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1. Introduction.

Let G be a finite group. The set A"(G) of the G-isomorphism classes of
finite right G-sets makes a commutative semi-ring with respect to disjoint union
+ and Cartesian product X. Its Grothendieck ring is called the Burnside ring
of G and is denoted by A(G). A finite (right) G-set is the disjoint union of
its orbits and each orbit is G-isomorphic to a homogeneous G-set H\G:=
{HglgeG}. Two G-sets H G and K\G are isomorphic if and only if H=¢K,
that is, H is G-conjugate to K. Thus this ring is additively a free abelian
group on {[HANG]|(H)=ClG)}, where CI(G) is the conjugacy classes (H) of
subgroups H of G.

A super class function is a map of the set of subgroups of G to Z which is
constant on each conjugacy class of subgroups. Let A(G):=Z°*® be the ring
of integral valued super class functions. For any subgroup S of G, the map
[X]—|X5|, the number of fixed-points, extends to a ring homomorphism ¢g:
A(G)—Z, and so we-have a ring homomorphism

1) ¢ :=Tlps: AG)—> AG):=2"*; [X]—>(X°]).

It is well-known that this map is injective. Thus we can identify any element
x of A(G) with the super class function ¢(x), and so we simply write

x(S) := @(x)(S) = @g(x)

for a subgroup S of G. Hence we can view the unit group A(G)* as a sub-
group of {+1}°K®,
Now, tom Dieck proved by a geometric method that for any RG-module V
the function
u(V): S+—>sgndim VS

belongs to the Burnside ring A(G), where sgnm:=(—1)" ([Di79, Proposition
5.5.97). The first purpose of this paper is to prove this fact by a purely alge-
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braic method. We shall prove the following somewhat generalized theorem in
Section 2.

THEOREM A. Let G be a finite group and let V be a CG-module with real
valued character. Then the function

u(V): S+——>sgndimcV?®
is a member of the Burnside ring A(G).

Since u(V)*=1 by the injectivity of ¢ and w({UPHV)=u(U)-u(V), we have a
group homomorphism into the unit group:

ug: R(G) —> A(G)*,

where R(G) is the ring of real valued virtual characters of G. We call this
map ug a tom Dieck homomorphism.

In Section 3, we shall define various maps between Burnside rings (and
their unit groups), and prove that the assignment A4*: H—A(H)* together with
restrictions, multiplicative inductions and conjugations forms a so-called G-functor
(=a Mackey functor from Set%) and furthermore that the tom Dieck homomor-
phisms give a morphism between G-functors.

In Section 4, we prove a transfer theorem about the unit groups. From
the theory of G-functors and Burnside rings we can obtain many information
about A(G)*. Since A* is a G-functor, A(G)* is a module over the Burnside
ring A(G)(and also over A(G)q,, the localization at 2). We denote this action by

AGY*XA(G)ey —> A(G); (u, a)—>uTa.

Furthermore, u 1 a is given as an extention of U4, the set of all maps of A to
U with diagonal G-action. See Section 3. In general, for a prime p there are
primitive idempotents e8,o of A(G)¢,y associated with conjugacy classes of p-
perfect subgroups @ of G, where @ is called to be p-perfect provided @ has
no normal subgroup of index p. Thus we obtain a direct product decomposition
of the unit group A(G)*. Applying “the stable element theorem” for G-functors
to each direct factor, the following theorem is obtained:

THEOREM B. (i) There is a dirvect product decomposition
AG)* = %A(G)* Teé.q-

(ii) Let Q be a 2-perfect subgroup of G and let P be a subgroup of N:=
No(Q) such that P/Q is a Sylow 2-subgroup of N/Q. Then there are group

isomorphisms :

A(G)* 1 eb.q = AN)* T ek, o = (A(PY)V T eb.q,
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where (A(P)*)Y s the subgroup of A(P)* consisting of all elements x such that
reshanpcond(x) = resbrnp(x)
for any element n of N.

In Section 5, we consider another transfer theorem, that is, “the excision
theorem”. In his paper [Ar827] S. Araki proved by a geometric method the
existence of an interesting isomorphism

ety o AN )py = eBy10.1 AN/ Q) p>

where N is a finite group with a p-perfect normal subgroup . An algebraic
proof was given by T. Yoshida and T. Miyata independently and their proofs
are found in [Yo85]. There is a similar isomorphism for character ring of a
finite group and this result is considered to be a kind of “the excision theorem”.
In case of the unit groups of the Burnside rings, a transfer theorem of this
type holds in a weak form as follows:

THEOREM C. Let N be a finite group with 2-perfect normal subgroup Q
and put W:=N/Q. Let P be a Sylow 2-subgroup of W. Then A(N)*1e% ¢ is
isomorphic to the subgroup of (A(P)¥)¥ consisting of elements ¥ such that 9(S/Q)
=1 if S has a proper normal subgroup of odd index.

As an easy corollary we obtain the excision theorem:

COROLLARY Cl. Let N be a finite group with 2-perfect normal subgroup Q.
Let U(Q) be the intersection of all normal subgroups of Q of prime index, and
put Z\N/'::N/?If(Q) and @::W/W(Q). Then there is an isomorphism of groups:

ANY 1 efrq = AN 1 ef 5.

In Section 6, we add some results on the unit group of the Burnside rings
of finite groups. Many of them are motivated by Matsuda’s papers [Ma82],
[MM33].

Finally we study in Section 7 the unit groups for finite groups with abelian
Sylow 2-subgroups. Let T be an abelian 2-group and let T:=T/®(T), where
@(T) is the Frattini subgroup. Then it is known that the tom Dieck homomor-
phism urp: R(T)—A(T)* is surjective and it gives an isomorphism

ar: FLT]—> AT,
where F,[ T ] is the group ring of the character group of T over the field F,
of order 2.

When G is a finite group with abelian Sylow 2-subgroup, the problem about
the structure of A(G)* is by Theorems B and C reduced to the case where G
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has a normal subgroup Q with ¥(Q)=1 and G/Q has a normal Sylow 2-sub-
group. In this case the following theorem holds:

THEOREM D. Let G be a finite group with an abelian normal subgroup Q
of odd order and an abelian Sylow 2-subgroup T. Put T:=T/O(T) and L:=
Ng(T). Then the following hold :

(i) If Q=1, then A(G)*1tekq is isomorphic to the additive group
(F [T DY=F,[T /L)) of L-fixed points.

(i1) If Q#1 and Cyo(T)+#1, then A(G)* 1 ed. o is of order 1.

(ii1) Assume that Q+#1 and Cy(T)=1. Define

= {O(T)C| T/C is cyclic and Co(C)#1},
K:=N{Me}, K :=K/&T).
Then A(G)* 1 ek q is isomorphic to F.[K 1%,

Thus if we know enough about subgroups of a finite group with abelian
Sylow 2-subgroup, we can calculate the order of the unit group of the Burnside
ring. We carry out such calculation for the following simple groups:

Ly@2"), Lo(g) (¢=3,5(mod8)), J:.

NOTATION AND TERMINOLOGY. We always denote by G a finine group.
The G-conjugacy class of a subgroup H of G is denoted by (H), and the set
of all such classes is denoted by CI/(H). The notation H<G means that H is
a subgroup of G. We put WH:=Ng(H)/H. For subgroups A and B of G, we
mean by A=¢B (resp. A<;B) that A and B are conjugate in G (resp. A is G-
conjugate to a subgroup of B). We put A¢:=g'Ag for g in G. When G
acts on a set X, we denote by X¢ the set of elements fixed by G. The ordinary
character ring of G is denoted by R(G). The inner product of class functions
X and 6 is defined as usual:

XA, 0> : __IG—} Ex(g)t?(g)

Let p be a prime. A p-element (resp. p-group) is an element (resp. group)
whose order is a power of p. A p’-element (resp. p’-group) is an element
(resp. group) whose order is coprime to the prime p. The subgroup generated
by all 2-elements (resp. 2’-elements) of G is denoted by O%(G) (resp. O*G)).
Then O%(G) (resp. O*G)) is the smallest normal subgroup of G by which factor
group is a 2’-group (resp. 2-group). For subsets X and Y of G, let [X, Y] be
the subgroup generated by x'y~'xy, x&X, yeY.

The unit group of a ring R is denoted by R*. The cardinality of a finite
set X is denoted by |X| or #X. We put sgnm:=(—1)™ for an integer m.
Other notation and terminology about finite groups are standard. Refer to Gore-
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nstein’s book [Go68]. About category theory refer to [ML71].

