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§1. Introduction.

Let X be a complex manifold and A a compact complex submanifold of X.
We say that A is exceptionally embedded in X or exceptional in X if there
exist a neighbourhood U of A and a proper holomorphic map p from U to a
domain of C¥ that p|y-4 is a biholomorphic map from U—A to p{U—A). In
1962, H. Grauert proved in the following criterion for exceptional sets.

THEOREM 1. (Grauert, Satz 8 in [1]).

Under the above notations, if the normal bundle of A in X has its zero
section as an exceptional set, then A is exceptional in X.

In view of Theorem I, it is natural to ask whether the converse of the
above statement holds or not, and it is also shown by Grauert that the converse
is false. So the more detailed description of exceptional sets are desirable. In
the present article, in particular, we examine the case where A= P!,

The main result is

THEOREM 2. Let X be a complex manifold containing a complex analytic
submanifold A. Suppose that A=P*' and N4 x, the normal bundle of A in X, is
seminegative in the sense that every rank 1 holomorphic subbundle of N4 x has
nonpositive degree. Then A has a holomorphically convex neighbourhood in X.

As a corollary, we have

COROLLARY. Under the above assumptions, if moreover there exists a neigh-
bourhood of A in X which contains no compact complex analytic subvariety of
dimension =1 except for A, then A is exceptional in X.

In order to prove we prove the following theorem by using
Kodaira’s technique in [3].

THEOREM 1. Let X be a complex manifold of dimension r and A a complex
analytic submanifold of X. Suppose that A=P* and
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m+n a
~ 14
Nyx= GBIH
a=

where r=m-+n, m>0, n=0, H denotes the holomorphic line bundle of degree 1
over P, and

.= - §am<0§am+1§ S Qmen .

Then there exists a complex analytic family n: V—4* of locally closed complex
analytic submanifolds of X which satisfies the following conditions:

0) ACrzY(0)
1) Naje-1000= a@ngaa
2) The infinitesimal displacement
o: Tod") —> HY(A, Ne-ryix| )

s bijective.
Here 4'={(t,, -+, t,)EC; |1, <1, v=1, 2, ---, I} and T (d") denotes the holomor-
phic tangent space of 4 at 0.

follows from the theorem of Knorr-Schneider (cf. [2], Satz 3.4)
and Kodaira’s theorem (cf. [3], Main Theorem).

We note that does not describe the whole aspect of the excep-
tional embeddings of P! in the sense that there exists an exceptional embedding
of P! whose normal bundle is not seminegative, which we construct in the
appendix.

The author expresses his sincere thanks to Professor S. Nakano, Dr. A.
Fujiki, and Dr. T. Akahori for their encouragement and valuable advices. He
also thanks the referee for pitiless criticisms.

§2. Construction of 7~(0).

Let X be a complex manifold of dimension » containing a complex analytic
submanifold A which is biholomorphic to P* It is well known (cf. [5] that A
is covered by two coordinate neighbourhoods U, and U; with local coordinates
(t;, us)=(s, ul, ---, u?), 1=0, 1, such that U; A coincides with the subspace of
U; determined by ul= .- =u7=0. Let the coordinate transformation be (¢, u,)
=gl(ts, u)=(g°Q1, u1), gty uy), =, g7, un).

Since by the Grothendieck-Birkhoff’s theorem N, x is a direct sum of holo-
morphic line bundles over A, we may assume

(1) go(t()) 0; R 0):"1_
to
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152 04(to) =+ - O0,(t0)
o a(go’ e g") : . 5% 0
@ oS, ud, -+, ub) lwh==ug=0 = T
0 C g

Here 0.(t,), ---, 0.(t;) are holomorphic functions on U,NU;N\A and a, (=1, 2,

-
.-, r) are integers satisfying N r= P H"*. In what follows we restrict our-
a=1

selves to the case where r=m-+n, m>0, n=0, and

3 0= Zan<0Z2aniuS o Sapin-

We denote by 4 the ideal sheaf of 4 in X.
LEMMA 1. Under the above conditions, we can choose the coordinates (t;, us),
1=0, 1, so that they satisfy (1), (2) and moreover

ey gte, udy -, ul, 0, -, O)E;l— mod g-e1+1

0
1D There exist polynomials f* in (ti, uy), for 1<a=m,
such that the degrees of f* in u, are <—a,, and

(4) ga<tlr ui’ Y uin’ 07 Tty O)Efa(th ui; Tty u?) mOd J—a1+1
(5> fa(o’ u}y Tty u’f‘):O,
(III) gﬁ<t1y u%: Ty u'{n7 0’ Ty O)EO mOd Cg—a1+1: for nl+1§ﬁ§m+n .

