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1. Introduction.

Let D be the open unit disc in the complex plane. We assume that the
reader is somewhat familiar with the theory of H*=H>(D) as a function alge-
bra (see [4]) including Hoffman’s paper on the parts of H*.

We recall Carleson’s fundamental characterization of interpolating sequences
for H* [1]. In terms of the pseudo hyperbolic metric, X(z, w)=|z—w!/|1—Zw],
a sequence {z,} in D (possibly finite) is interpolating if it is uniformly separated,
that is

inf TI X(z4, z,)>0.
n k#*n

Garnett found a characterization of interpolating sequences, which is
more geometric in nature. It is stated in terms of the concept of a Carleson
measure, namely, a finite measure ¢ on D for which there exists a constant K
such that p(Sy, »)<Kh for every set of the form Sy r={re*?: 0<1—r<h, [¢—0|
<h/2} (equivalently, for all sufficiently small A).

THEOREM (Garnett). Let {z,} be a separated sequence in D, that is, one for
which 7{2% X(25,2:)>0. Let p be the measure on D assigning point mass 1—|z,|

to z, for each n and 0 elsewhere. Then, {z,} is interpolating if and only if p
1s a Carleson measure.

Note that the condition that {z,} be separated is a natural (and simple) one
since every uniformly separated sequence is necessarily separated.

It was Hoffman [5], [6] who characterized the Gleason parts of the maximal
ideal space # of H> as being either singleton points or analytic discs and who
saw the connection with interpolating sequences. A homomorphism in H is
non-trivial (its part is an analytic disc) or tr/vial (a one point part) correspond-
ing to whether it lies in the closure in # of some interpolating sequence or
not.

1) Some of the results of this paper form a portion of this author’s doctoral thesis
(1978) submitted to the University of California, Santa Barbara.
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In this paper we are interested in the class ¢ of all subsets C of D for
which a sequence in C is interpolating if (and only if) it is separated; and, the
class ¢’ of all subsets C of D whose closures in % contain only non-trivial
homomorphisms. In particular in §3 we observe that they are the same class,
C=C’, and obtain other useful characterizations of the class €. For example,
let p(z, w)=(1/2) In(1+X(z, w))/(1—X(z, w)) be the hyperbolic metric on D and let
dp give hyperbolic length on [0, 1). For SCD and 0<e<1 let N(S, ¢) denote
the pseudo hyperbolic ¢-neighborhood of S. Then, S if and only if the pro-
duct measure dy=dAdp restricted to N(S, ¢) is a Carleson measure, where d2
gives Lebesgue measure on the unit circle.

In §4 we investigate curves in D ending on the boundary. We use Gar-
nett’s theorem to show that such a curve is in the class ¢ if and only if it is
pseudo hyperbolically close to one for which arc length is a Carleson measure.
Another application allows us to characterize the nontrivial points in the rela-
tive interior of the fiber of # lying above 1.

2. Preliminaries.
Let zeD, 0<d<1, SCD. Throughout the paper we will use the notation
D(z, O)={weD: Xz, w)<d}, N(S, 6)=\I{D(z, 9): z& S}

for the pseudo hyperbolic d-neighborhoods of a point and of a set.

We need a series of concepts and elementary lemmas concerning the pseudo
hyperbolic geometry of D.

DEFINITION 2.1. Let 0<d<1l. A set SCD is said to be oJ-separated if
AUz, w)=6 for every pair z, w of distinct points of S. Given a set VCD we
say that S d-covers V if N(S, 0)DV.

The next lemma follows from an easy maximality argument and the suc-
ceeding lemma from a standard compactness argument.

LEMMA 2.2. Given a set VCD and 0(0, 1) there is a d-separated subset S
of V such that S o0-covers V.

LEMMA 2.3. Let 0<0<1, 0<e<], and ze D. Then there exists a finite con-
stant M=DM(0, ¢) such that the number of points of a d-separated subset of D(z, ¢)
does not exceed M.

The next lemma isolates some of the technical calculations we encounter
with the use of the pseudo hyperbolic metric.

