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1. Introduction.

The classical limit theorems for sums of independent random variables ([6])
have been extended in several directions. For instance, Skorohold ([19]) dis-
cussed functional limit theorems in which sums of independent random variables
in a suitable time scale converge to a Lévy process, i.e., a process with inde-
pendent increments which is continuous in probability. Further, these theorems
have been extended to the case of sums of dependent random variables (see e. g.
[5]. A unified approach to these problems has been given recently by several
authors in the framework of semimartingales. Semimartingales extend the notion
of Lévy processes and such basic processes as Wiener processes (i.e. Gaussian
martingales) and Poisson point processes are simply characterized and naturally
extended in the context of semimartingales.

The purpose of this paper is to discuss limit theorems in the framework of
semimartingales represented by stochastic integrals of point processes: We
discuss on the convergence of point processes and their functionals defined by
stochastic integrals. Similar problem was discussed by several authors (e. g. [5],
[8], [10], and [17]), but a main difference is that, in our approach, we do
not necessarily assume that the point processes are defined by jumps of semi-
martingales: Rather, we start with a sequence of point processes and their
functionals represented by stochastic integrals and discuss the convergence of
them. Our results, of course, overlap those of the above authors but we believe
that our proofs are simpler in several points, and it should be remarked that
not only Gaussian martingales and Poisson processes but also the general Lévy
processes appear in our limit theorems. Also a merit of our approach seems to
be in the point that it is useful to clarify the joint convergence of several proc-
esses related to a given sequence of point processes. For example, in the case
of weighted sums of triangular arrays of random variables, it seems more natural
to start with the point processes defined by the original arrays rather than those
defined by the weighted sums; we can then consider different weighted sums
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of the arrays at the same time (see Example 7.4 and [13]).

In section 2 we review some basic facts on semimartingales and point proc-
esses. In section 3 we summarize the notion of Skorohod’s function spaces and
convergence of stochastic processes related to them. In section 4, a central limit
theorem is given as the convergence of a class of semimartingales to a Gaussian
martingale. In section 5 we discuss the convergence of point processes to Poisson
point processes. In section 6 the convergence of stochastic integrals based on
point processes is studied and, combining these results with those of section 4,
we obtain a main theorem (Theorem 6.6) for the convergence of a class of
semimartingales to Lévy processes. Several applications will be discussed in
later sections.

2. A summary on point processes and semimartingales.

The purpose of this section is to recall some basic facts on semimartingales
and point processes. For details can be consulted: We do not restrict our-
selves to point processes of the class (QL) as in but necessary modifications
are almost obvious.

Let (2, 4, P) be a complete probability space and F=(%,), t[0, o), be a
right-continuous family of sub-¢-fields of & each containing all P-null sets. Such
a family F is called a filtration on (2, &, P). We assume that the readers are
familiar with such basic notions as (&,)-adapted processes, (&,)-predictable proc-
esses, (4;)-(local) martingales, (&,)-stopping times, etc. (cf. or [7]). We
denote by MXF, P), M...(F, P)and M, (F, P) the spaces of all square-integrable
(¥.)-martingales (i.e., all (F,)-martingales such that E[M%]<co for all t<[0, c0)),
all locally square-integrable martingales and all continuous local martingales
(which are necessarily locally square-integrable), respectively. For M belonging
to these spaces we always assume that M,=0 and that #—M, is right-continuous
almost surely (abbreviated as a.s.). For M, M’'e %, (F, P), there exists a
unique (¥,)-predictable process A=(A;) with the following properties: A,=0,
t—A,; is of bounded variation on each finite interval a.s. and M,M.—A, is a
local (&,)-martingale. This process is denoted by <M, M”>. Also Meyer intro-
duced the process [M, M’]: It is defined by

@.1) [M, M7), = (M, M".+ 3 AM, - AM;

where M€ is a continuous martingale part of M and dM,=M,—M,_.

Let Mie M (F, P), i=1, 2, -+, d, such that <{M? M7>,=¢,(t) are con-
tinuous deterministic processes, ¢, j=1, 2, -, d. Then, for t>s=0, M,—M,=
(Mi—MPHe_, is independent of &, and Gaussian distributed, i.e.,
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Hence M, is a d-dimensional continuous Gaussian process with independent in-
crements. Such a process is called a d-dimensional Gaussian martingale.

Let (X, ®#x) be a measurable space. Though the case we mostly discuss in
this paper is when X is a locally compact Hausdorff space with a countable open
base and #,=8(X) is the topological o-field of X, we give here a general
definition. By a point function with values in X or simply a point function on
X, we mean a function p defined on a countable subset D,C[0, o) taking values
in X,

p:teD,— pt)eX.

p defines a measure N, on [0, co)X X with values in {0, 1, ---, co} by
Ny(E)=#{teD,: (¢, pit)sE}.

N, is called the counting measure associated with p. It is obvious that p canbe
recovered from its counting measure N,. Let Il yx be the totality of point func-
tions on X and @(Ilx) be the smallest o-field on Il y with respect to which
the map p—N,(E) is measurable for every E< B([0, o)) X 8x. Random elements
of the space (Il x, B(Ilx)), i.e., a (Il x, Bl x))-valued random variable defined
on a probability space is called a point process taking values in X, or a point
process on X, simply. Then the associated counting measure N, is a random
point measure on [0, o)X X.

Let (2, ¢, P) and (4,) be as above and we consider point processes defined
on this probability space. A point process p on X is called (&,)-adapted if, for
every BE By, t—N,([0, t1X B) is (F,)-adapted. It is called o-finite if U,E By,
n=1, 2, ---, exist such that U,CU,:;, \U,U,=X and with probability one
N[0, t]x U,)<co for every n=1, 2, --- and ¢t>0. In this case we can find for

every n=1, 2, .-, an increasing sequence of (&,)-stopping times 7{® such that
lim, .7 =00 a.s. and

(2.3) ELN,([0, tATPIXU,)] < 0

for every t>0 and n, k=1, 2, ---. In the case when X is a locally compact

Hausdorff space with a countable open base, it is always understood that the
above definition of ¢-finiteness is referred to {U,} which is a compact exhaustion
of X.

Let p be a ¢-finite (F,)-adapted point process on X. We say that p possesses
the compensator N,, if a non-negative random measure NP(E) on [0, o)X X
exists, i.e., Ny(E), E€ 8([0, ©))X B, is R.=[0, co]-valued random variable
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and, with probability one, E-——»NP(E) is a measure on {[0, c0)X X, B([0, c0)) X By},
such that the following hold:

(i) tHNZ,([O, 11xU) is (&F,)-predictable for every Ues By,

(ii) if U,, n=1, 2, ---, are those subsets in the definition of ¢-finiteness of 2,
then N,([0, t]1xU,)<co for all t>0 and n=1, 2, ---, a.s.,

(iif) —Np([O, t]X(UnﬂB))—Np([O, tIxX(U,NB)) is a local (&,)-martingale for
every n=1, 2, --- and B By.

]\7,, is uniquely determined (up to an obvious equivalence) from N, and
Np({s}xB)gl for every B3y and s=0. In we considered the case
NZ,({S}X B)=0 exclusively and called such a class of point processes as class
(QL). The existence of compensators is assured fairly generally: In particular,
if X is a locally compact Hausdorff space with a countable open base, the com-
pensators exist for every (&;)-adapted ¢-finite point process on X.

Suppose that p posseses the compensator Np. We set

N,([0, 11X B) = N,([0, t]1x B)—N,([0, t]x B).

If BCU, for some n, then t»—»]\Nlp([O, t]X B) is a local martingale and actually
it is an element of M% (F, P). We can show by the same but obviously modified
arguments as in (page 61) that

(2.4) (N[0, t1% B), N,([0, t1x B")>
= N,([0, tIX(BNB)— %, N,({s} x B)-N,({s} x B"),

if B, B’ 3([0, c0))X Bx and if B, B’CU, for some n.