Proor. We prove, for every positive integer k&, there exist coordinates
(tor, Uor) and (¢1z, u1,) in the neighbourhoods of U,\A and U,N\A, respectively,
such that, letting (for, Uor) = gr(tir, U1x)=(g¥t1s, U1r), -, i(t1r, U1z)) be the
coordinate transformation, (1), (2) and the following conditions hold.

99) g¥tyes ule, -+, ul, 0, -+, 0)=1/t;, ~ modJ*
i There exist polynomials f§ (=1, -+, m) in (t1z, U1s)
such that the degrees of f§ in u,, are =—a; and

— k
glce!(tlky uik; R u?}er O’ Tt 0>:fg<tlk: u}k: ) 'Lt’f}é) mod 4 ]

fg(oy u1k>:0'
(L) gt ule, -, ull, 0, -+, =0 modg*  for m+1l=f=m+n.

We prove this by induction on #%.

If =1, then (1) and (2) already implies (I,), (II,), (III,), since —a,>0 for
1=a=m.

Assume that there exist coordinates (Yo, Uoz), (f1x, #1r) in the neighbourhoods
of U;NA, satisfying (1), (II,), (III,). Let {g?}+ denote the k-th homogeneous
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term of g¥(tie, uls, -+, ult, 0, -+, 0). By the Laurent expansion theorem there
exist homogeneous polynomials gf*(tix, #ls, -+, ufy) and g (tix, ule, ==+, uf) in
variables ul,, .-+, ul% with coefficients in the power series rings C{t{,;} and
C {1/t.:}, respectively, such that

(6) {ghti=gi*+gi.

We set

) besr=tie—tiegh"

(8) torer=tor— 88 (1/tor, T Ube, =+, Lo ™u}) .

Then we have
torer—1/tiper=tor— 8o (1/tor, to Uin, -+, Lox"™uik)
—(a(Q—t1agh* rg, uls, =, i)™
=tor—gh (trr, Uie, =+ 5 Ulk)
—1/t1s—g°*(tsr, ute, -+, uly)  mod J**!
= (gl (gl +gi)=0  modg*H,

Thus, if we take (for+1, Uor) and (f1z41, u1z) as coordinates, then (I,.,), (II,),
(IIT,) are satisfied.

Let (forss, or)=gxr(1r+1, U1x)=(g%s, -+, &%) be the coordinate transforma-
tion. Letting {g%:}» be the k-th homogeneous term of gg.(tir+1, uls, =+, ul, O,
<+, 0) for 1=a=r, by the Laurent expansion theorem we have homogeneous

polynomials g4%* and g% satisfying
)] {g¥eti=g% + g%,

where the coefficients of gi* (or g7~) are contained in C {t,4.} —C (or C{1/t,+1}).
We set

(10) g§+:g?D+l‘1k+1'“l“g£‘A, for 1Sa<m.

Here the coefficients of giy are contained in C {t,,+,} and the coefficients of g%g
are polynomials of degree <—a, in t,;+;. We put

— - 1,0
(11) UTp 1= UG T pe " 1 02 gy
o " - -
u3'k+1~u6'k—gk (1/t0k+1, tora1 alu(l)k, w0y torsr amug@,

for 1<a<m,
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(12) ubpi=ulp -+t Pglt
UB i =ul s — g8 (1/tor+1, torsr ®Uds, 5 torsr OmuUly),
for m+1=p=m+n.

Then we have

(13) u‘ékubE@)u%k—g‘}’z'(tlkﬂ, Uie, ===, uft)  mod J*+!
b'=‘(9)f}‘f(t1k+1, Ulpy ooy UM+ {g%e}i— g% mod J*+1
y

_ &
b:'—(z)fg(tlk+1, Ulps, o, Ul + 250 mod J**1,
y

for 1Za=<m,

Since g%o is a polynomial in #,,4; and ulesq, 0, ultsy, of degree <—a, satisfy-
ing g%(0, uig, -+, ufp=0, (II,+,) is satisfied if we put

(14) fEei(ires, Ulpen =0y UTker)
:fg(tlk+l, UL+t " » u?fzﬂ)"i‘ggﬂ(hkﬂ, Ulks1 =y UTher)

In view of (2), (II;) and it follows immediately that (IIl,,,) is satisfied by
(tor+1, Uor+1) and (frp+1, Usr+1)e g.e.d.

Let (;, us), =0, 1, be the coordinates satisfying the conditions (2), (I), (I),
(III). We may assume that the coordinate neighbourhoods U; are polydiscs de-
fined by U;={({t;, us); |t:1 <3, |u;| <1}, and (¢;, u;) are defined on the closures
of U,.