LEMMA 24. Let 0<e<l. Then, there exist positive constants k. and K. such
that for each re*® in D, the following hold :

(@) For each pe® in D(re'?, &)

E(1—N=(1—p)=K(1—7).
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(b) If X(pe'?, ret?)<s, then
kR(l—r)=|pe?—ret? | <K.(1—7).
(¢) If Ais the area of D(re'?, ), then
R(l1—rP=A=K.(1—7r).
(d) For 0<h<l—ce and for every angle ¢, if K.h<1 and ret?cS,,;, then
D(re'?, &)C Sy k1 -

Proor. The reader should have no difficulties calculating a), b), ¢) using
the fact that D(re'?, ¢) is the Euclidean disc with radius e(1—#2%)/(1—e%?%) and
center r(1—e2et?/(1—er?).

Part (d) is slightly more technical and we include its proof. Suppose 0<h
<l—e, K.h<1 and re*?€S,, , for some ¢. Since 1—h>e¢, any pseudo hyperbolic
disc D(re'?, ¢) whose center has modulus =1—# will fail to contain 0. Since
K.h<1, the same is true of S, x ». Let A denote the e-neighborhood of S, .
We show that ACS, k.. which implies the result. The angle centered at ¢
subtended by A equals & increased by the angle subtended by D(1—#h, ¢), namely,
h+2sin[eh(2—h)/(1—h)(1—e?)]. This, in turn, does not exceed hA+me(2—h)h/
(1—h)1—e&? which is less than or equal to (14+27(1—e®)"YHYA<K.h. Further-
more, the minimum modulus of points of A is (1—h—¢)/(1—e-+eh) which is easily
seen to be no smaller than 1—(1+2zx(1—e*)")h=1—K.h. Thus ACS, k. as
required.

Later on we will require the following alternative description of the mea-
sure 7 mentioned in the introduction.

LEMMA 2.5. Let 7 be the product measure on D given by dy=didp where
d2 gives Lebesgue measure on the unit circle and dp gives hyperbolic length on
[0, 1). Then, if dA represents two dimensional Lebesgue measure on D and S is
a measurable subset of D,

dA

=\,

Proor. It is enough to verify the equation for sets of the form S=
{ret? . riZr=r,, 0,<60=6,} in D. Then, changing to polar coordinates,

I

slz|(I—121%) ~ Joydn 1—1* .

[11 1+7, 11 —H_h}dﬁ

0y Oo(Te
:S o(ry, mw:S S dod0=1(S).
41 61Jry
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3. Characterizations of the class C.

Before proceeding to the main theorem of this section we require some
lemmas. The first of these is well known.

LEMMA 3.1. Let 0<6<1 and let S be a d-separated sequence in D which is
a finite disjoint union of interpolating sequences. Then, S is interpolating.

LEMMA 3.2. Let {z,} be an interpolating sequence in D and let 0<d<]1,
0<e<l. If S is a d-separated subsequence of N({z,}, €), then S is an interpolat-
ing sequence.

PrOOF. By there are at most M;. points of S in each disc
D(z,, ¢). Therefore, S can be decomposed into the union of at most M; . sets,
S;, each having at most one point in each disc D(z,, ¢). By it is
enough to show each S; is interpolating.

Let K. be the constant of fix h so that 0<h<l—e, K.h<1 and
choose 4. If weS;N\Sy, 5, then there is an m such that X(w, z,)<e. By part
(d) of we see that z,=Sy x,» and by part (a) of the same lemma,
1—|w|=K.(1—|zn]). Hence,

2 (A-lwhb=s 2 K(d—lza]).

weSg, pNS; *mE€8g, K n

and the result is clear from Garnett’s theorem.

Hoffman showed that the closure of an interpolating sequence in M
contains only non-trivial homomorphisms. The next result shows that inter-
polating sequences are the only separated sequences with that property.

LEMMA 3.3. Let S be a separated sequence in D which is not interpolating.
Then, the closure of S in M contains a trivial homomorphism.

PrOOF. Let S be as above. Since by S is not the finite union
of interpolating sequences there is a net {w,} in S which is eventually out of
every interpolating sequence and which converges to some homomorphism 4.

