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§1. Introduction.

The short time asymptotics of the traces of the heat kernels for the
Schrédinger operators without magnetic fields on Euclidean spaces has been
considered from the old times mainly because it is directly related to the
asymptotic distributions of the eigenvalues by virtue of the Tauberian theorem.
See, for example, [6], and the references therein. Moreover Tamura
has studied this short time asymptics for the Schrodinger operators only with
magnetic fields whose magnitudes grow unboundedly at infinity.

In this paper we will consider the Schrodinger operators H, and H on R?,
d=2, which are given by

Hy = — -é—A—l—V(x)

and
H= (/"I APV (),

both of which act on L*R?%), and we will study the difference between the
short time asymptotics of the traces of the heat kernels for —H, and —H.

We will assume that the scalar potential V' is bounded from below and is
bounded from below by some polynomial of |x| at infinity. This implies that
e o and e *# are of the trace class. Then we will see that, if the derivatives
0“A(x), |a|=1,2, of the vector potential A grow more slowly than V, the
leading term of the asymptotics of the trace of ¢-'¥ as t tends to 0 coincides
with that of e-*#o, Therefore such vector potentials or magnetic fields, which
are given by curl(A(x)), do not affect the asymptotic behavior of the trace so
seriously. Moreover this result says that the leading terms of the asymptotic
distributions of the eigenvalues of H, and H are identical.

Similar problem has been considered by Odencrantz in the case of a uni-
form magnetic field. This important case will be discussed in detail also in
this paper. The main methods used in are the canonical order calculus
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developed by Simon and the theory of pseudodifferential operators based on
the weighted Sobolev spaces. In this paper we will use the probabilistic method,
which is also different from that of [6]. By virtue of this approach we can

show the result directly and can prove the result without any differentiability
conditions on the scalar potential V.

Finally the author would like to thank the referee for useful comments.

§2. Main results.

We consider the operators H, and H on R¢%, d=2, defined by

Hy= — 2 AV (@)
and
He %(_vflv+A(x))2+V(X),
respectively.

First of all we state the assumptions on the scalar potential V(x) and on
the magnetic vector potential A(x)=(a,(x), a,(x), -+, aq(x)). Throughout this
paper we assume :

(V1) V(x) is real valued continuous function on R% and there exist a compact
set KCR® and positive constants C, and % such that

V()= C,|x|* for x € R“\K.

(Al) ayx), 1=<7=d, are real valued C? functions and there exist positive con-
stants C, and » with »<2k such that

|D%ay(x)] £ Co(l41x]7)

for each j and each multi-index a with |a|=1, 2.

Under these assumptions it is known that H, and H are essentially self-
adjoint in C$(R?%). We will denote the selfadjoint realizations of H, and H on
L* R?%) by the same notations, respectively. Moreover the assumptions imply
that Tre ‘o, the trace of the semigroup e-‘#o generated by H,, is finite for
any t>0 and that, since

Tre *# < Tre tHo,

e~'H ig also of the trace class. For details of these fundamental facts, we refer
to and [8].

Now we state the first result which is concerned in the rough estimate for
the asymptotics of the difference between the traces of ¢ *# and e ‘Ho as t
tends to 0.
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THEOREM 1. Under the assumptions (V1) and (Al), there exists a positive
constant C such that

(21) |TI‘ (e~tH_e—t}10>[ g Ct%(d/?)(lﬂ/k)—r/k

for sufficiently small t>0.

The proof of will be given in the next section. We note here

that, if d=2 or 3, there is some cases when the power of ¢ in is positive
and, in particular,

Tr(e % —e~tHo) = o(1) as t 10,

which cannot be seen by the result of Odencrantz [5].

As a corollary of we can easily prove that the leading terms of
the asymptotic distributions of the eigenvalues of H and H, are identical. To
mention the result, denote by N,(4) and N(A) the numbers of the eigenvalues
less than A>0 of H, and H, respectively. Then we will show:

COROLLARY 1. Assume (V1), (Al) and, moreover, assume that there exists a
constant C, such that

Vix) < Cylx|®
holds for x=R\K. Then it holds that
N = Ny(A)  (1+40(1)) as A-»oo .
The proof will also be given in the next section.
Next we consider the asymptotically uniform magnetic field. We will see
that the power of ¢ in is in fact attained in this case. Moreover we will

express the constant which appears in the leading term of the difference ex-
plicitly. For this purpose we assume also the following:

(V2) There exist a Lipschitz continuous function v on the d-sphere S¢-! and
positive constants d and C, such that

WV(x)—x|2*o(x/l x| < Cylx|**9 for xeR\K.