For sufficiently small positive number ¢ there exists a complex manifold V¢
of dimension 1-4m obtained by patching the polydiscs Vi={(sq, 2§, ==+, 2I"); | S|
<2, 1251 <e, 1=a=m} and Vi={(sy, 21, =, 21"); |5:1<2, [2f|<e, 1=a=m} by
the following coordinate transformation :

<15) 30:1./31
(16) Zozfa<sl) Z%: Ty ZIn)y 1:<—..a§m .

Note that V¢ contains P! as an analytic submanifold and z%, s.z%, 1<a<m)
can be extended as holomorphic functions on V¢, which we identify with z%,
soz%. We identify s, with a meromorphic function which extends s, by (15). Set

(17) z;=(z}, -+, 21) 1=0, 1 ’
(18) zo=f (81, 21)
19) z21=1*(Se, 20) .
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We denote by 4 the ideal sheaf of P! in Ve,

PROPOSITION 1. For sufficiently small e, there exists a holomorphic embed-
ding of V¢ into X which is compatible with the embeddings of P* into V¢ and X.

PROOF. is equivalent to the assertion that for sufficiently small
¢ we can find holomorphic embeddings of V¢ into U; satisfying the compatibility
condition to make them into a well defined holomorphic map from V¢ to X
which is compatible with the embedding of P! -To prove this, as usual, it
suffices to show the existence of vectors of convergent power series @o(So, 2o)
(in z,) and ¢&,(sy, z;) (in z;) whose coefficients are holomorphic functions on
{so; 150l =2} and {s;; |s:]| =2}, respectively, such that

20) 151, 20=g(o(S0) 20)

for any (s,, zo)€ V§ and (s1, z;)€ V¢ satisfying (15) and
We shall construct such ¢, and ¢, satisfying the following additional con-
ditions:
(A") The orders of @o(so, 20)—(So, 20, 0) and
@1(31, Zl>'_‘(31, 21, O) are at leaSt —da;. ‘

(B") Regarding $:1(1/so, f*(S0, 20))—(1/S0, F*(S0, 20), 0) @s a
power series in z,, its coefficients are holomorphic functions
on {Sy; |sel=1/2} whose orders at oo are at most —a;.

We set 900(30, Z0)= SDO(SO; 20)— (S0, 20, 0) and ©:(S1, 20)= §01(31; F*A/s1, z0)—
(s, f¥(1/s1, 20), 0). Then (A’) is equivalent to

(A) The orders of @o(sy, 2z0) and ¢,(s;, z,) are at least —a,,
and (B’) is equivalent to

(B) The coefficients of ¢,(s;, z,) are holomorphic on {s;; 0=]s,| <2}
and have poles of orders at most —a; at {s,=0}.

Note that (A) and (B) implies that ¢(s;, f(si, z1)) is a vector of power series
whose coefficients are holomorphic functions on [s;| <2, since f(0, z,)=0 by (5).
Therefore we have only to find holomorphic functions ¢, and ¢, on V§ and V3
respectively, satisfying (A), (B) and

© (1/50, F*(s0, 20), 0)+§01(1/30y 20)
=g((so, 2o, 0)-+o(so, 20)), for (s, z0)EVENVE.

To show the existence of such ¢, and ¢, it suffices to find sequences of

vectors of polynomials {p}(si, zo0)} and {¢i(so, zo)} (v=0, 1, ) in z, satisfying
the following conditions :
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(A) The degrees and the orders of ¢} and ¢} are
<—a,+v and =—a,, respectively.

(B,) The coefficients of ¢} are holomorphic functions
on {s;;0<]|s;]=2} and have poles of orders at
most —a; at {s;=0}.

(€,) (1/50, (S5 20)y 0)+3(1/50, 2o)
= g((So, 20, 0)+¢4(s0, 20)) mod 441+
D,) eil'=¢y mod g1t =0, 1.

(E,) There exists a convergent power series A(z,) in z, with
coefficients in C which is independent of v, such that

(21) SD’S(SO, 29) < A(zy) for |s,| =2
and
(22) ©i(s1, 20) K A(z)  for 1/2=|s,|=2.

Here « means that the coefficients of the right hand side are greater than the
absolute values of the corresponding coefficients of the left hand side. We shall
prove (E,) for the convergent power series

bHait - +20)

C o
k2=1 k2

Alz0)=1¢,

for suitable b and c.

