{x\leqq 0:W^{*}(x)=M_{\lambda}^{-}\}$ ,

$e_{\lambda}^{+}= \inf$ { $x\geqq c_{\lambda}^{+}:$ $W_{*}(x)\geqq W^{*}(c_{\lambda}^{+})+\lambda/2$ or $W^{*}(x)\leqq W^{*}(c_{\lambda}^{+})-\lambda/2$ },

$e_{\lambda}^{-}= \sup$ { $x\leqq c_{\lambda}^{-}:$ $W_{*}(x)\geqq W^{*}(c_{\lambda}^{-})+\lambda/2$ or $W^{*}(x)\leqq W^{*}(c_{\lambda}^{-})-\lambda/2$ },

$d1= \inf\{x\geqq c_{\lambda}^{+} : W^{*}(x)=\sup_{(c_{\lambda’}^{+}e\ddagger)}W^{*}\}$
,

$d_{\lambda}^{-}= \sup\{x\leqq c_{\lambda}^{-} : W^{*}(x)=u(e^{\frac{s}{\lambda}},c^{\frac{p}{\lambda}})W^{*}\}$
.

Let $a_{\lambda},$
$b_{\lambda}$ and $c_{\lambda}$ be measurable functions on $W$ defined as follows:

(3.3a) $a_{\lambda}=a_{\lambda}(W)=|_{\backslash ^{-1}}^{d_{\lambda}^{-}} \int_{d_{\lambda}^{-}}^{a_{\lambda}^{-}}$ $otherwiseifMfV_{\lambda}^{+}>M_{\overline{\lambda}}V_{\lambda}^{-}ifM_{\lambda}^{+}V\ddagger<M_{\lambda}^{-}ifMfV_{\lambda}^{+}\geqq M_{\lambda}^{-}’ andMfV_{\lambda}^{+}<V_{\lambda}^{-}$

,
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(3.3b) $b_{\lambda}=b_{\lambda}(W)=\{$

$b_{\lambda}^{+}$ if $M1\vee V\ddagger<M_{\overline{\lambda}}V_{\lambda}^{-}$ ,

$b_{\overline{\lambda}}$ if $M\ddagger\vee VT>M_{l}^{-}V_{\lambda}^{-}$ ,

$0$ otherwise,

(3.3c) $c_{\lambda}=c_{\lambda}(W)=|_{1}^{a_{\lambda}^{+}}d_{\lambda}^{+}d_{\lambda}^{+}$ $otherwise^{-}ifM_{\overline{\lambda}}^{-}V_{\overline{\lambda}}\geqq M1’ andM_{\overline{\lambda}}V_{\overline{\lambda}}<V_{\lambda}^{+}ifM_{\lambda}V_{\overline{\lambda}}<M_{\lambda}^{+}ifM_{\overline{\lambda}}\vee V_{\lambda}>MfV1$

,

Note that $(a_{\lambda}, b_{\lambda}, c_{\lambda})$ is not necessarily a valley; however, if $W\in W^{*}$ , then
$(a_{\lambda}, b_{\lambda}, c_{\lambda})$ is a valley of $W$ with $A<\lambda<D$ (see [9], [15] or [7]; see also Figure
1). The reason why we used $d_{\lambda}^{+}$ and $d_{\overline{\lambda}}$ for defining $a_{\lambda}$ and $c_{\lambda}$ is to make $W$

continuous at $a_{\lambda}$ and $c_{\lambda}$ . The centering constant $b_{\lambda}(\cdot)$ appearing in our main
theorem is the $b_{\lambda}$ defined by (3.3b) in terms of $b_{\lambda}^{+}$ and $b_{\lambda}^{-}$ . We note that $b_{\lambda}^{+}$

can also be characterized as the beginning of the first descending ladder excur-
sion with height $\geqq\lambda$ of $\{W(x), x\geqq 0\}$ . Here $\mathcal{E}=\{W(x)-W(x_{1}), x_{1}\leqq x\leqq x_{2}\},$ $0\leqq$

$x_{1}<x_{2}$ , is called a descending ladder excursion of $\{W(x), x\geqq 0\}$ if

(3.4) $\{$

$W(x_{1})< \inf_{C0.x_{1}\epsilon J}W$ for any $\epsilon\in(0, x_{1})$ when $x_{1}>0$ ,

$W(x_{1})\leqq W(x)$ for any $x\in(x_{1}, x_{2})$ ,

$W(x_{1})>$ $\inf$ $W$ for any $\epsilon>0$ ,
$\subset x_{2}.x_{2}+\text{\’{e}} j$

and $H( \mathcal{E})=\sup_{[x_{1}.x_{2}]}\{W(x)-W(x_{1})\}$ is called lts height. In particular, if $W\in W$

and

Figure 1. Here $b_{\lambda}=b_{\lambda}^{+},$
$a_{\lambda}=a_{\lambda}^{-}$ and $c_{\lambda}=d_{\lambda}^{+}$ .
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if $x_{1},$ $x_{2}$ are integers with $0\leqq x_{1}<x_{2},$ $(3.4)$ yields

(3.4) $\{$

$W(x_{1})<W(n)$ for any $n\in[0, x_{1})\cap Z$ ,

$W(x_{1})$ $ $W(n)$ for any $n\in(x_{1}, x_{2})\cap Z$ ,

$W(x_{1})>W(x_{2})$ .
In this case $\{W(n)-W(x_{1}), n\in[x_{1}, x_{2}]\cap Z\}$ is also called a descending ladder
excursion.

The following lemma can be proved easily.

LEMMA 3.2. For each $\lambda>0$ there exists $W_{\lambda}^{\#}\subset W\#$ with $O\{W_{\lambda}^{*}\}=1$ and with
the following property: For any $W\in W_{\lambda}^{*}$ and for any sequence $\{W_{n}, n\geqq 1\}$ in
$W$ converging to $W$ with respect to the Skorohod topology, $a_{\lambda}(W_{n}),$ $b_{\lambda}(W_{n})$ and
$c_{\lambda}(W_{n})$ converge to $a_{\lambda}(W),$ $b_{\lambda}(W)$ and $c_{\lambda}(W)$ , respectively.

For $W^{+}\in\psi^{+},$ $W^{-}\in W^{-}$ and $\lambda>0$ (recall that $c_{W^{+}}$ (resp. $q\nu^{-}$ ) is the space of
nonnegative step functions satisfying 1o and $2^{o}$ of \S 1), we introduce the follow-
ing notation:

(3.5) $\{$

$\rho_{\lambda}^{+}=\rho_{\lambda}^{+}(W^{+})=\min\{n\geqq 0:W^{+}(n)\geqq\lambda\}$ ,

$\rho_{\lambda}^{-}=\rho_{\overline{\lambda}}(W^{-})=\max\{n\leqq 0:W^{-}(n)\geqq\lambda\}$ ,

Figure 2. Here $\tau^{+}(N_{\lambda}^{+})=\tau^{+}(3)$ and $\sigma^{+}(\tilde{N}_{\lambda}^{+})=\sigma^{+}(3)(\sigma^{+}(k),\tilde{H}^{+}(k),\tilde{N}_{\lambda}^{+}$

are defined in (4.10), (4.11) aad (4.12) by using $\epsilon$ instead of $\lambda$ ).
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(3.6) $\{$

$\tau^{+}(0)=\tau^{+}(0, W^{+})=0$ , $\tau^{-}(O)=\tau^{-}(0, W^{-})=0$ ,

$\tau^{+}(k)=\tau^{+}(k, W^{+})=\max\{n<\tau^{+}(k-1):W^{+}(n)<\inf\{W^{+}(j):j<n\}\},$ $k\geqq 1$ ,

$\tau^{-}(k)=\tau^{-}(k, W^{-})=\min\{n>\tau^{-}(k-1):W^{-}(n)<\inf\{W^{-}(J):j>n\}\},$ $k\geqq 1$ ,

(3.7) $\{$

$H^{+}(k)=H^{+}(k, W^{+})= \max\{W^{+}(n)-W^{+}(\tau^{+}(k)):\tau^{+}(k)\leqq n\leqq\tau^{+}(k-1)\},$ $k\geqq 1$ ,

$H^{-}(k)=H^{-}(k, W^{-})= \max\{W^{-}(n)-W^{-}(\tau^{-}(k)):\tau^{-}(k-1)\leqq n\leqq\tau^{-}(k)\},$ $k\geqq 1$ ,

(3.8) $\{$

$N_{\lambda}^{+}=N_{\lambda}^{+}(W^{+})= \max\{k\geqq 1 : \max_{1\leqq j\leqq k}H^{+}(j)<\lambda\}$ ,

$N_{\lambda}^{-}=N_{\lambda}^{-}(W^{-})= \max\{k\geqq 1 : \max_{1\leqq j\leqq k}H^{-}(j)<\lambda\}$ .

In (3.5) and (3.6) the convention $\min\phi=-\max\phi=\infty$ is used while in (3.7) and
(3.8) $\max\phi=0$ .

Denote the random walks $\{W(n), n\geqq 0, Q\}$ and $\{W(-n), n\geqq 0, Q\}$ by $\mathfrak{W}^{+}$

and $\mathfrak{W}^{-}$ , respectively. Let $Q_{\lambda}^{+}$ and $Q_{\lambda}^{-}$ be the probability measure on $q\nu^{+}$ and
$\subset W^{-}$ , respectively, determined by the following conditions.

$(_{1}^{li_{:}^{f}})$ $\{W^{+}(n), n\geqq 0, Q_{\lambda}^{+}\}$ is a $q_{\lambda}(\mathfrak{W}^{+})$-chain and $\{W^{+}(-n), n\geqq 0, Q_{\lambda}^{+}\}$ is a $p(\mathfrak{W}^{+})-$

chain, respectively, and $\{W^{+}(n), n\geqq 0, Q_{\lambda}^{+}\}$ and $\{W^{+}(-n), n\geqq 0, Q_{\lambda}^{+}\}$ are
independent.