Suppose h is nontrivial. Then 4 is in the closure of some interpolating
sequence {z,}. Choose some 0<e<1. By [Lemma 3.2 the sequence SN\N({z,}, ¢)
is interpolating so the net {w,} is eventually out of this sequence, that is, 4 is
in the closure of S—N({z,}, ¢). One of Hoffman’s characterizations of a non-
trivial homomorphism in implies that if A is in the closures of two subsets
S: and S, of D, then X(S,, S;)=0. But X(S—N({z.}, ¢), {z.})=¢, which brings
a contradiction. Thus A must be a trivial homomorphism.

The main result of this section gives several necessary and sufficient con-
ditions for a set to belong to the class € of the introduction.

THEOREM 3.4. If S is a subset of D, then the following are equivalent:

(@) The closure of S in M contains only nontrivial homomorphisms.

(b) For each 6=(0, 1), each o-separated subset of S is an interpolating
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sequence.

(¢) For some interpolating sequence {z,} and some e<(0, 1), SCN({z,}, e).

(d) For each (ov for some) e=(0, 1) the measure 7 restricted to N(S, €) is a

Carleson measure.

PrROOF. (a)=> (b): This is the content of

(b)=> (c): By there is a J-separated set T which d-covers S.
Then, SCN(T, 0) and by (b), T must be an interpolating sequence.

(c)>(a): Let {w,} be a net in S converging to a homomorphism 4. Since
SCN({z.}, ¢) there is a net {z.w} in {z,} such that for each «, X(wa, zZncw)<é.
Since X is lower semicontinuous on M XM [6],

X<hy hm Zn(a))élim X(wm Zn(a))§5<1 .

Since the interpolating sequence {z,} contains only nontrivial homomorphisms
in its closure, h is in a nontrivial part, and this is true for all 2 in the closure
of S.

(b)=>(d): Choose ¢=(0, 1) and 0<d<1l—e. Let S, be a J-separated sequence
in S which J-covers S. By (b) S, is an interpolating sequence {z,} and by the
triangle inequality if oc=¢--0, then {z,} o-covers N(S, ¢).

Let K, be the constant of fix h with 0<h<l—g, K,h<1, and
fix 8. For each weN(S, ¢)n\Ss,» there is a z, such that X(w, z,)<o. By
Lemma 2.4(d) and the choice of &, since weSs,, we have z, €Sy, x4 Thus,

NS, eNSs.. & U D(zn, o).
tmES Q. K 4
Once and for all choose 7 such that K,A<t<1. Then, the above inclusion im-
plies, using Lemma 2.5 and the fact that |z|=1—K,h=1—r for z&Sy, ,, that

7(INCS, edNSe. N 3 (l_f)—lg

2mESH K 4n

(1—[z])"*dA.
D(zqy, 0)
Now, by (a), (b) we have the facts that if z&€D(z,, o), then 1—|z]|
=k,1—|zn|), and the area of D(z,, o) is bounded above by K,(1—|z,!|)2.. Thus,
we may continue the above estimate

€8¢, K

[ a-lzdazkrk, S (0-lzD).
D(zqp, 0) Zm gl

ZmES9. K 4h

Since {z,} is interpolating, the result follows by Garnett’s theorem.

(d) > (b): Clearly if (b) holds for some Jde<(0, 1) it holds for all such 4.
Given ¢=(0, 1) from (d), let 0<d,<e and 0=0d,/2. Let {z,} be a d,-separated
sequence in S. Fix 0<h’<1—¢ and 6, let K; be the constant of
and let A=K3'h".

We now notice that D(z,, 0)CN(S, ¢) since z,=S. By Lemma 2.4 (d) if
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z2€Sy,, then D(z, 6)=Ss, .. Thus,

V= D(z,, 0)CS¢, NN, ¢).

Zn€Sg.n

Since the z,’s are 2d-separated the triangle inequality implies that the union V
is disjoint. From (a), (c) we have 1—|z| S K;(1—|z.]) for z€ D(z,, 9)
and the area of D(z,, d) is bounded below by £;(1—|z,[)%. Using this and keep-
ing in mind we estimate

7(V)=27(D(zs, 9))

=R KA1 a4

D(zgy, ®

;észa—lznz)

where the sum ranges over those z,=S4.,. Thus, with the same convention
on the sum, for some K7,

2 (=12, D=2K5k517(V)
=2K5k5TT(NCS, 0)NSo.nr)
Z2K5k5'K'h'=Q2K3k5'K")h

where the last step follows from the hypothesis that y restricted to N(S, 9) is
a Carleson measure. Hence {z,} is an interpolating sequence by Garnett’s
theorem.