(A2) For each 7, j there exists a constant a,; such that

lim »ia(r\ = a;;
lII—*OOaxj Y ) o ¢

and, for each multi-index a with |a|=2, it holds that
lim | D%a(x)] =0.

x| —co

Then we will prove:

THEOREM 2. Under the assumptions (V1), (V2), (Al) and (A2), it holds that
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lim -2+ @/ A+1/8) T (e—xH_e—tHo)
ti0

(2.2) 1 ok a 2
:iﬁfﬁgm exp(—|x| U<x/lx|))dxi‘]2:]l(aij_aji> .

The proof of will be given in Section 4. Here we give another

expressions of the constant which appeared in (2.2). We will show

1 ¢ y d 1 A2
where F is the expectation with respect to the d-dimensional pinned Brownian
motion {X},.s-; such that X,=X,=0 and -dX] denotes the Stratonovich inte-.
gral. For the pinned Brownian motion and the Stratonovich integral, see
and [8].

We will end this section with some remarks on the case of uniform magnetic
fields. By the gauge invariance (cf. ), we can assume that the uniform
magnetic field is defined by a skew-symmetric matrix B=(a;;), that is, by a
vector potential Bx. In this case the expectation in is the variance of a
linear combination of Lévy’s stochastic area, which is defined by

%S:chng—Xgong .
This also appears when we write the heat kernel in terms of the pinned Brownian
motion by using the Feynman-Kac-1t6’s formula. See the next section and see
also for more informations.

Moreover, if B=(a,;) is skew-symmetric, we can rewrite [2.3). Denote by
++/—1b;, b,>0 and j=1, 2, -, r, the non-zero eigenvalues of B, where 2r (<d)
is the rank of B. Then it is easily seen that

1 2 2 __ < 2
oy 1<aij_'aji> = 1%(01';) = ng(bﬂ .

Ma.

It

§3. Proof of Theorem 1.

Let us denote by p(¢, x, ¥) and ¢(¢, x, y) the heat kernels for —H, and —H,
respectively. Then the following probabilistic representation of these heat
kernels, called the Feynman-Kac-Ité’s formula, is well known ([8]);

pit, 5, 3) = @mey 2Bz exp(~ [ V(Xds) |emremvie

__(t t
att, x, ) = @atyer gy exp(v=1{ AGod X, | V(Xods) e,
0

where E{ Y is the expectation with respect to the d-dimensional pinned Brownian
motion {X;}ecso:={(X3, X2, -+, XH}oos<e such that Xy—x and X;=y. Moreover,
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under the assumptions (V1) and (Al), p(t, x, y) and ¢(f, x, ¥) are continuous in
t>0 and x, yeR%. Since we are interested in the trace, we will consider the
heat kernels on the diagonal set only. Then, as is also well known, setting
t—=¢? from the probabilistic point of view, the self-similarity of the Brownian
motion implies that

(3.1) p(e?, x, x) = (2nag)‘d/2E[eXp<——ezS:V(x—l—sXs)ds)]

Fé(x) = eS:A(x—}—eXs)odXs .

Here and hereafter we denote E§§ simply by E.

The argument in this paper is based on these probabilistic representations
of the heat kernels.

In order to prove [Theorem 1, we need the following two lemmas. The
first one is related to the maximum of the pinned Brownian motion and might
be a well known fact. See, e.g., [9] But, since we will use it also in the
proof of [Theorem 2, we give it here.

Let P be the probability law of the d-dimensional pinned Brownian motion
X={X;}oes<: such that X;=X,=0. Denote by » the maximum of X;

7 = max | X;|.

0sss1

Then

LemMA 1. It holds that
(3.2) P(n=R) < 2de*®?  for R>0.

PrOOF. Let {x;}:s be a l-dimensional standard Brownian motion starting
from O defined on a probability space (2,, &,, P,) and {&};., be its maximum
process,

&, = max x;.

0ssst

Then, by virture of the Lévy’s work on the joint distribution of these stochastic
processes, it is known that

2 \1/2 2
P(x.Eda, £,&db) = (—7&—) (2b—a)e- -0 g dh

3

holds for 1>0, 0<b and a<b. See, e.g., [4]. Since the probability law of each
l-dimensional pinned Brownian motion {X%}o.s<1, =1, 2, ---, d, coincides with
the conditional probability P,(-|x,=0), it is easy to show
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Pmax Xizyr)=e®*, {=1,2, - ,d and »>0.

