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1. Introduction.

Let (M, g) be a compact n-dimensional Riemannian manifold without bound-
ary (n=3) and S, be its scalar curvature. Define a new metric & which is
pointwise conformal to g by g:=u?"%g with a positive smooth function u.
Then its scalar curvature is given by

S =u'"?(ad,u+S,;u)
where p=2n/(n—2), a=4(n—1)/(n—2) and A, is the Laplacian with respect to

g, namely
Aju:=—g"VNu.

Now we are interested in the question of which kind of functions can be
realized as scalar curvatures in the conformal class of g. In particular, we
assume g is invariant under the action of some isometry group I, and consider
[-invariant scalar curvatures realized with ['-invariant metrics. From the
above formula, f is realized if and only if there exists at least one solution of
the following nonlinear elliptic differential equation:

{ aAu+S;u= fu?™?
u>0

(*) on M.

In the case f is a constant, it is called the Yamabe problem, and if f has
the same signature as the Yamabe invariant p#(M) (see Definitions 1)), then (x)
has at least one solution (cf. [17], [15], [1] [10]; see also [8]). On the other
hand, several authors discussed also about the case f is not a constant and it
is known that in the case (M, g)=(S" g, (that is the standard sphere), (*)
does not always have a solution (cf. [5], [2]) even if f>0 (namely f has the
same signature as p(S")>0). Aubin [1] obtained the useful criterion for
the existence of a solution of (x), and several authors generalized it to the I'-
invariant case. From this criterion and using Green function, Schoen [10]
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solved the Yamabe problem completely. By the similar method, Escobar and
Schoen [4] get a sufficient condition called a flatness condition. In this paper,
we consider its generalization.

To describe the above known results and our results, we prepare some
definitions. Throughout this paper, we use the same notations as above and
the following

DEFINITIONS 1.1.

% ](u)::aHVgu]lzz—i—SMSgudeg (weH(M)).
e[S
w(M) = 1nf{“unp2 us Hy(M)N0}}.

p(M) is called the Yamabe invariant of (M, g) and for convenience, we denote

pni=p(S")  (=n(n—Dlw,'")
where ®w,=vol S™.
(2) For any compact subgroup [’ of the isometry group of (M, g) and any ;&=
NU{+co}, we set

Fi:={xeM|#[x=j},

D= {x=M|#l'x<j} = U F,.

i=1

If I” is noncompact, replace I’ by its closure.
(3) For any f=C"*(M) (0<a<1) which is I'-invariant and max,f>0.

Hr, ;M) := {u€ H,(M)|u : ['-invariant, SM flulrav,>0o},

Wl i= ([ f1urav)™  wsHr 00,

e v

Nr. ;:={jeN|F;+ @, max f >0}.
Dj

weHr f<M>},

To solve equation (x), we employ the standard variational principle. Namely
we try to find usHr (M) which realizes pur, ;(M). If such u exists, by N.
Trudinger’s regularity theorem (cf. [15]) and the maximal principle, we can
show that |u| is a [-invariant C®-solution of (*). About any minimizing sequ-
ence of J(u)/|ullp % we know the following significant criterion obtained at
first by T. Aubin (cf. [1]) and generalized by P. Lions et al. (cf. [7]; see also
Vaugon [16], Chen [3]). '

THEOREM A. Suppose p(M)>0, and f is a ['-invariant C® “-function with
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0<a<l such that maxyf>0. If

(A) #r.f(M)<]'2’"(rrlljaX P pn
J

for any jENr, 4, then any minimizing sequence of J(u)/|ul,, s* has a subsequence
which converges H,-strongly in Hp (M), namely equation (x) has a ['-invariant
C®-solution.

Actually the Yamabe problem was solved by showing (A) in the case (M, g)
is not conformally equivalent to (S”, g,), I'=id and f is a constant, that is

tia (M) = p(M)<1*"(max 1) *Ppu, = u(S™).

It has not been shown in general case yet but n=3 and ['=/d. By testing a
constant function 1, we obtain the following integral condition:

S,dV,

(I) SMfd‘Vg >]'—P/n(S_M;n._

The method emploied by Schoen is more useful. Actually, by using it,
J. Escobar and R. Schoen obtained a flatness condition for n=3, and solved
this problem completely for n=3. They also considered the same condition as
above in the case (M, g)=(S", go) and f is invariant under the action of some
nontrivial finite subgroup I of the isometry group of (S”, g,) (that is O(n-+1))
without fixed point. By the similar method, Chen [3] generalized it to the
case with fixed point.

