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1. Introduction and statement of results.

A number of authors ([6], [14], [15]) have recently considered the (Ito)
stochastic equation

(L.1) dX()=Xi(t){audWita,dWy}
+ XD {ki— b XD()— b X2(1)} d1t, i=1, 2

on the first quadrant Q= {X,>0, X,>0}. Here a,j b;;, k; and ; are constants
which satisfy

(1.2) allazg_algaglio, 0i>0.

The interest in these equations arises from their interpretation as a description
of a system of two competing species or a predator-prey model in a randomly
varying environment. In this interpretation X«¢) represents the amount of
species ¢ present at time #. Turelli gives a thorough discussion of the
validity of this interpretation. Even though there are difficulties in justifying
as the correct model for competing species in a randomly varying environ-
ment, it is believed that its solution behaves similar to real systems as far as
absorption and explosion is concerned. In this paper we take for granted
and discuss the question of recurrence or transience of the system.
Specifically, we introduce

Ey=inf{t=0: | X(1)[ =M},
Ex=inf{t=20: X,()H=M™ or X,()=M™},
§'=lim&y, §’=1im &Yy .

M o0 Moo

&’ and &” are called the explosion time, respectively absorption time. For
X(0)eQ fixed the solution of is unique up till time & A&” ([5] Theorem

1) The first author was supported by the NSF through a grant to Cornell University.
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5.2.1, [13], Ch. 3.2). We give necessary and sufficient conditions for®
(1.3) P*{&'NE"< 0 or ltim Xi(t)=0 or oo for some 1} =0.

It is known (see also beginning of sect. 2) that under condition the prob-
ability in [(1.3) is independent of x, and that if holds, then for all x€Q
and non-empty open sets UCQ

(1.4) P*{3 arbitrarily large t for which X(¢)eU}=1.

‘When and (1.4) hold we call the X-process recurrent, and transient other-
wise. As is well known, recurrence is not sufficient to guarantee the existence
of an invariant probability distribution for X. When [1.3) holds, the process may
still be only null recurrent, i.e. it is still possible that for every M>0

(1.5) Itim P*{M'=X;(t)=M for i=1 and 1=2}=0.

(Again if (1.5) holds for one x=@Q it holds for all x=Q (see section 2)). Even
though X(-) will return infinitely often to any open set of Q in this case, we
surely do not want to say that the “two species coexist” if (1.5) prevails. It is,
however, reasonable to talk about this if for every >0 there exists an M<co
such that '

(1.6) lirtn inf PP{&'NE”>t and M 'S Xi(t)=M for i=1 and 2} =1—e¢.

Again, (see sect. 2) under if (1.6) holds for all ¢>0 for some x<Q, then

it holds for all x€@Q. 1If this is the case we call the X-process positive recur-

rent. It is known that then the X-process has an invariant probability measure

u; moreover the probability in (1.6) actually has a limit as {—co which equals

p(CM-t, MIX[M™, M]), independently of x (see [10], Theorems 4.4.1 and 4.7.1).
To state our theorems we introduce the coefficients

W) bi= ki —-(atyalp.
THEOREM 1. Assume that (1.2) holds, as well as
(1.8) b:>0,  bi>0, =1, 2.
a) Let by, and by, >0. Then
(1.9) basbi—b1b,>0 and bnbz—b21b1>0 > X s positive recurrent,
(1.10) basby—by20,=0 and by1by—bab=0 > X is null recurrent,

(1.11) basbi—b120:<0 07 by1by—by10,<0 D> X 1s transient.

2) P*{} denotes the probability measure governing paths starting at X(0)=ux.
aAb=min {a, b}.
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b) Let b,,<0=b,y. Then

(1.12) biibs—b210,>0 2> X is positive recurrent,
(1.13) biibs—bs1b1=0 > X is null recurrent,
(1.14) biiba—bs1b:<0 > X is transient.

C) Let b12<0 and b21<0. Then

(1.15) bi1bosa—b12021 >0 > X is positive recurrent,

(1.16) b11bza— 01202 =0 > X is transient.
THEOREM 2. Assume that (1.2) holds as well as

(1.17) bi;>0, i=1,2 and b:<0<b,.

a) If b;,=0 then X is transient.
b) Let b, <0=by;. Then

(1.18) basbi— b1, >0 X is positive recurrent,

(1.19) basbi—b12b,=0 = X is null recurrent,
(1.20) basbi—b120:<0 > X 1s transient.