The existence of the sequences satisfying (A,)~(E,) is proved by the induc-
tion on v. If v=0 we set ¢¥(s;, z9)=0 and ¢§(so, z0)=0. Let us assume that”for
y=r there exist ¢i(s;, zo) and ¢i(s,, z,) satisfying (A,)~(E,). We let

(S0, zc)={<s%, f*(S0, 20), 0>+g0€<-§;, zo)

—g((so, 2o, 0)+S06(30, ZO))}—a1+1+r;

where { }_; +14+» denotes the (—a,;-+1-+7)-th homogeneous term. Obviously
(23) S[)(Sm z0)=1{(0, f*<30, Z0), 0)_‘8'((30, 2oy 0>+996<30y ZO))}—a1+1+r-

First we estimate {f*(s,, o)} -q,+1+». There exists b, such that for some con-
stant K,,

(24) FH(so, 20)< —KE"—A@(,),

for b>b,, ¢>16, and 1/2=<]s,| =2. Thus,
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25) (50 20} -apraer€ - Alz)

for b>b,, ¢>16, and 1/2=|s,| <2. Next we estimate

(26> {g((SOJ ZO: O)_I—SDZ]-(SO) Zo))}—a1+1+r-

We expand g(so+ Yo, Y1, ***» Ym+n) INtO @ power series in y,, -, Ymsn. SiNCE g
is a vector of holomorphic functions of s, Vo, ***, Vm+n, 1/25]50] =22, | vl =1/6,
coo, | ¥Ym+n | =1/2, there exist constants K; and L such that

1
(27) g<(30+y0, Vi ym+n)"‘_§_‘

0

.0, ...,0>

KB LHut - +ymen)t,

for 1/2=<1s01 =2, |yo|=1/6, -+, | yman|=1/2. It is well known*® that for a
natural number 2,

k-1
(28) Azt <(5) A,
Hence, if
(29) b>2L(m+n+1)c
we obtain
(30) 8((0, 20, O+ W50 20} -ayrasr < K 33 LAGmotn41)*Alzo)*

© c k-1
<<K1A(Zo)k§)2 L*(m+ n+1)k(g>

< KIL(m;){—n—H)c Alzy) .

Combining this with we obtain

(3D Bso 2o {T0e 4 EIEAEDE L 4y,
for 1/2=|s,| <2. We define 7,(so) by
(32) Hso, z0= X pi(s0)7,

1 Il==ay+141

where [ is a multi-index of length m. Expanding 5,(s,) into a Laurent series

» See [4], p. 50, Corollary)
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(33) So)= sk,
771( o) _m<2#<w771/1 0

where 1;,=hy -+, PIM)EC™ M, we let

(34) 77?1(30): 2 771/18[6:
pE-Qq

and

(35) T/‘}‘°(so)=ﬂ>§1a7)1,ls’o‘+“d ,

for ISa<m-n. Further we define 7}(s,) by

(36) Ps=7is0— _ T Oulsf' (s,

where 7:(s0)=(9i(so), -+, nI**"(s0)). We expand

37 7s0)= 2 9155, 71, €C.
—oop oo
We put
40 (So, Z0)= 7Y,s4z8 1,5zt
(40) ¢( 0 20) (p<—z,111=2-a1+1+r NrIpSo o;#<_a1’mz=:~al+l+r7]1p 0<0 »
e, 2 m+7"s,u20)
pl-ampmgp 1 I1=-a1+2+T
and
41) (80, 20)=( > 73ush 2], > Nipshteizg,

pz-2, 1 I1=-a1+1+r pz-ajlll=-ai+i+r

.. m+n +a 1
s 771/1 S/Ol m+n20) .
pz-amyn, 1 Il=-aj+1+r

It is easily checked that

So
0
01(so)
(42) P(so, 2)=0' (50, 20)+¢°(s0, 20)| . .
0
0 m+n(S0) spém+n

1
for §§ISOI§2.

The following lemma is proved easily by Cauchy’s integral formula.

719

LEMMA. There exists a constant K, such that for any holomorphic function

fa—y

43) 7(s)=_ 2% 7usk  on o =1s]=2,

we have
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(44) sup | X 7,841 =K. sup |x(sy)],
1sgls2 p=z0 1/2515)1<2
and
(45) sup | X 1861 =K, sup |75(sol.
1/25isgl  p<0 1/2518p1s2

Thus, letting

(46) =OntntDZ et i KBS (050l +D)
lsasm+n 1/25(8pl=2
we obtain
K.L
@) g(so zoc Lo TIHEREDE A e g,

for 1/2=<|s,] £2, and

8) §(so, 2o By SHIERTDE N g iy,
c b
for |sq] =2.
Therefore, if we set

1

(49) P17 (s, 20)=gl(s1 20—~ 20)
S1

and

(50) 05+ (S0, 20)=04(S0, 20)+¢*(S0, 20),

then ¢i*!(s;, zo) and @§*'(s,, 2,) satisfy (E..;) if

(51 c>max {16, 2K,K.},

and

(52) b>max {b,, 2K, K;L(m-+n-+1)c},

which are conditions independent of ». The remaining conditions (A,41)~(Dyi1)

are easily checked.