2. Proof of Theorem A.

In this section we prove [Theorem Al As in the introduction, let G be a
finite group and let CI(G) denote the set of conjugacy classes (S) of subgroups
S of G. We put WS:=Nx(S)/S for a subgroup S of G. We begin with the
following fundamental lemma ([ Y085, Lemma 2.1], [Di79, Section 1.3]):

LEMMA 2.1. There is an exact sequence of abelian groups:

0 AG)-Ls 200 2, Tz WS12) -0,

o

where ¢ is the injective ring homomorphism defined by
e(LXINS) := | X5

as in the introduction, and for a super class function x, the S-component of ¢(x)
is defined by
dx)s = 23 x({g>S)  (mod|WSJ).
g8ewsS

Proor. It is well-known that ¢ is an injective ring homomorphism of
which cokernel has the same order as the target group of ¢. See, for example,
[Di79, Propositions 1.2.2 and 1.2.3]. The surjectivity of ¢ is clear, and so it
remains only to show that ¢p=0. To prove this, let X be a finite G-set and
S a subgroup of G. Put W:=WS. The fixed point set XS becomes a W-set
by conjugation. Let = be the permutation character of W afforded by this W-
set X%, so that

7(gS) = | X®8| = ([ X DKg>S).
Thus we have that

e[ XMs = [WS|<x, lws> =0 (mod|WS)),

where < , D stands for the inner product of characters, as required. The
lemma is proved.

By this lemma, we often identify A(G) as a subgroup of Zl(G):—_-ZC‘(G’.
We now apply this lemma to prove Theorem A.

THEOREM A. Let V be a CG-module with real valued character. Then the
function
u(V): S+——>sgndimcV¥

is a member of the Burnside ring A(G).

PROOF. Let X be the real valued character afforded by the CG-module V.
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By Lemma 2.1, in order to prove the theorem, it will suffice to show that for
each subgroup S of G,

o LS MK =0 (mod|IWS)).

Let 6 be the character of WS afforded by the CWS-module V5, so that by an
easy representation theory, we have that

1 7
I—Sl‘sgg){.(g.?), gSEW S,
and so # is also a real valued character. Thus in order to prove (1), we may

assume that S=1. Set uy(g):=u(V)Kg>). Then by the definition of u(V), it
has the value

0(gS) =

(2) uy(g) = sgnllicg, Ly

Now when S=1, (1) becomes
3 2 uy(g)=0 (mod|G|).
8e@G

To prove (3), it will suffice to show that u, is a virtual character of G. In
fact, we can show that

“4) uy = (—1)*®detX,

where detX is the linear character of G defined by the composition

det
detl: G —> GL(V)— C*.
See [Yo78]. In order to prove (4), we may assume that G is cyclic. Since
Uyrso=1Uy U, and det({+¢)=detX -dety, we may further assume that either ¥ is
a real valued linear character or X=A-1 for some nonreal linear character A.
In the first case, we have that
—1 if geKerX

uy(g) = sgnlicg, Ligyy = {_}_1 otherwise,
and so u;=—1X, as required. In the second case, X=21+1, and so <X, lp>=0
or 2. Thus u; and detX are both equal to the trivial character. Hence (4) holds
in either case. The theorem is proved.

3. The unit groups as G-functors.

In the introduction we defined the Burnside ring A(G) of a finite group G
and the ring /Nl(G) of super class functions. In this section, we will study
various maps between Burnside rings and rings of super class functions which
are induced from various functors. We induce some equalities about these maps
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by using elemeatary properties of adjoint functors.

a. Adjoint functors. For a finite group G, let Set¢ denote the category
of finite (right) G-sets and G-maps. We denote by Mape(X, Y) the set of G-
maps of X to Y. The disjoint unions (resp. the Cartesian products) of pairs of
objects gives coproducts X+Y (resp. products XXY) in this category. The
Burnside ring A(G) is, as an additive group, the Grothendieck group of this
category with respect to +, and it has the multiplication induced by X.

For two G-sets X and Y, let Y'* denote the G-set consisting of all map-
pings of X to Y with G-action defined by

aé(x) ;= alxg™M)g for acY ?, g=G, x=X.
Thus for each finite G-set A we have an exponential functor
(—)*: Seti —> Set§; X+— X4,

This is a right adjoint of the functor AX(—): X—AXX, that is, there exists
a natural bijection

Mapg(AX X, Y) = Mapg(X, Y4).
Furthermore there is another functor
A (Set§r — Set§; X+—— AX,

where op stands for the dual of the category. This functor also has the right
adjoint A¢or,

Remember that a functor which has a right (resp. left) adjoint preserves
colimits (resp. limits) and that a right (or left) adjoint functor is unique (up to
natural equivalence) if it exists. These properties are frequently used in this
section from now on. About adjoint functors and (co) limits, refer to MacLane’s
book [MLT71]. For example, the functor AX(—) has a right adjoint, and so it pre-
serves colimits, particularly coproduct, whence we obtain the distributive law about
coproduct + and product X. We can furthermore derive other arithmetical law
for G-sets similar as natural numbers from properties of adjoint functors.

Let H be a subgroup of G and N a normal subgroup of G. Then there
are functors

Ind Orb
Set? «— Res — Set§ «— Inf — Set§/¥
Jnd Inv

which satisfy
Ind 4 Res - Jnd, Orb ~ Inf H Inv,

where E—F means that E is a left adjoint functor of F. Furthermore for any
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element g of G, there is an equivalence of categories
Con: Set# —> Set*,

where H®:=g 'Hg. If we need to indicate subgroups and elements, we put
necessary letters on suitable places, for example, Res%, Resy, Inf$, Con§, Invy.
These functors have the values on objects as follows:

(@.1l) Ind%: X XXzG (the induced G-set),

(a.2) Reszg: Yr+—>Yy (the restriction of action),
(a.3) Jnd%: X+—— Mapy(G, X) (the multiplicative induction),
(a.4) Con®: X+— Xg (the conjugation),

(a.5) Orby: Y+—Y/N (the N-orbits),

(@a.6) Infy: Z+—2 (the inflation),

@.7) Invy: Y +——Y¥ (the N-fixed points),

where XX zG is the quotient set of G-set XX G (G-action is defined by (x, g)g’
:=(x, gg')) with respect to (x, g)~(xh, h~'g), he H, and Mapy(G, X) is the set
of mappings a@ of G to X such that a(gh)=a(g)h with action of G defined by

at: g—a(ug).
Up to natural isomorphisms, the following hold:
(a.8) Ind§: DNH+—— D \G,
(a.9) Res§: ENG—— 11 (E¢NnH)\H,
8E€EE\G/H
(a.10) Ind%-Resy = (H\G)X(—),
(a.1l) Res%-Ind4 = JI Ind*¥<Resygnx-Con¥,
8§E€EH\G/K

where g in (a.11) runs over a complete set of representatives of H\G/K.
Taking the right adjoints of the both sides of (a.10) and (a.l1l), we have the
following :

(a.12) Jnd%-Res§ = (—)*\¢,
(a.13) Res$%eJnd% = II Jnd®¥<Respgnx-Con%.
g€EH\G/K

The equalities (a.11) and (a.13) are both called the Mackey decomposition.

b. Maps between Burnside rings. We next consider the mappings induced
from the functors defined in the subsection a. Let A*(G) denote the monoid
consisting of isomorphism classes of Set¢ and ﬁ(G)(::ZC““) the ring of
integral-valued super class functions. Then A(G) is the Grothendieck ring of 5
A*(G). By the fundamental theorem of Burnside rings (Lemma 2.1), A(G) is
isomorphic to a subring of A(G) of finite index through the fixed-point-map
o=IIs)¢s, where for any subgroup S of G,

ps: AG)— Z; [X]— | X% (=: [X]().
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stated as in the introduction.

Now, let A*=N™ be a free abelian monoid of rank m and let A(=Z™) be
the Grothendieck group of A*. (Here N is the set of nonnegative integers.) Let
B be a free abelian group of finite rank. A map

g: (xl) R xm>l_—_)(gl(x1r Ty xm): "')

of A*(or A) to B is called to be polynomial or algebraic if each component
gi(xy, -+, xn) is presented by a polynomial of x,, ---, xn. This definition does
not depend on the choice of bases.