081

Moreover the rotation invariance of the probability law of the Brownian motions
implies that

P(max | Xi|=r) < 2¢727%,

[ ESF51

Therefore we get
PzR) £ P {max| Xi| ZR/Vd})
< 5 P(max| X{|ZR/Vd) = 2de-™*.

0sss

The proof is completed.

The second lemma is concerned in the moment estimate of F¢(x).

LEMMA 2. Under the assumption (Al) there exists a positive constant C,
such that

(3.3) ECIF(0)*] = Cie®(I+]x|*7)
holds for every x&R* and every & with 0<e<l.

ProOF. We first note that the pinned Brownian motion such that X,=X,=0
can be realized as the solution of the following stochastic differential equation
based on the standard d-dimensional Brownian motion {w.}.<;<; defined on some
probability space (2, &, P) (see, [3]):

Xz
1—t
Then, by the It6’s formula, F<(x) is equal to

(3.4:) ng = dlxbt dt R Xé:o , Z.:l, 2, TN d.

(3.5) aQZg:du ga a(x-reX)dwi +522g

Sa az(x—}—qu)

_CZES 5[ D0t e Xoduik 5 ES dwigzaﬁai(ﬁc—i—aXu)du

~~2§ S 93a(x+eXu)du

1 (s X3 d (1t
—e' 2 dw;S djax+eXy) i dute 3|00+ Xdu,
0 0 1—u i=1Jo

where we have written simply 3 for X¢,., and @; for d/dx’. Now, noting
that X, is a Gaussian random variable of mean 0 and variance u(l—u) and,
therefore, that

(3.6) ET1 X, 1P™] = Cm—-D! 1 (u(l—u)™ for m=1, 2, -
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follows by the standard method using the Holder’s inequality. We will
show the calculations for the first and the second terms of (3.5).
For the first term, we use the moment inequality for martingales (see, [3]).
Then there exists a constant C>0 such that
2
ds)g}

2|
1

Here E denotes the expectation with respect to P and we have used the
Schwartz’s inequality at the last line. Now, using the moment inequality and
the Schwartz’s inequality again, we obtain

= o as B ([Baitwtexaran)]

] 1 N .
lgodwggoajai(x—l— e X )dwj

4] <c g[(S:[S:ajai(ququ)dw{;

< CS:ds E‘mzajaxerqu)dwz

E U S:dwigzajai(x—}— e X dwi

< ngldsgsﬁ[ajai(x—i—qu)“:ldu.
0 0

Therefore the assumption (Al) and imply that the fourth moment of the
first term of (3.5 is bounded by constantXe¥(14|x]|*").

We can estimate the moment of the second term of (3.5) by using the
Hélder’s inequality and [3.6) as follows:

E[igl A dsga a{x+eX, )— dul ]

0l—
:dsk{l:fHS 0;a; (x+eX) ; duig]}”s{ [( ——sk)s]}lls
= CI{S:{E U:(ajai(x-*‘qu))”du]E B:( l)iiu>mdu]}1/1631/2(1—3)‘”20.’3}4

< CZ{S:dS(l—}—le’)s(l—s)'15/‘6ds}4 < Cyl+|x]*),

<1

k=1

A

where C;’s are constants independent of ¢ and x. »
The other terms can be estimated in a similar way. The proof is com-
pleted.

Now we are ready to give the proof of [Theorem 1.

ProoF OF THEOREM 1. We first note that g(e?, x, x) is real although its
probabilistic representation is of a complex form. Then we have, by [3.1),

la(?, x, x)—p(ed, %, )] _.] 'dE[{cos(F “(x))—1} exp(—sSV(x—l—eX)ds)]l

1

< ?e‘dE[FE(x)Z exp('—azg:V(x—{—sXs)ds)} .



684 H. MaTsumoTo

Here we have used the elementary inequality
0<1—cosf < —%—02 for real 6.
Therefore, by the Schwartz’s inequality and [3.3), we get
|g(e?, x, D)= p(e*, x, 1) = Crs (14 x[*D{E [exp(—Zszng(ansXs)a’s]}”z.