In this paper, we shall consider the case (M, g) is not necessarily con-
formally equivalent to (S”, g,) and I' is not necessarily finite, and obtain the
following flatness condition :

p/2
) TIII%X]’>0.

(F) there exists x;&D; such that
f(x;) =max f>0,
Dj

f(x) = f(x;)—C(d(x, x;))"* near x;
for some C>0.
Parts of our main results are stated as follows.

THEOREM 1.2. Let (M, g) be a locally conformally flat manifold which is
not conformally equivalent to (S™, g,) and p(M)>0, and let f=C**(M) (0<a<])
be I'-invariant and maxyf>0. Then there exists a C*-solution of equation (x),
provided that conditions (F) and (S) hold for each j=Nr, ; where
(S) there exists a I i-invariant smooth function 2,>0 which is defined in some neigh-
borhood B.(x;) such that 2" °g s,z s flat where I'c:={hEI |hx;=x;}.

THEOREM 1.3. Let (M, g) be a compact 3-dimensional manifold which is not
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conformally equivalent to (S°, go) and p(M)>0, and let f=C>*(M) 0<a<l) be
[-invariant and maxyf>0. Then there exists a C*solution of equation (x).

Sections 2 and 3 are devoted to the full statements in Theorems 2.1 and
3.1 and the proofs for these. The above assertions are involved in these theo-
rems. After observations on the condition (S) are made in Section 4, some
relations between the symmetry and the nonuniqueness of solutions of equation
(%) are given in Section 5.

The author would like to express his sincere gratitude to Prof. S. Mura-
kami and Prof. A. Kasue for their constant encouragement and valuable sug-

gestion, and also to Prof. O. Kobayashi and Dr. S. Nayatani for their useful
comments.

2. The locally conformally flat case.

In this section, we treat the case (M, g) is locally conformally flat. Before
stating the main existence theorem, we prove the following crucial

LemMA 2.1. Suppose (M, g) is locally conformally flat and j=Nr, ;. If con-
ditions (F) and (S) hold, then (A) is true except the case (M, g)=(S", g,) and j=1
simultaneously, where (S) is as in Theorem 1.2.

Proor. We shall show that for each =N, ,, there exists u=Hp (M)
such that

(A") J(u)

o, s

< " (max f) Py, .
Dj

STEP 1. Since x;=D;, there exists ;’<;j such that x,=F,. Then [, is
compact and |I": ['y|=j’, so there exist h,(=e), h,, -, h; =" such that

g
F—_—' 21/11[10.
We put y;:=h;x; (ISVi<j7), then

FXj: {x]', h2x]’, e, h]"xj'} = {yl: Yo, * yj'}.

We may take ¢ to satisfy B.(y)N\B.(y:+)=9 for any 7+, and define a posi-
tive smooth function 4 by

2(x):=;ﬁl(v<20—l))chi‘1(x>+1 (Yx=M)

where 7 is a cut-off function which is defined by
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1 for d(x, x;) < ¢e/2

0 for d,(x, x;)=c¢.

7(x) :{

and depends only on d,(x, x;). Since d,(x, x;) is [',-invariant, so is 7. Now
for any hel,

p y
21 hily=I=h"'[ = ]Z h=th, 0, .
i= i=1

This implies there exist k,, -, k; [y such that

{h™hy, s k7 h = {haky, o, Ryky).

Hence for any x=M,

A = S h hO+L = 3 (e ke~ he "0+

- irj2,=1<77(/20-1))°hz'_1(x)+1 = A(x),

namely 2 is ['-invariant. So we can define a new [ -invariant metric g:=1?"%g
which is pointwise conformal to g and flat near x;.

STEP 2. Now since p(M)>0, there exists a unique Green function for
aA;+S; at x;, and we denote it by G,. For its uniqueness, it must be [',-
invariant. Denote the distance d;(x, y) between x and y with respect to the
metric ¢ by |x—y| for simplicity, and take p,>0 such that g13290<yi) is flat
for any 7. If we replace G, by some multiple of G, then we have

Go(x) = |x—x;]" "+ Apta(x)  (YxEB,,(x,)

with some constant A,=0 and some «a such that A;a=0, a(x;)=0 (cf. [10].
For any k<l and x & By, (x,)N{x;}.

a(kx) = Golkx)—(lkx—x;1*""+As) = Go(x)—(|x —x;*" "+ Ay) = a(x).

which shows « is also [',-invariant. Set
p
G(x):= Zl Goohi Y (x).

