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Introduction.

Let M be a finite von Neumann algebra with a faithful normal normalized
trace © and N be a von Neumann subalgebra of M. Then, the relative entropy
H(M|N) is naturally defined as an extended notion of the conditional entropy
in commutative cases. This relative entropy is used in Connes-Stormer’s work
@ as a technical tool for finite dimensional algebras M. Recently, O. Pimsner
and S. Popa have deeply studied it ([I12]). One of their main results is to make
clear the relationship between H(M|N) and Jones’ index [M: N] for a type II;
factor M and its subfactor N and give the formula on H(M|N) for this pair.
Another one is to compute completely the value of H(M|N) for an arbitrary
subalgebra N of a finite dimensional algebra M.

The aim of this paper is to give the complete formula on H(M|M?®) for an
arbitrary action a of a finite group G on a finite von Neumann algebra M by

the following method, where M¢ is the fixed point subalgebra of M under the
action a.

[A]l A general case may be reduced to the case that the action a is centrally
ergodic, see Proposition 2.1.

[B] The case where a is centrally ergodic may be reduced to the case that
M is a factor, see |Proposition 2.2,

[C] When M is a factor, HM|M?*) may be computed in association with the
conjugacy invariants of actions introduced and deeply studied by V. Jones [6], see

Applying these formulas, we can show the fact that H(M|M*)<log|G| holds in
general and we can characterize such actions a that H(M|M*) attains log|G|,
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see and Remark 2.8.

In order to carry out these computations, we need some investigations on
the relative entropy, besides the several deep results of Pimsner-Popa ([12].
One obstacle to compute concretely the relative entropy H(M|N) for a given
subalgebra N of M is that the formula:

(x) HMIN)= HM|L)+H(L|N)

is not assured in general, even if both of H(M|L) and H(L|N) are known to be
computable for a subalgebra L such that MDLDON. The formula (x) is shown
to hold in the following two cases, as described in Proposition 1.7, which will
play a crucial role to compute H(M|M®*) in the cases [B] and [C].

(i) M is a factor and L=37,e;Me; for central projections e; of N such that
Diiei=1.

(i) L=X7.f;Mf; for central projections f; of M such that 37-,f;=1 and
EJLV(fj):T(fj)-

For the case [C] (M is a factor and N=M*), we apply (i) to our computa-
tions as follows. Since the center Z(M*%) of M* is finite dimensional (cf. 2.1.3
in [6]), we may take e; as minimal projections of Z(M#). Thus, we have the
formula (x) with

HM|L)= 337e(e) and  H(LIN) = 3e(ed HM.,| Mz,).

If one knows the structure of the relative commutant (M) N\M,,, one may com-
pute H(M,,|Mg,) by using 4.4 in and so H(M|M®*). Therefore, we also
have to make clear the structure of (M¢)’N\M and we show in [Proposition 2.3,

(MPYNM = (M YNM = v(K)”

where K={keG; a,=Adv, for some unitary v, in M}. This family of unitaries
v, implementing a, (k= K) is interpreted as a g-representation v of K for some
multiplier ¢ of K. Associated with the canonical factor decomposition: v=3, v*
of v, we denote by fy the corresponding projection and by d; the dimension of
Ye(K, ). Then, asserts that

[C1 HM|M*) = log|G/K|+27(fr)log(di/z(f)).

For the case [B] (a is centrally ergodic), applying (ii) and taking f,, fo, -+, fm
as minimal projections of Z(M), whose existence is assured by the centrally
ergodicity of a, we get in [Proposition 2.2,

[B] H(MIM®) = HMy,|(My)"+ Sye(f)
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where H={ge G ; a,(f)=/}.
For the general case [A], applying the reduction theory on the relative
entropy (see [10]), we have in [Proposition 2.7],

[A] HOMIME) = | HOMG) MG)Odp)

where Z(M)6= LI, p), MESjM(T)dMT)’ and the reduced action a' of G on
M(y) is centrally evgodic for p-almost all yeI'.

NoTATIONS. We fix some notations frequently used in this paper. For a
von Neumann algebra M, M*=/{all positive elements of M}, Z(M)=M'"\M=center
of M, M?={all projections of M}. For a set I, |I]| denotes the cardinal number
of I. C, R and N denote the set of all complex, real and natural numbers re-
spectively.

ACKNOWLEDGEMENT. We would like to express our hearty thanks to Pro-
fessor Q. Takenouchi for valuable suggestions and constant encouragements, to
Professor Y. Katayama for leading to this subject, and to Messrs M. Nagisa,
R. Ichihara and other members of the seminar in Osaka University for their
frequent and stimulating discussions.

§1. Reduced relative entropy.

In this section, we introduce a reduced relative entropy which is a slight
generalization of Pimsner-Popa’s relative entropy [12], and we describe elemen-
tary properties and some technical results concerning it.