Here C, is a constant independent of ¢ and x. We will denote such constants
by C/’s. ;

Next let us denote by I, the indicator function of the set {n=|x|/2¢}.
Note that, if p<|x|/2¢, |x+eX;|=]x|/2 for all s, 0=<s<1. Then we get, by
the assumption (V1) and (3.2),

E [exp (-—252S:V(x+sXs)ds)]

= Elexp (= 2] V(x+eX)ds)1— 1)+ E| exp (—2e | Verrexaas)r]
< Elexp(—Coe®| x [*)1—1)]+exp(Coe®) P(nz | x| /2¢)
=exp(—Cye®|x|**)+Ciexp(—Cslx|?/e?)
for every x with x/2€ R*\K. Therefore we have proved that
3.7 lq(e?, x, x)—p(e% x, x)|
= Cie' (41 x ") {exp (— Cee®| x |*#)+ Crexp (— Cs| x|*/ %)}

holds for every x with x/2€ R*\K.

Now, since the integral of |g(e?, x, x)—p(e?, x, x)| over a compact set in
R?¢ is of O(e*~%), the assertion of the theorem is shown by integrating
over R%. The proof is completed.

We will end this section with the proof of [Corollary 1.
PrROOF OF COROLLARY 1. By the assumptions we have

(3.8) Tre*#o= Ct-'+o(t™ ")

as t]0 for some C>0, where /=(d/2)(1+1/k). Moreover, by the Tauberian
theorem, it holds that

No(4) =

Tugn * o

as A—co. Since says that (3.8) holds if we replace H, with H, we
see, by using the Tauberian theorem again, that N(A) has the same leading
term as that of Ny(4). The proof is completed.
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§4. Proof of Theorem 2.
Since ¢(e?, x, x) is real, we have

(41) 4(5‘2, X, x)"‘}b(ez: X, x)

1 1

— 2\-d /2 € - e 2 2 7 N
= (27e?) ¢ E[{cos(F () =1+ F(xexp (e REE eXs)ds)]

1 1

——<2n52>-d/2E[F6(x)2 exp<—eZS V(x—}—eXs)ds)]
2 0
d
Fe(x)=-¢ Z}l S:ai(x—l—eXs)odXﬁ.
By some calculations as in the proof of Lemma 2, we see that
ET|F¥(x)|®] = C,&*
holds for some C,>0 by virtue of the boundedness of 0;a’. Therefore, by the

Schwartz’s inequality and the elementary inequality

1, 1
. —_ < . f4
20 1+cost9_4!0,

we see that the first term of the right hand side of (4.1) is bounded by

0

A

Coct*{E [exp <—ZEZS:V(x+eXs)ds>]}”2 .

Moreover, if | x| is sufficiently large, this is bounded by
C,e® 4exp(—C.e?| x ")+ C exp(—Cs] x[%/¢?)

as is shown in the proof of [Theorem 1. Here and hereafter C,;’s denote the
positive constants independent of ¢ and x. These show that the first term of
the right hand side of (4.1) is negligible.

Now, to show [Theorem 2, it is sufficient to consider the integral of the
second term of the right hand side of (4.1):

%<2”82>—d/ZSRdE [Fs(x)2 exp (——52 S:V(x—{—sXs)dS)]dx

2)-d/2 ) 1
= (——@2—— s”d““/k)ngE [I* (epx)* exp(—z-:2 SOV(skx—l—sXs)ds)]dx s

where ¢,=¢"'*. To clarify the argument in the proof of [Theorem 2, we need
the following lemma. To mention it, define a random variable S by

S= 3 aijglxgodxg.

i, =1 0
Then we will show:

LEMMA 3. E[e®F(e;x)*] converges to E[S*] as ¢ tends to 0 uniformly on
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{x; |x|=r} for every »>0,

The proof of this lemma is a little lengthy and so we give the proof of
before that of Lemma 3.

PROOF OF THEOREM 2. At first we will show

(4.2) li{l;lSRdE[Szgs(x)]dx =0,

where
g:(x) = exp (—¢* S:V(akx—%—eXs)ds)—exp(— L2 0(x/] x])).