(ii) $\{W^{-}(n), n\geqq 0, Q_{\lambda}^{-}\}$ is a $p(\mathfrak{W}^{-})$-chain and $\{W^{-}(-n), n\geqq 0, Q_{\lambda}^{-}\}$ is a $q_{\lambda}(\mathfrak{W}^{-})-$

chain, respectively, and $\{W^{-}(n), n\geqq 0, Q_{\lambda}^{-}\}$ and $\{W^{-}(-n), n\geqq 0, Q_{\lambda}^{-}\}$ are
independent.

LEMMA 3.3. (i) Under $Q$ $\{W(b_{\lambda}^{+}+n)-W(b_{\lambda}^{+}), -b_{\lambda}^{+}\leqq n\leqq c_{\lambda}^{+}-b_{\lambda}^{+}\}$ and
$\{W(b_{\lambda}^{-}-n)-W(b_{\overline{\lambda}}), b_{\lambda}^{-}\leqq n\leqq b_{\lambda}^{-}-c_{\lambda}^{-}\}$ are indePendent.

(ii) $\{W(b_{\lambda}^{+}+n)-W(b_{\lambda}^{+}), -b_{\lambda}^{+}\leqq n\leqq c_{\lambda}^{+}-b_{\lambda}^{+}, Q\}$

$=^{a}\{W^{+}(n), \tau^{+}(N_{\lambda}^{+})\leqq n\leqq\rho_{\lambda}^{+}, Q_{\lambda}^{+}\}$ .
(iii) $\{W(b_{\overline{\lambda}}-n)-W(b_{\overline{\lambda}}), b_{\overline{\lambda}}\leqq n\leqq b_{\overline{\lambda}}-c_{\overline{\lambda}}, Q\}$

$=^{a}\{W^{-}(-n), -\tau^{-}(N_{\overline{\lambda}})\leqq n\leqq-\rho_{\lambda}^{-}, Q_{\overline{\lambda}}\}$ .

PROOF. Since (i) is obvious, we prove (ii). For $W\in\wp$ and $\lambda>0$ set

$\tau(0)=0,$ $\tau(k)=\min\{n>\tau(k-1):W(n)<W(\tau(k-1))\},$ $k\geqq 1$ ,

$H(O)=0,$ $H(k)= \max\{W(n)-W(\tau(k-1)):\tau(k-1)\leqq n\leqq\tau(k)\},$ $k\geqq 1$ ,

$N_{\lambda}= \max\{k\geqq 0:\max_{1\leqq j\leqq k}H(j)<\lambda\}$ .

Then the descending ladder excursions

$(O, W(\tau(k-1)+1)-W(\tau(k-1)),$ $\cdots$ , $W(\tau(k))-W(\tau(k-1)))$ , $k\geqq 1$ ,

are independent; $N_{\lambda}+1$ is the index of the first excursion with height $H(\cdot)\geqq\lambda_{j}$
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$\tau(N_{\lambda})=b_{\lambda}^{+}$ . Therefore, { $W(n)$ , OS $n\leqq b_{\lambda}^{+}$ } and $\{W(b_{\lambda}^{+}+n)-W(b_{\lambda}^{+}), n\geqq 0\}$ are inde-
pendent. Consider the reversed excursions

$w_{k}=(0, W(\tau(k)-1)-W(\tau(k)),$ $\cdots$

$W(\tau(k-1)+1)-W(\tau(k)),$ $W(\tau(k-1))-W(\tau(k)))$ .

Then $w_{k},$ $k\geqq 1$ , are $i.i.d$ . and by Theorem 2.1 the process defined by piecing
together these $w_{k}$ as in (2.3) is a $p(\mathfrak{W}^{+})$-chain. Since $(w_{N_{\lambda}}, w_{N_{\lambda-1}}, , w_{1})$

$=^{a}$
$(w_{1}, w_{2}, \cdots , w_{N_{\lambda}})$ , the process $\{W(b_{\lambda}^{+}+n)-W(b_{\lambda}^{+}), -b_{\lambda}^{+}\underline{:\leq}n\leqq 0, Q\}$ is equivalent

to $\{W^{+}(n), n\leqq 0, Q_{\lambda}^{+}\}$ considered up to a certain random time but this random
time is nothing but $\tau^{+}(N_{\lambda}^{+})$ . Next we show that

$\{W(b_{\lambda}^{+}+n)-W(b_{\lambda}^{+}), 0\leqq n\leqq c_{\lambda}^{+}-b_{\lambda}^{+}, Q\}=d\{W^{+}(n), 0\leqq n\leqq\rho_{\lambda}^{+}, Q_{\lambda}^{+}\}$ .

For any Borel sets $A_{k}\subset[0, \lambda)$ , O:$k:Sn--l, and $A_{n}\subset[\lambda, \infty)$ we have

$Q$ { $W(b_{\lambda}^{+}+k)-W(b_{\lambda}^{+})\in A_{k}$ , OS $k\leqq n,$ $c_{\lambda}^{+}-b_{\lambda}^{+}=n$ }

$=Q\{W(k)\in A_{k}, 0\leqq k\leqq n\}/Q\{H(1)\geqq\lambda\}$

$= \delta_{0}(A_{0})\int_{A_{1}}q_{\lambda}(O, dx_{1})\int_{A_{2}}q_{\lambda}(x_{1}, dx_{2})\cdots\int_{A_{n}}q_{\lambda}(x_{n- 1}, dx_{n})$

$=Q_{\lambda}^{+}\{W^{+}(k)\in A_{k}, 0\leqq k\leqq n, \rho_{\lambda}^{+}=n\}$ ,

where $q_{\lambda}(x, dy)$ is the transition function of $q_{\lambda}(\mathfrak{W}^{+})$-chain. This proves (ii).

The statement (iii) can be proved similarly. $\square$

In what follows, for $W\in Wand\lambda>0$ , we put

(3.9) a $=a_{1}(\Phi_{\lambda}W)$ , $b^{\lambda}=b_{1}(\Phi_{\lambda}W)$ , $c^{\lambda}=c_{1}(\Phi_{\lambda}W)$ .

We then have

(3.10) $a_{\lambda}(W)=\varphi(\lambda)a^{\lambda}$ , $b_{\lambda}(W)=\varphi(\lambda)b^{\lambda}$ , $c_{\lambda}(W)=\varphi(\lambda)c^{\lambda}$ .

\S 4. Diffusion processes in the random environment $(\mathscr{W}, Q)$ .
Let $\Omega=$ { $\omega:[0,$ $\infty)arrow R$ ; continuous and $\omega(0)=0$ } and let $P$ be the Wiener

measure on $\Omega$ . Let $B(t)=\omega(t)$ be the value of $\omega(\in\Omega)$ at $t\geqq 0$ . Then $\{B(t)$ ,
$t\geqq 0,$ $P\}$ is a one-dimensional Brownian motion starting at $0$ . For $W\in W$ we
set

$S(x)= \int_{0}^{x}\exp(W(y))dy$ , $A(s)= \int_{0}^{s}\exp(-2W(S^{-1}(B(u)))du$ ,

$X(t, W)=S^{-1}(B(A^{-1}(t)))$ ,
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where $S^{-1}$ and $A^{-1}$ are the inverse functions of $S$ and $A$ , respectively. Then
$\{X(t, W), t\geqq 0, P\}$ is a diffusion process with generator $X_{W}=(1/2)e^{W(x)}(d/dx)$ .
$(e^{-W(x)}(d/dx))$ starting at $0$ . Then the following scaling relation holds (see

[8] $)$ : For fixed $\lambda$ and $W$

(4.1) { $X(i,$ $\lambda\Phi_{\lambda}W)$ , tllilO, $P$ } $=^{a}\{\varphi(\lambda)^{-1}X(\varphi(\lambda)^{2}t, W), t\geqq 0, P\}$ .

Let $P_{W}$ be the probability measure on $\Omega$ induced by the diffusion process
$X(\cdot, W)$ .

We set $\tilde{\Omega}=C([0, \infty)arrow R)$ and write $\tilde{\omega}(t)$ for the value of $\tilde{\omega}(\in\tilde{\Omega})$ at $t$ . For
$a<c$ and $W\in W$ we denote by $\nu_{W[a.c]}$ the probability measure on $[a, c]$ defined
by

(4.2) $\nu_{W[a.c]}(dx)=e^{-W(x)}dx/\int_{a}^{c}e^{-W(y)}dy$ .

We then denote by $P_{W[a,c]}$ the probability measure on $\tilde{\Omega}$ governing the diffu-
sion process with state space $[a, c]$ , with (local) generator $\mathcal{L}_{W}$ , with reflecting
barriers at $a$ and $c$ and with initial distribution $\nu_{W[a.c]}$ . Note that this reflect-
ing diffusion is a stationary diffusion process. It is also noted that $P_{W[a,c]}$ is
concentrated on the closed subset $\tilde{\Omega}_{\alpha.c}=C([0, \infty)arrow[a, c])$ of $\tilde{\Omega}$ .

4.1. Outline of the proof of the main theorem. Here we give an out-
line of the proof (the following 1o and $2^{o}$ are discussed in the next subsection
while 3’ and $4^{O}$ are discussed in \S 5).

1. We consider the asymptotic behavior of the diffusion process $\{X(e^{\lambda}+t,W)$ ,
$t\geqq 0,$ $P_{W}\}$ in the environment $W$ under $Q$ as $\lambdaarrow\infty$ . By the scaling relation
(4.1), $X(e^{\lambda}+\cdot, W)$ is equal to $\varphi(\lambda)X(\varphi(\lambda)^{-2}(e^{\lambda}+\cdot), \lambda\Phi_{\lambda}W)$ in law and by Assump-
tion (A), $(\Phi_{\lambda}W, Q)$ converges to $(W, Q)$ in law as $\lambdaarrow\infty$ . Then using the esti-
mate of the exit time of $[a_{1}(\Phi_{\lambda}W), c_{1}(\Phi_{\lambda}W)]$ for $X(\cdot, \lambda\Phi_{\lambda}W)$ (see Lemma 4.1)

and the coupling property (4.6), we see that the asymptotic distribution of the
diffusion $X(\varphi(\lambda)^{-2}(e^{\lambda}+\cdot), \lambda\Phi_{\lambda}W)$ , as $\lambdaarrow\infty$ , is equal to the asymptotic distribu-
tion of the stationary reflecting diffusion in the environment $\lambda\Phi_{\lambda}W$ on the
state space $[a_{1}(\Phi_{\lambda}W), c_{1}(\Phi_{\lambda}W)]$ .

