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Introduction.

Let G be a connected semisimple Lie group with finite centre and g its Lie
algebra. We call G acceptable if there exists a connected complex Lie group
G¢ with Lie algebra gc=g®xC which has the following two properties. (1)
The canonical injection from ¢ into gc can be lifted up to a homomorphism of
G into G¢. (2) For a Cartan subalgebra Y)¢ of gc, let p be half the sum of
positive roots of (g¢, Bc). Then &,(exp X)=exp(p(X)) (X€Y¢) defines a character
of H¢ into C*.

We assume that G is acceptable throughout this paper.

For an irreducible quasi-simple representation = of G, we can associate =
with an infinitesimal character Ach¥, where 5% is the complex dual of a Cartan
subalgebra ) of g. Also a distribution character ©(x) of an irreducible quasi-
simple representation = can be defined. We call @(x) an irreducible character
of # which has an infinitesimal character 4. Let V(1) be the virtual character
module of G whose element has an infinitesimal character A.

In many papers, representations of the Weyl group W=W({¢) on the space
V(4) are considered under the assumption that A is regular and integral for G,
i.e., A is regular and is a differential of a character of H,. G. Lustig and
D. Vogan considered W-module structure of V(2), using so-called “ Springer
representations ”. G. Zuckerman also defined a representation of W on
V(4), taking advantage of tensor products with finite dimensional representations
of G. After his work, D. Barbasch and D. Vogan [1] restated his definition of
the representation of W by means of “coherent continuation” and determined
the W-module structure in the case that G is a connected reductive group with
all the Cartan subgroups connected and that G has a compact Cartan subgroup.
On the other hand, representations of the Weyl group W on the space of so-called
Goldie rank polynomials are considered by A. Joseph [10], D.R. King and
others. It seems that these representations on the space of Goldie rank poly-
nomials or the character polynomials can be realized as subrepresentations of
the representation on a virtual character module V(4).
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If A is not integral for G¢, the above definitions of representations of the Weyl
group W do not work. But similar representations on V(1) are not defined, so
far as we know. In this paper, we assume A to be regular and define repre-
sentations of “integral Weyl groups for A” as explained below. If 4 is not
integral for G¢, the full Weyl group W cannot act on V(4). So we choose a
certain subgroup Wg(4) of W=W(h¢) for each Cartan subgroup H of G and
also choose a suitable subspace Vy(2) of V(4). We can define Wy(4)-module
structure of Vy(4), using the results of T. Hirai [6, 7, 8]. We believe Wx(1)
is the most natural among the subgroups of W which act on V(1), and call it
an integral Weyl group for A. In the case that A is regular and integral for
G, our representations are canonically identified with Zuckerman’s one. Roughly
speaking, this is a consequence of the fact that Zuckerman’s representation and
Hirai’s method 7' are “commutative ” (see [Theorem 4.3). Since we know the
precise structure of the space of invariant eigendistributions (IEDs) due to
T. Hirai, we can clarify the W g(2)-module structure of V z(1) (Theorem 5.1). If 2
is regular and integral for G¢, a generalization of the result in is obtained
as a corollary of (Theorem 5.2).

We remark here that the results in this paper remain valid for a connected
reductive group whose semisimple part has finite centre.

We now describe the contents of this paper, explaining each section briefly.
In §§1 and 2, we state some main results of T. Hirai [6, 7, 8] about IEDs on G
for the sake of self-containedness. In §1, we clarify the structure of V(1) and
define W () for each Cartan subgroup H of G. §2 is devoted to explaining Hirai's
method T constructing IEDs. The definition of representations of the integral
Weyl groups Wx(2) on Vy(2) is given in §3 (Definition 3.1). This definition
looks very natural and when 2 is integral for G, it is essentially the same as
Zuckerman’s definition (Corollary] to [Theorem 4.3). We prove this in §4. In
§5, we clarify the Wy(d)-module structure of Vy(2) (Theorem 5.1). If 2 is
integral for G, we get a generalization of the result in without any addi-
tional assumption on G (Theorem 5.2). In the last section §6, we describe
some interesting examples for the groups U(n, 1) and SL(Z, R).

Main results of this paper have been reported in [17].

The author thanks Prof. T. Hirai for his kind encouragements and useful
discussions. Without his suggestions, this work would not have been completed.

§1. Preliminaries on virtual character modules.

1.1. Basic definitions. Let G be a connected semisimple Lie group with
finite centre and ¢ its Lie algebra. We always denote the Lie algebra of a
Lie group H by corresponding German small letter 9, and its complexification
by hc. We call G acceptable if there exists a complex Lie group G, with Lie
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algebra g¢ which has the following two properties. (1) The canonical injection
from g into g¢ can be lifted up to 2 homomorphism ;7 of G into G¢. (2) For a
Cartan subalgebra §¢ of g¢, let p be half the sum of positive roots of (gc, He)-
Then §é,=expp is a well-defined character of Hc=expl¢ into C*. We assume
G acceptable throughout this paper and fix a group G¢ in the following.
Choose a Cartan subgroup H of G. By H¢ we denote the analytic sub-
group of G¢ corresponding to Y¢. Let A=4d(gc, ) be the root system and
W=W(¢) the Weyl group of (g¢, §c). We fix an order on 4 and write 4* for
the set of positive roots with respect to this order and I/ for the simple system
in 4*. Moreover, we define real roots 4% and imaginary roots 47 as follows.

dF={acsd | a takes real values on b},

d'={asd | a takes purely imaginary values on 5}.

Here we give a brief survey of admissible representations and give some
definitions. Let G=KAN be an Iwasawa decomposition, where K is a maximal
compact subgroup of G.