Then it is clearly well defined and /’-invariant. In addition, for any 7, and
xE By, (y:,), We get
G(x) = |x—y [P "+ A4 Bi(x)
where
A= Ao"i‘i;ilcwhi-l(yil) .

Bi(%) 1= aohi, ()4 3 (Gooh (1) = Gorhi™(31,)).
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Since there exist ky, ---, k<[, such that
{he,thy, =y s hy} = {haky, -, hyky)
as before, and in paticular hy ~*h;=e=h,k,,
A= A+ ;‘ Goohi X (hyyxy) = Aot ,21(G0°ki'_1)°hi'_l(xj)
1#1] iF

= A°+i§1 Goohi™x;) 2 0.

This shows A is a nonnegative constant independent of 7,. On the other hand,
for any hel, there exists 7, such that hy; =y, =h:,x; namely hi,~'hh 1.
Now there exist k,, ---, kI, such that

(R hy, ooy By} = {hyky, oy Bk}
as before, and in paticular A™'h;,=h; k;. Hence for any x& B, (y:,).

hx & By (¥4,)
and
/91;2<h.X) = aohiz'l(hx).}- iéz(Go"hi_l(h.X)"Go°hi—l(y12)>

= a°(hy, *hhi )by, 7 (x)+ ; (Goohi™ (hx)—Goohi ™ (hys))
1#19
=achs, W(x)+ ; (Gooki™)ohe ™ (x)—(Goo ki ™ )oh T (4,))
i*iy :
= achy () 3 (Gorhe (0= Garho " (ys,)

= ﬂil(x) .
It is clear that A;B:,=0, B:(y:,)=0.

STEP 3. For any ¢>0, let
15

ui(p) = (m‘z‘

Take a smooth function ¢ satisfying

(n-2>/2
) (Yo=R).

1 for 1<1
ot)=4 0 for t=2

and let

p)=g(&)  (Vp=R)

where p, is as in Step 1. Then ¢, is a smooth function such that
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1 for p=p.
0 for p=2p,
SbO(.o): 0§¢0§_1 for PO§P§290
‘b |< -1
1 dp(p)iICpo for some C>0.
Now we define ¢ by
u(lx—y:l) on B, (y:)
O(x) =1 &G(x)—¢o(|x—y:)Bu(x))  on By, (yi\B, (¥4
g.G(x) elsewhere

where &, is chosen so as to satisfy

u(lx—yil) = eo(G(x)—=Po(lx—y:1)Bu(x))  on 0B, ()
that is
3 (n-2)/2 . o-m
(m) = &o(po* "+ A).
Clearly ¢ is a positive ['-invariant C’-function which is smooth in M\\UJ.0B, (vo).
By direct computation and the definition of Green function, we see

( dn(n—D¢?""  on Ql B, (79
alA;p+S;z0 = p
0 on M\y1 By (y4).

Now let u:=2¢. Then u is also ['-invariant and u=Hr, (M) for any suffici-
ently small ¢>0, since we assume f(x;)>0, that is, f(v,)>0 for any 7. More-
over u satisfies

An(n—1u?"t  on 1\1)1 B, (34

aA,u+S,u = { .
0 on M\1\]=,l Bay (4.
Actually this is derived easily from the following formula:
(@A, +S,)(Av) = 2P~ alA;+S;)v.
STEP 4. First by the above formula, we see

Jay Al Saedv,  algli+ Sigrav

M
2 2/p - 2/p
”u”p.f (SMflulpdVg) (SMf|¢[pdVé>
Now applying the same argument as in Escobar and Schoen [4] and Chen [3],
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we can obtain the estimate (A’). Actually

aWgust,Bp0<yi>2>+SBpo(yi)Séuedeé
'—S A +Ssu)udV +ag u%ds
o Bpo(yp(a gHeTOgUIUAY g 3By v ON
- ou.
- 4n(n—l)g u2dVy+al w2 g
Bp, 2 3By (Z;) on
2/p au_
< PdV s _ou.
= ﬂn(SBPO(xj)us dVg) +GS&Bp0(xj)u~ on ds
because
. A HUn 1-2/p
p . << p = /2 =(— .
SBPO(xpuE V3 5 | urdy =40, (700 =D)
Similarly
aHVg(so?G)Hz,,M\E;Bp[](yi)+SM\%BPO(yi)S§(EoG)2dV§
0
- SM\LLJBPO(yi)(aAé(eoG)—}—Sé(soG))soGdVé—aSUaBﬂo(yi)eong—(soG)ds
= ——j’asozs~ Gégds.
PREDIY
Hence