Throughout this paper, let M be a finite von Neumann algebra with 3
faithful normal normalized trace r and N be a von Neumann subalgebra of M.
Then, a function A% on M™* is defined by

h¥(x) = tnE¥(x)—7n(x) for xeM?*

where E¥ is the unique r-preserving conditional expectation of M onto N (see
Umegaki [14]) and % is a continuous function defined by 5(t)=—t logt (t>0),
7(0)=0.

We first list up some elementary properties of h%, which are immediately
obtained from the definition and 1°~11° in §3 of [12]. We denote h¥ by h and
E% by E if there is no fear of confusion.
1° A(x)=0 for xesM*.
2°  h(x) is strongly continuous on MT.
3° h(Ax)=2h(x) for A= R*, x=M*.
4° h(p)=tnE(p) for peM?>.
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5° h{x+y)Sh(x)+h(y) for x, yeM* with xy=0. Under the additional condition
E(x)E(y)=0, we have the equality.

6° h(px)=t(nE(p)x) for pec(N'NM)?, x=N.

7°  h(pX)=t(D)A(E) for p=(Z(MINZ(N)?, x=pMp, where % is the image of x
via the canonical isomorphism of pMp onto M,, and h is defined for M, DN,
with the normalized trace t,, To(%)=t(pxp)/7(D).

Now, we define reduced relative entropy HY(M|N) associated with yeM*
as follows

DEFINITION 1.1. For ye M+, set
SYM) = {4=(xy)ics ; x:€M*, ig;xigy, and [ is a finite set}.
Taking 4=(x;)ic;=SY(M), we set
H%(M]N)zig_‘,lh%(xi).

Then, the reduced relative entropy of M to N associated with y e M* is defined

by
HY(M|N) = sup{H4M|N); 4dSY(M)}.

When y=1, H'(M|N) is the ordinary relative entropy H(M|N) studied by
Pimsner-Popa [12]. We need the above notion in order to clarify some of the
arguments by taking y as a projection.

We make some preparations for to describe elementary properties of
HY(M|N). We denote by | |, L*norm of M, |x|,=z(|x|) for xeM. We
abbreviate Z(M)NZ(N) by Z for fixed M and N. For peZ?, HM,|N,) is the
relative entropy associated with the normalized trace z, of M, described in 7°.
We set

T = {yzz_,Jijj; A;€R*, p;eZ? such that %‘_,Jpjzl. and J is a finite set},
J J
and define essential entropy of M relative to N by

EHM|N)=sup{HM,|N,) ; p+0sZ?}.

PROPOSITION 1.2. HY(M|N) has the following properties.

(a) H¥'W(M|N) < H*(M|N) for yi, y.€M* with y,=y,.

(b) H*Y(M|N)= AHY(M|N) for AeR*, ye M*.

() HP(M|N)=rt(p)H(M,|Np) for pcZ®.

(d) HP(M|N) = 3jes HP(M|N) for p, p; G€])EZ? with p=3 e p;j where
J is a finite set.

(e) [HY(M|N)—H**(M|N)| < lly1—ylLEHM[N) for y,, ».€T.
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PROOF. (a) is clear by the definition. (b) and (c) follow immediately from
3° and 7° respectively. (d) is obtained from the following observation.
For 4=(x:)ic;=S?(M), set 4,=(p;x:p;)ic;- Then, 4,&€S?i(M) and HYM|N)=
et Mx)=2ier Djes Mpixip))=2es HFHMIN) by 5°. Conversely, for 4;,=
(%ij)icr,€SPIM), set A=(xis)icr;jes» Then, 4€S?(M) and HYM|N)=
s Hﬁg(M |N). Finally, we shall prove property (¢). For y,=3ic;4:p; and
Yo=22jes tt;¢; in T, if we set r;;=p;q;, then we have

11— y.lli = 2l di—pyle(ry) and
HY"W(M|N)—H"*(M|N)= 2 i) HM, ;[ Nvy) - [by (b), (0), (@)].
Hence, we have
| HYY (M| N)—H"*(M|N)| £ l|y:—y:,EHM|N). [Q.E.D.]
PropoSITION 1.3. (i) [Approximation] For any yeZ* and any >0, there
exists ¥, in T such that |y—y,ll,<e and |HY(M|N)—HY'(M|N)|<eEH(M|N).

(ii) [Continuity] If EH(M|N)<+oo, then for any ysZ* and any >0 there
exists 0>0 such that |HY(M|N)—HY (M|N)|<e for y’€Z* with |y—y’|,<0.

ProOoOF. (i) For yeZ*, there exist y, and y, in T such that y;<y<y,
and [ y,—¥.|li<e by the spectral decomposition of y. Then,
| H'\(M|N)—Hv*(M|N)| < eEH(M|N) [by (e)]
HY'(M|N) < HY(M|N) < H**(M|N) [by (a)].