(b.01) Any polynomial map f*: A*—B can be uniquely extended to a polynomial
map f: A—B.

(b.02) The composition of two polynomial maps is also a polynomial map.

(b.03) Let A be a free abelian group containing A as a subgroup of finite index.

Then any polynomial map f from A has at most one extended polynomial map
to A.

(b.04) Let f: A—B be a mapping between finitely generated free abelian groups
and let B be a free abelian group containing B as a subgroup of finite index.
Then f is polynomial if and only if f is polynomial as a map from A to B.

We will apply these facts to construct some operations of Burnside rings.
The detail for polynomial maps is found in [Dr71L].

Since the functors Ind, Res, Con, Orb and Inf have right adjoint functors,
they preserve coproducts, and so they induce additive homomorphisms ind,
res, con, orb and inf between Burnside rings. Among them, the maps res, inf
and inv are ring homomorphisms; besides con is a ring isomorphism. On the
other hand, the multiplicative induction Jnd and the exponential functor (—)4
are not additive ; but they are polynomial, and so they induce product preserv-
ing polynomial maps jnd and (—)4. Indeed, by the adjointness and the Mackey
formula, we have that for each subgroup S of G,

#(Jnd$(X))S = #Maps(S\G, Jnd% (X)) = #Mapu(Resz(S\G), X)
=#Mapy( I (S¢NHNH, X)= Tl |XS&nH|,

8s8\G/H BES\G/H

and so the value of Jnd%(X) at each subgroup S is a polynomial of [ X ]J(S¢NH),
g=S\G/H; and thus [ X J—[Jnd%(X)] is a polynomial map from A*(H) to A(G)
which preserves multiplication ; hence it can be uniquely extended to one from
A(G). For the details, see and [Di79, 5.13]. These maps, excepting
for orb, can be extended to the rings of super class functions. Hence we
obtained the maps as in the following figure.
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ind orb

A(H) «— res — A(G) «<— inf — A(G/N)
jnd inv

J?’ lﬂo l@

ind

A(H) «—res — A(G) «—inf — A(G/N),

_— _

jnd inv

con: A(H) —> AH®), AH) — AH?®),
(=) AG) —> AG), AG) — AG).
Next we list the values of images of these maps at subgroups. Let x&

AH), vy A(G), z£ A(G/N); and let S<G, T<H, R/NEG/N. Then the follow-
ing hold:

(.1 ind5,((S) = - 5 %(59),

where the summation is taken over elements g such that S¢<H;
(b.2) resg(y)(T) = y(T);

(b.3) ndg(x)(S) = geS\T%/Hx(SgﬂH);

(b.4) infy(2)(T) = y(T);

(b.5) invy(y)(R/N) = y(R);

(b.6) coné(x)(S¢) = x(S).

c. Maps between unit groups of Burnside rings. Since res, jnd, inf, inv,
con preserve multiplications in the Burnside rings (and in the rings of super
class functions), we obtain group homomorphisms as follows:

res inf

AHY* < A(G)* A(G/N)*
jnd inv
res - inf o

AH)* € AGY* &= A(G/N),
jnd inv

con: A(H* —> AH®Y*, AH* —> A(Ho*.
Finally the exponential operation (X, A)—X* induces the map

A(GY*XA(G) — AG)*; (u, a)—> u®(or uta)



Burnside rings 41
which makes A(G)* an A(G)-module. Similarly A(G)*={+}°*® the unit group
of the ring of super class functions, is also an A(G)-module and the injection

@1 AGH —> AGH = {£1}04®
is an A(G)-homomorphism.

LEMMA 3.1. The assignments H—A(H)* and Hu—»fl(H)* together with jnd,
res, con form G-functors A* and A*, that is, for subgroups H, K, L<G and
elements g, g’ G, the following hold:

(G.1) jnd%-jnd¥ = jnd%, jnd% =id if HEKZL;
(G.2) reskoresk = resk, resf =id if HEKLL;
(G.3) con? .conf = con¢¥¢’, con¥ =id if heH;
(G.4) conf-jnd¥ = jnd¥*-con¥,

conferesk¥ = resgyegecong if HEK;
(G.5) (Mackey decomposition) If H, K<L, then

resk-jndy = geH]:'[L/anchreSHgﬂK°con§ ,

where g runs over a complete set of representatives of H\NL/K.

ProoF. It is well-known that the identities corresponding to (G.1)-(G.5)
for functors Ind, Res, Con hold (for example, (a.11) for Mackey decomposition).
Taking their right adjoints, we have ones for Jnd, Res, Con. Turning to
Burnside rings, we have (G.1)-(G.5) on unit groups. The identities for super
class function follow from the uniqueness of extensions of the polynomial
maps to super class functions. The lemma is proved.

LEMMA 3.2. The bilinear mappings
AHY*XAH) — AH)*; (4, a)—>ute, H=G,

form a pairing A*X A—A*, that is, for HEKZG, g=G, uc A(H)*, ve A(K)*,
as A(H), b€ A(K), the following hold :

(P.1) resy(v 1 b) = resz) T resy(b);
(P.2) con®(u T a) = con?(u) 7 coné(a);
(P.3) nd®(u) 1 b= jnd®(u T resu(b));
(P.4) v 1ind%(a) = jnd®(resz(v) 1 a).

In particular, for a fixed element u of A(G)*, the family of homomorphisms
(from additive groups to multiplicative groups)

(uP)g: AH)—> AH)*; ar— (reszu)l a, H=G

becomes a morphism of the G-functor A to the G-functor A*.
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Proor. (P.1) and (P.2) are clear. We shall prove (P.3). We may assume
that b=[B] for a finite K-set B. We must show that (P.3) holds for all u
A(H). Since the both side of (P.3) are polynomial maps of u which are the
unique extensions of polynomial maps from the semi-ring A*(H) of isomorphisms
of finite H-sets to A(H)*, we may further assume that u=[U] for the finite
H-set. So it will suffice to show that there is a (natural) K-isomorphism :

(%) Ind®¥(U) 1 B = Jnd®(U 1 Resy(B)).

But using the definition of adjoint functors and Frobenius reciprocity, we see
that for any K-set Y, there is a natural isomorphism:

Mapx(Y, Jnd®(U) 1 B) = Mapx(Y, Jnd*(U 1 Resy(B)).

Thus Yoneda’s lemma (or the injectivity of ¢ in [Lemma 2.1) implies the ex-
istence of the required isomorphism ().

We add some useful formulas about maps between Burnside rings (and unit
groups). The proofs are omitted because they are easily proved by using prop-
erties of adjoint functors similarly as in Lemma 3.1l

LEMMA 3.3. Let H be a subgroup of G and N a normal subgroup of G. Let
as=A(G), be A(H), a=A(G/N), u A(G)*, ve A(H)*, a=A(G/N)*. Then the
following hold :

(1) jind%eresy(a) = at#\¢1;

2) orbyeinf x(@) = invyeinf y(@)=4a ;
3) infy(@ 1 @) = infy(@) 7 inf (@) ;
4) invy(u 1infy(@)) = invy(u) 1 a@;
(5) invy(infx(@) T a) = @ T orby{a).

LEMMA 3.4. Let N be a normal subgroup of G and let H be a subgroup of
G containing N. Then the following hold :

1) orb%-ind$ = ind%/% corb% ;
@) orb%eres$ = res¥% -orb% ;
3 ind§ -inf¥ = inf§-ind§/A ;
“4) res$einf§ = infZores@/% ;
®) jnd§-inf? = inf$-jnd%% ;
(6) inviores$ = res@/%-inv§ ;
) inv§e.jnd$ = jnd% A -inv¥.

(Here orb%, inf%, inv$ are the maps between A(G) and A(G/N).)

d. tom Dieck homomorphisms. Finally we state functorial properties of
the tom Dieck homomorphism. We denote by R(G) the ring of real valued



Burnside rings 43

virtual characters of G as in Section 2. Similarly as the case of Burnside rings,
there exist various maps between the ring of real valued character:

ind orb
R(H) ¢— res — R(G) «— inf — I-?(G/N) ,
) ,
jnd inv

con: R(H) — R(H¢®).

(Here, the multiplicative induction jnd is not additive in general. Furthermore,
it follows from Maschke’s theorem that orb=inv.) Thus we again have a G-
functor R: H—R(H) together with ind, res and con.