$2^{o}$ . Next we divide the space $c_{W}$ into two events, that is, $\{b_{1}(\Phi_{\lambda}W)=$

$=b_{1}^{+}(\Phi_{\lambda}W)\}$ and $\{b_{1}(\Phi_{\lambda}W)=b_{1}^{-}(\Phi_{\lambda}W)\}$ , and we consider the asymptotic behavior
of the stationary reflecting diffusion on each of the events. We consider the
case of $\{b_{1}(\Phi_{\lambda}W)=b_{1}^{+}(\Phi_{\lambda}W)\}$ . Since the invariant probability measure for the
stationary reflecting diffusion in the environment $\lambda\Phi_{\lambda}W$ under $Q$ converges in
law to the $\delta$-distribution at $b_{1}^{+}(W)$ under $Q$ , when studying the asymptotic pro-
perty of this stationary reflecting diffusion as $\lambdaarrow\infty$ one may restrict its state
space to a much smaller interval containing $b_{1}^{+}(\Phi_{\lambda}W)$ (see Lemma 4.4).

$3^{o}$ . By the scaling relation Lemma 5.2 and Lemma 5.3, we change the
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environment $\lambda\Phi_{\lambda}W$ to $W$ again to consider the asymptotic distribution of the
stationary reflecting diffusion with random centering $b_{\lambda}^{+}(W)$ on the restricted
state space. Then, by virtue of Lemma 3.3, the study of the distribution of
this diffusion in the environment $W$ under $Q$ turns to that of the distribution
of a stationary reflecting diffusion in the environment $W$ under the probability
$Q_{\lambda}^{+}\otimes Q_{\overline{\lambda}}$ on $c_{W^{+}\cross 9\nu^{-}}$ Since the restricted state space of the stationary reflecting
diffusion can be small enough, by using the renewal property of the environ-
ment $W$ under $Q_{\lambda}^{+}\otimes Q_{\lambda}^{-}$ we see that the event $\{b_{\lambda}=b_{\lambda}^{+}\}$ and the diffusion become
asymptotically independent as $\lambdaarrow\infty((5.13))$ . The probability of the event
$\{b_{j}=b_{\lambda}^{+}\}$ evaluated under $Q_{\lambda}^{+}\otimes Q_{\overline{1}}$ converges to $\mathfrak{p}=Q\{b_{1}=b_{1}^{+}\}$ as $\lambdaarrow\infty((5.16))$ .

4. The final step is to study the limit distribution of the stationary dif-
fusion in the environment $W$ under $Q_{\lambda}^{+}$ . This can be done by proving the
formula (5.18). To derive (5.18) we use Proposition 2.3 and the following facts:
the restricted state space expands to $R$ as $\lambdaarrow\infty,$ $Q_{\lambda}^{+}$ converges to $\tilde{Q}^{+}$ , as $\lambdaarrow\infty$

(Theorem 2.3 and Remark 2.1), and $e^{-W}$ is in $L^{1}a.s$ . under $\tilde{Q}^{+}$ (Corollary 2.2).

4.2. Some lemmas. We consider a coupling of diffuslon processes. Let us
define the measurable functions $R,$ $T$ and $T$ of ( $\omega$ , to, $W$) $\in\Omega\cross\tilde{\Omega}\cross W$ as follows:

(4.3) $R=R( \omega,\tilde{\omega})=\inf\{t\geqq 0:\omega(t)=\tilde{\omega}(t)\}$ ,

(4.4) $T=T( \omega,\tilde{\omega}, W)=\inf\{t\geqq R:\omega(t)\not\in(a_{1}(W), c_{1}(W))\}$ ,

(4.5) $\hat{T}=\hat{T}(\omega,\tilde{\omega}, W)=\inf\{t\geqq R:\tilde{\omega}(t)\not\in(a_{1}(W), c_{1}(W))\}$ .

For $\lambda>0$ , we write $T^{\lambda}=T(\omega,\tilde{\omega}, \Phi_{\lambda}W)$ and $\hat{T}^{\lambda}=\mathcal{I}’(\omega,\tilde{\omega}, \Phi_{\lambda}W)$ for simplicity.
We also write $P_{W}^{\lambda}=P_{\lambda\Phi_{\lambda^{W}}},$ $F_{W}^{\lambda}=P_{\lambda\Phi_{\lambda}W[a\lambda_{C}\lambda]}$ and $P_{W}^{\lambda}=P_{W}^{\lambda}\otimes\hat{P}_{W}^{\lambda}$ . Recall (3.9)

for $a^{\lambda}$ and $c^{\lambda}$ . Then for each $t>0$ we can regard $P_{W}^{\lambda}\{R<t<T^{\lambda}\}$ as a random
variable defined on the probability space $(W, Q)$ . Now if we set

$\omega’(t)=\{$

$\omega(t)$ for $0\leqq t\leqq R$ ,

$\tilde{\omega}(t)$ for $t>R$ ,

then for each fixed $W$

(4.6) $\{\omega(t), 0\leqq t\leqq T^{\lambda}, P_{W}^{\lambda}\}=^{d}\{\omega’(t), 0\leqq t\leqq\hat{T}^{\lambda}, P_{W}^{\lambda}\}$ .

LEMMA 4.1. Let $\gamma(\lambda)$ be an arbitrary function satisfying $\gamma(\lambda)arrow 1$ as $\lambdaarrow\infty$ .
Then

$P_{W}^{\lambda}\{R<\exp(\lambda\gamma(\lambda))<T^{\lambda}(\cdot, \cdot, W)\}$

$=F_{W}^{\lambda}\{R<\exp(\lambda\gamma(\lambda))<\hat{T}^{\lambda}(\cdot, \cdot, W)\}arrow 1$

in probability with respect to $Q$ as $\lambdaarrow\infty$ .

PROOF. Let $\{\lambda_{n}, n\geqq 1\}$ be any sequence of increasing positive numbers with
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$\lambda_{n}arrow\infty$ . Since $\{\Phi_{\lambda}W, Q\}arrow\{W, Q\}$ in law as $\lambdaarrow\infty$ , an application of Skorohod’s
realization theorem of almost sure convergence entails the existence of a pro-
bability space $(\overline{\Omega}, \ovalbox{\tt\small REJECT},\overline{Q})$ and $W$-valued random variables $\overline{W},$ $W_{n},$ $n\geqq 1$ , defined

on $(\overline{\Omega}, E,\overline{Q})$ such that (i) $\{\overline{W}_{n},\overline{Q}\}=a\{\Phi_{\lambda_{n}}W, Q\},$ $\{\overline{W},\overline{Q}\}=^{d}\{W, Q\}$ and (ii) $\overline{W}_{n}arrow\overline{W}$

(in the Skorohod topology), $\overline{Q}- a.s$ . as $narrow\infty$ . By Lemma 3.1, we can assume
that $\overline{W}\in W^{*}$ . Set $T_{n}=T(\overline{W}_{n}),\hat{T}_{n}=7’(\overline{W}_{n})$ and

$P_{n}=P_{\lambda_{n}\pi_{n}}\otimes P_{\lambda_{n}\pi_{n^{[a_{1}(\overline{W}_{n}),c_{1}(\overline{W}_{n})]}}}$ .

Then the following is known (Kawazu-Tamura-Tanaka [7; p. 179]; this is
originally due to Brox [1] who discussed the Brownian environment case):

$P_{n}\{R<\exp[\lambda_{n}\gamma(\lambda_{n})]<T_{n}\}$

$= P_{n}\{R<\exp[\lambda_{n}\gamma(\lambda_{n})]<f_{n}\}\frac{>}{}1$ (Q-a. $s.$ ) as $narrow\infty$ .

This implies our assertion. $\square$

We denote by $\tilde{9}_{t}$ the $\sigma$-algebra on $\tilde{\Omega}$ generated by the sets $\{\tilde{\omega}:\tilde{\omega}(s)\leqq x\}$ ,
$0\leqq s\leqq t,$ $x\in R$ and put $\ovalbox{\tt\small REJECT}=_{t\geq 0}\ovalbox{\tt\small REJECT}_{t}$ . Let $\theta_{t},$ $t\geqq 0$ , be the shift operator on 9
defined by $(\theta_{t}\tilde{\omega})(s)=\tilde{\omega}(t+s),$ $s\geqq 0$ . For $\lambda>0$ , we define $\Psi_{\lambda}$ : $\tilde{\Omega}arrow\tilde{\Omega}$ by

(4.7) $(\Psi_{\lambda}\tilde{\omega})(t)=\varphi(\lambda)\tilde{\omega}(\varphi(\lambda)^{-2}t)$ , $t\geqq 0$ .

For $\tilde{\omega}\in\tilde{\Omega}$ and $x\in R,\tilde{\omega}+x$ denotes the path whose value at time $t$ is $\tilde{\omega}(t)+x$ .
Since an element $\omega$ of $\Omega$ is also an element of 9, $\theta_{t}\omega,$ $\Psi_{\lambda}\omega$ and $\omega+x$ are well-
defined. Set $s(\lambda)=\varphi(\lambda)^{-2}e^{\lambda}$ . Then the scaling relation (4.1) implies for each
fixed $W$

(4.8) $\{(\theta_{\exp(\lambda)}\omega)(t), t\geqq 0, P_{W}\}=a\{(\Psi_{\lambda}\theta_{S(\lambda)}\omega)(t), r\geqq 0, P_{\lambda\Phi_{\lambda}W}\}$ .