A real function defined on [0, o)X XX 2 is called (&,)-predictable if the
mapping (¢, x, w)—f(, x, ) is S/B(R)-measurable where S is the smallest a-
field on [0, co) X XX 2 with respect to which all g having the following prop-
erties are measurable:

(i) for each t=0, (x, w)—g({t, x, w) is Bx X F,;/B(R)-measurable,
(ii) for each (x, w), t—g(t, x, w) is left-continuous.

For a given (&,)-adapted, o-finite point process p on X possessing the com-

pensator Np, we introduce the following classes:

O, (F, P)= «{ f@t, x, w) : f is (F,)-predictable and for each ¢>0,

t+
0

S SXIf(s, x, )| Ny(dsdx)<oo a.a. w},

QYF, P) = {f(t, x,w) : f is (F,)-predictable and for every ¢>0,

E[S:+lef(s’ X '”Np(dsdx)]<0°},
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O3(F, P)={f(t, x, w) : f is ()-predictable and for every t>0,

B[] 176 5 012 Rptdsdn] <o}
and
Qrlo¢(F, Py={f(t, x, w) : f is (F,)-predictable and there exists
a sequence of stopping times ¢, such that ¢, 1 o
a.s. and I, (0)f(t, x, @ €DYF, P), n=1, 2, --}.
These classes are denoted simply by @,, @}, @} and @3-'°° if there is no

danger of confusions. e
First for fe®,, we deﬁne} SXf(s, x, )N,(dsdx) w-wise as the usual

0
Lebesgue-Stieltjes integral and this is clearly equal to the absolutely convergent
sum X f(s, p(s), ) where the summation runs over s<t, s€D,. Next, let fe

@}l. Then we have
t+ - )
E[("], 155 % o) Nuasan]=E[(] 1565, x, 001 Rytasan].
This implies, in particular, that @,C®,. We set

(2.5) S:*Sxf(s, x, @)N(dsdx)
= ("] fs 5, oNydsan =] £, 5, @)Ny(dsdx).

If, furthermore, f€®,N®} then we can show that tHS:fSX f(s, x, w)ﬁp(dsdx)
e MF, P) and that
2.6) <S:+SX (s, x, @)N(ds dx)>
I+ 2 - - 2
=So XX (s, x, )N, (ds dx)— E{Sx £Gs, %, @)Ny({s}xdw} .
If fed;, we set
fa, 285 X, @)=Icn, ) (f(s, x, Oy, (X)] 1o, 0 1($)f (S, X, @)

where U,€ By are those subsets of X in the definition of ¢-finiteness and 7™
are stopping times satisfying Then it is easy to see that f, ,€PiND}
and

E[] a5, % 0= r(s, 7, @)12Npldsd)]

—> 0 as k,k'— oo and n, n’— oo,
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Since this expectation dominates
t+ A t+ ~ 2
E[{J.] fnsts, 5 odRotdsd— ") fu ety v, Ryasan)],
we see that there exists unique Me H*(F, P) such that
E[{M(r)-S”S Faals, %, o) <dsdx)}2] >0
o Jx n, kE\9y A, P ] ?

as k, n—oo, It is easy to see that M is uniquely determined from f indifferently
t+
0

to a particular choice of U, and r{®. This M is denoted by S SXf(s, X, W)
N,(dsdx). Finally, if f=®2° then mx (s, x, @) N,(dsdx) is defined to be
the unique element M< H (F, P) such that

+ ~
MeAa) =" TaosfGs, 2, 0Fdsdn,  nz1,
where {¢,} is a family of stopping times in the definition of @3'°c,

For f, ge®?%'°¢, it holds
t+ t+
0 0

@.7) <S SX (s, x, @)N(dsdx), S SXg(s, %, w)ﬁp<dsdx>>
= S:+Sxf(s, x, g(s, x, w)Np(dsdx)

- {Sxf(s, x, w)Np({s}de)}{SXg(s, %, w)Np<{s}xdx)}.

sst

The most important class of point processes is of course that of Poisson
point processes: Generally, a point process p on X is called a Poisson point
process if the following are satisfied;

(i) if Ey, E,, -, Epne B([0, 00)) X By are disjoint then N,(E,), Np(E,), -+, Ny(E,)
are independent,

(ii) for E€ 3([0, 0))X By, Np(E) is Poisson distributed, the case N,(E)=o0
a.s. being allowed as a Poisson random variable with infinite expectation.

An (&,)-adapted Poisson point process is called (F,)-Poisson point process if,
for every s=0, the family N,((s, t]XB), t=s, BE By is independent of F,. Let
p be an (F,)-Poisson point process which is ¢-finite. Then

(2.8) vp(E) = E[N,(E)]

defines a o-finite measure on {[0, )X X, B([0, 0))X By} in the sense that
there exist U, By, n=1, such that U,CU,+, \UU,=X and v,([0, t]X U,)< o0
for all n=1, t>0. v, satisfies

2.9 yo({s}XX) =0 for all s=0.
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p possesses the compensator 1\7’,, which coincides with the deterministic measure
vp. This property characterizes a Poisson point process. Namely, if an (&,)-adapted
o-finite point process p possesses the compensator which is a deterministic measure
on {[0, co)xX X, B([0, o)X By} satisfying then p is an (¥,)-Poisson point
process. Furthermore, given v on {[0, )X X, B([0, o)) X Bx} which is ¢-finite
in the above sense and satisfies the condition we can construct a o¢-finite
(F,)-Poisson point process with compensator szy on some probability space
(2, g, P) with (F,).

Martingale characterization for Gaussian martingales and Poisson point
processes stated above can be combined together in the following form: Let
M@)=(M*¢), -+, M4@®)) and p,, p,, -+, pn be given on (2, &, P) with (F,) where
Mie i, such that {M?, M’>,=d¢,;(t) are continuous deterministic processes
i, 7=1, 2, ---, d and where p,, p,, -+, pn are o-finite (F,)-point processes on Xj,
X, -, X, respectively, possessing compensators 1\72,1, ]\72,2, e, an which are
deterministic g-finite measures (in the above sense) on {[0, co)X X;, B([0, o)) X
By} satisfying Npi({s}xX,-)zo, s=0, for /=1, 2, ---, n. Furthermore, we
assume that the domains D,, are mutually disjoint a.s. Then M() is a d-
dimensional Gaussian martingale and p; are (&,)-Poisson point processes on X;,
respectively such that {M(-), p,, -, p»} are mutually independent. In the suc-
ceeding sections this characterization will play the key role.

3. Skorohod’s function space.

The purpose of this section is to put on record notations and elementary facts
on Skorohod’s function space for the later reference.

By D([0, c0): R%) (d=1) we denote the space of all right-continuous R¢-
valued functions on [0, co) having left limits. We endow this space with the
Ji-topology (see [15]). By D([0, oo): R)¢ we denote the product space D([0, oo):
R)X---x D([0, o0): R) which is of course endowed with the product topology (. e.,
the convergence in this space is defined as that of every component). Similarly
we can define ([0, c0): R*")X D([0, o0): R™) in the same manner. The reader
should notice that D([0, oo): R™) X D([0, co0): R™) may be identified with D([0, o) :
R"*™) as a set but the topology of the first is weaker than that of the latter.

The convergence in law of random elements of these spaces will be denoted
by X,2 X. This notation will also be used to express the weak convergence
of the laws of random elements of any other topological spaces. When we need
to emphasize the space, we write, for example, X, 2 X in D([0, c0): R%), etc.

D
By Xn——);X we denote the convergence of all finite-dimensional marginal dis-

tributions, and by Snis we denote the convergence in probability when &, and
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& are R4-valued random variables. Thus, Xn(t)—IiX(ﬁt), =0 means that
PLX,t)—X(t) | =ze] — 0 for every >0, t=0.

The following four lemmas are easy to prove and we omit the proofs (cf.

section 4 of [20]).

LEMMA 3.1. Let x,, xD([0, co): R) and suppose that, for every n, x,(1) is
nondecreasing in t. If x,(t)—x(t) for every t=0 and if x(t) is continuous then
the convergence is uniform on every finite interval.