For a finite G-set X, let CX be the permutation CG-module and let 7y be
the character afforded by CX, so that wx(g)=|X¢|. The assignment X—ry
gives a ring homomorphism

charg: AG) —> R(G); [X]+——>7my.

This map is commute with ind, res, con, jnd, inf, orb. In particular, we have
a morphism of G-functors char: 4A—R.

LEMMA 3.5. The tom Dieck homomorphisms form a morphism
u= (uy): R—> A*

of G-functors, that is, ug’s commute with induction, restriction and conjugation.
They commute also with inf and inv.

PrROOF. We only check that
ugeind$ = jndGeuy.
The remainder is left for readers. We use the notation
6¢ :=ind%(0), Ag :=resf(X) for 0= R(H), X = R(G).

For a real valued virtual character 8 of H and a subgroup S of G, we have
that

ug(ind(0))(S) = sgn{ 6, 1s>

=sgndf, 1% (Frobenius)

=sgndf, = 1%zud (Mackey)
£eS\G/H

= TII sgndlseny, lsenyy  (Frobenius)

geS\G/H

= I ugr(0)S¢NH)

geS\G/H

= indG(ux(0)XS),
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as required.
LEMMA 3.6. The following equality for maps holds:
(=1 = ygecharg: A(G) —> R(G) —> A(G)*.

PROOF. Let X be a finite G-set and put w:=xy. Then we have that for
any subgroup S of G,

ugecharg([X 1)(S) = sgndmg, 1s) = (—=1)'¥/81 = (—1)IX(S)
by Cemma 3.35). Thus the result follows from Lemma 2.1.

4. A transfer theorem for the unit groups.

a. Idempotents of Burnside rings. We begin by arguing general theory

about the action of Burnside rings on G-functors ([Yo80], [Yo83]).
Let p be a prime. We put

Zopy :=1{a/besQ| acsZ b=Z—-pZ}, AG)py 1= Z Rz A(G).

For a finite group Q, the subgroup generated by all p’-elements of Q is denoted
by O?(Q). A finite group Q is called p-perfect if O?(Q)=0Q, that is, if @ has
no normal subgroup of index p. Let P,(G)S CI/(G) denote the classes of all p-
perfect subgroups.

There is a one-to-one correspondence between primitive idempotents of
A(G)py and Py(G) (cf. [Di79, 1.4]). Let e% o, be the primitive idempotent of
A(G)p, corresponding to a p-perfect subgroup Q of G. Then as a super class
function, it satisfies the following:

1 if 0%(S)=.0Q,
@1) “6.o5) = { 0 otherwise.
The presentation of e%, , by the standard basis is obtained by the Mobius in-
version formula (cf. [Yo83]). Let g be the Mobius function of the subgroup
lattice of G, that is, for H, K <G,
uH, Hy=1; pH, K)=0 unless H=<K;

2) S, A= Npa g ={ 1=
@. AéK#( ’ S “ Lo otherwise.
Define the function d¢ and Ag,o by
1 if H=¢K

0 otherwise ;

(a.3) Bo(H, K) = {

(a.4) A6.q(D) = 2 p(D, K)ds(0?(K), Q).

_ 1
|Ne(D)] &6
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Then we obtain the following idempotent formula:

(a.5) e o= 2 A¢ oD G], (Q)EP,(G).

(DYeClG)
In particular, the coefficient ¢, ¢(D) is a p-local integer.
For a subgroup H of G, we have that
(a.6) res(ef,q) = 3 04(Q, R)eky .

(RYEPp(H)

Let P/Q be a Sylow p-subgroup of WQ:=Ng(Q)/Q. Then the idempotent
formula gives the following:

(3.7) e%,Q = indg(A(P)(p)>.
(a.8) resg(e, o) = e%,q.
(a.9) res§(e%, o) =0 unless Q=<zH.

Now, let (e, ind, res, con) be a G-functor over Z,, so that e: H—ea(H)
assigns each subgroup H of G to a module ¢(H) and the families of linear
maps ind, resk, con¥ satisfy the similar identities (G.1)-(G.5) as in Lemma 3.1l
Then the Burnside ring A(H)» acts on the component e(H) by

(a.10) [DNH]-x := ind} resZ(x), xe€a(H), DLHZLG.

Furthermore, the G-functor ¢ is an “A-module”, that is, the following hold:

(a.11) resf(by) = resE(b)resg(y),
(a.12) conf(ax) = cong(a)cong(x),
(a.13) ind&(a)y = ind&(a resf(y)),
(a.14) bindE(x) = indE(resk(b)x),

where HSK <G, g=G, acA(H)yy, b€ AK) oy, x<a(H), y=a(K). The last
two identities are the Frobenius formulas.

Associated the orthogonal decomposition 1=3e% o of 1, there is a direct
decomposition

(a.15) a(G) = (%B)Q%,QG(G),

where the summation are taken over P,(G), the set of conjugacy classes of p-
perfect subgroups. So we are interested in the submodule e% qe(G) which is
the module over the local ring e% ¢A(G)p>.

b. Stable element theorem.

LEMMA 4.1 (Stable element theorem). Let (@, ind, res, con) be a G-functor
over Zpy. Let Q be a p-perfect subgroup of G and let P be a subgroup of N
:=Nu(Q) such that P/Q is a Sylow p-subgroup. Then the map res@ induces an
isomor phism
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e%,qa(G) = e qa(P)° = e% qa(P)Na(P)?,
where a(P)% is the set of elements x of a(P) with

reSpenpCONE(x) = respenp(x) for all g=G.

PrROOF. Define two maps as follows:

it e qa(P)’ —> % qa(G); x+——>ind¥(x),
r: e% qa(G) —> % qa(P)?; y+——>resi(y).

By (a.8) and Frobenius reciprocity, ; and » are well-defined and e% ,= A(P)°.
Thus it remains only to show that 7, » are isomorphisms. Using Mackey
decomposition and Frobenius reciprocity, we have that

oy — [P\G:l id, Yol = resg([P\G])id.

Thus in order to prove that 7 and » are both isomorphisms, it will suffice to
show that [P\GJe% , has an inverse in ¢% gA(G)>. Indeed if this claim is
true, then resg([P\Gl)e% o is also a unit of ¢% oA(P)ypy, and so not only ier

but also re; are isomorphism. By [Lemma 2.1 and (a.l), there is a linear map
with finite cokernel:

¢ = (ps): e% qAG)p —> (IsI;Zczm

where the product are taken over classes (S)= CI/(G) with Q=S<P. Let S be
such a subgroup. Then

¢’ ([P\Gle% o) = [(P\G)S| = |(PN\N)$| = |[P\N| %0  (mod p).

Thus the image of [P \GJe% o by ¢’ is invertible. Since ¢’ gives an integral
extension of rings, [P \GJe% o is also invertible. The lemma is proved.

REMARK. Since ¢%,, is contained in the image of ind%: A(P)upy—A(G)op
(see (a.7)), the G-functor H—res§(e%, o)a(H) is P-projective (cf. Green [Gr7l1],
[Di79, Section 6.1]). So this lemma follows also from the general theory of
G-functors and Mackey functors. The stable element theorem for cohomological
G-functors which is an analogue in group cohomology theory was proved in
[Yo80, Theorem 3.2]. The present lemma can be immediately proved from
[Sa82, Lemma 4.3]. The Mackey functor version of the stable element theorem
is found in [Di79, Proposition 6.1.6].

COROLLARY 4.2. Under the same assumption as in Lemma 4.1, there is an
1somor phism
e 0a(G) = ey ga(N).

PrOOF. Take an element x of ¢% oa(P)Y, so that x=e% ox=a(P)Y. Let
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g be any element of ¢G. Then
() reSpenp CONE(X) = respenp(x).
Indeed, if g is in N, then this holds clearly. If g is not in N, the P4N\P con-
tains no G-conjugate of Q because OP(P)=Q. Thus by (a.9) both sides of (x)
vanish. Hence () holds for any element g of G. This means that

eh oa(P) = % qa(P)V.
Now the statement follows immediately from Lemma 4.1.

REMARK. (1) This useful isomorphism is, as shown in Araki’s paper
[Ar82], given by the composition:

nc €s

incl r proj
el 0a(G) a(G) a(N) el oa(G).

And its inverse is

incl d

in proj
ey, qa(N) a(N) a(G) e%,oa(G).