LEMMA 4.2. For any fixed positive constant $h$ and $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$

$E^{Q}[P_{W}\{\theta_{\exp(\lambda)}\omega-b_{\lambda}(W)\in\Gamma\}]=E^{Q}[\hat{P}_{W}^{\lambda}\{\tilde{\omega}-b^{\lambda}\in\Psi_{\lambda}^{-1}(\Gamma)\}]+\epsilon_{\lambda}$ ,

where $\epsilon_{\lambda}arrow 0$ uniformly in $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$ as $\lambdaarrow\infty$ .

PROOF. We put $t(\lambda)=s(\lambda)+\varphi(\lambda)^{-2}h$ . Then both $s(\lambda)$ and $t(\lambda)$ are of the
form $\exp(\lambda\gamma(\lambda))$ with $\gamma(\lambda)arrow 1$ as $\lambdaarrow\infty$ . We have

$E^{Q}[P_{W}\{\theta_{\exp(\lambda)}\omega-b_{\lambda}(W)\in\Gamma\}]$

$=E^{Q}[P_{W}^{\lambda}\{\Psi_{\lambda}\theta_{S(\lambda)}\omega-\varphi(\lambda)b^{\lambda}\in\Gamma\}]$ (by (3.10) and (4.8))

$=E^{Q}[P_{W}^{\lambda}\{\theta_{s(\lambda)}\omega-b^{\lambda}\in\Psi_{\lambda}^{-1}(J^{\neg}), R<s(\lambda)<t(\lambda)<T^{\lambda}\}]+\epsilon_{\lambda}’$ (by Lemma 4.1)

$=E^{Q}[P_{W}^{\lambda}\{\theta_{s(\lambda)}\tilde{\omega}-b^{\lambda}\in\Psi_{\lambda}^{-1}(\Gamma), R<s(\lambda)<t(\lambda)<\hat{T}^{\lambda}\}]+\epsilon_{\lambda}’$ (by (4.6))
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$=E^{Q}[\hat{P}_{W}^{\lambda}\{\theta_{S(\lambda)}\tilde{\omega}-b^{\lambda}\in\Psi_{\overline{\lambda}^{1}}(\Gamma)\}]+\epsilon_{\lambda}$ (by Lemma 4.1)

$=E^{Q}[\hat{P}_{W}^{\lambda}\{\tilde{\omega}-b^{\lambda}\in\Psi_{\lambda}^{-1}(\Gamma)\}]+\epsilon_{\lambda}$ (stationarity),

where $\epsilon_{\lambda}’$ and $\epsilon_{\lambda}$ converge to $0$ uniformly in $\Gamma$ as $\lambdaarrow\infty$ . This proves the
Lemma. $\square$

TO proceed let $W\in W0<\epsilon<1$ and define $u_{\text{\’{e}}}^{+}(W)$ to be the beginning of the
last descending ladder excursion of $\{W(x), x\geqq 0\}$ with height ls before $b_{1}^{+}(W)$ .
Recalling the definitions in (3.6), (3.7), (3.8), for $\lambda>0$ and $W\in\Phi_{\lambda}W$ we have

(4.9) $u_{\epsilon}^{+}(W)=\{$

$\varphi(\lambda)^{-1}\tau^{+}(N_{\epsilon}^{+}(\hat{W})+1,\hat{W})+b_{1}^{+}(W)$ , if $N_{\epsilon}^{+}(\hat{W})\geqq 1$ ,

$0$ if $N_{\epsilon}^{+}(\hat{W})=0$ ,

where $\hat{W}\in\psi^{+}$ is defined by

$\hat{W}(x)=W(0(b_{1}^{+}+\varphi(\lambda)^{-1}x)\wedge c_{1}^{+})-W(b_{1}^{+})$ , $x\in R$ .

Note that the graph of $\hat{W}$ is illustrated by Figure 2 with $\lambda=\epsilon$ . We next define
$v_{\text{\’{e}}}^{+}(W)$ for $W\in W$ and $\epsilon\in(0,1)$ . Put

$\overline{c}$
“ $(W)=nf\{x\geqq b_{1}^{+} : W^{*}(x)-W_{*}(b_{1}^{+})\geqq\epsilon\}$ ,

$v_{\epsilon}^{+}(W)= \sup\{x\leqq\overline{c}_{\epsilon}^{+} : W_{*}(x)\leqq\inf_{[\overline{c}_{\epsilon}^{+}.c_{1}^{+}]}W_{*}\}$
.

TO define $v_{\epsilon.\lambda}^{+}(W)$ for $W\in\Phi_{\lambda^{C}}W$ we need the following notation: for $W^{+}\in^{c}W^{+}$

and $\epsilon>0$ ,

(4.10) $\{$

$\sigma^{+}(O)=\sigma^{+}(0, W^{+})=0$ ,

$\sigma^{+}(k)=\sigma^{+}(k, W^{+})=\min\{n>\sigma^{+}(k-1):W^{+}(n)\leqq\inf\{W^{+}(j):j>n\}\}$

$k\geqq 1$ ,

(4.11) $\tilde{H}^{+}(k)=\tilde{H}^{+}(k, W^{+})=\max\{W^{+}(n):\sigma^{+}(k-1)\leqq n\leqq\sigma^{+}(k)\}$ , $k\geqq 1$ ,

(4.12) $\tilde{N}_{\epsilon}^{+}=\tilde{N}_{\epsilon}^{+}(W^{+})=\max\{k\geqq 1:\max_{1\leq j\leq k}\tilde{H}^{+}(])<\epsilon\}$ .

We define $v_{\epsilon.\lambda}^{+}(W)$ by

(4.13) $v_{\epsilon.\lambda}^{+}(W)=\varphi(\lambda)^{-1}\sigma^{+}(\tilde{N}_{\epsilon}^{+}(m,\hat{W})+b_{1}^{+}(W),$ $W\in\Phi_{\lambda}\psi$ .
Then we see that for $W\in\Phi_{\lambda}q\nu$

$v_{\text{\’{e}}.\lambda}^{+}(W)=v_{\epsilon}^{+}(W)-\varphi(\lambda)^{-1}$ .

Furthermore we use the following notation: for $W\in\psi$

$b^{+.\lambda}=b_{1}^{+}(\Phi_{\lambda}W)$ , $u_{\epsilon}^{+.\lambda}=u_{\epsilon}^{+}(\Phi_{\lambda}W)$ , $v_{\text{\’{e}}}^{+.\lambda}=v_{\text{\’{e}}.\lambda}^{+}(\Phi_{\lambda}W)$ .
LEMMA 4.3. (i) For any $\epsilon\in(0,1)$ ,
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(4.14) $\lim_{\delta\downarrow 0}\varliminf_{\lambdaarrow\infty}Q\{u_{\epsilon}^{+.\lambda}<b^{+.\lambda}-\delta\}=1$ ,

(4.15) $\lim\varliminf Q\{v_{\epsilon}^{+.\lambda}>b^{+.\lambda}+\delta\}=1$ .
$\delta\downarrow 0\lambda-$

(ii) For any $\delta>0$ ,

(4.16) $\lim_{\epsilon\downarrow 0}\varlimsup_{\lambdaarrow\infty}Q\{u_{\epsilon}^{+.\lambda}<b^{+.\lambda}-\delta\}=0$ ,

(4.17) $\lim_{\epsilon\downarrow 0}\varlimsup_{\lambdaarrow\infty}Q\{v_{\epsilon}^{+.\lambda}>b^{+.\lambda}+\delta\}=0$ .

PROOF. Noting that $\{\Phi_{\lambda}W, Q\}$ converges in law to $\{W, Q\}$ as $\lambdaarrow\infty$ by
the assumption (A), we have (4.14) and (4.16). By $a$ consideration similar to
Lemma 3.2, we see that there exists a subset $\overline{W}_{1}^{*}$ of $W\#$ with $Q\{\overline{W}_{1}^{*}\}=1$ such
that for any $W\in\overline{W}_{1}^{*}$ and for any sequence $\{W_{\lambda_{n}}, n\geqq 1\}$ with $W_{\lambda_{n}}\in\Phi_{\lambda_{n}}?\nu$ which
converges to $W$ in the Skorohod topology, $v_{\epsilon.\lambda_{n}}^{+}(W_{\lambda_{n}})$ converges to $v_{\epsilon}^{+}(W)$ as
$narrow\infty$ . This fact combined with the relation between $v_{\epsilon}^{+}$ and $v_{\epsilon.\lambda}^{+}$ implies (4.15)

and (4.17). $\square$

LEMMA 4.4. Let $h$ be any fixed positive constant. Then, for $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$ and
$\epsilon>0$,

$E^{Q}[\hat{P}_{W}^{\lambda}\{\tilde{\omega}-b^{\lambda}\in\Gamma\}, b^{\lambda}=b^{+.\lambda}]$

$=E^{Q}[P_{\lambda\Phi_{\lambda^{W\zeta u_{\epsilon}^{+.\lambda+,\lambda_{l}}}}}.v_{1/2}\{\tilde{\omega}-b^{\lambda}\in\Gamma\}, b^{\lambda}=b^{+.\lambda}]+0(1)$ ,

where 0(1) is a term which tends to $0$ uniformly in $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$ as $\lambdaarrow\infty$ (and which
may depend on $h$ and $\epsilon$ ).