Q| Va9 i+ Sedd Vs

2/p ou oG
* P . ’ I 2”7
= ‘u(SBpﬁucj)us dVg> + aSaBpo(zj){us on_°° ¢ on }ds
+J"502§ [a{IV4(G—goB*—|V;G )

Byy (Z)\Bp (27
20,0F 0T tE)

+S:{(G—¢oB)*— G} 1dV,
= 14114111

Now as Schoen estimated, since
[(G—¢of1)*—G?| < Cps*™"

on B,, (x )NB,(x;),
IIV?(G—¢0‘81)]2'_|V§G|2[gC‘ool*ﬂ Zoo\J oo\

we see
I < Cey’py.

for some C>0. On the other hand, if we take ¢<p,, then
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Ju. 3G ]
usi—sozG'aZ = —Codelpe " +Ce”p0'*"  on 0B, (x,)

since ¢<Ce*"®, Hence we also have
H é _C0A802+C80ppo-n
for some C>0 and C,>0. Now from our hypothesis, we can assume

flx) £ f(x)+Cp™t  on B, (x;)
so that

f(xj>gB wPdV, gg )fuspdVg—i—CS 0" P dV;.

Fo B, (x; B, (xj
NSER 0o %) LS

Since

n-1, p L= n-1 & nd .
SBpOucj)p urdVs SBpo(zpp (82+p2> Ve

po n- € n n- n-

if we take sufficiently small p,, then

SM\uBo i
i Yo
This implies

re ].,ﬂn{f(xj)-l(g% furdVyc|

(€3
o 7 P "

p”‘luspdV§>}2/p

=< j’f(xj)‘g’p;zn(j’"lgw

1

797dVs) +Cer

i)
0¥

= ]"1‘2/?’f(xj)”2/p‘un<g F@PdV, ——S f¢PdV§)2/p+Cs”'ls

b4 M\UB i
\WBp w4

2/
< 57 f ([ 1874Vs) +Ce o+ Cespo

for some C>0. It follows that

alVeg s+ Segd Vs = 141+ 11

< e fy ([ serave)”

+C80”po'2"+C602po*Ceroz+C60”po"”+Csozpo

2/
§ ].,2/nf(xj)_z/p,un<gluf¢pdVﬁ) p+ C(Eoppo_zn‘i‘EoZpo)_CoAEoz .

f¢7dVy < max | f | {ealpo "+ A)}P(v0l (M, £)) = Cer?po™".

741
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If (M, g) is not conformally equivalent to (S”, g,), then A,>0 because of the

positive mass theorem (cf. [13]). On the other hand if j=1, then obviously
i; Goohi™(x;) > 0.

Hence

A = A0+1§ Go"hi_l(x]') > O .

Thus if we take sufficiently small p,>0 and smaller ¢,>0, we obtain the fol-
lowing estimate

e+ Segdve < sy ea(( soravy)”

which shows

Sy alTedle+ Sigavs

M

fulo.” (] _rigirav,)”
= j"¥"(max f)™*Pp, < j¥"(max f) P py . Q.E.D.
D, D;

J J

< ].IZ/nf(xj)—Z/p#n

Now we obtain the following

THEOREM 2.2. Let (M, g) be a compact locally conformally flat manifold
with p(M)>0, and let fC"*(M) (0<a<1) be I"-invariant and maxyf>0. Then
there exists a [ -invariant C*-solution of equation (x), provided that for each jE
Nr. s, [ satisfies one of the following :

(C-1) conditions (F) and (S) hold wunless (M, g) is conformally equivalent to
(8™, go) and j=1, and condition (F') holds in the above exceptional case where
(F") there exists x,=D,=F, such that

f(x) =max f>0.
Dy

f(x) Z f(x)+C(d(x, x1))* near x,
for some C>0,
(C-2) condition (I) holds,
(C-3) there exists jo>j such that
.7'0 pln

max f = (— max

DjO f - (] ) Dj f
and (C-1) or (C-2) holds for j,.