DerFINITION 1.1. If (g¢, K)-module V satisfies the following conditions 0)-3),
we call V admissible.

0) Every vector vV is K-smooth and generates a finite dimensional K-
stable subspace.

1) The representation of {Cgc and the differential of that of K are com-
patible, i.e.,

ltim—i—(exp(tX)v—vj):Xv for veV, Xet.
-0

2) The adjoint representation of K on g¢ is compatible with (g¢, K)-module
structure, i.e.,

(Ad(R) X)v="Fk"1(X(kv)) for keK, Xegc, veV.

3) The multiplicity of any irreducible representation of K in V is finite.

Let = be a quasi-simple irreducible representation of G on a Hilbert space
9 and 9 the space of K-finite vectors. Any element of Hx is differentiable
and i forms a gc-invariant space. Thus we get the differential (dz, k) of the
representation w and (dx, $x) is an irreducible admissible (g¢, K)-module.
Conversely, if an irreducible admissible (g¢, K)-module V is given, there exists
a quasi-simple irreducible representation = of G on a Hilbert space 9 such that
(dm, x) is isomorphic to V (see, for example, [13]). If two irreducible quasi-
simple representations (z;, ;) and (7w, 9,) give equivalent (g¢, K)-modules, then
we have O(rn,)=0(r,), where O(x;) ((=1, 2) is the distribution character of ;.
As we consider the virtual character module, we identify irreducible quasi-
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simple representations of G with irreducible admissible representations of (g¢, K)
and sometimes we say irreducible admissible representations of G instead of
(@c, K.

Let V be an irreducible (g¢, K)-module. An element of the centre 3 of
U(gce) acts as a scalar operator on V, so we can define AeHom, (3, C) by the
following equation

zv=A(z2)v (z€3, veV).

We call this A the infinitesimal character of V.
Put n*=3,c4+8. and n =2 ,ca+@8-, Where g, is the root space of @. Then
by Poincaré-Birkhoff-Witt theorem,

Ugc)=U0c)DW*U(ge)+U(gein™) .

Let » be the projection from U(ge) to U(he) with respect to the above decom-
position. Since ¢ is abelian, we can canonically identify U(f¢) with S(f¢), the
symmetric algebra of . We define a linear map I, : U(he)—U(fe) by

I, f)=fGa—p) for ichs,

where we consider feU(Y:) as a polynomial function on %, i.e., an element
of S(he).

THEOREM 1.2 ([18, p. 168]). (1) The centre of Ul(ge) is isomorphic to U(hc)”
as an algebra. An isomorphism between 3 and UNe)” is given by [',on:3—
Uhe)?.

(2) The set of algebra homomorphisms from B to C and the set of equivalence
classes of B¢ with W-action can be identified by I',°y, so-called Harish-Chandra
map :

Hom,x(8, C)=Hom, (U(he)", C)=bg/W .

By the above theorem, we consider 4 as an element of H§. Assume that V
is irreducible and has infinitesimal character 4. Denote the distribution character
of V by @(V). Then (V) can be expressed on a Cartan subgroup H as follows.
Define the subset H’(R) of H and the function D(h) on H as

H'(R)={h€H | &, (h)#1 for any acsd?},
D(h)=£,(h) TI (1—§-.(h))  (heH),

acd™

where &, is a character of H defined by the equation Ad(h)X,=&,(M) X, (X, is
a non-zero root vector for a). For hexpXeH'(R) (heH, X&), we have

1 ,
OV)hexpX)= Dl exp X) S;‘Wc(V, s; h)expsA(X),
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where ¢(V,s; h) is a locally constant function on H’(R). Of course the function
¢(V,s; h) depends on the Cartan subgroup H and the order of 4. In the next
subsection 1.2, we write @(V) more explicitly after T. Hirai in the case that
A is regular.

Let Car(G) be the set of conjugacy classes of Cartan subgroups of G under
inner automorphisms of G. We define a natural order on Car(G) as follows.
Take [A]leCar(G), where [A] means the conjugacy class of a Cartan subgroup
A. For acd®=4%gc, ac), let H, be the element of ac for which a(X)=
B(H,, X), where B(,) denotes the Killing form on gc. Take root vectors X,,
X_, from g¢ in such a way that [X,, X_.]=H., and we put

Hi=-2 H,, x.=YZ2x.,.
la| K3

Let v=v, be the automorphism of gc defined by
— _ . jl ’ ’
v—va—exp{ v/ 14 ad(XaJrX_a)},

so-called Cayley transform with respect to a. Then b=yv(ac)N\g is a Cartan
subalgebra of g not conjugate to a under any automorphism of g, and B=y(a)
is a singular imaginary root (see [7, p. 31]) of b. We have

a=c.,+RH], b=0,+RH;,
where ¢, is the hyperplane of a defined by a=0 and
Hi=v(H})=~—1(Xs—X2,).

This relation between a and b is denoted by (a, a)—(b, §) or simply by a—b.
We introduce the order < in Car(G) by defining [A]<[B] when a—Db for an
appropriate choice of representative B of [B], and extend it transitively.

Let V(2) be the virtual character module of admissible representations of G
which have an infinitesimal character 4. Here, we mean by a wvirtual character
a complex linear combination of irreducible characters. An element of V(1) can
be naturally considered to be an invariant eigendistribution (IED) on G with
eigenvalue . We say a virtual character or an IED @<V (1) has a height
[HleCar(G) if ©|z%0 and O|,;=0 for any [J]=Car(G) such that [J]>[H].
We call @ extremal if @ has the unique height.