4. Curves belonging to C.

The main result of this section is below which characterizes
those curves in D which belong to the family ¢. We will first give the simpler
direction of the proof. The other direction will be accomplished by a series of
lemmas.

We note that the curve described in must tend to a single
point of the unit circle, although this fact is not used in the proof. If it accu-
mulates at more than one point, it must accumulate on an arc. It is easily
shown that such a curve would contain trivial homomorphisms from the Silov
boundary of < in its closure.

THEOREM 4.1. Let I' be a curve in D ending at the unit circle. Then, I’
belongs to C if and only if there is a (necessarily rectifiable) curve I in D such
that

(a) I'cNUI", ¢) for some 0<s<1.
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(b) The measure v(E) measuring the total arclength of I’ contained in E

is a Carleson measure.

ProOOF. Suppose the existence of a curve I/ as described in the statement
of the theorem. Since I'CN(I", ¢), we see that for any net {z,} in I’ there is
a corresponding net {w,} in I'’ such that eventually X(z., w.)<e. If {z,} con-
verges to a homomorphism A in ¥ then, by the lower semicontinuity of X, {wa}
must converge to a homomorphism A’ in the same part as 4. Hence, using the
equivalence of (a) and (b) of it is enough to show that I’ belongs
to C.

Let 0<d,<1, set 6=0,/2 and let S be a d,-separated set in . By the tri-
angle inequality D(z, 6)nD(w, 0)=0 for each pair z, w of distinct points of S.
Also, by (d), for small enough A and any @, for each z€Sy,, we
have D(z, 0)CSs, ks Thus,

V= {D(Z, 0): ZESe,hﬂS} CS@,K(VL .
Since vy is a Carleson measure, there is a K such that
K(Ksh)zZu(Se, xzn)=v(V)= 2 v(D(z, 0))

the last sum being over all z€S,, ,N\S. Since I ends on the unit circle, for
any z€S, I” eventually leaves D(z, ). Thus, the total arclength of I in
D(z, 0) exceeds ks(1—|z|) by Lemma 2.4 (b). Therefore, with the same conven-
tion on the sum as above

K(Ksh)=z 2 ks(1—1z]).

In terms of the measure of Garnett’s theorem u(Sy »)<(KKsk5")h so by that
theorem S is an interpolating sequence. The same holds for each separated set
in I'” so I'’ belongs to C as required.

Before proving the necessity of the condition in we will give
several lemmas to be used in the construction of I”. The first is a well-known
fact from general topology; the second follows from an easy compactness
argument.

LEMMA 4.2. Let €V be a cellection of open, connected subsets of a topological
space such that \JXV is connected. If Vi, V,&CV, then thereis a finite subfamily
Vo of &V such that V,, V,eV, and \UV, is connected.

LEMMA 4.3. Let I' be a curve in D ending on the unit circle, and for some
0€(0, 1) let {z,} be a 0-separated sequence in I which 6-covers I. If I, is a
finite set of indices and W=\U{D(z, 0): k& I}, then there is one component of
W containing all but a finite subset of {z,}.

LEMMA 4.4. Let I be a curve in D ending on the unit circle and let {z,}
be a d-separated sequence in I' which d-covers I, 0<8<1. Then, there is a parti-
tion of the indices into finite subsets I,, n=1, 2, --- such that for each n
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(a) \U{D(zy, 0): kel,} is connected.

(b) \U{D(zy, 0): kel,} N\N\J{D(zs, 0): kET,41} #0.

PrROOF. We construct the family {I,} inductively to have the following
properties in addition to (a) of the statement: (¢) m<n implies I,N\I,=0, (d)
{1, -, n}cl,\J .- JI,, (&) if Jpo=I—UT\J - \JI.), then \U{D(z;, 0): k€l } N
U{D(zp, 0): k= Jn} #0, (f) \U{D(z4, §): k=],} is connected. In particular we
give the method for constructing I, and for I,, p>1, assuming I,, ---, I,_; have
already been constructed.