PROOF. In the exceptional case in (C-1), since A=0, the condition

f(x) = fx)—C(d(x, x )
is not available but
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f(x) 2 f(x)+C(d(x, x1))*

as W. Chen showed by estimating solutions of the Yamabe problem (cf. [3]).
From this result, and the results in Section 1, it follows that the
estimate (A’) holds under the condition (C-1) or [[C-2).

On the other hand, under the condition (C-3), since f satisfies (C-1) or

for jo>j, we get
J(u)

I P

< J'oz’"(rrzl)ax Py,
jO

< ].Oz/n{(]_'(',_)p/nmaxf}—zlp#n _ ].2/,,(mgx f)'zlp#n . Q.E.D.
J

J Dj

3. The Case n=3.

In this section, we consider the case n=3, and show a stronger result than
that of the previous section.

LEMMA 3.1. Suppose n=3 and j=Nr ;. If (F) holds, then (A) is true, ex-
cept the case (M, g)=(S?, g,) and j=1 simultaneously.

PROOF. Since p(M)>0, there exists a unique Green function for ad,+S,
at x,;, and we denote it by G,. For its uniqueness, it must be I ,-invariant.
Denote the distance d,(x, y) between x and y with respect to the metric g by
|x—v| for simplicity. If we replace G, by some multiple of G, then for any
00>0.

Go(x) = |x—x; '+ Atalx)  (VxEByp(x,)

with some constant 4,=0 and some a such that A;a=0. a(x;)=0 (cf. [10]).
In addition, if (M, g) is not conformally equivalent to (S%, g.), then A,>0 be-
cause of the positive mass theorem (cf. [12]). Construct G and u as before
and observe that

aHVgust,B,,O(yi)?-i—g S uldV, < a|Vouels, Bpocyif-i—Cposoz,

B (¥

uepdxgg uLdV,4+Cey*

SBpo(xj) BPO(IJ')

for some C>0, where V, is the gradient with respect to the flat metric. Thus
we obtain the same estimate as (A’). Q.E.D.

THEOREM 3.2. Let (M, g) be a compact 3-dimensional manifold with p(M)
>0, and let feC**(M) (0<a<l) be ['-invariant and maxyf>0. Then there
exists a ['-invariant C*-solution of equation (x) if either of the following two
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conditions holds:

(1) (M, g) is not conformally equivalent to (S*, go).

(2) (M, g) is conformally equivalent to (S°, g,) and additionally in the case
1= Ny 4, f satisfies one of the conditions (C-1), and (C-3) for j=1.

PrOOF. From [Cemma 3.1, it is enough to show that (C-1) is satisfied
whenever j=Nr ;, unless (M, g) is conformally equivalent to (S®, g,) and ;=1
simultaneously.

If F;+ @, then obviously there exists x;=D; such that f(x;)=maxp,f, and
there exists ;/<j such that x,=F;. Set[',:={h<['|hx;=x;} as before. Then

it is compact, |I":I'y|=j’ and there exist h, (=e), hy, -, h;<I" such that
g
r—'—_— Zlhi[,o.
Set

Mp,:= {xeM|hx=x for any hel,}.
Then for any x=Mr,,
F,‘C: {hlx(:x)) hﬁx; Tty hj’x}-

Hence #['x<;’, that is, x=D;. This implies My CD;CD; and f(x,)=
maxpjf:maxM,Of, hence Vg.MFOf(x,-)zo. Then because of the principle of
symmetric criticality (cf. [9]), V,/(x;,)=0, from which it turns out that

f(x) < f(x;)—C(d (x, x;))* near x;
for some C>0. Q.E.D.

Under the same hypothesis as in Theorem 3.1 (1), the existence of a solu-
tion has already been shown by [4], but we assert the existence of a /-
invariant solution. Solutions do not always have [ '-invariance (see Section 5).

On the other hand, about (S%, g,), we see the assertion in is valid with any
infinite I too.