For this we devide the integrand into two parts as in the proof of [Theorem 1.
We set

filx) = E[S°g*(0)l.],  fi(x) = E[S*g(x)(1—1,)],
where I, is the indicator function of the set {np=e™'/?|x|}, p=maXegs<:| Xs].
Note that g%(x) is a uniformly bounded random variable in x and ¢, and that

any moment of the random variable S exists. Then we see, by the Holder’s
inequality,

A\

filx) SAELSTIIVHELg () MY ELL]}

< Cuf{P(max| X[ ze [ x[}*,
Therefore, by Lemma 1, we get
[ findr = €] exp(—1x|*/2sd)dx = (")

To estimate the integral of fi(x), let us note the elementary inequality

[e?—1] < |al(1+4+e%)
and set

Gi(x) = | x1¥u(x/ | x| ) =& V(ewx+eXds.
Then, by the Schwartz’s inequality, we get
filx) = Cyexp(—|x|*v(x/| x DIELG(x)*(1+exp (G (x))*(1— 1)1}
Moreover it is easy to see that, if p<le '/*|x]|,
(er—Dlxl = |erx+teXs| < 2e4]x]
holds for x+0 and for ¢<1 and, therefore, that

|Go(x)] = Cye]x|%

by the assumption (V2), where C;>0 and C,<2k. Now we have proved
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[af 3000 = [ Coetslot L o) exp (— ] o/ | 1)+ Coes] x| )

and, therefore, because v is strictly positive by the assumptions.
Combining with Lemma 3, we see that the left hand side of (2.2) is
equal to

@myer|  BLSTIexp(—|x|*0(x/ | dx

Finally we show the equality [2.3) By using the Ité’s formula, we see
that the expectation

E [S:XgonggiX’;ong]

does not vanish if and only if j=k=:/=[or j=[+#i=Fk. Moreover,iby the Lévy’s
formula for the characteristic function of the stochasticJarea (cf. and [117),
it is easy to show

Xieax i) ] = —E[ (' xeaxi{xieaxi] = L
E[(SoXsc’d s)]—“’_ |:SO 5° SSO s® s]—ﬁy

which implies the assertion of the theorem.
In the rest we prove Lemma 3.

PrOOF OF LEMMA 3. Define the function 7;,x) and the random variable
H(x) by

0
Tis(x) = Wai(x)_aij

d 8
A = 33 | caxi|riteax e X dxi.
Then we have
r, a I N2
E[a“ZFE(skx)zj—EK 5 1ai,SoX§odX§) } — 2E[S-H(x)]+E[H(x)] .
i,j=

In order to prove the lemma, it is sufficient to show that E[H(x)*] con-
verges to 0 uniformly on {x; |x]=7}. For this we devide the expectation into
two parts as before. Let I, be the indicator function of the set {n=]x|/e}.
Then we have, by Lemma 1,

E[H*(x)*I,] < Ciexp(—C,|x|%/e?),
which tends to 0 uniformly on {x; |x|=r}.

Next let >0 be given. There exists R>0 such that |7;;(x)| <0 for |x| =R
by the assumption (A2). Moreover let us define the stopping time r by

= Inf{s>0; | X;|=e x|}
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and fix x with |x]=7». Then we have

(4.3) lerx+eXs| = (e,—Dlx| >R
and, therefore,
[7:i(erx+eXs)] <0

for s<r and for sufficiently small ¢. Taking into account, we show the
uniform convergence of E[H(x)*(1—1;)] to 0.

Let us remember that the pinned Brownian motion with X,=X,=0 is re-
alized as the solution of the stochastic differential equation and rewrite
H#(x). Then, by using the It6’s formula, we have

i
s

1 (s ) 1 X
Hex) = 2| dut{ e +e Xt -2 =2

dSS:Tij<5k x+eX,)dwj
1 (s
+—%2Sodwzgoajnj(emrsxu)du

& (r X s 1 (s X3
—52301_Sdsgoajrw<ekx+exu>du—2Sodwzgon,(ekwexu)mdu

t X1 H X 4 (1
+2S dsg Tij(ekareXu)—du%-ES Tierx +e Xy )du
01—3 0 l—u i=1J0

= Jit+Jot o+ 0,

where the simple > denotes X7 ,.,. Now it is easy to see that E[(J)*(1—1,)],
/=4, 6, 7, are bounded by constant X¢* by virtue of because these J;’s do
not contain any stochastic integrals.

We will prove

(4.4) EL(J)(A—1)] = Cy0®.
The others can be estimated similarly. To prove we note that

B[ (1-E)] £ B| (2 S:”dwq:m(ekx+sxu>dw;;)2] .

Then, by using the optional stopping theorem and the moment inequality for
martingales (see, e.g., [3]), we obtain

BlJA—101 = C. || as(| atennt+eXdui) |
< ¢ 2 {as B (1 oern e X)) |

<C3 S;a’s E[g:/\rrij(ekx—}-qu)Zdu} = 0.5t

which proves [4.4). The proof is completed.
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