(2) In his unpublished work (written in Japanese), T. Yoshida had obtained
an extension of the isomorphism in this corollary to an equivalence of the re-
presentation categories of G-functors. Furthermore, D. Tambara had also written
this isomorphism in his private letter to the author.

c. The proof of Theorem B. Now we return to the unit groups of the
Burnside rings of finite groups. By Lemma 3.1, (4%, jnd, res, con) is a G-
functor. The A(G)-module structure (a.10) on A(G)* induced by this G-functor
is coincident with one defined by the exponential map (u, a)—u T a in Section
3.c because jndgeresf=(—1)t7\¢1  Since u?=1 for any element u of A(G)*, the
action of A(G) on A(G)* can be extended to A(G)w,, for which the annihilator
contains 2A(G)c;.

THEOREM B. (i) There is a decomposition into a divect product
AG)* = IQI A(G)* 1 ed.q,
@)

where (Q) runs over Py(G), the classes of 2-perfect subgroups.

(ii) Let Q be a 2-perfect subgroup of G and let P be a subgroup of N:=
Ng(Q) such that P/Q is a Sylow 2-subgroup of N/Q. Then there are group
homomorphisms induced by restriction maps:

A(GY* T et o= AIN)* T ek o = APY*Y Tep o = AP N(APY* 1 ed.q)-

Proor. This follows directly from applying Lemma 4.1 and
to the G-functor (4%, jnd, res, con) over Z,.
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5. Another transfer theorem.

In this section, we prove Theorem C which is a unit group version of
Araki’s transfer theorem ([Ar82, Corollary B]). It is considered as an analogue
of the excision theorem for relative Grothendieck rings of finite groups. To
prove this theorem, we need to study further the value of units at subgroups.

a. Value of units.

LEMMA 5.1 ([MMS83, Lemma 2.8]). Let u be an element of the unit group
A(G)*. Let T be a subgroup of G and S a normal subgroup of T of odd index.
Then u(S)=u(T).

PROOF. By the Solvability of Groups of Odd Order, we may assume that
W:=T/S is a cyclic group of odd order. Then by Lemma 2.1, we have that

2 uHS)=0 (mod|W1).
téew

But since u(¢>S)==1 and | W] is an odd number, this congruence derives that
u(t>S)=u(S) for every tS=W. Hence w(T)=u(S). The lemma is proved.

For a 2-perfect subgroup @ of G and subgroups S, T of G, we define a 2-
local integer vo(S; T) by
(a.1) [S\NGlet o= 2 vo(S; THITNG].

(THellt)

The value of vo(S; T) is explicitly given by

1T < (D, K)3o(D, T)36(OXT), Q),

|S| p.%s

(a.2) vo(S; T) =

where g is the Mobius function of the subgroup lattice of G and dg is the
function defined in (a.3) is Section 4. This fact is proved by using the idem-
potent formula or by comparing the value of both sides of (a.l) at each sub-
group. But because we do not need (a.2) in this paper, the detail of its proof
is omitted.

LEMMA 5.2. Let Q be a 2-perfect subgroup of G.
(i) If uis an element of A(G)*, then
(uleo)S) = M uwlyesh,  S=GC.

THeclG
(ii) Let u be an element of A(G)* 1 e, q.
(@) If u(S)=—1, then Q=<¢S;
(b) If u#l, then u(S)=—1 for a subgroup S of G such that O*S)=Q.

PROOF. Put e:=eé o and u(S; T):=vo(S; T).
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(i) Note that if y is an element of A(G), then y(S)=(y 1 [S\NG]1)XG). Thus

(u1e)S)=((u1e)T[SNGIG) = (u 1 ([SNGDNG)
=1 [TNG(GY ST = I w(Ty s,
proving (i).
(ii) We first show the following general results:
(%) v(S; T)=0 unless T<¢S;

1 if 0O%S)=¢Q
0 otherwise.

(%) S; S) = {

In general, the product [S\G]-[R\G] is a sum of elements of the form
[SN\R&\G]. Thus if an element [T\G] appears in [S\G]-¢, then T=gS.
Hence () holds. Next we consider the value of (a.1) at S. If T<g4S, then
WS if T=¢S
[TNGXS) = a6y ={ | ’
0 otherwise.
Thus by (a.1) and (%), we have that
[SNG1(S)-e(S) = u(S; SIISNGI(S),
and so by (a.l) in Section 4,
1 if 0*(S)=40Q
S; S)=¢e% oS =
m ) = eb.o(S) {0 otherwise,

proving (xx). Now, to prove (a) and (b), let S be a minimal subgroup of G
such that u(S)=—1. Since u Te=u, (i) and the minimality of S yield that
u(S)=u(Sy**:$=—1, and so v(S; S) is odd. Thus by (x+), we conclude that
0*S)=¢Q. The lemma is proved.

b. Proof of Theorem C. In this subsection, NV denotes a finite group with
2-perfect normal subgroup Q. We put W:=N/Q. We denote by 0?(S) the
smallest subgroup of a finite group S such that S/O*(S) is a (solvable) group
of odd order.

PROPOSITION 5.3. The homomorphism w—inve(u) gives an isomorphism “of
A(NY* 1 e%,q onto the subgroup
{te AW)* 1 ekl D(S/Q)=1 unless Q<0 (S)}.
The inverse image v of ¥ is given by

#(S/Q)  if Q=S

1 otherwise.

w(S) = {
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ProoF. We put
e :=¢e%9E AN)w and gi=¢el, = AW)o.
Comparing the value at each subgroup, we have that
invg(e) =2 and e = infy(2)-e.
We put
B:={pcAW)*1¢e | 5(S/Q)=1 unless Q<0%*(S)}.

We must show that
¢h) i1 AN*Te— B; ur—>invg(u)

is an isomorphism. We begin by proving that this map is well-defined. Let
u=u T e be any element of A(N)*Te. Then we have that

inv(u) 7 ¢ = inv(u 7inf(2)) = inv((x T ¢) 7 inf(2))=inv(u 1 (e-inf(2)))

=inv(u T e) = inv(w),

and so inv(u)e A(W)*1é. In order to prove that inv(u) is in B, let S be a
subgroup of N such that S contains @ but O*(S) does not contain Q. Then by
Lemma 5.2(ii)(b), u(0*(S))=1. Thus by Lemma 5.1, we have that

u(S) = u(0*(S)) = 1.

This means that inv(u) is contained in B for each u= A(N)*te. Hence the
map ¢ defined in (1) is well-defined.

We will show that 7 is isomorphism. First, 7 is injective. In fact, suppose
{(u)=1 and S<N. Then u(S)=i(u)(S)=1 if S contains Q; and by
5.2(ii)(a), u(S)=1 if S does not contain . Thus u=1, as required. Now it
remains only to prove the surjectivity. Let # be an element of B, so that
#té=a and #(S/Q)=1 if O%¥(S) does not contain . Define a super class
function u of N by

aS/Q) if Q=S
1 otherwise.

@ u(S) = {
Since invy(u)=1u, it will suffice to show that u is contained in A(N)*te. So
we have to show the following:

3) u is an element of A(N)*;

“) ule=u.

We prove (3). Let H be a subgroup of N and put WH:=Ny(H)/H. To
apply Lemma 2.1, we need to show that
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®) > ulgPH)=0  (mod|WHI).
EHEWH

When H contains Q, this follows from the definition of u and for
#s A(W). When H does not contain , we have that 0% ({g>H) also does not
contain Q for every gH= WH (because otherwise Q=0%*Q)<0¥0%<{g>H))<H,
a contradiction), and so each term of (5) equals 1, whence (5) again holds.
Since the value of u at any subgroup is *1, we conclude that u is in A(N)*,
proving (3).

Next we prove (4). We have to show the following:

(6) (u 1 e)S) = u(S) for any S<N.

If S does not contain @, then the both sides of (6) equal to 1 by the definition
of u and Cemma 5.2%(ii)(a). So assume that S contains Q. Put S:=S/Q. Then
by Lemma 5.%i), we have that

te)S)= TI wTySD= TI a(T/QFSD,

(IHeClH) (TIHECILW)

where v(S; T) is, as before, defined by
e:[S\N]= X3 S; T)[T~N].
(THeCl(N)

On the other hand, since # 1 e=i, we have that

uS)=aS = _ T a(TrsD,

(THYECTW)
where §(S; T) is defined by
e [S\Wl= _ 3 5S; DIT\W].
(MHeclw)

Since Z=invg(e) and inv([T\N1)=[T W] if Q<N and invo([T~N])=0 other-
wise, we have that

[5\W1-2 = invo([S\W]-0) = TS ; Tinve([T N1)
= 2 uS; DHUT/QNW],
T/

and so ¥(S; T/Q)=w(S; T). Thus (6) holds. The proof of the proposition is
completed.