If p>1 we know \U{D(z:, 0): k€I, .} NU{D(zs, 8): keI, ;} #0 and we
choose an index k;€ [, 1 such that \U{D(z,, 0): k€l,_;} N\D(z;, 0)#0. If p=1
choose %, to be any index. For p>1let k,=inf{k: k=], ;} and if p=1 choose
k,=1.

Now, \U{D(zs, 8): k< J,-,} is connected so, by there is a finite
set L containing {k,, k.} such that V=\U{D(z,, 6): k= L} is connected. If we
let Le=L\I,\J .- \UIl,_; (if p=1, Ly=L), then L, is a finite set and, by
4.3, W=U{D(z,, 0): k£ L,} has all but a finite subset {z,: 2= L,} of {z,} in
one component, V;. We note here that L, is contained in J,-;.

Every component V,, ---, V, of W must meet V, because if one of them,
Vi, did not meet V, then V,; and VU\U{V,: k+#1i,} would be disjoint nonempty
open sets whose union is the connected set \U{D(z:, 6): k=J,-,}. Thus,
U{D(zy, 0): ke LV L} =VUI(V,J .- UV,) is a connected set. We set [,=
LUL, The reader can easily check that I, has the desired properties and that
{I,} is the required partition of the indices.

LEMMA 4.5. Let {zy, -+, z,} CD, 0<0,<1, 0=00/2. Suppose \J{D(z, 0):
k=1, ---, n} is connected. Then, there is a segmental path beginning at z,, end-
ing at z,, joining all the points {z, -, z,} such that if z; and z; are adjacent
points on the path,

(@) X(zs 2;)<00,

(b) the segment between z; and z; is traversed no more than twice.

PrOOF. Let L be the set of indices % such that there exists a segmental
path beginning at z,, ending at z,, joining some of the points {z, -+, z,} and
satisfying (a) and (b) above. Suppose L,={1, -+, n} —L+#0. Then, \U{D(z:, 0):
ke L} and \U{D(z,, 6): k= L,} are nonempty open sets whose union is the con-
nected set \J{D(z;, 6): k=1, ---, n} so there would exist 7, L;, jo= L such that
D(zy,, 0)N\D(z;,, 6)#0. Thus, a segmental path joining z; to z,, can be extended
in the obvious way to z;,. Since by the triangle inequality, X(z;, z;,)<do, this
extended path would satisfy (a) and (b) above. Thus 7, L and this contradic-
tion proves L={l1, ---, n}.

Next, consider the family & of all subsets {1, 7y, 75, -+, im, n} of {1,2,-+, n}
such that {z, z,, 2i,, ***, Zi,, 22} can be joined by a segmental path beginning
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at z,, ending at z, and satisfying (a) and (b).

We have already shown & to be nonempty. Partially order & by inclusion
and let F be a maximal set in the finite family &. Suppose F+ {1, ---, n}.
Then, as above there is an 7,&F and j,e{l, -+, n}—F such that D(z;, 0)N
D(z;,, 0)#0. Let 7 be the path which joins the points {z,: k€ F} as described
above. Let 7’ be a path which is the same as 7 from z, to z;, traverses the
segment from z;, to z;, and back and then is the same as 7 from z;, to z,. By
the triangle inequality X(z;, z;,)<<0, and also the segment between z;, and z;,
is traversed only twice. Thus, 7’ is the desired type of path and the maxi-
mality of F would be contradicted. Hence F={l, ---, n} and the lemma is
proved.

We are now in a position to complete the proof of [Theorem 4.1l

PROOF OF NECESSITY IN THEOREM 4.1. Let I'e(, let 0<d,<1, 6=0,/2 and
let {z,} be a d-separated sequence in I" which d-covers I. Applying
we get a partition {I,} of the positive integers for which the conditions of that
lemma hold. From (b) for each i we may choose k;=I; and j; ;<
I;41 such that

D(zsy OND (2554, 0)#0.

Since condition (a) of [Lemma 4.4 holds, we can apply to find a seg-
mental path I joining the points {z,: k<Il;}. This path starts at z;, (for =1,
Ji is any index in ;) and ends at z,,; such that conditions (a) and (b) of the
lemma hold. If we extend I segmentally from z,, to z;,,, then it still satisfies
the conditions (a) and (b) since X(zw;, 2;,,,)<0o. This extended path I ends at
zj,4, and the (similarly extended) path I%,, begins at z,,,, so all the paths I}
can be joined together to give a path I containing all the points of {z,} and
satisfying conditions (a) and (b) of It is this path IV which satisfies
the present theorem as we now show.