LEMMA 3.2. Let x4, x, ¥, and y<D([0, o) : R?%).
(1) If (x4, y2)—(x, y) in D([0, c0): R X D([0, co): R%) and if y is continuous
then (x4, ¥.)—(x, v) in D([0, o0): R??).
(ii) If (x4, ya)y—(x, y) in D([0, co): R?%) then

(3.1 XoFVu —> x4+ i D([0, 0): RY).

LEMMA 3.3. Let X,=(Xn(t))iz0 and X=(X({)):zo be stochastic processes with
sample paths in D([0, o): R), and suppose that X, and X are nondecreasing in t

)
a.s. If X has continuous sample paths with probability one and if Xn——f>X, then
X.2 X in D0, ): R). Especially, if X is a deterministic, continuous function
then X,(1)5 X(t), t=0 implies that X, 2 X.

LEMMA 3.4. Let X,, X and Y, be stochastic processes with sample paths in
D([0, ©): R%) and let ¢ be an R%*valued continuous function. If X,2 X and
Y, 2@, then X,+7Y,2X+¢.

Lemma 3.4 is of course an easy consequence of [Lemma 3.2

Recently several authors have given useful criterions for the tightness of a
family of martingales (see Lemma 6 of [16], also [17]). The next lemma is a
version which is suited for our later use.

LEMMA 3.5. Let M, M., n=1 and let
P
3.2) My —>0), =0

where ¢(t) is a continuous deterministic function. Then the family {Myz}, is
tight in D([0, oo): R). Furthermore, if in addition, there exists C>0 such that
Plsup,|AM,)| =C]=1, n=1, then any limit process M of {Mp}, is a square-
integrable martingale such that {<M»,=¢(t) a.s.

PrOOF. Since the first half is Lemma 6 of [16], we will prove only the
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latter half. Clearly it suffices to consider on every finite time-interval [0, T,
T>0. We assume for the moment that there exists C=C(T)>0 such that {M,>r

<C, a.s., n=1,2, ---. By which we will state later, we have
3.3) sup E[M,(t)*] < oo, 0=t<T.

Now let M be any limit process of {M,}. We need to prove that M(#) and
M(t)*—¢() are martingales. Let 0=t,<---<t,=s<t<T(k=1) and let H be a
bounded continuous function on R*. Since M,=.%? we have that

3.4) EL(My(t)=Mu(sNHMy(th), -, Ma(t)] = 0.

Let T, consist of those ¢ in [0, T] for which P[M()+M(t—)]=0. [0, T]\T,
is at most countable (see page 124 of [1]). If t,, --+, t4, s, t=T,, then keeping
in mind we have from the well-known continuity theorem (see
5.1 and page 124 of [1]) that

(3.5) ET(M(8)—M(sNHM(t,), -+, M(:)] =0.

Since T, is dense in [0, T], we easily see that holds for all 0=¢,< - <1,
<s<t<T. Thus we have that M(¢) is a martingale and in a similar way we
can show that M(f)*—¢(t) is also a martingale. It is a standard argument to
drop the assumption that <M,>r=C: We define ¢,=inf{{<T :{M,>.=¢(T)+1}
(6,=T if { }=@) and put M,t)=M,({tNc,). Since P[M;+M,]=Plo,.<T]=<
P{M;>r=¢(T)+1]—-0, we have that M is a limit process of {M,} (cf.
4.1 of [1]). Since we can apply the previous argument to {M,}, we have the
assertion.

LEMMA 3.6. Let M= M (F, P) and suppose that <M > =C, and Sup, | AM(2)]
<C, a.s. Then, for 0<A<1/{4(~C,+C,)}, it holds that )

Elexp{Asup [M(t)|}]1 = 1/{1—4A~/Ci+Co} .

ProOOF. Let 0=r=<0 be (F,)-stopping times. Then we have
E[IMG@Na)—MENT=)] | Fincl
< [AMUNAT) | +ELIMENG)—MENT)] [/ Fine]
S GHEIMENa)—MENT))? [ Finl''?
< C++C,.
Therefore, we have the assertion (see page 193 of [4]).
With a slight modification of the proof of we obtain

LEMMA 3.7. Let M, ML (F™, P™), n=1, 2, --- satisfy (3.2) and we assume
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that there exists C>0 such that supso|dM,®)|=C, a.s. Let X,, n=1,2, - be
(FP)-adapted random elements of D([0, co): R%) converging in law to X. Then
{Mn, Xp)tn s tight in D([0, co): R)X D([0, o0): R%) and furthermore any limit
process (]\71, X) satisfies the following.

(1) X is identical in law to X.

(ii) Misa square-integrable martingale such that -(]\7I>:¢ with respect to the
Jiltration generated by (M, )?).

4. A central limit theorem.

The aim of this section is to give a central limit theorem for local martin-
gales of the form
Xa(t) = M)+ Sﬁx fals, x, ®)N, (dsdx)

where M, M, (F™, Pm™) and fne(D%};’C(F”, Pm™), n=1. (The underlying proba-
bility space may depend on .)

THEOREM 4.1. Let M be a Gaussian martingale with quadratic characreristic
(MY and suppose that the following two conditions are satisfied.
(A) For every T >0, there exist positive constants a,—0 such that

Sup |f’ﬂ(t7 x: (U)] é an, a.s.
ostsT
reEX

(B) <(Xn>: D> <MD, t=0.

Then

X,— M, n— co,

ProoF. This theorem may be reduced to the result of [16]. However, for
our later use, we will give another simple proof. By assumption (A) we have

4.1 0s(tingAXn(t)l < 2a,, a.s.

Therefore, applying we have from (B) that {X,}, is tight and that
any limit process X* is a square-integrable martingale such that {(X*>=<{M>.
Thus if X* has continuous paths with probability one, we can conclude that
X* and M are identical in law (see section 2), which proves that X,2M. To
see that X* is continuous a.s., we need only to recall that the maximum dis-
continuity is a continuous functional with respect to the Skorohod J;-topology :
The continuity of the paths of X* is clear from because a,—0.

We next consider the multi-dimensional case. Let Mie M., fic @%lc
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(=1, 2, ---, d), n=1, 2, ---, and define d-dimensional stochastic processes X,=
(Xrll, Tty X%)) 7’!,:1, 2} ttty by

t+
0

4.2) X,E(t):M,i(t)—l—S Sxf};(s, x, )N, (dsdx), i=1,2,,d.

THEOREM 4.2. Let M=(M?, ---, M%) be a Gaussian martingale with quadratic
characteristic <M*, M7y, and assume the following conditions.
(A" fo=(fL, -, f2) satisfies (A) in Theorem 4.1.
(B") (X%, X4y D<M, M%,, 1<i, j<d, 120,
Then,

9D
X, —> M in D([0, c0): R%).

PROOF. Applying to each component, we see that {X,}, is
tight (see (i)) and every limit process has continuous paths a.s.
Let X be any limit process. With a slight modification of the proof of
4.1, we easily see that X* (7=1, 2, ---, d) and X*X'—<M?, M%) (1=7, j=d) are
martingales with respect to the filtration generated by X=(X?%. This proves
that X and M are identical in law, which proves the theorem.

5. Convergence to Poisson point processes.

Let Y be a locally compact Hausdorff space with a countable open basis.
By Cx(Y) we denote the space of all continuous real valued functions defined
on Y vanishing outside a compact subset of Y. IM(Y) denotes the totality of
non-negative Radon measures and is endowed with the vague topology: pg,<

M(Y) converges to p=M(Y) if and only if Sf(x)#n(djd—)gf(x)‘u(dﬁd for every
fecg(Yy). It is well known that HCMM(Y) is relatively compact if and only if
S“P{lgf#\ :P‘EH}<°° for all feCg(Y). Let M(Y) be the totality of Radon

measures with values in {0, 1, ---}\U{co}. R(Y) is a closed subset of MY). A
measurable mapping & from a probability space to (IMM(Y), (M), where B(M)
is the topological ¢-field, is called a random measure. The convergence in law
of random measures is defined as usual: &, converges to & in law, which we
denote by £,%¢& in M(Y), if P-&;' converges weakly to P-&-1. It is well known

that &,2¢ holds if and only if Sffnﬂgfs for every fecCx(Y), which condition
is also equivalent to

9D
(EnlAy), -, EalAd)) —> (E(A), -, §(A)
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for d=1 and all Borel sets A, ---, Ay of Y contained in a compact subset
satisfying P[£(0A,)=0]=1, =1, 2, ---, d.