Hence, we have the desired conclusion.
(ii) Itisenough to assume that EH(M|N)>0. For e>0, putd=¢/(GEH(M|N))
>0. Then applying (i), there exist y, and y, in T satisfying that

ly—y.l.<0, | HYM|N)—H"'(M|N)| <SEHM|N),
1y’ —y.ll:<d, and [HY(M|N)—H'*M|N)| <SEH(M|N).
Hence, we have
[yi=yels = lyi—=yliHly =2+ 1" — el <30,
| HY'(M|N)—H**(M|N)| < 36EHM|N) [by (e)].
Therefore,
|HY(M|N)—H" (M|N)|
< [HYMIN)—H*"(M|N)|+ | H**(M|N)—H"*(M|N)| + | H**M|N)—H" (M| N)|
<BIEHMIN)=c¢. [Q.E.D.]
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For yeM* and ¢>0, put
S¥M) = {4=(A:ps)ier; A:=ER*, p;=MP such that _Elzipi§y
e

and ly— X 4:p:l:<e, where I is a finite set}.

LEMMA 1.4. For ye M+,
HY(M|N) = sup{H4M|N); 4=S{(M)}.
More precisely, for any >0, there exists 4 in SY(M), such that
HY(M|N) < HYM|N)+e.
The proof is similar to that in [12, Lemma 3.1].

For ye M* and two positive numbers ¢>0 and 0>0, we set

SYs(M) = {4=A:p)ic; €SYM); (p;)=0 for each iI}.

LEMMA 1.5. Let M be a continuous finite von Neumann algebra with a
faithful normal normalized trace v and y be a positive element of M. Then, for
any 'e>0, there is 0,>0 satisfying that, for an arbitrary 6 (0<8<40,), there exists
4eSY s(M) such that HY(M|N)<HY(M|N)+e.

Proor. By [Lemma 1.4, for ¢>0, there exists 4y=(A;P:)ic; in S¥(M) such
that HY(M|N)SHY (M|{N)+¢e/2. Set yo=2ic; Asp; and ¢=3};c; 4. Then, we
may assume that 1,>0 and ¢ is small enough to satisfy that :<%(f) and 9(,)<
N(t,) for $,=<t, on [0, ¢/2¢]. Let 0,=%"(e/2¢). Then, 0<d<4d, implies that o<
7(0)=7(0,)=¢/2c. For each projection p; (), we can write p;=2jes, Dej+74
where p;; (7€ ],) are projections of M with #(p;;)=0 and r; is a projection of M
with z(r;)<d, because M is continuous. Set

4, = (AiPijjers et » y1=§j2iﬁij, 4y = (A¥1)ier and yzzglﬂ’i-
Then, we see that, using 3°, 4° and 5°,
H3(MIN) < Hjus,(MIN)= HY (M|N)+H}4,(M|N),
HY%(M|N) = ; h(Ars) = Zi],hﬂ]E(n)
= 3 Aaelry) < 2 2:7(0) < &/2.

Therefore, we have HY(M|N)<HY (M|N)+e. It is easy to check that 4; lies
in S¥s(M). [Q.E.D.]

The next proposition plays an important role in concrete computations of
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the relative entropy H(M|N) in the case that either M or N is not a factor.

PROPOSITION 1.6. M denotes a finite von Neumann algebra with a faithful
normal normalized trace v and N denotes a von Neumann subalgebra of M.

(1) Let M be a factor. For projections e; in Z(N) (i1=1, 2, ---, n) such that
D 2,e.=1, L denotes the von Neumann subalgebra X 7.,e;Me; of M. Then, we
have

HM|N)=HM|L)+H(L|N) and HM|L) = iém'(ei).

(i) Let N be a factor. For projections f; in Z(M) (j=1, 2, ---, m) such that
>m.f;=1, L denotes the von Neumann subalgebra X7, f;Nf; of M. Then, we
have

HMIN) = HOM| L)+H(L|N) and HLIN) = 3i7e(f)).

Proor of (i). When M is a finite type I factor, (i) follows from Pimsner-
Popa’s formula for finite dimensional algebras [12, Theorem 6.2]. We suppose
that M is a type II, factor.

We first show the proposition in the case of n=2. It is enough to assume
that HM|N)>0. Take an arbitrary ¢>0 and set &;=(1/4)min {e, ¢,c.¢/H(M|N)},
where ¢;=7(e;) ¢=1, 2). Then, by [Lemma 1.5, for ¢,>0, we can find §>0 and
4;=Qi;bij)jer, in St s(L) ((=1, 2) such that

(0) HUL|N)=HGF(L|N)+e,.

Take and fix (J, k)= JiXJ,. Since 7(p,;)=7(p.r)=0 and M is a type II; factor,
there exists a system of matrix units (uy)s,:=1,2 in M such that u,;=p,; and
Uge™= Das. Set

2 —— 2 _—
Qo= X Vecuy and gl = 3 (—1**Vecuy.
Then, it is easy to see the following properties.
1) gl e>+q%. > = 2¢1p15F2¢2 D0k
2) elql(j,k)el = ¢;p1; and equ(j,lwez = ¢ypyr for (=1, 2.
3) E%(q%j,k)) = C1P1j+CeDar for /=1, 2.
4) ¥ (gl ) = t(Pi)n(c)+7(per)n(ce) = d(nlc)+n(cs)
5) T(ql(j,k)) = T(Eﬁ{(ql(j,w)) =J.
Take a partition 4 in M defined by

— l
4= (dl(j,k)qu,k))(j,k)EJliz, 1=1,2:

where d¥; &y =21;42:0/(2¢.C5).
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Denote ZjeJi;iijpij by Vi and T(yl):2]2”5 by b; for Z:]., 2. Then, yi§ei and
0=c¢;—b;<<e;, so that

(6) bibe/cicy = 1—(e1/c1Cs).