PROOF. AS was already remarked, $\{\Phi_{\lambda}W, Q\}$ converges to $\{W, Q\}$ in law
as $\lambdaarrow\infty$ . Let $\{\lambda_{n}, n\geqq 1\}$ be an arbitrary sequence of positive numbers with
$\lambda_{n}arrow\infty$ as $narrow\infty$ . By Skorohod’s realization theorem of almost sure convergence,
there exist a probability space $(\overline{\Omega}, \ovalbox{\tt\small REJECT},\overline{Q})$ and $W$-valued random variables $\overline{W}$ ,

$W_{n},$ $n\geqq 1$ , defined on $(\overline{\Omega}, B,\overline{Q})$ such that (i) $\{W_{n},\overline{Q}\}=^{a}\{\Phi_{\lambda_{n}}W, Q\},$ $\{\overline{W},\overline{Q}\}=a$

$\{W, Q\}$ and (ii) $W_{n^{---}}\overline{W}$ (in the Skorohod topology), $\overline{Q}- a.s.$ , as $narrow\infty$ . From
now on, we consider the case where $b_{1}(\overline{W})=b_{1}^{+}(\overline{W})$ . Set $a_{(n)}=a_{1}(\overline{W}_{n}),$ $b_{(n)}=$

$b_{1}(\overline{W}_{n}),$ $c_{(n)}=c_{1}(\overline{W}_{n}),$ $b_{(n)}^{+}=b_{1}^{+}(\overline{W}_{n})$ and $c_{(n)}^{+}=c_{1}^{+}(\overline{W}_{n})$ . Then, by Lemma 3.2, $a_{(n)}$ ,
$b_{(n)},$ $c_{(n)},$ $b_{(n)}^{+}$ and $c_{(n)}^{+}$ converge $(\overline{Q}- a.s.)$ to $a_{1}(\overline{W}),$ $b_{1}(\overline{W}),$ $c_{1}(\overline{W}),$ $b_{1}^{+}(\overline{W}),$ $c_{1}^{+}(\overline{W})$,
respectively, as $narrow\infty$ . Let $\delta$ be any positive number and set $\overline{a}_{n}=0(b_{(n)}^{+}-\delta)$,
$\overline{c}_{n}=c_{(n)}^{+}\wedge(b_{(n)}^{+}+\delta),\overline{a}=0(b_{1}^{+}(\overline{W})-\delta)$ and $\overline{c}=c_{1}^{+}(\overline{W})\wedge(b_{1}^{+}(\overline{W})+\delta)$ . Then, $\overline{a}_{n}arrow\overline{a}$

and $\overline{c}_{n}arrow\overline{c}(\overline{Q}- a.s.)$ . Let $\nu_{n}$ be the probability distribution defined by (4.2) but
with the replacement of $W$ and $[a, c]$ by $\lambda_{n}\overline{W}_{n}$ and $[a_{(n)}, c_{(n)}]$ , respectively.
Then, since $b_{1}^{+}(\overline{W})$ is $a$ point of local minimum for $\overline{W}$ , we see that
(4.18) $\nu_{n}$ converges weakly to the $\delta$-distribution at $b_{1}^{+}(\overline{W})$ .
Set
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$\overline{T}=\inf\{t\geqq 0:\tilde{\omega}(t)\not\in(\overline{a}_{n},\overline{c}_{n})\}$ .
Then, Proposition I-3 in [7: p. 179] combined with (4.18) implies

(4.19) $P_{\lambda_{n}\pi_{n}\subset a_{(n)}.c_{(n)J}}\{\overline{T}>h\}arrow 1$ , $P_{\lambda_{n}\pi_{n^{[\overline{a}_{n}.\overline{c}_{n}]}}}\{\overline{T}>h\}arrow 1$ ,

as $narrow\infty\overline{Q}- a.s$ . on $\{b_{1}(\overline{W})=b_{1}^{+}(\overline{W})\}$ . Therefore writing

$\kappa_{n}=\int_{\overline{a}_{n}}^{\overline{c}_{n}}exp\{-\lambda_{n}\overline{W}_{n}(x)\}dx/\int_{a_{(n)}}^{c_{(n^{)}}}exp\{-\lambda_{n}\overline{W}_{n}(x)\}dx$ ,

we have, on the set $\{b_{1}(\overline{W})=b_{1}^{+}(\overline{W})\}$ ,

(4.20) $P_{\lambda_{n}\pi_{n^{\subset a_{(n^{)}},c_{(n)\supset}}}}\{\tilde{\omega}-b_{(n)}\in\Gamma\}$

$=P_{\lambda_{n^{\overline{W}}n^{\subset a_{(n^{)}}.c_{(n)J}}}}\{\tilde{\omega}-b_{(n)}^{+}\in\Gamma,\overline{T}>h\}+o(1)$ (by (4.19))

$=\kappa_{n}P_{\lambda_{n}\pi_{n^{[a_{n}.\overline{c}_{n}]}}}\{\tilde{\omega}-b_{(n)}^{+}\in\Gamma,\overline{T}>h\}+o(1)$

$=P_{\lambda_{n}\pi_{n^{[a_{n}.\overline{c}_{n}]}}}\{\tilde{\omega}-b_{(n)}^{+}\in\Gamma,\overline{T}>h\}+o(1)$ (since $\kappa_{n}arrow 1$ )

$=P_{\lambda_{n^{\overline{W}}n^{[\overline{a}_{n}.\overline{c}_{n}]}}}\{\tilde{\omega}-b_{(n)}^{+}\in\Gamma\}+o(1)$ (by (4.19)),

where 0(1) is a term (which may depend on $\delta$ and $h$ and differ from place to
place) such that the integral of its absolute value over the set $\{b_{1}(\overline{W})=b_{1}^{+}(\overline{W})\}F$

with respect to $\overline{Q}$ tends to $0$ uniformly in $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$ as $narrow\infty$ . Using Lemma 3.1,
we see that $1_{tb_{(n^{)}}=b_{(n)^{\}}}^{+arrow 1_{\{b_{1}(\pi)=b_{1}^{+}(\overline{W})\}}}}\overline{Q}- a$ . $s$ . as $narrow\infty$ . Therefore (4.20) yields

(4.21) $P_{\lambda_{nn(n).(n}}\overline{W}CaC)3\{\tilde{\omega}-b_{(n)}\in\Gamma\}1_{(b_{(n)}=b_{(n)^{\}}}^{+}}$

$=P_{\lambda_{n}\pi_{n^{[a_{n},\overline{c}_{n}]\{\tilde{\omega}-b_{(n)}^{+}\in\Gamma\}1_{(b_{(\eta)}=b_{(n)}^{+}\}}+o(1)}}}$ ,

which again yields

(4.22) $E^{Q}[\hat{P}_{W}^{\lambda}\{\tilde{\omega}-b^{\lambda}\in\Gamma\}, b^{\lambda}=b^{+.\lambda}]$

$=E^{Q}[P_{\lambda\Phi_{\lambda^{W[-.-]}}}\{\tilde{\omega}-b^{+.\lambda}\in\Gamma\}, b^{\lambda}=b^{+,\lambda}]+0(1)$ ,

where $[$–, $-]=[0(b^{+.\lambda}-\delta), (b^{+.\lambda}+\delta)\Lambda c^{+.\lambda}]$ and 0(1) means a term which
converges to $0$ uniformly in $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$ as $\lambdaarrow\infty,$ $\delta$ and $h$ being fixed. By argu-
ments similar to those used for deriving (4.20), (4.21) and (4.22), we have

(4.23) $E^{q}[P_{\lambda\Phi_{\lambda^{W[-.-]}}}\{\tilde{\omega}-b^{+.\lambda}\in\Gamma\}, b^{\lambda}=b^{+,\lambda}, u_{\epsilon}^{+,\lambda}<b^{+.\lambda}-\delta, v_{1/2}^{+\lambda}>b^{+,\lambda}+\delta]$

$=E^{Q}[P_{\lambda\Phi_{\lambda^{W[\cdot.\cdot]}}}\{\tilde{\omega}-b^{+.\lambda}\in\Gamma\},$ $b^{\lambda}=b^{+.\lambda}$ ,

$u_{\epsilon}^{+.\lambda}<b^{+.\lambda}-\delta,$ $v_{1/2}^{+.\lambda}>b^{+.\lambda}+\delta]+0(1)$ ,

where $[\cdot, \cdot]=[u_{\epsilon}^{+.\lambda}, v_{1/2}^{+,\lambda}]$ . (4.23) and Lemma 4.3(i) finally imply the assertion
of Lemma 4.4. $\square$
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\S 5. The proof of the main theorem.

In addition to the notation of \S 3 and \S 4 we use the following notation for
given $W^{+}\in \mathfrak{N}^{l}+,$ $1717^{-}\in\psi-$ and $\lambda>0$ :

(5.1) $\overline{b}_{\lambda}^{+}=-\tau^{+}(N_{\lambda}^{+})$ , $\overline{b}_{\lambda}^{-}=-\tau^{-}(N_{\lambda}^{-})$ ,

(5.2) $\{-$

$M_{\lambda}^{+}= \max\{W^{+}(n)-W^{+}(\tau^{+}(N_{\lambda}^{+})):\tau^{+}(N_{\lambda}^{+})\leqq n\leqq 0\}$ ,

$\overline{M}_{\overline{\lambda}}=\max\{W^{-}(n)-W^{-}(\tau^{-}(N_{\overline{\lambda}})):0\leqq n\leqq\tau^{-}(N_{\overline{\lambda}})\}$ ,

(5.3) $\overline{V}_{\lambda}^{+}=\lambda-W^{+}(\tau^{+}(N_{2}^{+}))$ , $\overline{V}_{\lambda}^{-}=\lambda-W^{-}(\tau^{-}(N_{\lambda}^{-}))$ ,

(5.4) $\overline{b}_{\lambda}=\{$

$\overline{b}_{\lambda}^{+}$ if MIVVI $<\overline{M}_{\overline{\lambda}}\overline{V}_{\lambda}^{-}$ ,

$\overline{b}_{\overline{\lambda}}$ if $\overline{M}7\vee\overline{V}1>\overline{M}_{\lambda}^{-}\overline{V}_{\lambda}^{-}$ ,

$0$ otherwise.