1.2. The structure of virtual character modules. We quote the results
of T. Hirai in this subsection. Let H be a Cartan subgroup of G. Let S(§¢)
be the symmetric algebra of §: and I(h¢)=S(c)" the space of Weyl group
invariant elements in S(§¢). For any subset B of G and a subgroup D of G,
we write Wp(B)=Ny(B)/Zp(B), where Np(B) denotes the normalizer of B in
D and Z,(B) the centralizer.
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We denote by B(H; ) the set of analytic functions { on H satisfying the
conditions (1) and (2).

(1) ¢ is an eigenfunction of I(§¢) with eigenvalue A, where we identify
canonically elements of I(Y¢) with differential operators of constant coefficients
on H.

(2) ¢ is e-symmetric under We(H), i.e.,

Lwh)=¢e(w, KC(h)  (heH, weWsH)),

where s(w, h) is locally constant in A and is defined as follows. An element
weEWe(H) naturally induces an element @ of W(h¢). Let N,(#%) be the number
of imaginary roots a>0 for which @ 'a<0, and Sg(%) the set of real roots
a>0 for which @'a<0. We put for he H and weW(H),

(1.1) e(w, h)=(—=1)"® 1T sgn(€z-10(h).
ac8 p(w)

THEOREM 1.3. If 2 is regular, V(R) is equal to the space of all the IEDs on
G with eigenvalue A.

Proor. This theorem is actually known. Here, we give a sketch of the
proof. It is obvious that V(2) is contained in the space of IEDs with eigenvalue
A. Let P be a cuspidal parabolic subgroup of G and P=MpApNp be a Levi
decomposition of P. Take a discrete series representation D of Mp and a
character v of Ap. We mean by a generalized principal series representation
an induced one IndZD®v&1. Then each IED with regular infinitesimal character
is a linear combination of characters of generalized principal series representa-
tions induced from some cuspidal parabolic subgroups of G. Q.E.D.

THEOREM 1.4 (T. Hirai [8, p. 284, p. 302]). (1) For an element { of B(H; A),
we can construct an extremal IED T{ which has the height [H] and on H it
naturally provides { (see [8, p. 272]).

(2) Conversely, any IED with eigenvalue A can be written as a linear com-
bination of IEDs which are of the form T{ ((&B(H; 1)) for some H’s.

REMARK. We give in detail the method T of constructing IED in the next
section.

We assume the following throughout this paper.

AssUMPTION. The infinitesimal character 4 is regular.
Because of we identify virtual characters which have infini-
tesimal character 4 with IEDs on G with eigenvalue A.

Let Wx(A) be the set of weW(h,) for which exp(wi, X) (X<¥b) defines an
analytic function on H,, the identity component of H. Let L be the kernel of

the map exp:H)—H, Then W)= (weWe) | <wi, LYC2x+/—1Z}, where
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{, > is the pairing of §¥Xxhe. Put
L,= 2 w'lL, WaA={weWe) | wL,=L,}.

wEW g (1)
Let W(H,))={0 | weWg(H;)}, where {H; | 0=/} is a set of representatives
of connected components of H under the conjugation of Ws(H). We get the
following proposition.

PROPOSITION 1.5. (1) The set Wy(A) is invariant under the left multiplica-
tion of W(H,).

(2) The set Wy(A) is invariant under the right multiplication of W x(A).
Moreover, the group Wyu(2) is the largest subgroup of W(h¢) which leaves W =)
invariant under the right multiplication.

PrOOF. (1) Let s€W(H,;) and weWy(2). Since L is the kernel of the
map exp:)—H, o preserves L. So, we have {owi, L)={wi, ¢ 'L>=wi, L)
C2x+/—1Z. This means cweWy(d).

(2) Note that Wy(2) forms a subgroup of W(hc). Let weWy(d) and
gEWg(A). Since L;Dw™L, we get L;=¢'L;De'w™ L. By the definition
of L;, we see that

A, Lp=<L4, 2 wil)= 2 <wi LyC2rv/—1Z.
weW g7 (2) WEW g (2)
Therefore we have <wad, L>=<R, ¢~ 'w 'LYyC{A, L,)C2zx+/—1Z. This means
wosWu2).

Conversely, let e=W(h¢) be an element such that Wa(De*=Wu(2). Then

we get

oL;= X ow'l)= > WweH)'L= 3 w'L=L,;.

weW g () wEW 7 (2) w eW g ()

Hence a€Wy(4). Q.E.D.
For each connected component H;, take an element a¢;=H;. Then we have

a;l(sa;)eH, for seW(H)).
Therefore we can write a;!(sa;)=exp B, for some B,<).

ASSUMPTION ON 4. We assume that we can choose {a;| a;,€H;, 0=/}
which satisfies the following condition. For any ¢,, tgeI/IN/'H(Z),

exp(ti4, Bs)=exp(t:d, By)  (s€We(Hy).
Hereafter we fix these {a;| 0=/=/} and write
§(s)=exp(ti, Bs)  (se€W(Hy),

which does not depend on {=Wy(2) by assumption. We have the following
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lemma.

LEMMA 1.6. (1) If G=SL(n, R), Sp2n, R) or SOp, q) (p+qg=2n), then
we can always choose {a;} which satisfies a;,=sa,; for any s€Wg(H;). So, in
these cases, the assumption is trivially satisfied for any A.

(2) If all the Cartan subgroups in G are connected, we can choose a,=e (the
unit of G) and the assumption is satisfied.

(3) In particular, if G is a complex semisimple Lie group, then the assump-
tion is satisfied for any A.