Under these preparations, we get the followings.

(7) > d%j,k)Q%j.k) = (bz/cz)y1+(b1/c1)yz Lete,=1.

J. k1

Then, we see 4= S,(M).
®) (2 dly.wat0) 2 1—(er/eics).
Hence, we have j’gl dt »0=1—(g,/cic5) [by (B)].
(9) HsMIL)= j%t AN (dYy, 194, 1)
=jg}ldlu.kﬁ(ﬂ(cl)-l-v(cz)) [by (4) and 3°]

= {1_(51/5162)}(7](61)"”7](02)) [by (8)].
Hence, by the formula H(M|L)<n(c,)+n(c,) [12, Lemma 4.3] and the selection
of &, we have

() HyM|L)=z HM|L)—e¢/4,
9”) HWM|L) = n(c))+n(c,)—(K/4)e, where K = (n(c,)+7(c,))/HM|L).

Set E(A)=(E¥(d%; 9%, »>)); r1- Then, easy calculations show by 3°, 5° and
(3) that

(10)  Hpay(LIN) = (bo/ o) HH(L IN)+(bi/c) HE(LIN)
2 {1—(es/crc) HH WL | N)+H*(L|N)—2e,} [by (0), (6)].

Hence, by the selection of ¢ and (d) in [Proposition 1.2, we get

Hpay(LIN) 2 H(L|N)—(3/4)e.

By the formula: Hy M|N)=H«M| L)+ Hg4,(L|N), combining with (9”) and (10),
we see that

(11) HM|N) =z HM|L)+H(L|N).

The opposite inequality is always true so that we get the desired equality.
Moreover, we note that (9”) implies that H(M|L)=%(c,)+7n(c.) and so,

(12) HM|L) = n(c)+7(cs).

We can prove the proposition in the case of n=3 by the induction on z.
The equality: HM|L)=3},nt(e;) has been obtained by Pimsner and Popa
in [12, Lemma 4.3]. Our advantage is to have found a good choice of parti-



Finite von Neumann algebras 617

tions of unity to establish H(M|N)=H(M|L)+H(L|N)and HM|L)=X%, nt(e;)
at the same time. This idea of finding a suitable partition of unity is due to
them, but, in order to carry out our work, we had to elaborate some significant
improvements on their method to apply it to II, case.

PrOOF of (ii). Since N is a factor
13) Ex(fp=1(fp (G=L,2, -, m),
so that we get
(14)  h5(f39) = t(E5(f1)y) = t()ne(f)).

Let S’(L) be the set of partitions (f;vy;; fj)ielj, j=1,2,..m Of the unity in L such
that for each j, y;;&€ N* and Yier;yi;=1. Then,

(15) for 4 S(L),
HALIN) = 2 h(f;315) = ;ig;ajf(yij)y]f(fj) =2 nt(fy).
Therefore, taking /=1 and y;;=1,
(16) H(LIN) =z ; nt(fy)-

Conversely, for any Ad=(v)ic;=S5(L) with c;y:=1, put 4'=
(fivi)ier, j=1,2,~.m- Then, 4’eS’(M) and Hi(L|N)<H,(L|N). Hence, by using
(15), Hy(L|N)<3X;97(f;). Therefore, H(L|N)<3>;7n7(f;). Combining this with
(16), we get

(I7) H(L|N) = JEﬂT(fj)-
For any >0, there exists 4=(x;)ic;=S(M) such that
glxi =1 and HWMI|L)< Hy(M|L)+e.
Then, E(4)=(E¥(x;)=S’(L), and so by (15) and (17) we get
(18) Hgwu(LIN)= H(L|N).

Therefore,
HM|N) =z H(M|N) = Hs(M| L)+ Hgu(L|N)

= HM|L)—e+H(L|N) [by (18)].
Since ¢>0 is arbitrary, HM|N)=H(M|L)+H(L|N). Hence, we get
HM|N)=HM|L)+H(L|N). [Q.E.D.]

REMARK 1.7. The proof of (ii) assures that the statement in (ii) remains
true if only the equality (13) holds, even though N is not a factor. Moreover,
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by (c) and (d) in [Proposition 1.2, we know that, in (ii),

HM|L) = ]gf(fj)H<ij| Ly).

§2. Computations of H(M|M®*) and HMx ,G|M).