THEOREM C. Let N be a normal subgroup with 2-perfect normal subgroup
Q. Put W:=N/Q. Let P=P/Q be a Sylow 2-subgroup of W. Then A(N)*1
eX.q 1S isomorphic to the subgroup

(s AP | 5(S/Q)=1 if S#=0%(S)}.
PRrROOF. First by Theorem B, we have an isomorphism

A(NY* 1 ep,q = (A(P)* 1 ep, Qg NAP¥Y =: C.
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Note that e2=1 and that for a 2-subgroup S/Q of W,
Q=0%(S) &= S=0%(9).

Thus applying [Proposition 5.3 to P, we have that

A(P)* 1 e} o = {0 AP) | #(S/Q)=1 if 0¥(S)#S} =:B

by the map v—invg(v). So we need to show that invy maps C onto BNA(P*7,
Since inv, commutes with restriction and conjugation, we have that invy(C) is
contained in A(P)*”. Conversely let 7 be any element of BNA(P)*". Then
the inverse image v of ¥ in A(P)* e o is given by

7(S/Q) if Q<S,
1 otherwise.

uS) = {

It is easily checked that v is contained in A(P)Y. Thus inv, gives a surjection
of C to BNA(P)*". The theorem is proved.

COROLLARY Cl. Let N be a finite group with 2-perfect normal subgroup Q.
Let U(Q) denote the intersection of all normal subgroups of Q of prime index.
Put N:=N/T(Q) and Q:=Q/¥(Q). Then there is an isomorphism :

ANY* 1 ek = ANNY* 1 ek.5.

PrRoOF. By Theorem C, we have that the group on the left side of the
statement is isomorphic to

{te AP | #(S/Q)=1 if 0¥(S)#S},

where P:=P/Q is a Sylow 2-subgroup of W:=N/Q. On the other hand, the
right side is isomorphic to

{pe AP | 5(S/Q)=1 if 0*(8)=S},

where §:=S/¥'(Q) for S<P. Thus in order to finish the proof, we must show
that for any 2-subgroup S/Q,

0*S)=S ifandonly if 0¥S)=S.

But this is clear from the Solvability of Groups of Odd Order.

6. Additional results on unit groups.

In this section, we add some miscellaneous algebraic results which are not

found or not stated clearly in five papers: Dress [Dr71], tom Dieck [Di79],
Matsuda [Ma82], [Ma86] and Matsuda-Miyata [MMS83]. Many examples about
unit groups are found in Matsuda’s papers.
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a. Character rings. Let Ry(G) be the subring of the character ring R(G)
generated by the characters afforded by @G-modules. Of course we sometimes
regard it as the Grothendieck ring of @G-modules. For any finite G-set X, let
7x be the permutation character of G given by X, so that mx(g) is the number
of fixed points by g. Thus we have a ring homomorphism

charg: A(G) —> Ro(G); [X]+— 7mx.

See Section 3.d. For an element x of A(G) which we view as a super class
function, we have that

charq(x)(g) = x(Kg>), g<G.

Let G* be the subgroups of G generated by g? for all g&G, so that G/G? is an
elementary abelian 2-group, and let G, be the character group of G/G>

LEMMA 6.1. The map charg induces a group homomorphism
charf: A(G)* —> Ro(G)* = {+1} XG,.

In particular, if u is an element of A(G)*, then u(l)-chars(u) is a linear character
of G.

PrROOF. Since charg is a ring homomorphism, it maps units to units. If A
is a unit of Ry(G), then its value is always =1, and so by the orthogonal
relation, A is in {+1} XG..

COROLLARY 6.2 (cf. [Yo78, Lemma 5.21). Let X be a real valued virtual
character and let C be a cyclic subgroup of G*. Then
(1) =<Xe, 1> (mod 2).

PROOF. Let ug: R(G)— A(G)* be the tom Dieck homomorphism. Then
A:=ugX)()-ue(X) is a linear character and for a generator g of C, we have that

1 = A(g) = sgnX(1)-sgnl¥e, 1cd,
because g=G*<Ker A.

Let H be a subgroup of G. The multiplicative (tensor) induction (cf. [CR81,
Section 13]) defines a non-additive but multiplicative and polynomial map

ind$: R(H) — R(G).
If 6 is a virtual character of H and g is an element of G, then

jndg(0)Xg)= _II 6@g " t™),

teH\G/{&>

where 7(t):=|<{g>: H'N{g>|. The multiplicative induction jnd$% on the group
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of linear characters of H is the dual of the group-theoretic transfer map
Veu: G/[G,G]—> H/[H, H].

This follows from [Go68, Theorem 7.3.3]. There is an analogue of Mackey
decomposition for multiplicative induction and group theoretic transfer (cf.
[CR81, Section 13, Exercise 1]; [ Yo78]). Furthermore, we have that

jndg(——la)(g) = (—1)IE\GKa

The assignments H—R(H)*, Ro(H)*, A, together with multiplicative induc-
tion, restriction and conjugation form G-functors.

LEMMA 6.3. The maps char: A(H)*—>Ro(H)* commute with jnd, res, con.
Thus they form a morphism between G-functors.

Proor. Direct verification.
LEMMA 6.4. The composition

char . proj _

_ u
R(G) —> AG) ———5 {21} X Cy —> G,

where ug is the tom Dieck homomorphism from the ring of real valued characters,
s equal to the determinant map det: X—detX.

PrROOF. Let X be a real valued character of G. Then for any element g
of G,
projecharfoug(X)(g) = sgn X(1)-sgn{¥cy, Leg) .
By the way similar as in the proof of Theorem A, we can easily prove that

this is equal to (det X)(g).

REMARK. If we adopt tom Dieck’s definition of the Burnside ring, we
interpret this lemma as follows. Let ¥V be an orthogonal RG-module of di-

mensional n and SV the unit sphere of V. Then ug([V]) is represented by
1-[SV]1= A(G). See [Di79, Proposition 5.5.9]. Furthermore chars: A(G)—
Rqo(G) is given by the equivariant Euler characteristic

charg: [X]+—> %}](—l)i[H"(X; Q)] € Ro(G).

Thus we have that chargeus([V])=(—1)"[Qw], where G acts on Qw by gw:=
w if the mapping degree of g on SV is +1 and =—w otherwise, and so
chargeug([V])=(—1)"[det V], where det V is the n-fold exterior power space.

b. The values of units and the order of A(G)*.

PROPOSITION 6.5. Let u=A(G):={+1}°%®.  Then u is contained in A(G)*
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if and only if for each subgroup S of G, the map

gS ——> u(Kg>S)/u(S), gSeWS,
is a linear character of WS:=Ng(S)/S.

PrOOF. Assume first that » is in A(G)*. By [Lemma 6.1, we have that
u(S)*chary s(invg(u)) is a linear character of WS, of which value at gS is
u(Kg>S)/u(S), as required. Conversely, let # be a super class function of G

such that gS—u(<{g>S)/u(S) is a linear character of WS for each subgroup S
of G. Then for subgroup S,

> ug>S)=0 (mod|WS|).

g8ew S

In fact this summation is equal to 0 or = | WS| by the orthogonal relation. Thus
gives that u is an element of A(G). Since the value of u is 1,
it is in the unit group.

COROLLARY 6.6. Let u be an element of A(G)*, and let S be a subgroup of
G. Then u(S)=u({g>S) for any element g of Ng(S)® (:={n?|nes Ne(S))).

Proor. If g is an element of Ng(S)?, then gS is contained in the kernel
of any linear character with values =+1.

LEMMA 6.7. (i) The order A(G)* is equal to the number of idempotents
e of QRzA(G) such that 2e<= A(G).

(ii) #{(H)eCl(G) | H is perfect} = log,| A(G)¥| = #{(H)eCI(G) | O¥(H)
=H}.

(iii) G is of odd order if and only if A(Gy*={=x1}.

(iv) If G has a Sylow 2-subgroup of order 2, then the second inequality in
(ii) 7s an equality.