REMARK. For any G, there always exists a lattice in h¥ whose elements
satisfy the above assumption. See also remark to the corollary to

PROPOSITION 1.7 ([8, p.319]). The space B(H; A) has a base consisting of
the element {{; .} of the following form. Take a complete system of representa-
tives {t}CWH(Z) for a left coset space W(HN\Wg(2). For 0<i<! and t, we put

Cifwa; exp X)=¢e(w, a;) > (s, a)&(s)exp(td, sX)
SEW G (H{)

(weWs(H), X)),
and put §; , zero outside the We(H)-orbit of H,.

REMARK. The formula listed in [Proposition 1.7] is the corrected version of
the formula (7.20) in [8].

Put VzQ=T(B(H ;). Then by the above proposition, we get a basis
(TC. .| 0Zi<l, teWH)\Wx(2)} of Vg(2). 'Moreover, since V()=
2 fmecarV r(4) by we get a basis of V(2). This canonical basis
plays an important role in the following sections.

§2. Hirai’s method 7.

In this section we describe Hirai’'s method T in detail for later use. For
simplicity we assume 4 regular, but the argument here is valid too in the case
that 1 is singular. Notations and terms without explanations are refered to [8].

As is mentioned in former sections, V(2) is the space of all the IEDs on G
with eigenvalue A. Harish-Chandra proved any IED @ on G coincides
essentially with a locally summable function on G which is analytic on the open
dense subset G’ of all the regular elements in G. Because G’ is open dense in
G and any element in G’ is contained in a Cartan subgroup of G, O is deter-
mined by the values on Cartan subgroups {H | [H]=Car(G)}. Put

DH(h)=¢&,(h) TI (1—&.()™)  (heH),

acd™

DE(h)=1II (1—&.()™")  (heH).

+
acdp



Representation of Weyl groups 727

For a given IED @ on G and a Cartan subgroup H of G, we put

Cu(@)R)=D¥(n)@(h)  (heH'=HNG'),
Cu(@)h)=eg(h)D*(WO(h)  (heH"),

where ef(h)=sgn(D#(h)) (heH'(R)).

THEOREM 3.1 ([7]). Let O be an IED on G with eigenvalue A. If © has a
height [H]<Car(G), then Cy(6) can be extended to an analytic function on the
whole group H. Moreover, it belongs to B(H; A).

Hirai’'s method T is the method to construct an extremal IED from an ele-
ment { of B(H; 1). This is done by induction on the order of Car(G) and has
two different steps R and S. Roughly speaking, the step R corresponds to
boundary conditions to be satisfied by IEDs, and the step S corresponds to Weyl
group symmetricity which assures the invariance of IEDs. As is mentioned
above, an IED 6 is determined by the system of functions Cx(®) ([H]<Car(G)).
So, in order to give an IED T¢ for {=%B(H; A), it is sufficient to give functions
Cy(TQ) for every [H]<Car(G). T. Hirai studied what is necessary and suffi-
cient for the system of functions C;(@) ([H]<=Car(G)) obtained from an IED @
through the series of his works [6, 7, 8] and actually gave necessary and suffi-
cient conditions. Using his results one can verify that constructed functions
Cy(TC) ([H]=Car(G)) really determine an IED TC.

Let us explain the construction in detail. Take an element {=B(H; 1). We

put
Cu(T=el ¢ for H itself,

CATO=0 for [J1=[H].

Let A be a Cartan subgroup of G and assume that we have already constructed
Cp(TC) for [B]>[A]. Let A, be a connected component of A and F a con-
nected component of A{(R)=ANA'(R). Denote by 2=2X(A, the set of all
real roots a= 4(g¢, ac) for which £,(h)>0 on A,. Then 2 is a root system of
a certain real semisimple Lie algebra. Let S=S(A,) be the subgroup of Ws(A,)
generated by w.|4, (a€2), where w, is the conjugation by an element g,=
expr(Xe—X12)/2€ K. We put w.|4,=s,.. Let P(F) be the set of acX for
which £,(F)>1. Then P(F) is the set of all the positive roots of 2 with respect
to a certain order of roots. Let [/=II(F)={a,, ---, a,} be the simple system
in P(F).

(I) Step R. Denote by b™ a Cartan subalgebra obtained from a by the
Cayley transform v, =v, with respect to the real root a, (1=m=r). By
assumption, the functions Czn(T{) have been already determined. We write
C, instead of Cza(TQ) for brevity.

Recall the notations about Cayley transforms v,, in §1. We put
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Zm: {he A l Eam_(h):l}y
2n=1{heX, | &,(h)#1 for any root a# +an}.

Then for acX¥,,NA,; and X<a, we put
(R4, Cn)(aexp X)=Cpraexpy,X).

Here v, X may not be contained in ™, but C,, is locally a linear combination
of the functions of the form exp pu(X) (e (dg)*), so Cnlaexpyv,X) has natural
meaning.

(II) Step S. For a function f on A; and s€S, we define sf as (sf)(h)=
f(s7th) (h€Ay). For each sp=s,, 1=m=r), we put

Psm:(l"'sm)(Ramcm) .

Each element s&€S can be written in the form s=s;s;, - s;, (see, for example,
[3]). Then we put

Ps:Psi1+Si1Psi2+ +Si15iz Sik-1P

Sig "
It can be proved that P; is independent of a choice of expressions for s&S.
Finally we put

Q=8(P,, Py, -, P,)= = SIP,.

T | S| s€s

Denote by E,, the union of wA; over weWg(A). Define C4(TC) on E4NA(R)
by
CATOwh)=det(w)Q(h) (weWs(A), hEF).

Let A, A, --- be a complete system of representatives of connected com-
ponents of A under the conjugation of Ws(A). Then A is the disjoint union of
E4, E4, ---. Repeating the same argument for every A;, we get C,T{) on
the whole A.

Thus we can define Cy(T() ([H]=Car(G)) inductively. We see that they
altogether define an IED T ({=®B(H; A)) by Hirai’'s argument.