For $\lambda>0$ fixed we associate with each fixed $W\in W$ an element $\tilde{W}$ of $\psi^{+}$ defined
by

(5.5) $\tilde{W}(x)=W(0(b_{\lambda}^{+}+x)\Lambda c_{\lambda}^{+})-W(b_{\lambda}^{+})$ , $x\in R$,

(the suffix $\lambda$ in I717 is suppressed). Then from Lemma 3.3 and its proof we have
following.

LEMMA 5.1. For any $\epsilon>0$ and $\lambda>0$ the joint distribution of
$\{W(b_{\lambda}^{+}+x)-W(b_{\lambda}^{+}), -b_{\lambda}^{+}\leqq x\leqq c_{\lambda}^{+}-b_{\lambda}^{+}\}$

and $\{b_{\lambda}^{+}, M_{\lambda}^{+}, V_{\lambda}^{+}, \tau^{+}(N_{\text{\’{e}}\lambda}^{+}(\tilde{W})+1,\tilde{W}), \sigma^{+}(\tilde{N}_{\lambda/2}(\tilde{W}),\tilde{W})\}$ under $Q$ is equal to the joint
distribution of $\{W^{+}(x), \tau^{+}(N_{\lambda}^{+})\leqq x\leqq\rho_{\lambda}^{+}\}$ and $\{\overline{b}_{\lambda}^{+},\overline{M}_{\lambda}^{+},\overline{V}_{\lambda}^{+}, \tau^{+}(N_{\epsilon\lambda}^{+}+1), \sigma_{+}\tilde{\Psi}_{\lambda/2})\}$

under $Q_{\lambda}^{+}$ .

LEMMA 5.2. Let $W\in W$ be fixed and let $u<v$ . Then for any $\Gamma\in\ovalbox{\tt\small REJECT}$ we
have

$P_{\lambda\Phi_{\lambda^{W[u.v]}}}\{\tilde{\omega}-b^{+.\lambda}\in\Psi_{\lambda}^{-1}(\Gamma)\}=P_{W[(\lambda)u,\varphi \mathfrak{c}\lambda)v]}\varphi\{\tilde{\omega}-b_{\lambda}^{+}\in\Gamma\}$ .

PROOF. Since $b_{\lambda}^{+}=\varphi(\lambda)b^{+.\lambda}$ , we have $\Psi_{\lambda}(\tilde{\omega}-b^{+.\lambda})=\Psi_{\lambda\tilde{\omega}-}b_{\lambda}^{+}$ . Noting this
equality we see that the assertion of the lemma is another expression of the
following fact (which itself can be proved easily): Under $P_{\lambda\Phi_{\lambda}W[u.v]}$ the process
$\{(\Psi_{r\tilde{\omega}})(t), t\geqq 0\}(=\{\varphi(\lambda)\tilde{\omega}(\varphi(\lambda)^{-2}t), t\geqq 0\})$ is $a$ reflecting diffusion on

$[\varphi(\lambda)u, \varphi(\lambda)v]\square$

with local generator $\mathcal{L}_{W}$ and initial distribution $\nu_{W\ddagger\varphi^{(\lambda)u}\varphi^{(\lambda)v3}}$ .
LEMMA 5.3. Let $\tilde{W}$ be defined by (5.5). Then

(5.6a) $\varphi(\lambda)u_{\epsilon}^{+.\lambda}=\tau^{+}(N_{\lambda/2}^{+}(\tilde{W})+1,\tilde{W})+b_{\lambda}^{+}$ if $N_{\lambda\epsilon}^{+}(\tilde{W})\geqq 1$ ,

(5.6b) $\varphi(\lambda)v_{1/’2}^{+\lambda}=\sigma^{+}(\tilde{N}_{\lambda/2}^{+}(\tilde{W}))+b_{\lambda}^{+}$ .
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PROOF. TO prove the lemma it is enough to apply (4.9) and (4.13) to $u_{\epsilon}^{+.\lambda}$

$=u_{\epsilon}^{+}(\Phi_{\lambda}W)$ and $v_{1/’2}^{+\lambda}=v_{1/2.\lambda}^{+}(\Phi_{\lambda}W)$ , respectively. $\square$

Let $h$ be a positive constant and let $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$ . Then by Lemma 4.2 we have,

as $\lambdaarrow\infty$ ,

(5.7) $9\{X(e^{\lambda}+\cdot, W)-b_{\lambda}(W)\in\Gamma\}=E^{Q}[P_{W}\{\theta_{\exp(\lambda)}\omega-b_{\lambda}(W)\in\Gamma\}]$

$=E^{Q}[\hat{P}_{W}^{\lambda}\{\tilde{\omega}-b^{\lambda}\in\Psi_{\lambda}^{-1}(\Gamma)\}]+o(1)$

$=I_{\lambda}+I_{\lambda}’+o(1)$ ,
where

(5.8) $I_{\lambda}=E^{Q}[\hat{P}_{W}^{\lambda}\{\tilde{\omega}-b^{\lambda}\in\Psi_{\overline{\lambda}^{1}}(\Gamma)\}, b^{\lambda}=b^{+.\lambda}]$ ,

(5.9) $l_{\lambda}’=E^{Q}[\hat{P}_{W}^{\lambda}\{\tilde{\omega}-b^{\lambda}\in\Psi_{\overline{\lambda}^{1}}(\Gamma)\}, b^{\lambda}=b^{-.\lambda}]$ ,

$b^{-.\lambda}$ is defined in a way similar to $b^{+,\lambda}$ and 0(1) is a term which tends to $0$

uniformly in $\Gamma\in\tilde{9}_{h}$ as $\lambdaarrow\infty$ (and which may depend on $h$ ). Let $\epsilon$ be an
arbitrary small positive number (which we let tend to zero later). Then, by

Lemma 4.4 $I_{\lambda}$ can be written as

$l_{\lambda}=E^{Q}[P_{\lambda\Phi_{\lambda^{W\subset u_{\xi}^{+I_{v_{1/2}^{+.\lambda_{J}}}}}}}.\{\tilde{\omega}-b^{+,\lambda}\in\Psi_{\lambda}^{-1}(\Gamma)\}, b^{\lambda}=b^{+.\lambda}]+0(1)$ ,

and by Lemma 5.2 and Lemma 5.3 the right hand of the above is equal to

$E^{Q}[P_{I}\{\Gamma\}, b_{\lambda}=b_{\lambda}^{+}]+o(1)$,

where $P_{I}$ stands for $P_{\tilde{W}[a.b]},$ $a=\tau^{+}(N_{\epsilon\lambda}^{+}(\tilde{W})+1,\tilde{W}),$ $b=\sigma^{+}(\tilde{N}_{\lambda/2}^{+}(\tilde{W}),\tilde{W})$ and 0(1)

is a term which tends to $0$ uniformly in $\Gamma\in\ovalbox{\tt\small REJECT}_{h}$ as $\lambdaarrow\infty$ (and which may de-
pend on $h$ and $\epsilon$ ). Applying Lemma 3.3 and Lemma 5.1 we obtain

$E^{Q}[P_{I}\{\Gamma\}, b_{\lambda}=b_{\lambda}^{+}]=E_{\lambda}[P_{II}\{\Gamma\},\overline{M}_{\lambda}^{+}\overline{V}_{\lambda}^{+}<\overline{M}_{\overline{\lambda}}\overline{V}_{\overline{\lambda}}]$ ,

where $E_{\lambda}$ is the expectation with respect to the product probability measure
$\langle$5.10) $Q_{\lambda}=Q_{\lambda}^{+}\otimes Q_{\overline{\lambda}}$ on $\wp+_{\chi\psi^{-}}$ ,

and $P_{II}$ stands for $P_{W\zeta a.b1}$ with $W=W^{+}\in\psi^{+},$ $a=\tau^{+}(N_{\epsilon\lambda}^{+}+1)$ and $b=\sigma^{+}(\tilde{N}_{\lambda/2}^{+})$ .
Next, denote by $F^{+}(x)$ (resp. $F^{-}(x)$) the probability that the process $\{W(t)$ ,

$t\geqq 0,$ $Q\}$ (resp. $\{W(-t),$ $t\geqq 0,$ $Q\}$ ) hits $(-\infty, x-1]$ before it hits $[x, \infty)$ and put

(5.11) $\mathfrak{p}=\int_{0}^{1}F^{+}(x)dF^{-}(x)$ .

We are going to prove

$\langle$5.12) $E_{\lambda}[P_{I}\{\Gamma\},\overline{M}_{\lambda}^{+}\overline{V}_{\lambda}^{+}<\overline{M}_{\overline{\lambda}}\overline{V}_{\overline{\lambda}}]=\mathfrak{p}E_{\lambda}^{+}[P_{I}\{\Gamma\}]+\Delta_{1}(\Gamma, \epsilon, \lambda)$ ,

where $E_{\lambda}^{+}$ is the expectation with respect to $Q_{\lambda}^{+}$ and $\Delta_{1}(\Gamma, \epsilon, \lambda)$ (and also
$\Delta_{2}(\Gamma, \epsilon, \lambda)$ , appearing below) represents a term which is dominated in modulus
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by some $\Delta(\epsilon, \lambda)$ satisfying $\lim_{\epsilon\downarrow 0}\varlimsup_{\lambda}\simarrow\infty|\Delta(\epsilon, \lambda)|=0$ . Let $W’(x)=W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)+x)$

$-W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1))$ and define $\overline{M}$ ’ and $\overline{V}_{\lambda}’$ by (5.2) and (5.3), respectively, but with
the replacement of $W^{+}$ by $W’$ (it can happen that $W’(x)<0$ for some $x>0$ so
that $W’\not\in^{c}W^{+};$ but even in this case $\overline{M}_{\lambda}’$ and $\overline{V}$ A are well-defined). Moreover,
let $-+\lambda$ be the smallest $n\geqq\tau^{+}(N_{\lambda}^{+})$ such that $W^{+}(n)=\overline{M}_{\lambda}^{+}$ . Then