It should be remarked that since M(Y) is a Polish space, by Skorohod’s
theorem we can realize the convergence in law by an almost sure convergence
on some probability space without changing the laws of the random measures.
So far we explained only the notations and facts we need in this paper. For
details and proofs we refer to Jagers [9] (see also [11]).

Hereafter we will consider the case where Y =[0, o0)x X, X being a locally
compact Hausdorff space with a countable open basis. When there is no danger
of confusion, we will often drop Y from M(Y), NT), Cx(Y) etc. and write
simply as M, N, Cx etc. Let p be a point process taking values in X. Then
the counting measure N, is a random element of . A random element of N
is also often called a point process but in this paper we will not adopt this
terminology because it is not compatible with that in section 2. In fact a point
process in our sense (defined in section 2) corresponds to a random element of

No = {EM : &({s} X X)=0 or 1 for all s=0}.

Indeed, we clearly have P[N,eN,]=1 for any point process p and conversely,
a random measure & satisfying P[£=N,]=1 may easily be identified with a
counting measure of a point process. It should be noticed that RN is closed in
M but N, is not.

THEOREM 5.1. Let p,, n=1, 2, .-, be F*"=(F})-point processes on X and let
pEM be a deterministic measure such that p({t}xXX)=0 for all t=0. (The
underlying probability space may depend on n.) Suppose that

“ 9D
(6.1) Np,(dtdx) —> p(dtdx) in M, as n— oo.
Then
9D
(5.2) Ny, (dtdx) —> Np(dtdx) in I, as n— oo

where p is the Poisson point process with compensator p.

REMARK. A necessary and sufficient condition for is
-] ~ P =]
5.3) SOSX (s, 0N, (dsdz) > So SX (s, x)puldsdx)
for every feCk.

For simple point processes, the result was obtained by T. Brown [2, 3] and
Kabanov-Liptser-Shiryayev [10], and the discrete case is due to Durrett-Resnick
[5]. Combining these results with Rényi’s theorem [18], we can easily prove
In this sense our theorem is essentially due to the above authors.
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However, in the succeeding sections we will need the next theorem which treats
the joint convergence of Theorems and 5.1, and its proof does not seem to
be carried out using the idea of the above authors. Thus we will use a quite
different (and natural) method to prove the following theorem which includes

THEOREM 5.2. We assume all conditions in Theorems 4.2 and 5.1 with re-
spect to filtrations F*=(9?}), n=1, 2, ---. Then,

D
(Xn, Np,) —> (M*, Np)  in D([0, ) : R) XM,

where M* and p* are mutually independent and identical in law to M and p in
Theorems 4.2 and 5.1, respectively.

The idea of the proof is as follows: We first prove that {N, }, is tight
in M and any limit measure is in fact the counting measure of a suitable point
process. Then by choosing a subsequence we can assume that (X,, an)_@,
()?, N,) for some (X, p). To prove the theorem it suffices to show that Xisa
Gaussian martingale and that N,=pg with respect to the filtration generated by
X and p (see the characterization of Gaussian martingales and Poisson point
processes stated in section 2). Here are the details of the proof.

LEMMA 5.3. Let feCxk and define

A) = S(‘f&( (s, X)N, (dsdx),

t+
0

Zuy =\ (s, 00N, (dsdx)

and
t+
0

Wat) = || £ls, 00Np,dsdx) (=Z.)—Au0).

Under the assumption of Theorem 5.1, {An}n, {Zn}n and {W,}, are tight in
D([0, ©): R). Furthermore, any limit process W of {W,}, is a square-integrable
martingale such that

[4
W=\ fis, wrpdsdr.
Proor. The tightness of {A,}, is obvious because A, converges in law
to A(t)zssgxf(s, x)p(dsdx). Indeed, if f=0 then this may easily be checked

using To drop the condition f=0, consider f=f*—f- and apply
We next prove the tightness of {W,},. By it suffices
to show that (W,>; converges to a continuous function. Observe that
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5.4) 3 ({75, 0,15} xa0)'= max 474(5)- At

where En(t)zsﬂgl f Ian. Since Zn(t)ﬁ»gzgl f | p#(dsdx), which is continuous, we
0

have that the right-hand side of [(5.4) converges in probability to 0. Therefore,

we see that

Woyy =[N dsan— 5 (78,451 xdn))’

iR ﬁ Fru(dsd) .

0

Thus we have the tightness of {W,},. The latter half of the assertion of
is also proved by Since Z,=A,+W,, the tightness of
{Z,}, may be reduced to that of {A,}, and {W,}, (see [Lemma 3.4).

We are now ready to prove and 5.2.

PROOF OF THEOREMS 5.1 AND 5.2. As we mentioned before, the tightness
in M of {N,,}. is equivalent to that of the family of random variables

{S:SXf(s, x)an(dsdx)} for every f=Cx. However, the latter is clear from

Now let &(dsdx) be any limit of {N, },. Since R is closed, it
holds that £=%N. However, we need to show that £ is the counting measure
of a point process (i.e., £, a.s.). To this end it suffices to show that

t+
SO SX f(s, x)§(dsdx) has no discontinuities greater than 1 a.s. for every f&Cx

satisfying 0= f<1. Since we assumed that N,_, 2,& in M, it is easy to see that
Zot) = S:+SX (s, XN, (dsdx)
-‘Df i+
~5z0)={"_r(s, 0gtdsdn).

Since we have the tightness of {Z,}. by this proves that Z, 2 Z.
Keeping in mind that 4Z,(1)<1 for every ¢=0, a.s., we have that 4Z(¢)<1 for
every t=0 a.s., which proves that £, Therefore there exists a unique
point process p such that N,=§; in particular, D,={t=0:&({t} xX)=1}. To
see that p is a Poisson point process it suffices to show that the compensator
is p. Since N, 2 p and N, , 2N, it is almost obvious that N,=g. Indeed,
as we have seen in the above, for any feCg, we have that
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t+
0

t+ 9D
(5.5) SO S (s, XN, (dsdx) —»S g (s, X)N(ds dx).
Since

S:+S f(s, VN, (dsdx) 2, S S fis, ©)p(dsdx),

t
0
we have from and that

(5.6) [ s, 0, dsd

2 STSX (s, )N,(ds dx)—S:SX (s, ) pldsdx).

By the right-hand side of is a martingale, which implies that
p possesses the deterministic compensator g. This proves [Theorem 5.1. The
proof of can be carried out in a similar way: By Theorems
4.2 and we have that X, converges in law to a continuous process M and
N, converges in law to N,. Thus we have the tightness of {(X., Np,)}, in
D([0, o0): RH)XM. Let (M*, N,) be any limit point. We need to prove that
M*, M*OM*@E)—<(M?, M7y, and Np([0, t1X E)—pu([0, t]X E) are martingales
with respect to the filtration generated by (M*, p*). But this may easily be
checked by repeating the proof of Theorems[4.2 and simultaneously (but use

in place of Lemma 3.5).

6. Convergence of stochastic integrals.

Throughout this section we assume the conditions of [Theorem 5.1. Hence
we have N, 2N, (Theorem 5.1) and that S:+Sprn and S:+§Oj(ﬁpn converge in
law to SZ+Spr and SZ+S fﬁp respectively, provided that f(s, x)Cx. In this
section we study the convergence of stochastic integrals S:Lgf 2Np, and STS fn]\Nlpn
where the integrand f, does not necessarily have a compact support and may

depend on .