§ 3. Definition of representations of W (4).

In this section, we define a representation of Wxz(d) on Vyx(A) for each
[H]=Car(G). We assume A regular and keep the notations in § 1.

At first we consider a representation ® of Wgx(d) on B(H;A). Take
[H]<=Car(G) and let {H; | 0=/=<!} be representatives of connected components
of H under the conjugation of Wg(H). Then B(H;A) is spanned by the set
{Ci: | 0=i<1, teWy(2)}, where
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Ci.wasexp X)=¢(w, a;) E( &(s, a)&(s)exp(ta, sX)
SEWG Hjy
(weWeqH), Xeb),

and {; , is zero outside the Ws(H)-orbit of H;. We define the representation R
of Wx(2) on B(H; A) by

Ru&i, =8 tu-1 for uesWgy(A).

By the assumption in 1.2 and [Proposition 1.5, this is well-defined.

DEFINITION 3.1. We define a representation z of integral Weyl group W x(4)
on Vy(A) as follows. For {=B(H;A) and usWg(4), put

We say 2 is integral for G¢ if A is a differential of a character of He.

LEMMA 3.2. If A is integral. for Ge, W (D) =W g(D)=W (§c).

ProoF. By assumption, expA(X) (X<Y¢) is a character of Hc. Then, for
any weW(), expwi(X)=expA(wX) (X&bh) is well-defined on H, This
proves Wa(D)=W(®). Since Wgx(2) is the largest subgroup of W(fc) which
leaves Wy(2) invariant under the right multiplication (Proposition 1.9), we have
Wa(A)=W(@¢). Q.E.D.

By the above lemma, if 2 is integral for G¢, we can consider W (§¢)-module
structure of Vx(4). Since V()= &1ccar)V u(4), these W(f¢)-module structures
of Vx(2)’s naturally induce W-module structure of V(1). Here we identify all
the Weyl groups W(§¢)’s by Cayley transforms and denote it by W. For integral
A, many people considered W-module structures of V(4). Among others,
G. Zuckerman defined W-module structure of V(4), using tensor products
with finite dimensional representations of G. We show that his representation
essentially coincides with ours in the next section §4. Then it is very likely
that we can use the method of tensor products with finite dimensional repre-
sentations for studying the W-module structure of V() (cf. [19].

LEMMA 3.3. Let A, 2,98 be regular. If A,—2A, is integral for G, then
Wa(2)=Wx(2) and Wu(2)=W u(Zo).

PrROOF. Take weWy(4,). Both expw(d,—2,)(X) and expwi,(X) are well-
defined characters of H,, we see expwi(X)=expwi,(X)expw(d—A)(X) is
well-defined, i.e., weWx(1,). The converse inclusion can be similarly proved.
Since Wx(4,) (=1, 2) is the largest subgroup which leaves WH(,L-) invariant
under the right multiplication, we have Wx(A)=Wx(4,). Q.E.D.

LEMMA 3.4. For regular 2€b§, put I(D)={weW | wi—2 is integral for Gc}.
Then, for te WD), W2 contains tIQt1. In particular, if the unit e of W is
contained in WH(Z), then W g(4) contains I(A).
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ProoF. Clearly I(4) is a group. Considering, if necessary, WH(M) instead
of Wx(2), we may assume that e Wy(2) and t=e. Take g<I(4). Since i—2
is integral for G¢, we have Wx(e)=Wg(2) by This means
expwiA(X) (Xeb) is well-defined on H, if and only if expwei(X) (X)) is so.
Therefore ¢ leaves Wy(2) invariant from the right and we have g€Wy(4).

Q.E.D.

These two lemmas give us a method to calculate W ;(4) explicitly and show

us Wy(2) contains large subgroups of W ().

§4. Relation to Zuckerman’s representation.

In this section, we describe the relation between our representation z and
Zuckerman’s one. So, we put some assumptions on G in addition to those in
the former sections, after Zuckerman.

Let G be a connected semisimple linear Lie group. We suppose that there
are simply connected complex Lie group G, with Lie algebra g¢ and the natural
injection j:G< Ge. Let A be a differential of a character of a Cartan subgroup
H¢ of Gc. We assume that A is regular and satisfies the assumption in 1.2.
Then by we have Wy(Q)=W z(2)=W () for any Cartan subgroup
H of G under the above assumptions on G. We write W for W(f¢) and identify
it with W(H;) for another Cartan subalgebra §’ by Cayley transforms. Thus we
have the representation of W on the virtual character module V()=2®V x(A).

Now we define another representation £ of W on V(4) after G. Zuckerman
[12]. Let O be a virtual character in V(4). Then we can write it on a Cartan
subgroup H of G as

L s e@, s mEah)  (heH?),

O(h)= D(h) S

where ¢(@, s; h) is a locally constant function on H’(R) and &;;’s are well-
defined characters of H (cf. 1.1). Then we define £,60 (¢ =W) by the equation
below.
(@1 2,00h)= 2 T, 5; Wewors(h)  (heH).
D(h) sSw

The system of functions 2,6 on every H in G determines again a virtual
character in V(4). This is proved by Zuckerman [12], using tensor products
with finite dimensional representations of G. Thus we get a representation &
of W on V(A).