§3. Analytic families.

Let the notations be as in §1 and §2. In virtue of

g.e.d.

we can

identify Vg, V§ and V¢ with locally closed analytic submanifolds of X. By (2),

we may assume
(53) [f(sq, 28, =y 2P| > | 24] for |s;]=2 and |z,|<e,

(54) |f(sp, 21, =, M) <lz]  for |s:]=1/2 and |z <e,
(55) L f*(s0, 28, =+, 2001 > 1201 for |so|=2 and |z,| <e.
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We set :
Vi={xeVs; |s:|=1/2} =0, 1,
Vi=V,JU(VinV5) =0, 1
and

V=VeuvV?,

Since Ny is a direct sum of line bundles of negative degree, A is exceptional
in V and since V is locally an intersection of polydiscs, for sufficiently small e,
V is a holomorphically convex manifold with maximal compact analytic subset A.

Let p represent a point in V whose coordinate in V* is (s;, z;). We define
a function 6 on V by

d(p)=min (e—|zo|, e—lz,])  for peV°'NV?,
=eg—|z,], for peV'—V?
=e—|z,], for pesV!—-V°.
By and ¢ is continuous on V. Note that
(56) 0<e—|z,| onV,
by

LEMMA 2. There exists a constant K, such that for any positive integer k
and holomorphic function f on V°\V?!satisfying |f(p)| <56°*, there exist holomor-
phic functions f, and f,, defined on V° and V' respectively, satisfying

(57) FO=Fp)—1:(p)  on VNV,
(58) lfolp)| <Kb"  on V?

and

(59) |F(p) <Kob  on V.

PRrROOF. Let f be a holomorphic function on V°~\ V! We expand

e el
f —oo<’,12<w,lf'ulsozo )

We put
fo= 2 furshat
(20

fi= gof,ulsﬁzﬂ .
Then f; are holomorphic on V% =0, 1, and satisfy [57)

By there exists a positive number e such that if |s,|=1/2+e¢, then
6(p)=e—|z,]. We note that there exists a constant K; such that for every
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holomorphic function g(s,)= «2< gush on {so; 1/2=|s,| =1/2+e}, we have
- ‘L[ o0

(60) sup > g.si=<Ki; sup | g(so)l
1sgls1/2+e Osp 1/2s18p151/2+¢€

(61) sup X gust=<K; sup |g(so)l.
18p121/2 p<l0 1/2s18gls1/2+4e€

Let (so, z0)e VO If |s¢| =1/2+e, then
(62) [ fo(Sos 20)] §'K6 sup | f(so, 20)| (by (60))

1/2sl1sp1s1/2+e€

<K; sup 4(sy 20)7"
1/2§|30151/2+e

(=Ki(e—lz|) =Ko

If |so¢|=1/24e, then similarly as above,
(63) [ fo(so, 20| = 1£ (S0, 20)| 41 f1(S0, 20|

S8+ Ko(e—z0])7"

=(A+K)5  (by (56)).
Hence (58) holds. On the other hand, if p=V'—V? then [z,(p)| <|z(p)| and
so(p)| =1/2 (si(p), z:(p) denote the values of s;, z; at p). Hence by [(61)
(64) | D) SKi(e— 120 S Kif(p) ™.

Therefore, for any pV* we have

(65) LA =Kie— 12 ) "= K6(p)7

Hence we obtain (58) and (59) for K,=K-+1.
Let Ny, x|4 denote the restriction of Ny, x to A. We denote by Ny, x (Ny/x|.4)
the sheaf of germs of holomorphic sections of Ny/x (Ny/x|4).
LEMMA 3. The restriction map po: H(V, Ny, x)—HA, Ny, x|4) is surjective.
PrROOF. We have the following exact sequence.

0—>NV/X]A Nux Ny 0.

m+n m
Since Nyx= P H, Nypv= & H®?, and
r=1 a=1

m+n Ha'ﬂ, é’é H(Za):(),
+1 a=1

=m

(66) Hom (ﬁ
it follows that

m+n
(67) Nyixla= @ HP.
B=m+1
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We have the following exact sequence.
(68) 0 —> S"*"'QNy,x —> $S*QNyix —> §*/9*"'QNy x4 —> 0.

Since &%/ '=S*(Nv*) (S denotes the v-th symmetric tensor product), by [67)
we have :

(69) HY(A, /4" QNvix| =0  for y=1.