$Q_{\lambda}\{\overline{M}_{\lambda}^{+}\overline{V}_{\lambda}^{+}\neq\overline{M}_{\lambda}’(\overline{V}’-W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)))\}\leqq Q_{\lambda}\{\overline{m}_{\lambda}^{+}\geqq\tau^{+}(N_{\epsilon\lambda}^{+}+1)\}$ .
Using Lemma 5.1 (after a suitable scaling) and noting (5.6a), we see that

$Q_{\lambda}\{\overline{m}_{\lambda}^{+}\geqq\tau^{+}(N_{\epsilon\lambda}^{+}+1)\}\leqq Q\{m^{+.\lambda}\geqq u_{\epsilon}^{+.\lambda}\}$ ,

where $m^{+.\lambda}=m^{+}(\Phi_{\lambda}W)$ , $m^{+}$ being the smallest $x\geqq 0$ such that $W(x)=M_{1}^{+}$ .
Lemma 4.3(ii) then implies

$\lim_{\epsilon\downarrow 0}\varlimsup_{\lambdaarrow\infty}Q_{\lambda}$ { $\overline{M}_{\lambda}^{+}\overline{V}_{\lambda}^{+}\neq\overline{M}_{\lambda}’$ ( $\overline{V}$ A $-W^{+}(\tau^{+}(N_{\text{\’{e}}\lambda}^{+}+1))$)}

$\leqq\lim_{\epsilon\downarrow 0}\varlimsup_{\lambdaarrow\infty}Q\{m^{+.\lambda}\geqq u_{\epsilon}^{+.\lambda}\}=0$ .

Therefore,

$E_{\lambda}[P_{n}\{\Gamma\},\overline{M}_{\lambda}^{+}\overline{V}_{\lambda}^{+}<\overline{M}_{\lambda}^{-}\overline{V}_{\lambda}^{-}]$

$=E_{\lambda}$ [ $P_{I}\{\Gamma\},\overline{M}_{\lambda}’$ ( $\overline{V}$ A $-W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)))<\overline{M}_{\lambda}^{-}\overline{V}_{\lambda}^{-}$] $+\Delta_{2}(\Gamma, \epsilon, \lambda)$ .

Since $(0, W^{+}(-1),$ $\cdots$ , $W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)))$ and

$(0, W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)-1)-W^{+}(\tau^{+}(N_{\text{\’{e}}\lambda}^{+}+1)),$ $W^{+}(\tau^{+}(N_{\lambda}^{+}))-W^{+}(\tau^{+}(N_{\text{\’{e}}\lambda}^{+}+1)))$

are indePendent under $Q_{\lambda}^{+}$ , we have

(5.13) $E_{\lambda}$ [ $P_{I}\{\Gamma\},\overline{M}_{\lambda}’(\overline{V}$ A $-W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)))<\overline{M}_{\lambda}^{-}\overline{V}_{\lambda}^{-}$]

$=E_{\lambda}^{+}[P_{I}\{\Gamma\}\psi_{\lambda}(W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)))]$ ,

where

(5.14) $\psi_{\lambda}(x)=Q_{\lambda}\{\overline{M}_{\lambda}^{+}(\overline{V}_{\lambda}^{+}-x)<\overline{M}_{\lambda}^{-}\overline{V}_{\lambda}^{-}\}$ .
Using Lemma 5.1 and $a$ scaling we have

(5.15) $\psi_{\lambda}(\lambda x)=Q_{\lambda}\{\overline{M}_{\lambda}^{+}(\overline{V}_{\lambda}^{+}-\lambda x)<\overline{M}_{\lambda}^{-}\overline{V}_{\lambda}^{-}\}$

$=Q\{M_{1}^{+,\lambda}\vee(V_{1}^{+.\lambda}-x)<M_{1}^{-.\lambda}V_{1}^{-.\lambda}\}$ ,

where $M_{1}^{+.\lambda}=M_{1}^{+}(\Phi_{\lambda}W),$ $M_{1}^{-.\lambda}=M_{1}^{-}(\Phi_{\lambda}W),$ $V_{1}^{+.\lambda}=V_{1}^{+}(\Phi_{\lambda}W)$ and $V_{1}^{-.\lambda}=V_{1}^{-}(\Phi_{\lambda}W)$ .
Therefore from the assumption (A) we see that

(5.16) $\lim_{\lambdaarrow\infty}\psi_{\lambda}(\lambda x)=\psi(x)\equiv Q\{M_{1}^{+}(V_{1}^{+}-x)<M_{1}^{-}V_{1}^{-}\}$ for $x\geqq 0$ .

The identity $\psi(0)=\int_{0}^{1}F^{+}(x)dF^{-}(x)$ can be verified by the fact that $M_{1}^{+}\vee V_{1}^{+}$ and
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$M_{1}^{-}V_{1}^{-}$ are independent under $Q$ and distributed according to $dF^{+}$ and $dF$ ,
respectively. Thus we have

(5.17) $\psi_{\lambda}(O)E_{\lambda}^{+}[P_{I}\{\Gamma\}]\leqq E_{\lambda}^{+}[P_{1I}\{\Gamma\}\psi_{\lambda}(W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1)))]$

$\leqq E_{\lambda}^{+}[P_{I}\{\Gamma\}\psi_{\lambda}(\lambda\delta), W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1))/\lambda\leqq\delta]+Q_{\lambda}^{+}\{W^{+}(\tau^{+}(N_{\text{\’{e}}\lambda}^{+}+1))/\lambda>\delta\}$ .
Using Lemma 4.3 it is easy to see that for any $\delta>0$

$\lim_{\epsilon\downarrow 0}\varlimsup_{\lambdaarrow\infty}Q_{\lambda}^{+}\{W^{+}(\tau^{+}(N_{\epsilon\lambda}^{+}+1))1\lambda>\delta\}$

$= \lim_{\epsilon\downarrow 0}\varlimsup_{\lambdaarrow\infty}Q\{(\Phi_{\lambda}W)(u_{\epsilon}^{+.\lambda})>\delta\}=0$ ,

which combined with (5.13) and (5.17) proves (5.12).

Finally we prove that for any fixed $\epsilon>0$

(5.18) $E_{\lambda}^{+}[P_{I}\{\Gamma\}]arrow\tilde{E}^{+}[\tilde{P}_{W}\{\Gamma\}]$ as $\lambdaarrow\infty$ ,

where $\tilde{P}_{W}$ and $\tilde{Q}$ are defined in \S 1 and $\tilde{E}^{+}$ denotes the expectation with respect

to $\tilde{Q}^{+}$ . First we show (5.18) in the case wbere $\Gamma=\{\tilde{\omega}\in\tilde{\Omega} : \tilde{\omega}(0)\in A\},$ $A\in\ovalbox{\tt\small REJECT}(R)$ .
In this case (5.18) is expressed as

(5.19) $E_{\lambda}^{+}( \int_{J(\lambda)A}\cap e^{-W(x)}dx/\int_{J(\lambda)}e^{-W(x)}dx)$

$arrow\tilde{E}^{+}(\int_{A}e^{-W(x)}dx/\int_{-\infty}^{\infty}e^{-W(x)}dx)$ , as Z– $\infty$ ,

where $J(\lambda)=[\tau^{+}(N_{\epsilon\lambda}^{+}+1), \sigma^{+}(\tilde{N}_{\lambda/2}^{+})]$ . From Proposition 2.3, we know that

(5.20) $Q_{\lambda}^{+}$ -distribution of $\int_{J(\lambda)[0.\infty]}\cap e^{-W(x)}dx$

$arrow\tilde{Q}^{+}$-distribution of $\int_{0}^{\infty}e^{-W(x)}dx$ , $\lambdaarrow\infty$ .

Since $\{W(x), x\geqq 0\}$ and $\{W(x), x\leqq 0\}$ are independent under $Q_{\lambda}^{+}$ and the law of
$\{W(x), x\leqq 0, Q_{\lambda}^{+}\}$ does not depend on $\lambda,$ $(5.20)$ implies

$\langle$5.21) $Q_{\lambda}^{+}$-distribution of $\int_{J(\lambda)}e^{-W(x)}dx$

$arrow\tilde{Q}^{+}$-distribution of $\int_{-\infty}^{\infty}e^{-W(x)}dx$ , $\lambdaarrow\infty$ .

Taking an arbitrary positive sequence $\{\lambda_{n}\}$ tending to infinity, we now prove
that (5.19) holds as $\lambdaarrow\infty$ via $\{\lambda_{n}\}$ . We mak $e$ use of Skorohod’s theorem of
almost sure convergence to construct, on a suitable probability space $(\overline{\Omega},\overline{Q})$ ,

$\wp^{+}$-valued random variables $\overline{W}$ and $\overline{W}_{\lambda},$
$\lambda=\lambda_{1},$ $\lambda_{2},$ $\cdots$ , such that (i) $\{\overline{W},\overline{Q}\}=a$

$\{W,\tilde{Q}^{+}\}$ and $\{\overline{W}_{\lambda},\overline{Q}\}=^{d}\{W, Q_{\lambda}^{+}\}$ for each $\lambda=\lambda_{n}$ and (ii) $\overline{W}_{\lambda}arrow\overline{W}(\overline{Q}- a. s.)$ as $\lambdaarrow\infty$
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via $\{\lambda_{n}\}$ . Then, (5.21) implies

(5.22) $\int_{\overline{J}(\lambda)}\exp\{-\overline{W}_{\lambda}(x)\}dxarrow\int_{-\infty}^{\infty}e^{-\pi_{(x)}}dx$ in probability,

as $\lambdaarrow\infty$ via $\{\lambda_{n}\}$ , where $\overline{J}(\lambda)$ corresponds to $J(\lambda)$ . From the above (ii) and
(5.22) we can easily show that

$\int_{\overline{J}(\lambda)A}\cap\exp\{-\overline{W}_{\lambda}(x)\}dxarrow\int_{A}e^{-\pi_{(x)}}dx$ in probability, $\lambdaarrow\infty$ via $\{\lambda_{n}\}$ ,

for any Borel set $A$ in $R$ . This clearly implies

$\int_{\overline{J}(\lambda)A}\cap\exp\{-\overline{W}_{\lambda}(x)\}dx/\int_{\overline{J}(\lambda)}\exp\{-\overline{W}_{\lambda}(x)\}dx$

$arrow\int_{A}e^{-\pi_{(x)}}dx/\int_{-\infty}^{\infty}e^{-\overline{W}(x)}dx$ in probability, as $\lambdaarrow\infty$ via $\{\lambda_{n}\}$ .