We want to show the two representations ¢ and 2 of W are equivalent by
giving an intertwining operator explicitly. Before doing this we prepare a tech-
nical lemma.
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LEMMA 4.1. Any {eB(H; ) can be written as
(4.2) Lh)= 2 cn(h)Eua(h),
wew

for certain locally constant functions ¢, (weW) on H.
PrROOF. Indeed, ;. (0=/=</, t€W(H,)\W) in [Proposition 1.7|can be written

as
Gowasexp X)=e(w, a) 5 (s, a)é'(s)exp(td, sX)

el
(weWe(H), Xeb).
At first we assume that w=¢. Then we have

CiilaexpX)= 3 &(s, a;)E4s)exp(s™4, X)
seWq(Hy)

= 3 e, aei(e) R TIA X)

§s-1,2(a;exp X)

T sewgiHy &s-112(aexp X)
1 exp(s~ti, X)
= w9 @) Erralexp X) Seieal@exp ).

Obviously, we have exp(s™'td, X)=£&;-1,,(exp X). Therefore

(4.3) i (aexp X)=

&..(ay) SEWQ}“)S(S, a;)s-1.2(a; exp X).

Let {w; | 1=7=k} be a complete system of representatives of a left coset space
W(H)\Ws(H). Then we define 7; , as

N ()= 3 &(s, a)bs-1,2(h) for hewj'H;.

SEW(HpD W
If h=wj'a;expX (X)), then

e (h)= 3 (s, abs-12(witaexp X)

SEW(HDw;

= 2 e&lowy a)fwpy-11(wj'a; expX)
cEW(Hy)

=s(w;, a;) 2 elo, ai)fw;la—lzz(w;laieXpX)
cEW (H)
=£.(a8, [(wita,exp X)=E&:(a)l:,(h).

The fourth equality follows from and e-symmetricity of ;.. Since {; .}
forms a basis of B(H; ), {5} also forms a basis of B(H; ). Now it is clear
that any element {=%B(H; A) can be written as in Q.E.D.

DEFINITION 4.2. Let {e%B(H; A) and write it as (4.2). Then we define a
representation .£ of W on B(H; A) as follows.

(L Q)= 2 cw(h)uws-12(R).
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Let ¢ be a linear map of B(H; A) into itself given by

C&i, =71

Then clearly CR=.LC (s€W) holds. This means the representations ® and
.L are equivalent. Remark that C is a diagonal operator with respect to the
basis {{;:}. Indeed it is of the form C=diag(§;:(a;); 0=i=<(, teW(H;)\W).

In order to show that the representation r and £ are equivalent, it is suffi-
cient to show the next theorem.

THEOREM 4.3. Hirai’s method T intertwines & and .L, i.e., for any s€W
and {=B(H; ),
T(L)=2,TQO.

By this theorem, the representations .£ and & are equivalent. So we have
on V), r2=R=L=%. The first equivalence follows from the definition of =.

Vit(A) e B(H 3 ) e B(H ; 1) ——> V(D)

T C T
T R L 2z

s ~ vy

Vu(d) ‘T"‘ B(H; ) ‘—C'— B(H; A) —‘7—’ Vu(2)

COROLLARY. Representations v and £ of W on V(A) are equivalent. An
intertwining operator is given by ToC-T '

REMARK. We can also treat A=)¥ which satisfies the following condition

(x) instead of that in 1.2. In this case, we define an action 7’ of W () slightly
different from .

() Each &,;, ¢=Wx(A) on H, can be extended to the whole H in such a
way that

§sea(sh)=E&.,(h) for seWq(H).
Here we naturally define 7’ by
(TO=T(LL)  (sesWgald), (eBH;A),

with the same formulas for { and .£,{ as in
If 2 is integral for G, the above assumption (x) is satisfied. Moreover,
the representation 7’ is also equivalent to 2.

PROOF OF THE THEOREM. We use the notations in §2. For an IED @<=V (2)
and any Cartan subgroup J of G, we can write
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CoOM)= T co(huslh)  (hE]'(R),

where ¢, (h) are locally constant functions on J/(R). Then we define .£:C,(O)
(seW) by
LICAONR= 3 colbuwsia(h)  (hE](R).
We show that for any Cartan subgroup J of G,
(4.4) CoT(LD)=L:Cs(TY  (seW),

by induction with respect to the order on Car(G). If we can establish
then by the definition of &, we have for any [J]eCar(G),

Co(T(LD)=L:Co(TO=Cs(Z(TT)  (s€W),

and this proves the theorem. So let us prove [(4.4).
For [J1£[H], (4.4) is trivially valid. For J=H, the unique height of T
(eB(H; 2), we have

(4.5) Ca(TLLYH=LCr(TO)  (s€EW),

by the definition of T'. The equation shows is valid for J=H. So
we assume that is valid for [J]>[A] and prove it for [A]. Let
{B™ | 1=m=r} be Cartan subgroups given in connection with A in §2. By the
induction hypothesis we have

Cem(T(L)=LiCp™(TO)  (sEW).
Recall that 7' has main two steps R and S. By the definition of T,
CAT(LLD)=8SR(Cp™(T(L,Q) | L=m=r).
Therefore it is sufficient to show that

(4.6) SR(LiCsm™(TQ) | L=m=r)=LySR(Cs™(TQ) | 1=m=r))
(=LiCATQ)  (seW).

We write C,(T) instead of Cpm(T() for brevity.
(I) Step BR. We express C,(T() as

CaTOM= 2 cb(Rwa(h)  (RE(B™(R),

where ¢(h) is a locally constant function on (B™)’(R). Since by the definition
of .rg,
LiCn(TO(h)= wg)w cp(h)ws-12(h)  (he(B™'(R)),

we have for h=aexpX (a2, and Xe<a sufficiently small),
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Ram(-E;Cm(TC))(h)zwév ci(a)sws-12(aexpy, X)
= 3 (@), cye-1p(aexpX)
= 2 cp(a)fws-12(h).

wew

Here we identify ws™'A<(b)* with ws *A<(ac)* by Cayley transform vy,. Thus
we have proved

4.7 Ro (LiCalTO)=LiR,, (Ca(TQ)  (s€W).
(Il) Step S. By it holds

SeR(L:Cu(TO) | 1=2m=n)=8(R,,(LiCn(TO) | 1=m=1)

=8(LiRa,(Cn(TO) | 1I=m=r).
Put
Psm':"(l'—sm)Ram(Cm(TC)) (Ism=r)

Py =(1—=sn)(LiRa,(Cn(TT))  (l=mz=r).