Since {z,} d-covers I and {z,} CI"’ we have I'CN({z,}, 6)CNU", 6) and I’
satisfies (a) of the present theorem.

Next, let I'Z, be the union of all segments of IV which have z,, as an end-
point and let L, be the total length of all these segments. Since each point
Zn, adjacent to z, on the path I satisfies X(zn, zn)<0, we see from Lemma
24 (b) that

lzno_zml <K60(1_ lzml).

Since {z,} is O-separated, there are at most Mj; s, points of {z,} which are ad-
jacent to z, on I". Also, by construction, the segment between z, and each
adjacent point is traversed no more than twice. Thus, L,<K,(1—|z,|) with
K,=2M;,5,Ks,

Fix h sufficiently small and fix 4. If wel", then for some m, w is on a
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segment with z,, as endpoint. Thus, X(w, Zmy) <0, If, in addition, wESs, n»
then; by (d): ZmOESG,Kboh- Hence,

F’f\sa,hCU {F;n Zmesﬁ,Kaoh}

and, therefore,
V(S )SE XD La=K 2 (1—|zal)

the sums extending over z, €Sy &, n- DBecause {z,} is separated and I'eC, {z,}
is an interpolating sequence. Thus, applying Garnett’s theorem we are finished.

Although one should verify it analytically (and we do so below in a general
situation) it is intuitively clear that arclength is a Carleson measure for curves
ending, say, at 1 which are convex (as in [10]) or, more generally, monotone
in almost any reasonable sense. Thus, such curves have only nontrivial homo-
morphisms in their closures and each separated subsequence on such curves is
an interpolating sequence.

THEOREM 4.6. Let I’ be a curve in D ending at 1. Suppose for z=re'’=
x+iy on I' that 6=0, 6 1s a nonincreasing function and x is a nondecreasing
function of the parameter of the curve as z—1. Then, I'eC. In addition, sup-
pose {zz=re*’r=x,+iy,} is a sequence in D tending to 1 such that 6,=0,+,=0,
XnZXns1 and X(zn, zZni1)=e>0 for some ¢=(0, 1), n=1, 2, 3, ---. Then, {z,} is
an interpolating sequence.

Proor. Given a sequence {z,} as described in the statement of the theorem,
the segmental curve [ joining the points of the sequence in order satisfies the
description of I" in the statement of the theorem. If we first show that {z,}
is separated, then by Theorems .1 and B.4| the proof will be completed as soon
as we show that the arclength of I" is a Carleson measure.

If we show that the conditions on the points {z,} are enough to prove that
eventually X(z,, zn+2)=¢, then a simple induction shows that {z,} is separated.
To begin with it is not hard to verify that for all large n the ray of smallest
angle tangent to D(z,, ¢) intersects it at a point whose real part is less than
x4. From this it is clear geometrically that for the cases where v,.1=<y, the
conditions x,41=%x,+, and ,.,=6, alone are enough to ensure Xz, Zp+:)=e¢.
For the cases where y,<y.+; it is equally evident, recalling the euclidean equa-
tion of the pseudo hyperbolic circle of radius ¢ about z,, that the worst case
occurs for #,.,=60, and r,,=(r,+e)/(1+¢er,). To finish the demonstration one
can then, for example, calculate the point wy.=(,+e)cos 8/1+er,)+i(r,—¢)
-sin 8/(1—er,) of this e-circle about z, which lies directly below wn.;. A direct
calculation shows that X(wg,+1, wr+1)—0. Thus, once again, eventually X(z,, z,2)
=e.

It remains to prove that the arclength of /' is a Carleson measure and this
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follows from a simple inequality. Namely, suppose z=re‘’=x-+iy, w=pe'*=
u+1v, 0<p=<0, 0<x=<u and z and w are close to 1. Then,

lz—w|=2(u—x)+2(0—¢).