NOTATION. Let f,(, x) and f(¢, x) be R%valued measurable functions on
([0, o) x X, B([0, 0))X Bx) and let veM. We say that f, converges continuously
to f (v-a.e.) and write “f,—>f (v-a.e.)” if and only if there exists a y-null
set E€ 3([0, c0))X By such that, if (¢, x)&E then f,(t,, x,)—f(¢, x) whenever
(tn, Xa)—(t, X).

Clearly, if f,(f, x) converges uniformly to a continuous f(f, x) then
fo=>f (v-a.e.) for every veM. The following fact is well known and easily
proved (see e.g. [11] page 94 A7.3).
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LEMMA 6.1. Let v,, veWM and let [, and f be R®-valued measurable func-
tions on [0, o)X X. Assume that

C.C.

(i)  fa—F (vae),
(ii) Yy, —> Y in M,
(iii) there exists C>0 such that for every n, |fo|=C (vy-a.e.)

and

(iv)  fn and f vanish identically outside a common compact set KC[0, oo)xX X.
Then,
SWS fa(s, x)v,(dsdx) —> Swg f(s, x)u(dsdx) in R-
0Jx 0Jx
may be strengthened as follows.

LEMMA 6.2. In addition to the conditions of Lemma 6.1, assume that v is
continuous in t; i.e.,

(v) v({t} x X)=0 for every t=0.
Then,

6.1) S”S Fuls, ©)wn(dsdx) —> S‘S Fs, x)w(dsdx)
0 X JoJX
in D([0, o) : R%).
Proor. Clearly it suffices to consider the case d=1, and keeping [Lemmal

3.2 in mind we can also assume that f,=0 (for the general case consider f7
and f;). Now by the previous lemma we have that (6.1) holds for every fixed
t=0, which combined with proves our assertion.

t+

1]

When we consider S Spr"’ we need to modify [Lemma 6.2 a little because

N, does not satisfy the continuity condition (v) except in the trivial case. Thus
we prepare

LEMMA 6.3. Let v,, veN, and assume (i), (ii) and (iv) of Lemma 6.1 (we
may drop (iil)). If v({0} X X)=0 then
] fats, wwatdsan —§7]_fts, outds )
0 JX 0 JX
in D([0, co): R9).

PROOF. All necessary idea is found in Jagers [9]: Without loss of general-
ity we may assume that K in (iv) satisfies that v(0K)=0. Therefore, by (ii)
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we have that v, (K)—y(K). Thus we may assume that v,(K)=v(K) (=r, say)
for all sufficiently large n since v, and vy are integral valued. The restrictions
v¥ and v* of v, and v to K may be expressed as follows:

vidsdn= 3 dup, sp(dsdn),
v(dsdx) = i}lﬁui,xi)(dsdx) ,

where 0, .)(dsdx) is the Dirac measure at (f, ). Since v} converges weakly to
v*, we may assume that (?, x?)—(;, x;), n—oo (=1, 2, ---, r). Therefore if we
number ¢;’s so that 0<¢,<t,< --- <t, then it holds that 0<#?<#?< --- <t? for
all sufficiently large n. Now observe that xn(t):S:+S fv, and "“):S?S fv may
be expressed as xn(t):ztgs,fn(t?, x}) and x()=23;,<.f(t;, x4), respectively. Let
us define polygons as follows: let 2,(0)=0, A,(t;)=t? and A,(t)=¢ if t=¢,+1, and
A,(1) be linear on intervals [0, ¢,], [ti, t.], ---» [¢r, &,+1]. Since 7—t; as n—oo
(=1, 2, ---, r), we have that A,(f) converges to A(t)=t uniformly. To prove our
lemma it suffices to show that x,(4,(f))—x(¢) uniformly for 1=0. To this end
observe that x,(A.(0)=2D:2s1,wfa(t?, XT)=20;cefalt?, x7). Thus x,(2.(2)), n=
1, 2, --- are step functions with common time of discontinuities. Since (¢7, x7)—
(¢;, x;), we have from the assumption (i) that f,(t?, x?)—f(t;, x;), which com-
bined with the above fact proves that x,(4,(¢))—x(f) uniformly for :=0.

NOTATION. Let f(s, x, @)=(f'(s, x, ®), -+, fs, x, ) be R¢-valued func-
tion on [0, o)X Xx 2. We write f€®, (or @%) if and only if fie®P, (or P2,
respectively), i=1, -, d. S”S 7N, is defined to be (S”S FIN,, -, S”S fN,),

0 JX 0 JX 0 JX
if fed,. S:+Sxf1\7p is defined in a similar way if fe®%.

PROPOSITION 6.4. Let f,, 8., f and g be R%-valued measurable functions on
[0, )X X wvanishing outside a common compact set KC[0, o)X X. Under the
condition of Theorem 5.1, if f,—>f (g-a.e.) and gn—S>g (pea.e.) and if f, is
uniformly bounded, then

(177 s, s, [ gats, 2N, (dsd)
9D t+ t+

= ([7] 15, tasan), |1 ats, nN(dsan),

in D([0, co): R%%),
The assumption that f, is uniformly bounded may be dropped if
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(%) S:+Sxfn(s, )N, (ds dx) —> S:SX (s, x)pdsdx) .

PrOOF. As we mentioned in section 5, the convergence of may be
realized by an almost sure convergence on some suitable probability space.
Thus we may and do assume that holds a.s. Since p-null set is also
Np-null set with probability one, it follows from our assumption that (f,, g»)
=%(f, &) (N,-a.s.) with probability one. Therefore, applying we

see that
(S”S FaN S‘S 2N )—»(S“S FN S”S ;). as
o JxT TP ) ) xS Pn o Jx? T ) Jx=TE) o

By we also have
t+ N 13 N
So Sxf" p”—)gogxf L a.s.

Therefore, combining these two with the definition I\NZZ,n:Z\r’pn-—an we have

that
(‘S:+Sxfnﬁp”’ S:+ng"Np”> - (S;+Sxfﬁp’ S;+SXng>r a.s.,

(see (i) and (ii)).

We next relax the assumption that f, and g,, n=1, vanish outside a
common compact set. Let K&K, --- be a compact exhaustion of X.

THEOREM 6.5. Let f,, g., f and g be R%-valued measurable functions on
[0, )X X satisfying that (i) fa€®@%, (i) g.€@p,, (iil) {fa}n is uniformly
bounded. We assume that the conditions of Theorem 5.1 are satisfied and let

(frr &2)=>(f, &) (pr-a.e.) as n—oo where f€®, and g=®,. If for every ¢>0,
T>0,

(6.2) lim im sup P[S;”SX\KJ Fal Ny (dsdr)zs ]| = 0
and
T+ A
(6.3) lim tim sup P|{ oon J€al Ny (dsdx)ze] =0,
then
i+ A i+
(6.4) (SD San(s, N, (dsdx), SO ngn@, DNy, (dsdx), N,,)

ﬂ(gffgxf(s, OFdsdn, || g6, DN dsan, N,)
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in D([0, o) : R?¢) X IM.
The assumption (iii) may be dropped if for every k=1,

t
0

(s4) [0 a5, sy == (1] s, mpcasan.

PROOF. Let ¢,(x), k=1, 2, --- be continuous functions such that I, (x)=
Pu(x)=Ik,, (x), and define

who) = || _gu0rats, 2Ry, (dsdx),

Wh(t) = S:*qusk(x) £(s, )N, (dsdx),

t+

240 = "|_ga)gls, N, (dsdx),

0

and

ZH(t) = SZ+SX¢k<xj>g<s, ON(dsdx),  k, n=1.

For every fixed =1, we have from [Proposition 6.4] that as n—co,

D
Wa®), Zx@®) — W@, Z*@®)  in D([0, c0): R*?).

Therefore, to prove that (W,, Z,)2(W, Z) it suffices to show the following (see
Billingsley Theorem 4.2).

(6.5) lim lim sup P[ sup | WA —W ()] ge] =0
koo n-o0 0st<T

and

(6.6) lim lim sup P[ sup IZﬁ(t)—Zn(t)lge] —0.
koo n—co 0stsT

However, is immediate from while follows from by the
Lenglart inequality ([14]) (see also of Lemma 1 of [16]).