By the definition of S, S(P;, ---, P;,) can be written as

S(Palr ”': Isl ZP

= 2 24mo0Ra, Ca(TO)),

1smsr JE8
where P, is defined as in §2, and {gm, .} are some rational numbers. Since
0(Ra, Cn(TOYR)=Ra,Cn(TC)(c " h)

= 2 (07 h)Ewa(a7 h)

=3 B ous(h)  (heA'R)),
we get
4.8) LyUSR(Cn(TQ) | 1=m=r))(h)

=L B Ddmo 2 507 h)Eswa(h))

1smsr g€S

= Z ZQm a 2 C%(a—lh)gaws ll(h) (hEA,(R))

lsmsr o€S

On the other hand, by similar calculations, we have

(4.9) S(Psy, ++ Pe Xh)= oy Z Po(h)

TST
= 3 X an0(LiR, Cul(TO)R)

1smsr oS
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= 2 2 Qm,aa(wgwcg(h)sws-ll(h))

1smsr o€S

= 3 Zq'm.,a 2 (07 h)E ys-12(07th)

l1smsr €S wEW

= 2 Eq"z,a E C%(a—lh)‘fo‘wrlx(h)'

1smsr €S weEW

Therefore we get
SeR(L:Crn(TO) | 1=m=r)=8(Ps,, ---, Ps,)
=LySR(Cn(TO | 1=m=r)),

combining and [4.9) This proves and thus the proof is completed.
Q.E.D.

§5. Decompositions of the representations on V(J).

In this section, we assume again that G is a connected semisimple Lie
group which is acceptable and has finite centre. Let 2 be a regular infinitesimal
character. For any Cartan subgroup H of G, we constructed the representation
7z of Wx(A) on Vy(4) in §3. Here we will give a canonical decomposition of 7
which clarifies the structure of 7. We keep to the notations in §§1 and 3.

Let H be a Cartan subgroup of G and {H;| 0=/<!} be a complete system
of representatives of connected components of H under the action of Ws(H).
Let H, be the identity component of H. We denote the kernel of the map
exp:h—H, by L. Then we defined W) as WpQ)={weW(®c) | wi, L)
Cc2r+/—12Z}, where we consider 2 as a dominant element of %% By Proposi-
tion 1.5, Wx(4) is invariant by W(H;) under the left multiplication and is also
invariant by the integral Weyl group Wg(2) under the right multiplication.
Therefore we can consider a double coset space W(Hg)\WH(Z)/WH(Z). Let
I'cWyu(l) be a complete system of representatives of a coset space
W(H)\W 1(2)/W 5(4), and put

WED =W gAMWW (H)ry Gel),
s“P(w)=eqwr™, ad€’qwr™)  (a.€H, weW®n),

where e(w, h) (weWg(H), h<H) is defined as Then %7 is a character
of the group Wn,

THEOREM 5.1. The representation v of Wy(R) on Vy(A) given in Definition
3.1 zs decomposed into a direct sum of subrepresentations as follows:

Va(d) = 39 50 Ind(e47 ; WD 1 W(d),
i=0 rerl’

where Ind(e; At B)=Indje.
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PROOF. Since = and R are equivalent by definition, we decompose the
representation ® of Wx(2) on B(H;A). For 0=/<! and te Wa(2) we put
Cie(wasexp X)=c(w, a;) 3 &(s, a;)6%(s)exp(t4, sX)
SEW g (H7)
(weWeH), XEH).

We denote by BH; A) a subspace of B(H; A) spanned by the elements {{; ;|
teWy(A)} for a fixed ; (0=<i<{). Then by the definition of ®, Bi(H; 1) is
clearly an invariant subspace of B(H;2) under Wx(4). Moreover as Wg(4)-
modules,

G.1) B(H ; )= iz:? BUH: 2).

So it is sufficient to see that how a W g(1)-module B*(H; A) is decomposed into
a direct sum of submodules. For a fixed i (0<i<[), we write & (t€Wx(Q)
instead of {; ;. We denote by B“7(H;2) (rI') a subspace of B*(H; 2) spanned
by the elements {, | t€W(H;)yW (A)}. Then clearly

(5.2) Bi(H; )= EF‘B BED(H ; A)
re

gives a decomposition of the W g4(A)-module Bi(H; ). We show that
(5.3) BN (H; AH=Ind(e®P ; WD T W H(A) .

We realize the representation Ind e as follows. The representation space E
is given by

E={f:WxgQ)—>C | flwv)=e“P(w N f(v), weWe?, veWz(d)},

with the action of Wx(2) being the right translation. We define a linear map
% from BEP(H; 2) to E by

e(a, a)f a)e P (uv™Y)  if wleWdn,
(QJCGru)(v):{

otherwise,

where c€W(H;), yel and u, veWy(4). This linear map 4 gives equivalence
of B4N(H; A) and E. Indeed, for weW®n,

(YCoru)(wr)=¢(a, a)s¥a)e " (uv-w™")
=P (w)(e(a, aH(a)e™ P (uv)
=5“'n(w-l)(QJC07u)(‘U) ’

if up=eW®n. This proves Y,y belongs to E. Recall that, for seW (),
we defined R, by R,{;={;-1. Therefore we have
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(q}gszdru)(v) = (q}Cayus-l)(v)
=¢(g, 0:)8% (o) (usv")
=¢(0, a1)E4(0)e " (us) ™ )=(YCoru)vSs),

if us~'~* belongs to W7, This proves ¥ intertwines ® and the right trans-
lation. Since it is easy to see that 4 is an isomorphism, we have proved
Formulas [5.1), [5.2) and [5.3) prove the theorem. Q.E.D.