Since $\{\lambda_{n}\}$ is arbitrary, (5.19) holds.
Next we prove (5.18) for general $\Gamma\in$ te $h$ . For positive integers $k$ and $l$

with $k<l$ we put

$A_{\lambda,l}=\{W\in W^{+} : J(\lambda)\supset[-l, 1]\}$ ,

$B_{\rho.l}=$ { $W\in q\nu^{+}:$ $0\leqq W(x)\leqq\rho$ (for all $0\leqq x\leqq l)$ },

$T_{l}=$ the first exit time of $\tilde{\omega}(t)$ from $(-l, l)$ ,

$\Gamma_{k.l}=\{\tilde{\omega}\in\Gamma:\tilde{\omega}(0)\in[-k, k], T_{\iota}\geqq h\}$ .
We are going to estimate

$\tilde{\Delta}=|E_{\lambda}^{+}[P_{I}\{\Gamma\}]-\tilde{E}^{+}[\tilde{P}_{W}\{\Gamma\}]|$ .
We can write

$\overline{\Delta}$ :Sl $\tilde{\Delta}_{1}+\overline{\Delta}_{2}+\tilde{\Delta}_{3}+\tilde{\Delta}_{4}+\overline{\Delta}_{5z}$

where

$\tilde{\Delta}_{1}=E_{\lambda}^{+}[P_{n}\{\Gamma\}]-E_{\lambda}^{+}[P_{n}\{\Gamma_{k.l}\};A_{\lambda.l}\cap B_{\rho.l}]$ ,

$\tilde{\Delta}_{2}=|E_{\lambda}^{+}[P_{I}\{\Gamma_{k.l}\}-P_{W[-l.l]}\{\Gamma_{k.l}\};A_{\lambda.l}\cap B_{\rho,l}]|$ ,

$\overline{\Delta}_{3}=E_{\lambda}^{+}[P_{W[-l.l]}\{\Gamma_{k.l}\};A_{\lambda.l}^{c}\cap B_{\rho.l}]$ ,

$\tilde{\Delta}_{4}=|E_{\lambda}^{+}[P_{W[-l,l]}\{\Gamma_{k.l}\} ; B_{\rho.\iota}]-\tilde{E}^{+}[P_{W[-l.l]}\{\Gamma_{k,l}\} ; B_{\rho.l}]|$ ,

$\overline{\Delta}_{5}=|\tilde{E}^{+}[P_{W[-l.l]}\{\Gamma_{k.l}\};B_{\rho.\iota}]-\tilde{E}^{+}[\tilde{P}_{W}\{\Gamma\}]|$ .
NOW we prove

(5.23)
$\lim_{karrow\infty}\varlimsup_{larrow\infty}\varlimsup_{\rhoarrow\infty}\varlimsup_{\lambdaarrow\infty}$

$\sup_{\sim,\Gamma\in 9_{h}}\overline{\Delta}_{t}=0$
, l$i$5.

TO prove (5.23) for $i=1$ , we write $\Delta_{1}$ as the sum
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(5.24) $E_{\lambda}^{+}[P_{I}\{\Gamma\cap\Gamma_{k,l}^{c}\};A_{\lambda.l}\cap B_{\rho.l}]+E_{\lambda}^{+}[P_{n}\{\Gamma\};A_{\lambda,l}^{c}\cup B_{\rho,l}^{c}]=\tilde{\Delta}_{11}+\tilde{\Delta}_{12}$ ,

and then note that the first term $\overline{\Delta}_{11}$ is dominated by

$E_{\lambda}^{+}[P_{I}\{\tilde{\omega}(0)\in[-k, k]^{c}\}+P_{I}\{\tilde{\omega}(0)\in[-k, k], T_{l}<h\} ; A_{\lambda.l}\cap B_{\rho.l}]$

$\leqq E_{\lambda}^{+}[\{\int_{J(\lambda)}e^{-W(y)}dy\}^{-1}\cdot\int_{J(\lambda)[- k.k]^{c}}\cap e^{-W(x)}dx]$

$+E_{\lambda}^{+}[ \{\int_{[-l,l]}e^{-W(y)}dy\}^{-1}\cdot\int_{[-k.k]}e^{-W(x)}P_{W}^{(x)}\{T_{\iota}<h\}dx;B_{\rho,\iota}]$

$=\tilde{\Delta}_{111}+\tilde{\Delta}_{112}$ ,

where $P_{W}^{(x)}$ is the probability law of the diffusion process with generator $\mathcal{L}_{W}$

and starting at $x.\tilde{\Delta}_{111}$ depends only on $k$ and $\lambda$ and it follows from (5.19) that

$\lim_{\lambdaarrow\infty}\overline{\Delta}_{111}=\tilde{E}^{+}[\{\int_{-\infty}^{\infty}e^{-W(y)}dy\}^{-1}\cdot\int_{[-k.k]^{c}}e^{-W(x)}dx]arrow 0$ , $karrow\infty$ .

AS for $\tilde{\Delta}_{112}$ , recalling the definition of $q_{\lambda}(\mathfrak{S})-$ and $q(\mathfrak{S})$-chains with $\mathfrak{S}=\mathfrak{W}^{+}$ we
note that

$dQ_{\lambda}^{+}/d\tilde{Q}^{+}=R(0)\eta_{\lambda}(0)^{-1}R(W(l))^{-1}\eta_{\lambda}(W(l))$ on $B_{\rho.l}$ ,

and that this tends to 1 uniformly on $B_{\rho.l}$ as $\lambdaarrow\infty$ by Theorem 2.3 and Remark
2.1. Therefore $\tilde{\Delta}_{112}$ tends to $\Delta_{112}$ as $\lambdaarrow\infty$ , where

$\Delta_{112}=\tilde{E}^{+}[\{\int_{[- l,l]}e^{-W(y)}dy\}^{-1}\cdot\int_{[-k.k]}e^{-W(x)}P\mathscr{C})\{T_{l}<h\}dx;B_{\rho.l}]$

$\leqq\tilde{E}^{+}[\{\int_{[-l,l]}e^{-W(y)}dy\}^{-1}\cdot\int_{[-k.k]}e^{-W(x)}P_{W}^{(x)}\{T_{l}<h\}dx]\equiv\Delta_{112}’$ .

$\Delta_{112}’$ depends only on $k$ and $l$ , and $\Delta_{112}’arrow 0$ as $larrow\infty$ since $P_{W}^{(x)}\{T_{\iota}<h\}arrow 0(\tilde{Q}^{+}- a.s.)$

as $larrow\infty$ . Thus we have

(5.25) $\lim\varlimsup\varlimsup\varlimsup\sup\tilde{\Delta}_{11}=0$ .
$karrow\infty\iota-\rhoarrow\infty\lambda-r_{\in}\tilde{B}_{h}$

The second term $\tilde{\Delta}_{12}$ in (5.24) can be controlled by

(5.26) $\tilde{\Delta}_{12}\leqq Q_{\lambda}^{+}\{A_{\lambda,l}^{c}\cup B_{\rho.l}^{c}\}$ ,

(5.27) $\lim_{\rhoarrow\infty}\varlimsup_{\lambdaarrow\infty}Q_{\lambda}^{+}\{A_{\lambda.l}^{c}\cup B_{\rho,l}^{c}\}=0$ (1: fixed).

From (5.24), (5.25), (5.26) and (5.27) we obtain (5.23) for $i=1$ . To prove (5.23)

for $i=2$ , it is enough to write
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$\overline{\Delta}_{2}\leqq E_{\lambda}^{+}[|\{\downarrow_{J(\lambda)}^{\wedge}e^{-W(y)}dy\}^{-1}\cdot\int_{[-k.k]}e^{-W(x)}P_{W}^{(x)}\{\Gamma_{k.l}\}dx$

$- \{\int_{[-l.l]}e^{-W(y)}dy\}^{-1}\cdot\int_{[-k.k]}e^{-W\mathfrak{c}x)}P_{W}^{tx)}\{\Gamma_{k.l}\}dx|$ ; $A_{\lambda.l}\cap B_{\rho.\iota}]$

$\leqq E_{\lambda}^{+}[|\{\int_{J(\lambda)}e^{-W(y)}dy\}^{-1}-\{\int_{[-l.l]}e^{-W(y)}dy\}^{-1}|\cdot\int_{[-k.k]}e^{-W(x)}dx]$

and then use (5.19). The rest of the statement (5.23) can be proved by similar
arguments. The statement (5.18) now follows from (5.23).

From what we proved up to now, we have

$\lim_{\lambdaarrow\infty}I_{\lambda}=\mathfrak{p}\cdot\tilde{E}^{+}[\tilde{P}_{W}\{\Gamma\}]$ .

Since a similar formula for $I_{\lambda}’$ can also be obtained, we finally obtain

$1i9\{X(e^{\lambda}\lambdaarrow\infty+\cdot, W)-b_{\lambda}(W)\in\Gamma\}=\mathfrak{p}\cdot\tilde{E}^{+}[\tilde{P}_{W}\{\Gamma\}]+(1-\mathfrak{p})\tilde{E}^{-}[\tilde{P}_{W}\{\Gamma\}]$ .

The above convergence is uniform in $\Gamma\in g_{h}$ and hence the convergence also
holds with respect to the total variation norm on $\ovalbox{\tt\small REJECT}_{h}$ . Thus our main theorem
is completely proved.
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