¢) Let b1,<0 and b,,<0. Then
(1.21) bi1bos—b12ba1 >0 and bapbi—biaby >0 > X is positive recurrent,
(1.22) b11bas—b13b91 =0 and basbi—bi2b:=0 > X is null recurrent,
(1.23) b11baa—013b31 =0 07 b2ebi—0120,<0, but not

b]lbgg_"blgb21:b22b1'—b12b2:0 3 X iS t?’ansient.
THEOREM 3. Assume that (1.2) holds as well as
(124) bii>0 and bz<0, 1:1, 2.

Then X is transient.

REMARKS. (i) Theorems 1-3 cover all cases with b;%#0, b;;>0. The cases
which are not given explicitly follow by interchanging the role of the indices
1 and 2.

(ii) For b;;>0 Gillespie and Turelli [6] already conjectured the necessary
and sufficient conditions for positive recurrence and proved sufficiency of their
condition. Theorem 1 a) confirms their conjecture; also parts b) and c) are in
agreement with the method suggested in [6] if in [6] one adds conditions to
prevent the process to escape to co. The case of Gillespie and Turelli with
bi;>0 corresponds to a competition model. The above theorems also give the
recurrence classification when 5,,<0=<b,, or vice versa (a predator-prey model)
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or ;<0 and b,,<0 (sometimes viewed as a model for symbiosis). As we see
from if we allow b,,<0 then it is possible to have positive recur-
rence even though 5,<0. This is in contrast to the situation of the two species
competition example (2) of [6].»

(iii) It is remarkable that the criteria in Theorems 1-3 are independent of _|
0, and #, It seems likely that in some of the cases where positive recurrence
is proved by means of a Lyapounov function one can even replace X% by more ‘
general positive functions which tend to oo as X;—oo at a suitable rate.

We shall only prove representative parts of Theorem 1. All remaining cases
are similar to one of the explicitly treated cases. Most difficult are (1.18) and
(1.21) whose proof is similar to that of (1.12) in sect. 3.

2. Proof of Theorem 1 (with the exception of (1.12)).

As in [6] we make a logarithmic transformation. Ito’s formula shows that
Y(t)=0;log X,(t) satisfies

2.1) dY ()=0:{audW,(#)+a;dWu(t)} + 6 {bi—bi1e¥ 1P —b;,e¥2P} d ¢
=0 d Wi i(t)+ {Bi—Bie"1® — Bype": P} d ¢,
where
Bi=0:b:, Bijzﬁibij;
o?2=0%{a%+a%} >0 and
G !
(2.2) Wari(t)= i {auWi(H)+a, . Wy(t)}.

g;

Wori(t) is a one-dimensional Brownian motion for i=1, 2, but W, and W, are
not independent, in general. Note that the criteria in Theorem 1 are unchanged
when b;, b;; are changed into B;, B;; Y(-) is a diffusion in the whole plane
with generator

(2.3) L—-lé A.i__{_zzy{g._g.ew_.g. 72} d

. - 2 5Ly i aylay‘z & 1 11 l?e ayl ’
where

(2.4) Aijzﬁiej{ailajl+ai2aj2}-

Denote the explosion time of Y by

3) After completion of this paper we learned of the paper “Some basic properties
of stochastic population models” by M. Barra et al., pp. 155-164 in Systems Theory in
Immunotogy, Lecture Notes in Biomathematics, vol. 32, Springer Verlag, 1978. This
paper deals with case b) of Theorem 2 and Theorem 3.
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QEIigI inf{t=0: | ¥Y(¢)| =M}.

Then one easily sees that

{E'NE"< o or ltim X(t)=0 or oo for some i}
={{< or lim|[ Y (#)| =o0}.

Moreover, since the matrix A in (2.4) is constant and strictly positive definite
(by (1.2))
(2.5) Pv{{<oo or }iml Y(t)| =oc}

can take on only the values O or 1 and its value is independent of y (see
Theorem 3.2). Thus X is transient if and only if ¥ is transient in the sense
that equals 1 for some (and hence all) y. Similarly X is recurrent if
equals 0 for some y. Finally X is positive recurrent if and only if for all ¢>0
there exists an M such that

(2.6) IiIIzl inf PP{{>¢ and |Y(})|EM}=1—c¢.

Again, this will hold or fail for all y simultaneously. In fact this condition is
equivalent to the finiteness of the expected first hitting time by Y of K, for
any compact set K and any starting point Y(0). (See [10], Theorem 4.7.1,
remark on top of p. 172 and Lemma 4.2.2; also Theorem 3.2 and final
remark.)

In view of the above remarks it suffices to prove (1.9)-(1.16) with b;, b
replaced by B;, B;; and X by Y. From now on we shall only discuss the ¥
process. Also B;>0 throughout, as in [Theorem 1. ,

ProOOF OF (1.9) AND (1.15). As in [6], [14], we obtain positive recurrence
in these cases by constructing a suitable positive supermartingale for Y. In
particular we take

2.7 V{31, y9)=Cyi—2y:3,+Dy},

with
C>0, D>0, CD>1.