Proor. (i) is well-known w—(1—u)/2, e—1—2e. (ii) is proved by counting
the number of primitive idempotents of A(G) and A(G)w,=A(G)[1/2]. See
[Yo83]. (iii) follows form (i). See also [Dr69]. (iv) is proved by the idem-
potent formula for A(G)[1/2].

¢. Normal subgroups. We collect some generalizations of Matsuda and
Miyata’s results.

PROPOSITION 6.8. Let H be a normal subgroup of G of odd index. Then
A(G)* is isomorphic to (A(H)*)¢'H the G/H-fixed point subgroup, via the restric-
tion map.

PrOOF. The restriction map and the multiplicative induction map induce
well-defined maps '
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r: AGY — (AH)*)EH; vr—>res§(v),
Ji (AH)EHE — AG)*; ur——> jndg(u).
Since H is of odd index, by (b.3) in Section 3, we have that

J)S)y= TII wS*NU)=u(SNH) ' = uw(SNH).

8ES\G/H

Thus if S is a subgroup of H, then j(u)(S)=u(S), and so r-j=id. Next let v
be an element of A(G)*. Then by Lemma 51, v(SNH)=v(S). Thus we have
that jer=id. The lemma is proved.

PROPOSITION 6.9 (cf. [Ma82, Theorem 4.1]). Let H,, -+, H, be a normal
subgroups of G. For each subset I of R:={1,2, -, r}, we put
H; :=<{H;liel),
Im; ;=Im@nf: A(G/H;* — A(G)*),
Ker; := NMKer@inv: A(G)* — A(G/H;)*),

el

A(GY¥ :=Im;NKer, where I’ := R—1I,
Then A(G)* is the direct product of subgroups A(G)F, ISR.

PROOF. Let E be the set of all endomorphisms of abelian group A(G)*.
We write the action of E on A(G)* by exponential form, that is, we write
ulf:i=fw), feE, ucA(G)*. Then E becomes a ring by the ordinary way.
To each normal subgroup H of G, there assigns an element fy of E defined by

. -
fai AGY —> AG/HY —> AG)*.

For two normal subgroups H, K of G, we have that fgpefx=fx°fa=fnx.
Thus fy’s are pairwise commutative idempotents of E. Now for each 7 of R,
let f; be the idempotent of E assigned to H;. Put

fri=1Lf: f}:=i1611(1—f¢),

ier
e; = fifr  (I':=R-1I).

Note that f; is the idempotent corresponding to the normal subgroup H;. Then

we have that

I§Re1:id, ejer=¢eg, QleJ——':O (I:/:j).

This induces the decomposition of A(G)* to the direct product:

AG)* = TL A(G)*Te;.
ISR

From the fact that invg-inf$ is an identity on A(G/H), we can easily prove
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that
A(GY* 1t e; =Im;NKer; .

Hence the proposition is proved.
COROLLARY 6.10. Let H be a normal subgroup of G. Then
AG* = A(G/H*x{ucs A(G)* | u(S)=1if S=H}.
Proor. Use the following easy results:

Im(inf: A(G/H)-A(G)) = {x€A(G) | x(S)=x(SH) for S<G},
Ker(inv: A(G*->A(G/H)*) = {uc A(G)* | u(S)=1 if HZSZG}.

7. Abelian Sylow 2-subgroups.

In this section, we study the unit group A(G)* for a finite group G with
abelian Sylow 2-subgroups. First we prove the transfer theorem of Burnside
type. Next we decide the order of the unit groups for some simple groups.

a. Proof of [Theorem D. We begin with proving Matsuda’s theorem (cf.
[Ma82, Example 4.5]). Let T be a finite abelian group. Put T:=T/T?, where
T?:=(?|t<T), and let T~ be the character group of T. We regard the character
ring R(T) as a subgroup of Ro(T). Then the tom Dieck homomorphism ur
induces a map:

(a.1) ar: F,[T 1=R(T)/2R(T) — A(T)*.
For an element 2 of T~ and a subgroup S of T, we have that

-1 if SESKerl
+1 otherwise.

(a.2) 7 (A(S) = {

LEMMA 7.1. Let T be a finite abelian group. Then the above map fir:
F,[T - A(T)* is an isomorphism. In particular, A(T)* is an elementary abelian
2-group of rank |T|.

PROOF. Let # be the set of subgroups of T of index at most 2, so that
|#|=|T]|. Consider the maps

FT -5 ATy 2> (+1),

where ¢ maps u to (u(M))yex. Since
—1 if Keri=M

pur(ly) = =1,  pur(AM) = { +1  otherwise
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we have that ¢-#r is an isomorphism. Let u be an element of Ker¢. Suppose
u#1 and let M be a maximal subgroup of T such that u(M)=—1. Then by
[Proposition 6.5, the set

{tMeT/M | w(HM)=u(M)}

is a subgroup of T/M of index at most 2. But this set is a trivial subgroup
of T/M by the maximality of M, and so M. . This contradicts to the as-
sumption that u is in Ker¢. Thus ¢ is injective. Hence ¢ and #r are both
isomorphisms. The lemma is proved.

THEOREM D. Let G be a finite group with an abelian normal subgroup Q
of odd order and abelian Sylow 2-subgroup T. Put T:=T/O(T) and L:=NxT).
Then the following hold :

(i) If Q=1, then A(G)* e} o is isomorphic to the additive group (F,[ T 1)~
=F,[T /L)) of L-fixed points.

(ii) If Q+#1 and Co(T)#1, then A(G)* 1 eg o is of order 1.

(iii) Assume that Q+1 and Cyo(T)=1. Define

M= {D(T)C | T/C is cyclic and Cyx(C)#1},

K:= N M, K :=K/0T).
MeM
Then A(G)* 1 e, is isomorphic to F,[K X (=F,[K"/L]J).
Proor. By Theorem C, A(G)* 1eé.o is isomorphic to
{(Pe A(TQ/Q)*¢/? | ©(S/Q)=1 if O¥(S)+S}.

We identify A(TQ/Q) and A(T). Then by Sylow’s theorem, this group is
isomorphic to

(1) {ve A(T)*¢| v(S)=1 if O¥(SQ)#SQ}.
We next prove the following transfer theorem of Burnside type:
2) A(TY*¢ = A(T)*L, where L :=Ng(T).

To prove this, let v be an element of A(T)*f, so that v(S")=uv(S) if S, S*<T
and heL. Assume that S, S4<T for an element g of G. Then by Sylow’s
theorem, we have that geNi(S)L. (See [Go68, Chapter 7, Theorem 1.1].)
Thus v(S¢)=wv(S). This proves that v A(T)*®. Hence (2) holds. Next we
prove that for a subgroup S of T,

3) 0¥ (SQ)+SQ if and only if Co(S) # 1.

For ST, define
[@Q, ST :=<a'stas| a=Q, s&S),
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so that O*(SQ)=S-[Q, S]. Since Q is an abelian group of odd order on which
the 2-group S acts, we have that

Q = Co(S)XLQ, S1.

(See [Go68, Chapter 5, Theorem 2.3].) Thus (3) is proved. Hence the group
given in (1) is equal to

4) B :={ve AT | v(S)=1 if CS)#1}.

Now we consider the group B in (4). Assume first that Q=1. In this case,
we have that B=A(T)*!, and so by Lemma 7.1, it is isomorphic to Fo[ T 1.
The canonical mapping of T~ to T"/L, the set of L-orbits in 7", induces an
isomorphism F,[ T 1¢=F,[T"/L]. Hence (i) is proved. Assume next that
Co(T)=#1. Then clearly the group B is trivial, proving (ii).

Finally we consider the third case where Q=1 and Cy(T)=1. Define the
families of subgroups as follows:

C = {CET|Cy(C)#1}, 9 :={DeC|T/D is cyclic},
& :={ELEDO(T)| D=} ={EEM|Mc H}.

Since a non-cyclic abelian group can not act regularly on an abelian group (cf.
[Go68, Chapter 3, Theorem 3.3]), we have that any C=(C is contained in some
De9. By [Corollary 6.6 or Lemma 7.1, we have that

v(S) = v(S-O(T)) for SET.

Furthermore, for any ve A(T)*,
5) (C)=1 for all CeC if and only if WE)=1 for all E=&.
Indeed, for any ESDO(T) with D=9,

WE)=v(E-O(T)) = W(E-O(TYND)-O(T)) = v(E-O(T)N\D) = 1,
proving (5). Now we put

R :=F,[T 1= R(T)/2R(T).