Let M be a finite von Neumann algebra on a separable Hilbert space H
with a faithful normal normalized trace r and a be an action of a finite group
G on M. We denote by M?%, or M%if a is clear, the fixed point algebra of M
under the action a.

The action @ on M induces the action of G on the center Z(M) of M and
we note that Z(M)=Z(M)NZ(M®). Then, by the reduction theory (see [5]),
there exists a standard finite measure space (I, ) such that

(Z(M)¢, 1) = {diagonalizable operators} = L=({", )
and (M, ) is decomposed into a direct integral as

M, ) = M), dpty).

Moreover, for g-almost all yeI', there exists an action a” of G on M(y) such
that the field y—a’ of actions is measurable and

~ ® Td

In this case, we see that
5]
G ~ G
M = SFM@) du(y).

Thus, for p-almost all y= I, the relative entropy H(M(y)| M(y)¢) is defined, as-
sociated with the normalized trace z7 of M(y). Then, we get the following.

PROPOSITION 2.1. In the above situation, the actions a' are centrally ergodic
for p-almost all y&I" and

HM|M®) = | HOM@)| M)

The proof follows immediately from [107.

Owing to this proposition, we may assume that the action @ of G on M is
centrally ergodic, namely, Z(M)*=C. In this case, the center Z(M) of M is
finite dimensional because G is a finite group. Denote the minimal projections
of Z(M) by fi, fs, -+, fm and by H the stabilizer of G at the projection f;
under the action a. Then we get an action 8 of H on the factor M, , the
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reduced algebra of M by the projection f,, by a suitable restriction of a. We
note that (M, G, @)=Ind%(M,,, H, B) in Takesaki’s sense ([13]) but the given
trace r of M is not necessarily invariant under the action a.

PROPOSITION 2.2. Let a be a centrally ergodic action of a finite group G on
a finite von Neumann algebra M with a faithful normal normalized trace v. Then,
using the above notations, we have

H(M| M®) = HM | (M )")+ $37e(f)-

PrOOF. Denote M¢ by N and X7, f;Nf; by L. Then, it is sufficient to
check the following two properties, owing to (ii) in Proposition 1.6 (see also
Remark 1.7).

(1) E%(fy)=r(f;) for each j=1,2, -, m.
(2) HM;;|N;) = HM; |(M;)") for each j=1,2, -, m.

These equalities can be checked by routine arguments.

Proposition 2.1 and 2.2 assure that the computation of the relative entropy
H(M| M=) for a finite von Neumann algebra M may be reduced to the case that
M is a finite factor. For a given action a of a finite group G on M, we denote
by K(a), or simply K if a is clear, the normal subgroup {g€G; a, is an inner
automorphism of M} of G. Actions of finite groups on the type II, factors are
studied by V. Jones in [6]. We will give the computation of the relative entropy
H(M\|M*), associated with Jones’ conjugacy invariants of the action a. To do
this, we need more precise information on the structure of M* and MN(M*)'.

First, we reformulate some notions in [6] from a slightly different point of
view. For an action a of a finite group G on a type II, factor M, the charac-
teristic invariant [, p#] of a is defined in [6]. Its representative (4, p) is given
as follows by choosing the section (v,),ex Where v,’s are unitaries in M such
that a,=Adv, (k= K) and v.,=1.

2T T ks, k2)vk1vk2 (ky, kEK),
Crg(vk) == Z(g) k)vgkg“l (gEG, kEK).

We note that p is a T-valued 2-cocycle (multiplier) of K, 1 is a T-valued map
of GX K and they satisfy some relations (see [6, section 1.2]).
For this multiplier g, we denote by Rep(K, g) the set of all p-(multiplier)

representations of K and denote by (K, g) the unitary equivalence classes of
irreducible p-representations of K. For w<Rep(K, p) and g=G, set

(g-7)k) = Ag, k)m(gkg™") for kK.
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Then, ‘we see that g-z=Rep(K, ) and n—g 7 (g=G) is an action of G on
Rep(K, p) which preserves each unitary equivalence class and (g-v),=a,(v,).
Thus, this action induces the action of G on (X, pS. For simplicity, set X=
(K, ;f) and denote by £ the G-orbit space of X.

Let v=3ycx #*®1; be the canonical factor decomposition of v as p-represen-
tations of K. Then, projections f; X=X) of M such that X,cx fz=1 are de-
fined, associated with this decomposition. We denote by N the von Neumann

subalgebra generated by v, (k< K) and by S(a) the set {XeX; ©(f4)#0}. Then,
it is clear that

(1) Z(IN)=21exCfr and N=3yex fyNfy where fyNfy=M(dy, C) (dy=
dimz*) for X S(a),

(2) N is a-invariant, g-v=1ex &' 7* @1y and a,(f1)=S;1,

@) MEX=N'NM=3ycx Ly where Ly=fy(N'N\M)fy,

(4) M¥ is a-invariant and the restriction of @ on MX to the group K is a
trivial action.