Let A be integral for G¢, i.e., 2 is a differential of a character of Hc.
Then by it holds that Wx(A)=WxQ)=W (). As in §4, we identify
all the W(h¢)’s by Cayley transforms and write it W. In this situation we get
the representation = of W on V(A)=2°V x(4).

THEOREM b5.2. If 2 is integral for G¢, W-module V(Z) is decomposed as
Sfollows:
V= 3 ¥SInd(e; WH) T W).

[H]eCar(G) 1i=0

Here {H; | 0=Zi<1} is a complete system of representatives of connected components
of H under the conjugation of We(H), and €; is a character of W(H;) defined by
si(w)=¢(w, a.)§w) (wWeW(H,), a;€H,).

PrROOF. Since WH(Z):WH(I);W, the coset space W(Hi)\WH(Z)/WH(l) con-
sists of one element. So we can take /'={e}. Now, applying [Theorem 5.1,
we get Q.E.D.

is a generalization of a result of D. Barbasch and D. Vogan
[1, Prop. 2.4].

§6. Examples.

6.1. Let G=U(p, 1) (p=2). For classification of irreducible representations
and their characters of U(p, 1), see [9]. G has two conjugacy classes of Cartan
subgroups, namely a class of a compact Cartan subgroup H and that of a
maximal split one J. In this case, both H and J are connected. We give H
and ) as

H={diag(a,, -+, ap+1) | a:€C, |a;|=1},

D: {diag('\/_—lsbb Tty '\/:I¢p+1) I ¢ieR}r

where diag(a,, -+, a,+;) denotes a diagonal matrix with diagonal elements
@y, -+, Gpy1. We consider A=(4;, -+, 2,+1)ECP* as an element of H§ by

Adiag(/ =16, -+, V=Tp)="3 v =Tgek.

Fix A€ Z?*'. Then we have Wxz()=W (A=W (the full Weyl group).
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LEMMA 6.1. (1) We(H)= {permutations of (¢s, =, §p)} =S,. 2) We(J)= {per-
mutations of (¢y, -+, Gp-1)} X {permutations of (Gp+Gpi1, @p—Ppi1)} =G, 1 XS,
Proor. This is given by direct calculations.

LEMMA 6.2. Let 2= Z?*! be regular, i.e., A is not fixed by any permutation
of coordinates. Then the Weyl group W is isomorphic to S,41, and as W-module
we have

Va(A=Ind(det, ; ©, 1 Sy =[177]P[2-1777],

V /(2 =Ind(det,-,Q(trivial) ; S,_; XS, T Spss)
=[2-17-1]p[3-177%],

where det, is a one dimensional representation of &, which sends c€S, to
determinant of o.

For notations, see [14]. The irreducible representations corresponding to
Young tableaux [17+1], [2-17-'] and [3-17-%] are of dimension 1, » and p(p—1)/2
respectively.

PrROOF. Use and we have the first equivalence for each H
and /. The second equivalences are given by direct calculations. Q.E.D.

It can be easily seen that the vector space V,(1) has a basis consisting of
characters of all the principal series representations with infinitesimal character
A. However it’s not trivial to find out a basis of Vz(4). We only show the
results here without calculations. For notations, see [9].

LEMMA 6.3. (1) Vg(R) has a basis {B¥***(1<i<p), D> 2+, where

=
p+1

Moreover {B***1(1<i<p)} generates the p-dimensional invariant space [2-1771]
of Vy(R) and D*P+* generates the one-dimensional invariant space [17+1] of V x(R).

(2) V,(4) has a basis consisting of the characters of principal series represen-
tations and dimV ;(A)=p(p+1)/2.

Bi, i+l: _<___2_;X_ {(DO,i+D0,i+l)+(_1)p(Di,p+1+Di+1,p+1)} — DO,])+1.

6.2. Let G=SL(2, R). For classification of irreducible representations and
their characters of SL(2, R), see [2], [4], [7, p.50]. G has two conjugacy
classes of Cartan subgroups. Put

={Gno eoro) [ 0=8)

J=A,UA.  with Aiz_—{ic;t e(‘)°) | t<R}.

Then K is a compact Cartan subgroup and J is a maximal split one.
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LEMMA 6.4. (1) K is connected and We(K)=1{e}. (2) J has two connected
component A, A- and We(Ay)=We(A-)=6,.
Let A=t} be a differential of a non-trivial character of K. Then we have

LEMMA 6.5. The Weyl group W is isomorphic to S, and as W-module, we
have

V x(A)=Ind(trivial ; {e} T S,)=(sgn)P (trivial),
V ;(A) =Ind(trivial ; &, 1 &,) P Ind(trivial ; &, T &,)

=2(trivial) .

PROOF. and direct calculations will show the results. Q.E.D.

As in the case of U(p, 1), V;(A) has a basis consisting of characters of
principal series representations with infinitesimal character 4. The invariant
space Vg(4) has a basis {D*—D-, F}, where D* (respectively D-) is the holo-
morphic (resp. anti-holomorphic) discrete series representation and F is the
finite dimensional representation.

We can write down the similar results for the groups SO,(2n, 1) (n=1).
However, it needs new notations to state them. Here, we only refer the

readers to [16].
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