REMARK. implies, for example,

67 (Palot | (ouy > [ fan, i Di10, 002 RE).

(See (ii).)

In (or (6.7)) the limiting processes are Lévy processes without Gaussian
part. But if we combine Theorems and we have the following theorem
where the limiting processes have both Gaussian and Poisson parts.
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THEOREM 6.6. We assume all the conditions of Theorem 5.1. Let fn, Zn, [
and g be as in Theorem 6.5 but we drop (6.2); instead we assume that for every
T>0

(6.8) lkim limsup sup{|f.(¢, x)| : 0=t=T, x&K,} =0.

Let Mic M, and define X,=(X}, -, X%) and X, 1 =(X% s, -+, X2 p) (n, k=1)
by
t+ A i+
xs0 = mio+{ | s+ gin,
and
t+
0

X80 = My0+(( i,

If there exists a continuous R*Q@R%*valued function ¢(t)=(¢*(t)); ; such that for
every t=0 and 0>0,

(6.9) lim lim sup PLIKXE 4, X4 40— 0%(t) 201 =0,

then h
T AR

in D([0, oo), R%), where p is a Poisson point process possessing compensator p and
M is a Gaussian martingale independent of p such that <M, M7y=¢%.
The assumption (iii) (in Theorem 6.5) may be replaced by (*%).

PROOF. Choose 1=k(1)=k(2)< - —oo and let fiP(, x)=falt, X)k,,,(X),
2@, x)=fa(, x)— P, x), n=1. Define
t+
0

W) = M0+| | ok,

vat =" /0%,

( ) SO SX ’ )

Notice that we have by definition X,(¢)=W,{¢)+Y .¢)+Z,(). Our idea of the
proof is to apply the central limit theorem to W, and to (Ya, Z2)
and then consider the joint convergence of (W,, Y,, Z,) using
Now as we will see later, if %(n) tends to infinity slowly enough, we can
assume that, for every T >0,
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(6.10) sup{| f2, x)| : 0st=T, xX} — 0,

(6.11) WL, Wiy, 2 g1y, 120, 1=i, j=<d,

and

(6.12) tim timsup P[{7] | f12N,,2¢| =0, forall e>0.

By [Theorem 4.2l we have from (6.10) and that W,2M. In fact we also
have the independence of M and p: By we have that (W,, Np,)
2.(M, N,) where M and p are independent. Therefore, keeping in mind that

ST:S fN, and S:+Sng are functionals of p, we have the assertion of the theorem
if we show that (Y,, Z ")Q(S?S N, SHSng) (cf. (ii)). However,
0

this is done in (f& plays the role of f, in[Theorem 6.5) Indeed,
is satisfied by (6.12) while other assumptions of are also
satisfied by assumption. Now let us return to the proof of (6.10)-(6.12). Let
us consider (6.12) first. Let ¢, (x) be as in the proof of and put

& = S:+S{¢i+1(x)"¢i(x)} |fn12]\7pn(d3 dx), i, nzl,

and
T -~
a0 = | [ {Ben)—g 0} £ 12 Nydsdn), iz

Observe that, if m=<£k(n) then

(6.13) S:+SX\K +1[f;z1)(s’ x)IZan(dex)
o 'S k(n)
é SO SX{¢k(m+1—¢m}|fnlngn: i;ﬂsén)‘

Thus (6.12) may be reduced to

(6.14) lim lim sup P[kﬁ’ 5gmgs] =0.

M —co n—o0 i=m

To see that (hence (6.12)) holds for any {k(n)}, tending to infinity slowly
enough, notice that Zai§S:Sl Flu(dsdx)<oo (recall that fe®2). Thus the

assertion is established by the next lemma.

LEMMA 6.7. Let a;, 1=1, 2, --- be nonnegative numbers such that 2 a;<o,
and let &™, i, n=1 be nonnegative random variables satisfying
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(6.15) Eé”)—fz> a; as mn—oo

for every i=1. Then there exist (1) k(2)< --- —c0 such that

(6.16) lim lim sup P[’ff;’ E;mga] —0,  for every 08>0
and

k(n) . P )
(6.17) M EPM — ZIai, as n—oo,

i=1 iz

PrOOF. By (6.15) we can choose 7(1)<7(2)< --- so that
(6.18) PlEM —a;| >2-1]<2-¢ for all n=z().

Now define k(n)=7 iff v(/)<n<z(j+1). Since j=k(n) implies that n=7(;), we
see from that

(6.19) P[&™ >2774a;]1=277 for all j=k(n).

For any given >0, it holds that X7 ,(27+a;)<d for all sufficiently large m.
Therefore, we obtain that

(n k(n

< SV prem>2-ita = 20m,
j=m
for all sufficiently large m by [6.19) Thus we have (6.16). (6.17) follows from
(6.15) and (6.16) (see of [T].

We now return to the proof of and prove that (6.10) and [(6.11)
are automatically satisfied for {&(n)}, chosen in the above: (6.10) is obvious by

6.8). To see [6.11}, observe that
KW, Wide—< X5 ms Xhmdel
< [KWh, Wi—X3 wdol + I KWh— X5 oy X )]
= WDV WE— X, wot 2+ X, mo VKWL — X5

éz('”z’fl’s,gm)”z( 55l e)”, it kmzm>1.

q= g=m-1

(Since the extreme left-hand side does not depend on M,, we assume that
M,=0.) Therefore, by (6.16) and (6.17) we easily see that for every 3>0,

(6.20) lim limsup P[|[<W%, Wi)—< X% n, X} m>|20]=0.
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Combining [(6.20) and [6.9] we obtain that for every §>0,

lim PLIKW3E, Wid,—¢H(t)| =0]

n-oo

< lim lim sup P[ |74, Wie—<Xhm, Xh i 25 ]

m—oo n —oo

tlim lim sup P[ 1€<X4 , X w0 — (0] 2 5] =0.

m o0 N —oco

Thus we have and hence the proof of is complete.

7. Discrete case.

In this section we will consider discrete point processes associated with
triangular arrays of random variables which are dependent in general, and we
will rewrite the results of the previous sections. Some of the results overlap
those of Durrett-Resnick [5].

For simplicity we will consider only the case where the limiting Poisson
point processes are temporally homogeneous, which condition is not essential.
Let (2,, 9", P,), n=1, 2, --- be probability spaces as before and let (7). be
an increasing family of sub-g-fields of 4. For real :=0, we define F*=(F})
by F!=9f;. Suppose {&.;}Tn.-. is a triangular array of (F?)-adapted real-
valued random variables. We define discrete point processes p, n=1 as
follows.

X=[—00,0)U(0, o],

DPn: {Z/n . Z:]-) 27 }Sﬂ’bio})
The compensators are given by

N ([0, IXE) = ¥ PuléncE/51], E€8(X).

Let v(dx) be a Borel measure on (—oo, co0)\{0} such thatS v(dx)<oo for
{x1>e

every €>0. Note that y(dx) may be considered as a Radon measure on
X (=[—o0, 0)U(0, c]) by putting v({—oo})=p({oo})=0. By rewriting
5.1 we have a result of [5]:

THEOREM 7.1. If, for every t>0 and every continuity point x of v(dx),

7.1 S Pall>x / GL]—>talx, ) if x>0,

(7.2) S Paléns<x / Tl —>tu(—o0, 21 if x<0,
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then an—@»Np, where p is a Poisson point process with compensator dtv(dx).

We next rewrite Let f.(t, x), f(t, x), ga(t, x) and g(t, x) be
measurable functions on [0, co)X R satisfying the following four conditions.

@3 falt, 0= gut,0=0, 120, n2l.
a4 [ s e lets, mI(x I Shidnds<eo, 120,
(7.5) There exists C>0 such that |f,(, x)|=C, t=0, xR, n=1.