For an orbit w2, set ¢,=Xyc0fx and |w]=the number of Xw. Then, for
each X, X’ cw, t(f;)=1t(fr) and dy=dy., so that z(e,)=|w|r(fy) X=w) and we
may set d,=d; X€w). By (2), we get a,le,)=e, for g so that ¢, is in
M¢€. Thus, e,Me, is a-invariant and this action of G on e¢,Me, is also denoted
by a.

Take and fix X;€w and put H={geG; g-X,=X,} and denote Ly, by L,
Then, the action a« induces the action & of H/K on L, by (3) and (4). Under
these situations, we get the followings.

PROPOSITION 2.3. Let a be an action of a finite group G on a type II, factor
M. Then,

(i) @ is an outer action of H/K on L,.

(ii) There exists a canonical isomorphism 6 from M., onto M(|lw|, L,)Q
M(d,, C) which transforms MSZ onto the algebra {[0:;8,x)]; x€ L¥}QC where
B; /=1, 2, -, |wl|) are some outer automorphisms of L,, M, N(MZ) onto the
algebra {[0:;4,]; ;€ CYRQM(d,, C), and fy to (minimal projection)QL.

(i) Z(M®% = X Ce,.
P
(iv) MNMCY = MN(M¥) = N,
We will prove this proposition after Here we note that M¥ is
a factor if and only if S(a) consists of one point and that M¢ is a factor if and

only if the action of G on S(a) is transitive. At first, we will investigate these
cases.
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LEMMA 2.4. Assume M¥ is a factor. Then,

(i) MNMEY=MNME).

(ii) If an automorphism B of M satisfies that, for some x+0 in M, B(y)x=
xy for all ye M@, then there exist a unitary u in M and geG such that B,=
(Aduw)a,.

PROOF. Since S(a) consists of one point by the assumption, the multiplier
representation v of K is factorial. Then, N=v(K)” is a finite type I factor
because G is a finite group. Therefore, we get M= MXQN by the fact M¥=
MNN.

(i) Since M¥ and N are a-invariant, the action a induces the actions a?
and a®* on M¥ and N respectively by restrictions and a,=a}Qa} for geG.
It follows from the fact N is a type I factor that the action a? is inner. Hence,
the reduced action @ of G/K on M¥ is seen to be outer so that MEN((M%X)&)
=C by [11]. Noticing that (M¥)2=M¢, we get MEN(M®)’=C, which implies
that MN(M®)'=N.

(ii) is checked by slight modifications of the proof of Lemma 3.4 in [3]
combined with the following duality property ().

(x) Suppose MN(M€)=C. If an automorphism B of M satisfies that S5(y)
=y for all yeM¢, then there exists g& G such that S=a,.

This property () is explained in or [9] [Q.E.D.]

Next, we consider the transitive case under some general situations. Here
we recall the assumption that G is a finite group and M is a type II, factor.

Let X be a finite set {1, 2, ---, n} such that G acts on X transitively. This
action is denoted by X=/—g-jX for g&G. We denote by H the stabilizer
of G at 1eX. Let f; (jeX) be projections of M such that X;cx f;=1. We
denote by M, the reduced algebra M, which is often identified with f,Mf,.

LEMMA 2.5. Under the above situations, if a,(f;)=fg; and M* is contained
in X% f;Mf;, then there exists an isomorphism 6 of M onto M(n, M,) such that
the isomorphism @ transforms M® onto the subalgebra {[0:;B;(x)]; xeM¥} of
M(n, M,) for some BjcAutM, (j€X). Moreover if HDK(a) and (M¥*)NM,
=F1s a factor, @ transforms the relative commutant (MS)N\M onto the subalgebra

{L0:;8:(y)]; y;€F} of M(n, M)).

PROOF. For each j= X, there exsits g G such that g-1=; by transitivity
of the action of G on X. Then, f, is equivalent to f; because 7(f;)=1(fg1)=
t(ag(f1)=7(f,) and M is a type II, factor. Hence, there exist partial isometries
u; in M such that

(1) wu¥u;=f, and wu¥ = f;.
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Hence, we see that
@) ag(up*a(u) = fga, aguja,(u)*=f,; for each geG,

and that there exists a canonical isomorphism 8§ of M onto M(n, M,) such that
(3) 0(%] wxu%) = [x4] € M(n, M,).

Set
(4) Bo(x) =uf a(x)u,, for xefMf, and geG.

Then, it is easy to check the followings by direct calculations.

(5) ay(x) = ugBe(x)u%., for xefiMf, and g=G.

6) B, <= AutM, and B, ,, = Adv(g;, g,)B,,8,, for some unitary v(gi, g.)
in M,.

(7) 0“30—1:(Ad2gv(g>),§g’ Where 'Zg:[ag-i,j]; ﬁg([xij]):[ﬁg(xij)] and
V(g)=[0:0(g);] by the unitary v(g);=u¥.;a,(u)u,, in M,. Thus, for geG,
agzeIntM if and only if B,=IntM,.