By Remmert’s reduction theorem there exists a Stein space V and a proper
holomorphic map 5: V—V such that p|y_, is a biholomorphic map from V—A
to V— p(A4). By Grauert’s direct image theorem, piNy, x is a coherent analytic
sheaf on V whose support is p(A). Therefore for sufficiently large g, m#piNy, x
=0, where m denotes the maximal ideal sheaf of p(A) in V. Thus, for suffici-
ently large p, pi4”piNy,x=0. Hence by Grauert’s comparison theorem, we
have

70) HYV, 42QNy,x)=0, for sufficiently large p.

Combining and with (70), we obtain H'(V, $@Ny,x)=0. Therefore the
restriction map p, is surjective.

Let M be a complex manifold of dimension » and B a complex manifold of
dimension 1. A complex manifold <V over B with a smooth holomorphic map
7:<V—B is called an analytic family of (locally closed) analytic submanifolds
of dimension ¢ of M if & is a locally closed analytic submanifold of MX.B of
codimension »—¢q such that » is compatible with the projection p,: MX B—B.

From now on we assume B is a polydisc containing 0, M=X, and = *(0)=V.
We may assume that there are two coordinate neighbourhoods U, and U, in X
such that

unv=vt, =0, 1.

Further, we may choose the coordinates
(gi’ Ei} wl):(gz) g%y tty E{n: w}i, Tty w?)

of U; such that they are holomorphic on a neighbourhood of the closure of U,,
V is defined by wi=-.- =w?=0, and

gi[VﬂUi:Si
2¢lvow; =21, ISasm.
Let the coordinate transformations be
(81, 21)=8*80, 2, wo)

wlzh*(gm go; wO) »
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and
<§0: fo):§'<§l’ é,1, wl)

wo:ﬁ(gx, Z1, wy),
on U,NU;.
From now on we identify (s;, z;) with (§;, Z;) and we denote a point of V*
by its coordinates (s;, z;).
Let 7:<V—4" be an analytic family of locally closed submanifolds of X

having
'={t=(t;, -, t)eC; |t;1 <1, 1=j=0}

as the parameter space. It is clear that the submanifolds z~%(¢) are defined in
a neighbourhood of V? by simultaneous equations of the form

wé:SDé(si, 2 z)} ﬂ:]-’ v, N,

where the ¢f4(s;, z;, t) are holomorphic functions of (s;, z;, t) defined in a neigh-
bourhood of Vix0 in Vix4d'. We set

901}(513; 24 t):((P%(Si; Ziy t): Tty ¢:}L(si, 24y t)) .

Take an arbitrary tangent vector

of 4* at 0, and set

_ a%(&'; zi, 1)
Di(Si, 24y )= o i’
{i(ss, 21, 1)} (1=0, 1) represents a holomorphic section of Ny, x.
We call {¢i(s;, z;)} the infinitesimal displacement of V along the tangent
vector 0/0t€eT(4" and denote it by ¢(d/0t).
THEOREM 1. There exists an analytic family m:—4" of locally closed

submanifolds of X which satisfies the following conditions.

0) ACz10) (We identify A with AXO0.)
1 NA/,,_l(O)ES]:BIH““
2) The infinitesimal displacement

o:Tyd") —> H(A, Ni-1y/x]4)
1S bijective.

ProoF. By there exist f,€HV, Ny,x), k=1, ---, [, such that
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0oBr) k=1, ---, | are linearly independent and span H°(A, Ny,x|4). To prove
the theorem it suffices to show the existence of vectors of holomorphic functions

(71) 9012(512, 24y t):(SD}.(Sw 24 t)’ Tty SD?(Si; 21y t)):
defined on a neighbourhood of V;x0 in V;x 4%, such that
(1) soi(si) 24 0):0

.. 0 iSi, 24, & .
(i) Opdsuiu | _gus,z), 1spsl,

where {Bi(si, z:)} =8,, and

(111) SDl(g*(So, Zoy 900(307 205 t)), t):ﬁ*(SO) 20, QOO(SO: 2oy t))

for (so, 20, ®o(Sos 20, ))EUNU1.

To prove this, it suffices to show the existence of the sequence {¢4(s;, z;, 1)}
satisfying the following properties.
(@) ¢#4(si, 24 t) is a (vector valued) polynomial in # of degree p whose coefficients
are vectors of holomorphic functions on V%, such that

Lo
(b) ©0i(ss, 23, l‘)=p§1 Bi(si, 2ot
© ©4(s1, 25, 0)=0
(d) ©4(ss, zi D=4 (sy, 25, t)  mod t#
(e Sﬁff(g*(sm 2o, ©4(So, Zo, D), t)EH*(So, 20, @ﬁ(so, Zo, 1)) mod ¢#
) ©i(ss, 20, DKAQ),  for (si, z)EVE,
Here,

~ ¢ Ek(tl+ oee +tl)k

(72) A= 165 kizll 5

¢ is a positive constant, and b is a function on V with positive values which
are determined later.