(7.6) lifn limsup sup{|f.¢, x)| : 0=:=T, |x|<e} =0, for every T>0.
&l0 L —oco

The condition (7.3) corresponds to that we are considering point processes
with values in X=[—oc0, 0)\ (0, co]. It should be noticed that (7.4) implies that
fe9? and ge®,. It also follows from (7.5) that f,€®% . Notice that g,€®,_
is always true. (7.6) corresponds to

THEOREM 7.2. Suppose that (7.1) through (7.6) are satisfied and we further
assume the following three conditions.

(.7) (fn 8= (f, 8)  (dtv(do-a.e.).
(7.8) There exists a*=0 such that
lim lim sup Pul| 25 (ELfa(i/n, £ / Fi-i)
—{ELfali/n, &) / F1-11}))— 0% 26] = 0
for every t=0, 0>0, where &5;=En:1(1&:] Ze).
(7.9)  lim lim sup Pu[ 3 E[1gxG/n, €301 / 974120] =0
for every t=0, §>0.

Then, putting An(t)=ZisnELfali/n, ni) / Fia], we have

(2 ASa/n, En)+gali/n, €ad}—Anlt), Np,)

2, — (oBoy+{, (1,4 [eNs M),

where p is the same as in and where B is a standard Brownian
motion independent of p.
The assumption (7.5) may be dropped if fn.=®P%lc and if
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(7.10) S ELfalifn, §adl(16ni] >e0) / F14]

0

= SS e S8 W) dsu(dn), oo

for some ¢, (>0) tending to 0.

REMARKS 7.3. (i) Multi-dimensional cases can be considered in a similar
way.

(ii) If, in addition, A,#)Za(t) in D([0, o0): R) (or in D([0, o) : R?) in the
multi-dimensional case), then we have the convergence of X;...{f(/n, &)+
gna(i/n, Eno)} itself.

(iii) considers the following case: f,(f, x)=f(, x)=xI(|x|<7), ga(t, x)
=g, x)=xI(|x|=7), where r and -—r are continuity points of v(dx). In
this case (7.3) through (7.9) except (7.8) are automatically satisfied if

Smin{l, x2hu(dx) < oo,

ExAMPLE 7.4. Let &, &,, --- be nonnegative, independent, identically distri-
buted random variables such that

limxP[&,>x]=1.

X —oo

Then for any 1<a;< - <ay (d=1) and 0<8<1/2, we have

(n=s S &1, -, noe T4, noVe B (G- ELEF])

isnt

D t+ e\ i+ N B
—_)(S Sac>o]L »o S Sx>ox » 9 ())’

0 0

where p is a Poisson point process on R\ {0} with compensator I(x>0)(1/x*)dsdx
and where B is a standard Brownian motion independent of p, ¢* being the
variance of &f. The convergence holds in D([0, c0): R)?*' (in fact in
D([0, co0): R4*Y)), It should be remarked that the assertion may be restated as

follows.
t+ t+ 5. t+ A7
(e o (et wnf )

2 (e (e omo),

0

The proof of this example can easily be carried out by checking the conditions
of (Notice that it suffices to consider the convergence of each
component.)
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8. Asymptotic independence of point processes.

Let X be of the form X;X --- X X,, each of {X;}%, being a locally compact
Hausdorff space with a countable open base. X is of course endowed with the
product topology and we denote by x; the projection from X to X;: m;(xy, -+, x4q)
=x; Let p be a point process with values in X. We denote by x;p the 7t
component of p, i.e., Dr,,=D, and (z;p))=n(p{)), t€D,. The compensator
of m;p is given as follows using the compensator of p:

N[0, 11X E) = Ny([0, t1Xa7YE)), E€8(Xy).

In this section we will consider the asymptotic independence of components
of point processes {p,}. with values in X.

THEOREM 8.1. Assume that for every i (1=i=d), Nz,p, and ]\Af,ripn are Radon
measures on [0, 0c0)X X; a.s., and satisfy

N 9
8.1 Nz ,p,(dt dx) —> py(dt dx), n—oo

where p; is a deterministic Radon measure on [0, c0)X X; continuous in t. If
8.2) N, (00, t1X (P (K)Na (K)) —> 0, 20

for all compact sets K,CX;, K;CX;, i#j, then

D
(8'3) {Nﬂlpnr R N”dpn} — {pr T N ﬂ'!}; n—oo

P

in MO, 00) X X)X -+ XM([0, 00) X Xy) where p*, ---, p* are mutually independent
Poisson point processes such that ]\A/pi:yi, i=1, -+, d.

ProoF. The convergence of each component is immediate from
5.1 and therefore it remains to prove the independence of p!, ---, p%. Let X;=
X;U{d4;} be one-point compactification of X;, i=1, ---, d, and let Z=X,X ---
X XN\{4} where 4=(4,, ---, 4,). Since X is a subset of Z, p, may be regarded
as a point process with values in Z. Of course we have to check that N, and
N,,n are Radon measures (a.e.) not only on [0, co)X X but also on [0, co)x Z.
But this can easily be seen because we assumed that Nz;p, and Nﬁi,,n are
Radon measures (a.s.) on [0, o)X X;, i=1, 2, -, d. Now let F;={xsZ: n;x=4,,
j#i}. Notice that Fy, F,, ---, F, are mutually disjoint. By and we
have that

-

9D
(8.4) Ny, — I’ in ([0, c0)X Z)
where I'eM([0, c0)X Z) is concentrated on [0, co)X| J&,F; and satisfies that

(0, 1 EY = [0, 11X E), Eca(X,), 1<i=d.
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Here, E* denotes the set {xeZ : x;€E, x;=4; for all j+i} (CF;). By Theo-
rem 5.1 we have from that

D
(8.5) N, —> N, in (0, c0)XZ),

where p is the Poisson point process with Np:F . Now let f;=Cx([0, o)X X)),
i1=1,2, -+, d, and define a function f:[0, o)X Z—R?% f(t, x)=(f,(, 7w x), -,
falt, max)), x€Z. Here, we set fit, 4,)=0, :=1, 2, ---, d. Note that f has a
compact support in [0, co)X Z (but does not in [0, o)X X except the trivial case).
Therefore, by we have that

mz £, VN, (dt dx) > g‘:gz £, XN (dt dx) ,

which may be written as
0

(8.6) (175, £ite Nt duy, o [0 Futs w0 ot d)

2, (S:SZ Filt, x)N(dt dx), -, S:SZ falt, XN (dt dx).

Since N, and hence N, are concentrated on \ J{,F;, we see that
0 0

fit, 2Nyt dv) = S\ 7t 20N (dt ax)
z =1JoJF;

- ﬁjgﬁ £, x)N(dt dx) .

Keeping in mind that {F;}{., are disjoint, we conclude that «{Swsz fit, x3)
0

Np(dtdx)} are mutually independent. Thus implies the asymptotic

d
i=1
independence of {z;p.}%; as n—oo, which completes the proof of the theorem.

As an example of [Theorem 8.1, let us consider the convergence of point
processes defined from a sequence of independent, identically distributed random
variables.

Let {&;}5-, be a sequence of i.i.d. (independent, identically distributed) ran-
dom variables which are uniformly distributed over [0, 1]. For each a (0<a<1),
we define point processes p%, n=1, 2, --- as follows.

Dp%:{%: p=1,2, -, sk;&a}, p%(—z—):n(ék——a).

The compensator of p, is given by
N ,o([0, 11X dx) = [nt]P(n(é—a)=dx)
[n

= I(——na§x§n(1—a))~{—]—dx .
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Thus we obtain that

. 9
8.7 Np% —> X%x)dtdx in MO0, ©)XR),

where X%(x)=Ip (%), 1 or I(-w ox) according as a=0, 0<a<l or a=I.
Hence it follows from that, for every 0<a<l,

9D
(8.8) Np% — Npa in M0, 0)XR), n— oo

where p® is a Poisson point process with compensator X%(x)dt dx. We now con-
sider the joint convergence of {sz;l e

THEOREM 8.2. Let 0=a;,< - <ag=1 (d=2) and let pi=p% (i=1, ---, d),
n=1. Then
)]
{Np%, e, Np%} —> {Npl, -, di}, as n-—oo
in M0, o)X R)X - XM([0, o)X R), where {p‘}¢., are mutually independent
Poisson point processes such that Npi(dt dx)=X%(x)dt dx, i=1, ---, d.