By Lemma 7.1 and (5), the group B in (4) is isomorphic to B’"\T*, where
(6) B’ :={XeR | g, 1gp=0 (mod2) for Ec¢},

where Xz is the restriction of X to £ and { ) is the reduction of the ordinary
inner product.
We will next show that

(7N i: F,[K*]—> B"; 6—>ind%(6)
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is an isomorphism. Let pr/x be the sum of all elements of T" of which kernel
contains K. Then z'(0)=pmx-e9~, where § is an extension of 8 to T(since T is
abelian, such an extension surely exists). This show that 7/ is injective. In

order to prove the surjectivity of 7, take an element X of B’. Then there is a
subset 4 of T" such that

X= ZAZ for some AST~.

i

We will prove the following:
(8) If AcA, p=T" and Kerps H, then ips 4.

Put M:=Kerpu, N:=Kerd. Then M, MNNe¢&. Since X=B’, Frobenius reci-
procity yields that

Anws Luawd = A, Ugawd = A, Ip+A+p+Ap)> (mod 2),
<XM; lﬂl> = <X) 1ﬁ> = <X, 1T+#> (mOd 2).

Thus X, 2>=Q, Ap>=1(mod 2), and so Ap= A, proving (8). Now, let X be the
subgroup of T~ generated by all T~ with Ker g ¥, so that X=(T/K)"<T".
(We identified a linear character of T/K as one of T of which kernel contains
K, as usual.) Then the statement (8) says that 4 is a union of cosets of X in
T", and so X is a summation of characters of the form pr k-4 (=i(x)), A& T .
The surjectivity of (7) is also proved. Hence 7 in (7) is an isomorphism.

We can now finish the proof. The map 7 in (7) commutes with conjuga-
tion. Hence we have that

A(GY* 1 et o = BNF,[T 1" = F,[K"].
The theorem is proved.

COROLLARY D1. Let G be a finite group with elementary abelian Sylow 2-

subgroup. Dejfine
Q :={0¥S) | O¥(S)=S=G}.

Then the following hold:
(1) AGy* = %A(G)* Teé.q,

where (Q) runs over conjugacy classes such that Q0.
(ii) Let Q=0Q and let T be a Sylow 2-subgroup of N:=Ng(Q)/Q. Put
L:=NxT) and C:=C#Q/[Q, Q). Then

A(GY*ted o= F,[C"/L].

PrROOF. (i) Let Q be a 2-perfect subgroup of G. By Theorem C, if Q
does not belong to Q, then A(G)* 1 ek o=1. Thus the theorem follows directly
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from Theorem B.

(ii) By Theorem B and Cl, we may assume that Q is an abelian
normal subgroup of G. There is a subgroup S of G such that S has no proper
normal subgroup of odd index and O*S)=(. By Sylow’s theorem, we may
assume that S/Q is contained in T. Since Q=C(T)X[Q, T] and S has no
proper normal subgroup of odd order, we have that CQ(T)zl. In the case
where =1, the conclusion holds clearly. As in Theorem D, let

M= {MZT | T/M is of order 2 and Co(M)=1}, K:= n M.

MeM

Then we must show that K=C :=C7(Q). Indeed, clearly each M< ¥ contains
C, and so K contains C. The inverse follows form the easy and well-known
fact that Q is generated by subgroups Cy(M) for subgroups M of T of index
2. The corollary is proved.

b. Examples. Finally we give some examples about groups with abelian
Sylow 2-subgroups. Define families of subgroups as follows:

0 :={0%S) | S=0¥(S)=G},
S:={SZG | S/QSyl,(W@Q) for some Q<Q}.

Clearly O%¥(S)=S and 0*S)e(Q for any S, and for any Q=0Q, there is S&§
such that O0%S)=0Q.
In this section, we use the following notation:

Q=0%S)=0 with S8, L:=Nx(S),

r(Q) :=1log, | A(G)* 1 ed.ql ,

dim) ;= #{k=1 | k divides m}.

b a prime.

Cn a cyclic group of order m.

EY an elementary abelian p-group of order p™.

Do a dihedral group of order 2m.

L.(q) (=PSL(2, Fy) the projective special linear group.
A, Sa the symmetric and alternating group of degree n.

Note that L,(4)=L,(5)=As, L,(2)=S,, L,(3)=A,. For the groups L,(¢) and
the Janko group J,, refer [Wa69], [Go68, 15.1].

EXAMPLE 1. Let G:=L,(q), g=2"=4. Then one of the following holds:
(a) Q=1. S=E? and L is a Frobenius group of order ¢(g—1). »(Q)=2.

(b) Q=C, for m|(g—1), m#1 and L =S=Dyq-1,:r(Q) = 1.

(¢) Q=C, for m|(g+1), m#1, and L=S=Dyysn,r(Q) = 1.

@ Q=S=L=L,2™), where m|n and m=2. r(@)=1.

(&) Q=S=L = A, r(Q)=1. This case occurs only when ¢g=+1 (mod 5)
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and ¢>4.
In every case, @ up to conjugate is uniquely determined by its order. Hence
we conclude that

log, | A(G)*| = 24+(d(g—1)—1)+(d(g+1)—D)+(d(n)—D+a
=d(g—1)+dg+1)+d(n)—1+a,

where a=1 if g=+1(mod5) and ¢>4, and =0 otherwise. (Degenerated case:
log,| A(L,(2))*| =3.) The value 5 in the case g=4 equals to the result in [Di79, 1.7].

EXAMPLE 2. Let G:=L,(q), g=p"=3(mod 8), ¢=5. Then one of the follow-
ing holds:

(a) 1. S=E} and L=A,. »(Q)=2.
(b) Cn for m|(¢g—1)/2, m#1. S=L=D, .. r(Q)=1.
(c) Cn for mi(g+1)/4, m#1. S=L=CyXDyyy. ¥(Q)=2.
(d) =S=L=L,p™) where m|n and p™=5. r(Q)=1.
(e) Q=S=L=A,. r(Q)=1. This case occurs when ¢g==+1(mod 5).
Hence we conclude that

log,| A(G)¥| = 2+(d((g—1)/2)—D)+2d((g+1)/4)—1)+(d(n) =8, ) +a
= d((¢g—1)/2)+2d((¢+1)/H)+d(n)—1—0, s +a,

eme

OO0 D

where a=1 if ¢g=+1(mod5), and =0 otherwise.

ExXAMPLE 3. Let G:=Ly(q), g=p"=5(mod8). Then one of the following
holds:
(a)
(b)

[y

o n
OO

. S= E{and L = A, r(Q)=2.

n for ml(g—1)/4, m#1. S=L = CyXDyy. (Q)=2.

() n for m|(g+1)/2, m#1. S=L = Dyy,. (Q)=1.

(d) E7 for 1=sm<n. S is a Frobenius group of order 2p™. »(Q)=1.
(e) Q=S=1L = L,(p™) where m|n. »(Q)=1.

f) Q=S=L =A, r(Q)=1. This case occurs when ¢==+1(mod 5).
Hence we conclude that

log,| A(G)*| = 2+2(d((g—1)/H)—D)+(d((g+1)/2)—1)+ B+ d(n)+a
=2d((g—1D/+d(g+1)/2)+d(n)—1+ B, +a,

where B, is the number of G-conjugacy classes of nontrivial p-subgroups of G
and « is defined as in Example 1. Again we have that log,| A(L.(5))*|=5.

QOO

EXAMPLE 4. Let G=] (the Janko group of order 2°.3.5-7-11-19). Then
one of the following holds:

(a) @ =1. S=E} and L is a Frobenius group of order 168. »(Q) = 2.

(b) Q= Cn,m=3,5,15. Ng(Q)= D;XDy,. r(Q)=2,2,1, respectively.
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() Q=Cn,m=7,11,19. S = Dy,. r(Q) = 1.
(d) Q=45 S=L=CXA;. r(Q)=2.
(e) Q=S=0L=L,(11). »(Q)=1. Thus we have that

log,| A(G)*| = 13.

Simple groups with abelian Sylow 2-subgroups are isomorphic to one of
Ly(q), where ¢=2" or ¢g=+3(mod 8), J, and 2G,(¢q) (Ree group, where ¢=3"*'>3
([Be70], [Wa69])). It is not so easy to determine the order of the unit group

for a Ree group because of the complexity of the structure of Sylow 3-subgroups.
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