For each j= X, choose an element g;=G such that g;-1=; and so we get
G=37.,g;H. Set B;=8,, for j&€ X and denote by L the subalgebra {[0:;8,(x)];
xeM¥} of M(n, M,). Then, for xe MY,
n 1
®)  07[0:;8:(x)]) = Dy (x) = 7w 3 a,(x) [by (3), (5)]
i=1 | H| sec

so that 8% ([0:;8,(x)1)e M?. Conversely, take yeM® and set y,=f,vf;. Then,
y=3;fif; by the assumption MCCX}.f;Mf; and a,z(y)=a.(f)y a.(f)=
fivf;. Hence,

©) 0700 iy0]) = Fauy) =S fofs=y.

Thus, we see that the isomorphism #-! transforms L onto M°¢.
Each element [x;;] in L’'N\M(n, M,) satisfies that

(10) x4;8:y) = Bi(»)xy; for any yeM¥ and 7, je X.
In the case that /=7, the equality (10) implies that

1D B7'(xw) € (MT)Y'NM,
and in the case that 77,

(12) B3'(x:)B7'B(y) = yBi'(xyy) for any ye MY.

By the assumption, F must be a type I factor so that M¥ is a factor. We note
that the restriction to the subgroup H of the cocycle crossed action 8 of G on
M, is an ordinary action and that K(B8)=K(B|x)=K(a) holds by (6) and (7).
Thus, applying Lemma 2.4, we see (i) (M¥)NM,=F and (ii) there exist a
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unitary element u in M, and h<H such that 87'8;,=(Adu)B, if x,;#0. By (11)
and (i), we get x;;=pf:(y;) for some y;=F. In the case that i+, x,; must be
0. Indeed, suppose x;;#0. Then, by (ii), B5'87'8; is an inner automorphism
of M, so that h-'g7'g;= K(a) by (6). This implies that g;= g;H because HDOK(a)
and so /=5 which is a contradiction. Hence, we get the desired conclusions.

[Q.E.D.]

Proor oF ProposITION 2.3. For (M., G, a), take w=X and apply
2.5. The assumptions of Lemma 2.5 are clearly satisfied. We note further the
following. By a suitable perturbation of unitary elements of N, (=v(K)7), we
may choose partial isometries u; in M., satisfying that u%a, j(vk)uj: fivefr U=
1,2, -, n) for all kK. Thus, we see that for each j=1,2, .-, n B,(x)=x
for all x& Ny, =M¥)YN\M,=M(d,, C). These observations imply the statement
(ii) and

1) Mg =LY¥,
@) (MZ)YNM.,=ME)NM,,.

The statement (i) may follow in general from 1.5.1 in [2] but has been already
checked at (7) in our proof of [Lemma 2.5. The statement (iii) is clear by (i)
and the above (1) in the same way as described in section 2.1 of [6]. The
statement (iv) follows from (iii) and the above (2), which we need but was not
found in Jones’ work [6]. [Q.E.D.]

Now, we have the following theorem.

THEOREM 2.6. Let M be a finite factor and a be an action of a finite group
G on M. Then, we have

HM|M*) = log|G/K|+ éf(ew)log(dilwl/f(ew))

= log| G/K|+ 3, 7(f1)log(d}/z(f).

ProorF. Assume that M is a type II, factor. Then, for w2, by (ii) of
Proposition 2.3, we may take minimal projections h, (k=1, 2, -, d,|w]|) of
((M®),,)NM., such that 7,(h:)=(lw|d,)~" for the normalized trace r, of M.,
and (h,Mh,, hyMCh,)=(Ly, L¥) for some X=w. Thus, by (i) of
2.3 and [7], we get

My, : (M%), ]=|H/K| for every k,

where [ :] is Jones’ index. Hence, applying Theorem 4.4 in [12], we have
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HM,,IMZ)=2 Ek] nrw(hk)-}—; to(hy)log | H/K]|
= Zto(hp)log(| H/ K| /to(h4)")
= loglw| | H/K|+loglwldi [by to(hp)=(lo|de)™]
=log|G/K|+loglw|di.  [by |o|=|G/H|]

Next, applying (i) of Proposition 1.7 together with (c), (d) of [Proposition 1.2
and (iii) of [Proposition 2.3, we have

HM|M?) = Z—t(e,)logr(e,)+2 t(e,) HM, | (M%).,)

w

= Zt(e,){log| G/ K| +log(lw]di/z(e.))}
= log |G/ K|+ t(en)log(lwlda/T(es)) .

The second equality is clear from 7(e,)=|w|7z(fy) X=w). When M is a finite
type 1 factor, these formulas follow from similar arguments to the above as a
special case that G=K(a). [Q.E.D.]

Next, we shall concentrate our interest on the values of the relative entropy
H(M|M?*) when a varies over all actions of G on M, and on such actions «
that H(M|M?*) attains the maximum value. For an action a of G on a finite
factor M, we name a a Jones action if z(e,)=d2|w|/|K(a)], in other words,
t(f)=d}/| K(a)|. Here, our situation goes back to a general case as described
in the beginning part of this section. By the reduction theory ([5]), we get
the factor decomposition of a given finite von Neumann algebra M into a direct
integral as

M= SjM(C)du(C) and Z(M) = LY, v).