As above, (F) is not needed at all in the case n=3. In the case n=4 or
5, though we also see the following similar expansion

Gox) = |x—x;|* "+ Avtalx),

we cannot remove (F) by the same method. But it is not necessary as we
saw in (I). Moreover when we regard g, ;(M) as a functional on

{fC»*(M)|[-invariant, max f >0}.
M

it is trivially upper semicontinuous with respect to C°norm. Hence for any
locally conformally flat manifold M and any I” which satisfies (S) for any xEM,
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we see the set

{feC"*M)|[-invariant, (*) has a ['-invariant CZ%solution}

is at least open dense in

{f=C"*(M){[-invariant, max f >0}.
M

4. Remarks on the condition (S).

The condition (S) was required to construct a [ -invariant metric which is
flat near x,;. In this section, we will see two examples about it.

PROPOSITION 4.1. When (M, g)=(S", g.), (S) is automatically satisfied.
PrOOF. We may regard (M, g) as an imbedded submanifold of R"*':
M=S"C R*!,

n+1

8= 2 (@ sn.

Moreover we can take a coordinate system so that x,=(0, ---, 0, 1) without loss
of generality, and then

r,c {(64 (1)) = o<n+1>|Ae()<n)}.

Define
g:S5"™{@O, -,0, =1)} — R"
by
x! x™
1. n A1) oo = 1. n
a(x?, , X, X (1+xn+17 ’1+xn+1> h , V™).
Then

n . 1 2
k 21 1\2) —
7 (i:l (@) ) o <1+x"“) go-
s0 ¢ is a conformal diffeomorphism. Hence if we set

Aot = <i:i—n+~1>2/(p—2) ’

it is obviously [',-invariant. Q.E.D.
But (S) is not always satisfied as follows.

PROPOSITION 4.2. When (M, g)=(S§'XS"*7, d0*+g,), (S) is equivalent to the
following condition:
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(S) I'icSO@)x0(n).
PrROOF. We may regard (M, g) as an imbedded submanifold of R*<XR":
M=S'XS"'CR*XR",
d6°+go= 2 (v |se+ 3 (@dx')|sn1.

Moreover we can take a coordinate system so that x,=(1,0;0, ---, 0, 1) with-
out loss of generality, and then

r,c {(((1) ;1)) (64 2))60(2)><O(n) | ASO(n—1)}.

For any open subsets UcCS! and VcS™%, choose an argument of the polar
coordinate of UC R® and define

r:UXV —t(UXV)C R"
by
(0 xt, e, x™)i=(e%x, e, efx™) = (Y, e, ™).
Then

(3 (@) = e(d0*+2),

so 7 is a conformal diffeomorphism. Hence if we set

. 520 -2
Qo= 2012

it is obviously invariant by the action of

(GO S)=oemom i azon-}.

On the other hand, by Liouville’s theorem (cf. [147]), we see any metric on
(U X V) which is pointwise conformal to

E (dy*)?
can be written as
L2 . . -2 _n .
(Zo—yr) S @y
i=1 i=1

for some y,=R™t(UXV) up to a constant. Hence by setting yo=:7(0,; xo),
we see any metric on U XV which is pointwise conformal to df%*+g, can be
written as

(e20+02‘9°—2€0+0° Zfl xixi0>_2e20(d62+g0)

i=1

for some (f,; x)=(RXS" )NU XV), or as
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e *%(df*+-g,) (this case can be regarded as for #,=—cc)

up to a constant. Now the assertion is clear. Q.E.D.

5. The symmetry and the nonuniqueness of solutions.

In the previous sections, we considered the existence of a [ -invariant solu-
tion of equation (x), but we do not know whether solutions given under differ-
ent sufficient conditions coincide or not in general. At least in the case f is
a constant, if p#(M)<0, then (%) has a unique solution, if p(M)=0, then a unique
solution up to a constant, but if p(M)>0, there are examples that (x) has non-
unique solutions. Hence we may expect nonunique solutions also in the case
f is not a constant. In this section, we consider some relation between the
symmetry and the nonuniqueness of solutions.

For example, suppose (M, g) is I'-invariant and there exist 'S/ and [
Nr,;N\Nr. ¢ such that f=S, does not satisfy (C-1) but [C-2) for j=I/, and
satisfies one of (C-1), and (C-3) for j=(Nr, ;\UNp: ;)N{{}. Then trivially
u=1 is a solution of (x) for f=S,:

ad,u+S,u=S,u"*.
On the other hand,

S Sng/g pl2
Sysgdvg AR __‘_[_‘u_n___ H]DELIXSg,
namely
SMSngg = l(mglx SR
Hence

J vl S, 1,

_ (gﬂsgd Vg)””’

> 12/”(11}3aXSg)'2/pyn > pre, (M)
!