We prove this by a similar method as in the proof of [Theorem 1. First,
we set

(73) ¢ilsi 2u )= 2 Bilse 20t -

We may assume that Bi(s;, z;) are holomorphic on a neighbourhood of the closure
of V? hence if we choose ¢ large enough (f) holds for ¢i(s;, z;, t) and (a)~(e)
are obviously satisfied. Assume that we have ¢4(s;, 24 ) satisfying (a)~(f)
for p=<r. We set
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(74) J(t): {Sof(g*(so, Zd; SDS(SO)‘ZO, t))) t)—};*<50) 20, SDS(SOJ 20y t))} T+l
and '
(75) FH)=1{@5(E(s1, 21, P3(S1y 21, 1))y )= (51, 21, Pi(S1, 21y T} ras -

It is easy to check that

~ ~ t a -
(76) FO=—F*) (—aiu’j:—) Loom VAV,
wo=
We may assume that
saam+1 0
ow, B
& T oo =
0 sptm+n

We are going to estimate ¢(t). We expand Z*(so, 2o, w,) and R*(s0, Zo, w,) into
power series of wo=(w}, ---, w}):

(78) 8*(s0, 20, wo)=j EJ _ & irin(Sos zo)(wgyt -+ (wi)n,
e
J

(79) h*(0, 2o, Wo)= . ZJ) goh*jl...jn(S(), zo) (W)t - (w)in.

Since F*(so, 2o, wo) and A*(s,, zo, w,) are holomorphic on a neighbourhood of the
closure of U,nU,, there exists a constant M such that

(80) P24 RO Zo) (Wit - (W< éM"’(wH— o twh),

and

(81) ; ZJ _ P sin(Se, 20)(wo)H(wi)e - (wﬁ‘)fn<<k§; M*wi+ - +wp)*.
LehinE =

First, we estimate

(82) {ﬁ*<307 20, SDE<SOJ Zoy t))} T7+1 -‘
Since
(83) | {Zl(t)}k<<%“21<t)

for a natural number %, we have as in the proof of [Theorem I,

&) (550, 20, G305 20 D n € AD E (M) M.

Hence, if
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Mnc 1

we obtain

~ 2M3%ntc ~
(86) O O N . (OF
Now we estimate
87) {@I(g*(sm 29, @6(50; 2o, 1)), D a1
We set
(88) &*(s0, 20, @5(30: Zo, 1))=(S1, 21)+L(S0, 20, 1)
We have
(89) C(SO: 20, t)<<ﬁlz71(t)

for some constant K’l. We fix 0 so that 0<d<1, and we set
(90) Ved={(s;, zs)eVE; | 54| <2—6}.

There exists a constant I%z (>0) such that if p=(s;, z)€V°\V*?, then the co-
efficients of

92) O1(s1t v, 21T Y1, 0, 20 Ym, 1)

are holomorphic functions of yo, ***, Ym, | Vol SK0(P), -+, | Vm| SK:5(p). From
now on we denote §(p) simply by 6. Expanding the coefficients of 0i(s1+ o,
214y, o, 2t yn, t) into power Series in y,, -+, ¥, We obtain the inequality,

93) 0i(si+yo, 21+, 0, 2P+ Ym, 1)

N

~ s ya -1
K A@ 1—-% , on V°n\Vo,
( )c:!:;[o KZO ) m

Combining this with and we obtain

(94) {@I(g*(sm 20, 905(30, 2o, 1)), D} a1
= {SDK(SJ, z1)+L(s0, 20, 1), t)_ﬁl??f(sn Z1, Db rez

< /Ai(t){(lﬂ E;{lg(?f) )—(m+1)_1}

< gl(mzk)(é%)kﬁ(wﬂ :

Hence, if we assume



728 T. OHsAawaA

I?lc 1
95 T N~ =
(%) bK,0 2
we have
(96) {01(8*(S0, 20, ©5(S0s 20y 1)), )} 41
KIC ~
2mi——— A(t), Vonvee,
K PR3 ®) on V°N
Consequently, we have
~ C(# m+2 k1 3 0 1.0

97) < 5(K3+2 %5 JA®, on VoAV

where K3=2M ’n2. Similarly, there are constants M/, N{, ]N(Q, and ]?5, such that,
if

M'nc 1

(%) b 2
and
99 LIPS
%9) bK;6 2
we have

i C(r m+2 {?; A 1 0,3
(100) FHDK 5(K3+2 7 JA®w, on v:AVes.