PROOF. Define D, ={i/n:i=1,2, -}, pa(t)=(pi(t), -, pi(t)), t=D, . Let
us now apply [Theorem 8.1. The condition is clearly satisfied by [8.7).
To check notice that

N, ([0, t1X E) = [nt]1P(n(&,—ay), -+, n(&i—ay)€E).
Therefore, for any a, 8, 7, 6 (a<f, y<d), it holds that
N, ([0, t1x (z7*([a, BNy, 61))

_ Q. B i, 9
= tn1P(aie[ 2 4a, Eta]n[Lta, S4a)]).
This vanishes identically for all sufficiently large n provided that a;+a;. Thus
we have and the proof of the theorem is complete.

By considering min{p3(s): s=<t, s€D, } and max{pi(s): s<¢, se€Dy,.},
t=0 (n=1), we have from the following.

COROLLARY.
D
(n min &, nmax &,—n) —> (X,(t), X\(t)) as n—oo
ksnt ksnt

in D([e, 0): R?) for every ¢>0, whher X, and X, are mutually independent and
tdentical in law to min {p°(s): s=<t, s€Dy} and max{pi(s): s<t, s€D,i}, re-
spectively.
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9. Sums, maxima and minima of random variables.

In this section we will treat some applications of the results of the previous
section. Let {&,;} be as in section 7 and let x(dx) be an infinite Borel measure
on (x,, o) (x,=—o0) such that p(x,, c0)<co for all x,>x,. Thus if we put
p({co})=0 then p is a Radon measure on (x,, ]. Assume that for some a,>0,
b,<=R it holds that

©.1) B Pulaubnitba>x [ FE) o tplx, 00), 120

for any continuity point x (>x,) of g Then as we have seen in [Theorem 7.1,
the point process p, defined by a,&,;-+b, converges to a Poisson point process
p° possessing the compensator dtpu(dx). Thus as an easy consequence we obtain
that

9
9.2) Aln(t)EanOg%}c(éni)"”bn —> M) in D([e, 0):R)

for every ¢>0, where M(t)=max{p°(s): s=t, s€Dy}. This fact was first
pointed out by Durrett-Resnick [5]. Let us further assume that there exists an
infinite Borel measure v on (—oo, x;) (x;<o0) such that y(—o0, x)<co for all
x<x, and that for some ¢,>0, d,=R,

9.3) B Paleabuitda<z / Fial o ts(—o0, x), 120
15T

at all continuity points of »(dx). Since miné&,;=—(max(—§&,;)), we have from
(9.2) that

D
mat)=ca(minéy)+d, —> m(t)  in D([e, ): R)

for every ¢>0, where m(t)=min{p'(s): s=t, s€D,}, p* being a Poisson point
process possessing compensator diy(dx).
We next consider the joint convergence of (M,(2), m,()). The next theorem

is a generalization of [Corollary| of [Theorem 8.2

THEOREM 9.1. Let v, p, M,, M, m, and m be as in the above and assume
that (9.1) and (9.3) hold. Then

D~
(Ma(t), ma(8)) —> (M@), @)  in D([0, o0): R?),

where M and # are mutually independent and are identical in law to M and m,
respectively.
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PROOF. Since we have already seen the convergence of each component,
the only thing to be proved is the independence of M and . To this end we
will see the asymptotic independence of the components of the point process
defined from {(@,&,;+bn, cnbnst+d,) =1, 2, ---}. By it suffices to
show that

P
(94> E P[angni_{_bngx; CnEnz‘l—dnéy / g?—l] I 0 ’

i=nt

for every x>x, v<x, and t=0. (Notice that [x, o] (x>x,) is a compact sub-
set of (x,, 0°].) may be restated as

9.5 3 PL(v—b2)/@n 260 =(y—d)/cn [ F14] 20,

However, [(9.5) is in fact obvious since (x —b,)/a,>(y—d,)/c, for all sufficiently
large n. Indeed, if (x—b,)/a,=(y—d,)/c, it follows that

[nt] = 2 AP[Eniz(x—bn)/an / Fim] +PLEni=(y—da)/cn [ Fi-a]}-

snt

However, the right-hand side converges to #{u(x, co0)4v(—oco, y)} (<o) while
the left side diverges as n—co. Thus we see that (x—b,)/a.<(y—c,)/d, oc-
curs at most finitely many times, which completes the proof of the theorem.

We next consider the joint convergence of the sums and the maxima. In the
rest of this section we will assume the assumptions of as well as

9.6)  lim lim sup Pa[| 3 {E[(€50°/ Fii1—(E[§hi / 92,1 — 0 28] =0,
t=0, 0>0,

for some ¢=0, where &5,=£,,/(1&,;1=<¢). We then have (see Remark 7.3 (iii)),

if Smin(l, x%) v(dx) < oo,

~

9.7 9 B t+ t+
©.7) iszntsm_An(t) 9 (tH—So SIIISTpr+S Slz’l>rpr’

0

where A,)=2 <2 E[E%:;/ F2.1], p is a Poisson point process with compensator
dtv(dx) and B is a standard Brownian motion independent of p. (Here we choose
7 (>0) so that z and —z are continuity points of v(dx).) In view of the results
of section 6 we have

THEOREM 9.2. Let v be an infinite Borel measure such that Smin(l, x3)v(dx)
<oo, If (7.1) and (7.2) hold, then

9D
(3 8ni—Anlt), maxg,) —> (X®, Y®)  in D([0, 0): R

as n—oo, where X is the right-hand side of [9.7) and Y (t)=sup{p(s): s<t, s€D,}.
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The assumption that v(R~\{0})=c0 is not essential and may be removed
with the understanding that p(s)=0if sD,. In any case it should be remarked
that Y is a functional of X. Indeed, the point process p coincides with that of
the discontinuities of X and hence Y (f)=max{4X(s)Vv0: s<t}. In the special
case when v(0, 0)=0, we have that Y(¢) vanishes identically a.s. However, in
this case, it could happen that [9.1) holds for suitably chosen a,>0 and b, (and
therefore a,maxX;<,;&.:+b, has nontrivial limiting processes). In such a case
the limit process of the maxima is no longer a functional of that of the sums
and in fact we have

THEOREM 9.3. Let v be a Borel measure on R~N{0} such that v(0, c0)==0,
So min(l, x*) v(dx)<oo and let p be a Borel measure on (x,, o) (xy=—0o0) such

that p(x, c0)<co for every x>x, Under the assumption of Theorem 7.1, if (9.1)
and (9.6) hold for some a,>0, b,=R and ¢*=0, then

9
(38— AnlD) aumaxgutbs) — (X0, Y@), in D(le, o0): Y

for every ¢>0, where X and Y are mutually independent and are identical in law
to the right-hand side of (9.7) and M in (9.2), respectively.

Proor. For simplicity we assume that x,=-—co. (Other cases may be
treated in a similar way with a slight modification.) Let p, be the point process
on (RN{0})X(xo, o] defined by ipn(i/n)=(ni, @nbnitba), 1=1, 2, --- (n=1).
Notice that Xi<n:Eni— A@) is a functional of the first component of p, while
4, MaX;<n:Eni+by is that of the second component. Thus to have the asymptotic
independence of the sums and the maxima, we can apply and it
suffices to show that for every a>0, <0, 7>x,, '

9.8) 3 Plénela, @), aéntbaely, )/ F,] —>0
and
9.9 3 P (—00, B, tabntbasly, )/ G210,

However, is obvious from the assumption (7.1) and »(0, 00)=0:
2 Plénsla, ) / il Ei v(a, 00)=0.

To see it suffices to show that 8<(r—b,)/a, holds for all sufficiently large
n, which may be easily checked using the idea of the proof of [Theorem 9.1.

is an extension of the result in [12], where the case of i.i.d.
is considered.
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