To complete the proof fix 6 and h small and let z,=r,e*%r=x,+iy, n=
1, ---, N, be any finite subset of I'"\Sy, » in the order for which the x,’s are
nondecreasing, the #,’s nonincreasing. Then, from the inequality

N-1 N-1 N-1
7?:'11 IZn—“Zn+1| ézngl (un+1—un>+2n§1 (0n“0n+1)

:2[<u]v—“u1>+(01’—0N>:|
<2[(diameter of Sy ,)+h]
<2[2h+h]=6h.

This makes it clear that the total arclength of I'in Sy , is bounded above by
6h and shows that the arclength of I'is a Carleson measure.

includes the case in [9] where the sequence {z,} is upper tan-
gential with 7, increasing and 6, decreasing as well as the similar case in [7]
where the sequence need not be tangential and the monotonicity need not be
strict. In addition, it includes the answer to the question asked in whether
one obtains the same results for the case of x, nondecreasing and y, non-
increasing.

There is one final question we wish to answer. We have already pointed
out that if a curve I belongs to C, then it ends at some point on the unit circle.
Thus, from the nontrivial homomorphisms in the closure of I belong to the
relative interior of the fiber of < lying above that point. It is formally possible
at this point that some nontrivial homomorphisms in the relative interior of the
fiber do not lie in the closure of a curve in €. We show next that this possi-
bility does not occur.

THEOREM 4.7. Let h be a nontrivial homomorphism in the relative interior
of the fiber of M lying above 1. Then, h is in the closure of some curve I' in C.

Proor. By Hoffman’s results A lies in the closure of some interpolating
sequence {z,}. Without loss of generality we may assume this sequence
(eventually) to lie above the radius to 1. Because ki is in the relative interior
of the fiber there exists ([8]) a convex curve I’ which is tangent from above
to the unit circle at 1 such that {z,} is (eventually) below I".

We next construct a subsequence {w,} of the sequence {z,}. Let ¢=(0, 1)
be such that {z,} is e-separated. Given z<D define o(z) to be the e-pseudo
hyperbolic neighborhood of the radial segment in D from z to the unit circle.
We assume that {z,} has been listed in non-decreasing order of modulus. Let
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{iy=z,. Let {, be the first point z, which does not belong to ¢({;). Note that
also {;0(l,). Next, let {; be the first point z, such that {;&0(;)\Ja({,). This
pattern continues inductively to produce a subsequence {{,} of {z,} such that
for each n, z,=0(;) for some £k and such that for each n, m, {,E0(l,). We
rearrange the sequence {{,} in a non-increasing order of argument and obtain
the desired subsequence {wj}.

We now describe the construction of the curve I. For each £ let wj denote
the point of intersection of the radius through w, with /. Beginning at wj
we traverse the radius toward w,. Each time we arrive at a point of the same
modulus as some z, in ¢(w;) which lies to our right we traverse the segment
to z, and back and then continue until we reach w,. At this point we traverse
the radius toward wj, adding excursions as before for points z, in o(w,;) to our
right until we reach wj;. From w; we traverse I’ to wj. We traverse the
radius from wj to w, and back making excursions similar to those just described
but only for points z, not already reached. Again we traverse I’/ from wj} to
wi. This scheme is continued and the resulting curve is the curve I" we seek.

It remains to show that the arclength of /" is a Carleson measure. Con-
sider a region S, , with A sufficiently small. The part of I" in Sy, can be
divided into three types. The first consists of the arcs of IV in Sy, ,. Because
I is convex we see that their total length is no more than a constant times A.
The second type consists of segments of radii in Sy, , joining points w; and w,
for which w,eSy., and, also, of the doubly traversed segment joining a point
of such a radius to a point z, within a pseudo hyperbolic distance ¢. For either
of these (using (b) for the latter) the total arclength added is no
more than a constant times 1—|z,|. Using Garnett’s theorem once more we
see that the total contribution of this second type is no more than a constant
times h. The third type consists of the portion in S, , of segments of radii
joining points wj and w, for which w,<&Ss ». By the construction of {w,} the
points of intersection of these radii with the arc |z|=1-—h, largz—@|<h/2,
form an e-separated subset of this arc. Thus, there are at most a fixed number
of these independent of § and A. Each such segment has length no greater
than % and, thus, in total again contribute no more than a constant times A.
From this we see that the arclength of /" is a Carleson measure and we are
finished.
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