%[IHP.SgZ - <SMSg]1|TJdVg)2/p

Now clearly u=1 does not realize ur/ ;(M), so there exists some other solu-
tion which realizes pr. ;(M). Namely in this case, () has at least two solu-
tions.

ExAMPLE 5.1. Suppose (M, g)=(S5*x S?, (sinmf+C)"(d8*+g,) (m=N). Then
by direct computation, we see
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(1+4m?)sinmd +C}
(sinmb+C)® ’

5, =4

Swsgdvg = 8a%(1+4m?+2C?),

and for C=4+5/(m*—1) (<6),
_2(1+4m*+0)
max Sy = "oy
Hence for C=6, sufficiently large m and /|m such that m/[ is also sufficient
large,

(max S,) 2, < SMsgd v,,

namely for such /, is not satisfied with /'=2Z;,. On the other hand, since
n=3, (C-1) is automatically satisfied for any ;. Thus equation

8A,u+S,u=S,u°

has a trivial solution #=1 and at least another solution which has a period
2r/l.

If pr (M)<pr, ;M) for IS, any solution which realizes pr. (M) is
different from any solution which realizes pr, (M), but it is difficult to show
pr, f(M)<pr, (M) in general. In the case f is a constant, Kobayashi [6] and
Schoen independently obtained the following result.

THEOREM B. Let (M, g)=(S*(r)XS™™!, ¥r*d0*+g,). For any positive constant
f and any k=N,

(1) if 0<r<1/~n—2, then (x) has a unique solution u=constant,

() if B/Vn—2<r=<(k+1)/vn—2, then (x) has a trivial solution u=constant
and an S'-parameter family of solutions which has a primitive period 2zr/i for
any i<k. In particular, solutions which has a primitive period 2zr (namely with
no period) is minimizing, and

®) lim p(S' )X S™) = g

By (3), we can show some generalization of (1) and (2) to the case f is not
a constant as follows.

THEOREM 5.2. Let (M, g)=(M,, g,)=(S'(r)xS*™Y, »*d0*+g,), and suppose
Z; acts on S'(r) for any j=N. For any m<N, there exists rp(n)>0 such that
for any r>ra(n) and any fC*"*(M) (0<a<l) which is Zn-invariant and
maxy f >0, there exists a Z;-invariant C®-solution of (x) for any [l|m which is
different from each other if
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(1) n=3
or

(2) n=4 and [ satisfies each of the following conditions :
(C-1) there exists x,=M such that

f(xe) = max f.
f(x) = f(x0)—C(d (x, x,))""" near x,
for some C>0.

-2 no1\P/2
(C-2) SMdeg>(2m(i7E)§’n—)p max .

PrOOF. For any j= N, define a covering map
T . MT —> Mr 17

by n:0, x):=(j0, x). 1If f is Zj-invariant, then there exists f'=C"%M,,;)
such that f=f’-n; and for any u=Hz, ;(M.), there exists u'&H,q, ;(M./;) such
that u=u’-xw;. Hence

jMT(u)

lullp. r.00,°

ueEHy, (M)}

2, (M) = inf {

= inf { ]']Mr/j(u’) >

VAR PRI

u’EHm_fr(M,/j)}

]MT/j(u’)

“u,”p.f"Mr/j
— ]iz/nﬂid,f’(Mr/j) > ]-2/71 (mﬂ?Xf)'zlp‘u(Mr/j) .

= ji %P inf{

u/EHid,f'<Mr/j>}

2

Now denote the set of divisors of m by {{,, -, [} so that [,=1<[,< ---
<lp_1<lp=m. Then by (3), it is clear that there exists 7,(n)>0
such that any »>r,(n) satisfies

#(MT/li+l> z (li//li+1)2/nﬂn

for any /<k—1. On the other hand, from the hypothesis, we can apply Theo-
rem 2.2 or 3.2 and see there exists a Z;-invariant C®-solution of (). Denote
it by u;,. Then it satisfies

Joar (ur,) -
AT — M, 12 2Dy
T g pz,,. f(M;) < (mﬂ?x *ep
a Uy
< L max M i, ) S prayy, s(My) = L)
o ”ulﬁ.l“p.f.MT
for any /<k—1, namely solutions u;, ---, u,, are different from each other.

Q.E.D.
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