We denote by H({) the stabilizer of the action @ on L=(Y, v) at {€Y. Then,
the action of G on M induces the action a* of H({) on M({) for v-almost all

CeY. The following is easily obtained from three formulas in each case, given
in [Theorem 2.6, [Proposition 2.2 and [Proposition 2.1l.

COROLLARY 2.7. Let a be an action of a finite group G on a finite von
Neumann algebra M on a separable Hilbert space with a faithful normal normalized
trace . Then, 0SHM|M*)<log|G|. Moreover, HM|M*)=log|G| if and only
if the action a keeps the trace t invariant and for v-almost all L&Y, the reduced
actions a* of H(Q) on M) are Jones actions.

REMARK 2.8. In [6], V. Jones gave complete classifications of all actions of
a finite group G on the hyperfinite type II, factor R. Here we note that, for
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an action a of G on R, a is conjugate to a Jones action if and only if « is
conjugate to a model action constructed by V. Jones [6]. Thus, by
2.7, we see that there is one and only one action a up to conjugacy in each
cocycle conjugacy class such that H(R|R®*) attaines log|G|, which is nothing
but Jones’ model action. Moreover, in each conjugacy class characterized
by a normal subgroup K of G and [1, p]€A(G, K), for an arbitrary value
c: log|G/K|=c<log|G|, one knows that there exists an action a (not neces-
sarily unique) with H(R|R*)=c. Since H(R|R*%) is computed in association with
the conjugacy invariants, we note that all values of H(R|R%) for an arbitrary
action @ of G on R are computable due to Jones’ work [6].

Finally, we remark on the maximum value of the relative entropy
HMx,G|M) for an action of a finite group G on a finite von Neumann algebra
M. One always have HMx ,G|M)<log|G| (see and [15]). A sufficient
condition that H(Mx,G|M) attains log|G| is studied by the second named
author [15] with a direct elementary proof but another proof may be given in
a slightly more general situation and more in the spirit of the paper, as follows.
If M(n, C)CM* with n larger than the dimensions of irreducible representa-
tions of G, then

HMx,G|M) =z HM(n, C)QR(G)|M(n, C)),

where R(G) is the group ring of G, and by 6.2 in the last term equals
log|G|. Similar results hold for a twisted crossed product W*(M, G, p) by a
multiplier ¢ of G.

References

[1] O.Besson, Sur I’entropie des automorphismes des algébres de von Neumann finies,
Thesis, 1985.

[2] A. Connes, Une classification des facteurs de type III, Ann. Sci. Ecole Norm. Sup.,
4me série, t. 6, fasc. 2 (1973), 133-152.

[3] A.Connes, Periodic automorphisms of the hyperfinite factor of type II;, Acta Sci.
Math., 39 (1977), 39-66.

[4] A.Connes and E. Stormer, Entropy for automorphisms of II; von Neumann algebras,
Acta Math., 134 (1975), 288-306.

[57] J. Dixmier, Les algébres d’opérateurs dans l’espace hilbertien, Gauthier-Villars,
Paris, 1969.

[6] V.F.R. Jones, Actions of finite groups on the hyperfinite type II; factor, Mem.
Amer. Math. Soc., 237 (1980).

[7] V.F.R. Jones, Index for subfactors, Invent. Math., 72 (1983), 1-25.

[8] Y.Katayama, A duality for an outer action of a countable abelian group on a
hyperfinite factor of type II;, preprint.

[9] S.Kawakami and H. Yoshida, A decomposition of Jones’ index associated with the
Galois group, preprint.



626

(10]
(11]

[12]
[13]
[14]
[15]

S. Kawakamr and H. YosHipa

S. Kawakami and H. Yoshida, Reduction theory on the relative entropy, preprint.
M. Nakamura and Z. Takeda, On the fundamental theorems of the Galois theory
of finite factors, Proc. Japan Acad., 36 (1960), 313-318.

M. Pimsner and S. Popa, Entropy and index for subfactors, Ann. Sci. Ecole Norm.
Sup., 19 (1986), 57-106.

M. Takesaki, Duality for crossed products and the structure of von Neumann al-
gebras of type III, Acta Math., 131 (1973), 249-310.

H. Umegaki, Conditional expectations in operator algebra I, T6hoku Math. J., 6
(1954), 358-362.

H. Yoshida, On crossed products and the relative entropy, Math. Japon., 30 (1985),
081-988.

Satoshi KAWAKAMI Hiroaki YOSHIDA

Department of Mathematics Department of Applied Mathematics
Nara University of Education Faculty of Engineering Science
Takabatake, Nara 630 Osaka University

Japan Toyonaka, 560

Japan



	Initroduction.
	\S 1. Reduced relative ...
	\S 2. Computations of ...
	THEOREM 2.6. ...

	References