Combining this with [76), [77) and [97) we obtain

(101) J(t)<<K4-5657_/~1(2‘), on V°A V!,
for some constant X,.
We let
(108) b=b"cK7'5,
where b’ is a positive constant determined later. Then we have
(109) J(t)«—;—,ﬁ(t) on V°AV1.

By there exist vectors of polynomials (o, 2o, ) and ¢&(s,, 2z, )
which are homogeneous of degree »+1* and satisfy

Saam+l 0

(110) JO=¢(s0 2 ) . — sy, 21, 1),

0 spém+n

*) The coefficients of ¢ (¢;) are holomorphic functions on V° (resp. V7).
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on V'V,
Cm+n ~
(1 Iuso 2 DC R A@®),  on VY,
and
Cm+n ~
(112) (s, 21, l‘)<<—2 b,K§—A(t), on V1!,
Therefore, if we choose b’ so that
MnKsé 1
(113) T<7’
MnKs 1
) S A
(114) b’ 5
KK, 1
115) et L =
(115) e < 5
KK, 1
116 e
(116) b <7
and
Am+n
(117) 27K
b
we obtain
(118) Go(S0, 20, DK AW),  on VO,
and
(119) Oi(sy, z1, DKARM),  on V.
We set
(120) 90};“(30, Zos t>:§06(50; 2o, t)*}‘gbo(sm Zo 1),
and
(121) SDS+1(SI) 21, t):9071'(51y 21, t)+¢1(31} 21, t) .
It is clear that ¢;*', and ¢7** satisfy the conditions. q.e.d.

Let ¢: &W—Xx 4" be the inclusion map and p,: XX 4'—X the projection onto
the first factor. In [Theorem 1|, if in particular we assume az=0 for m+1=p
=m-+n, then by 2), p,e¢ is a biholomorphic map on a neighbourhood of A. Since
7 is a l-convex map on a neighbourhood of A in the sense of Knorr-Schneider
(cf. [Z]) there exists a holomorphically convex neighbourhood of A in X (cf.
Satz 3.4 in [2]). Therefore combining this with Kodaira’s theorem on analytic
families of compact complex manifolds (cf. Main Theorem in [3]), we have



730 T. OHsawa

THEOREM 2. Let X be a complex manifold containing a complex analytic
submanifold A. Suppose that A=P' and N, x is seminegative in the sense that
every rank 1 holomorphic subbundle of N x has nonpositive degree. Then A
has a holomorphically convex neighbourhood in X.

As a corollary we have

COROLLARY. Under the above assumptions, if moreover there exists a neigh-
bourhood of A in X which contains no compact complex subvariety of dimension
=1 except for A, then A is exceptional in X.

PROBLEM. Find an algebraic proof of [Theorem 2. Namely, let X be a non-
singular projective algebraic variety over an algebraically closed field 2. Assume
that X contains a nonsingular rational curve A and N4, x is seminegative. Then,
is there an algebraic space Y (in the sense of M. Artin) and a proper morphism
w : X—Y such that w(A) is a point?

Appendix.

We show an example of exceptional embedding of P! whose normal bundle
is not seminegative.

Let { be an inhomogeneous coordinate of P. We set U,={{; || <2} and
U,={C;1/2<|{] =0}, We define an analytic space U by patching U,x C? and
U,xC? along (U,nU;)xC?* as follows,

1) ur=C'u,+Cvi,
2) vi=L""p .

Here (&, u,, vy) and (7%, uy, v,) denote the coordinates of U,xC*? and U, X C?
respectively. Note that U is the total space of an analytic fiber bundle over P!
whose fiber is biholomorphic to C*? and structure group is the complex analytic
diffeomorphism group of C2 U contains P' as an analytic submanifold of codi-
mension 2 which is defined by the local equations u,=v,=0 and u,=v,=0.
Clearly Npyy=HPH™".

In the similar way as above we define an analytic space V' by the following
equations :

3 ui=C'u¢+Lvs,
4) v1=C"%v;.

V is the total space of an analytic vector bundle over P*. Since

1 0\/¢* 0 -1\ (¢ 0
SO W (e L |
—¢* 1\0 ¢E/\1 ¢/ g
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V=H"'PH"'. Therefore V contains P! as an exceptional subset.

On the other hand, there exists a double covering from U to V, defined by
ui=u; and v;=v; (=0, 1). Hence P! has a holomorphically convex neighbour-
hood system in U whose member contains no compact analytic subset of positive
dimension other than P* itself. Therefore P! is exceptional in U.
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Added in proof: During the submission of our paper H. Laufer has published
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In he studies the exceptional embedding of P! in detail and gives interesting
examples similar to that we gave here in the appendix. Bearing Kodaira’s
theory in mind, the connection between and ours will be clear.
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