Then V=0 and V(y,, ys)— as |y|—oc0, and
2.8) LV(y)y= 2y A+ 1e¥ 1 +1pev2) +-2y, o+ 150V 41 ype¥?)

with
POZCA11_2A12+DA22 ’

r:BIC"_'Bg, F:BgD—Bl,
F11:Bz1—'B11C ’ rzzzBlz_BzzD ’
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F12:B22~Blzc, F21‘:Bll—BZID .

If LV(y)=—1 for y outside some compact set, then by pp. 115, 116 and
Theorem 3.7.1 of Y (and hence X) will be positive recurrent. Now assume
(as in (1.9))

B,,>0, B, >0,

Bngl'—Blng>O and Blle”‘Bng1>0-
In this case we take

(2.9

- B, B,

. B, B,
= > D > B, '

C , D=
B]Z Bl BZI

One easily checks that for this C and D (2.9) implies
CD>1, Pi>0, Fii<0, Zzl, 2 and F12:P21:0 .

This immediately implies L V(y)——o0, as | y|—o0, and hence positive recurrence.
Next assume the hypotheses of (1.15). Specifically

(2.10) B:<0, Bxn<0 and B, B;;—B;B:;>0.
We now take C and D such that?
B'z Bl Bm C_l Bzz
C> B, vl D> B, v1, and B, < D1 < ~B, "
(This is possible by [(2.10).) Again we have CD>1 as well as
(2.11) Fi>0, Fii<0, F1i+F2i<O, l:1, 2 and F12>O, F21>O.

If yj>—c and y, remains bounded above, then the principal contribution to
LV(y) is

2y {1 ev} +2y2F2
and this tends to —oo, since ;>0 and [7,>0. If y,—~—oc0 and y,—-+oo then

we have
Y {1+ evi+T,eve ~1,y,eY2——o00

as above; but also, since [3,<0,
yZ{F2+PZIey1+F229y2}N 92y ge¥2——o00 ,

Similarly LV(y)——co if y,—co and y, remains bounded. Lastly consider the
case y,;—o0, y,=Yy; If also y,—y,—oo, then

1
"2"L V(y)fv(['lzy1-}—['223)2)8”2§(F12+r22)y2ey2—>—oo .

If on the other hand y,—y, remains bounded, then by and

4) aVb=max<a, b}.
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LV(y):Z{Fzz‘l‘rm‘l‘o(l)} yae¥2+2 {F11+F21} yieY¥1
+2(yo—y:) T g1e¥1—1j5ev2)
S2{l o+ +0(1)} yq.e¥2——o00,

Since y; and y, play completely symmetric roles we again obtain LV(y)——co
as |y|—oo and hence (1.15) holds.

Lastly we observe that positive recurrence is proved easily whenever B,,=
B,,=0 by taking V(y)=y?+vi However, we cannot prove (1.12) in general by
this method and the full proof of (1.12) will be postponed till the next section.

All further proofs rely on the following

COMPARISON LEMMA. Let (2, &, P) be a probability space and {F:}iz0 a
right continuous increasing family of sub o-fields of F such that F, contains
all subsets of P-null sets. Let o(-, -): [0, co)X R—[0, o0) be a measurable func-
tion which satisfies the uniform Lipschitz condition

(2.12) lo(t, x)—a(t, x")|=K|x'—x"|, x’, x"€R, t=0.

Furthermore, let {W(t, w)};s0 be an F.-Brownian motion such that W(0)=0 a.s.,
and let Bi(-, -, +): [0, 0)XRX2—R, i=1, 2, be two functions with the following
properties: :

(2.13) (t, x) —> Bi(t, x, w) is continuous for almost all w,
(2.14) For each t=0 (x, w) — B¢, x, w) is BXF, measurable,
where B is the Borel field of R.

Finally, let {Z(t, ®)}iz0, 1=1, 2, be two F, adapted real valued continuous pro-
cesses which satisfy

2.15) Z(t, @)—Z.(0, w)ZS:a(s, Zds, o)dW(s, o)

+[ 85, 245, @), s, 12T,

for some stopping time T. If

(2.16) Z(O)=Z,0)  w.p.1,

then with probability 1

(2.17) Z()SZ(t)  for all 0St<S,
where

(2.18) S=TAinf{t=0: sup [Bi(2, x)—Ba(t, x)]1=0}.

If there exist constants K(M)<oco such that at least one of the B i=1 or 2,



342 H. KesTEN and Y. OGURA

also satisfies

(2.19) | B2, x', w)—Bilt, x*, &) SK(M)|x'—x"]
for all |1x', |x"|=M, t<T,

then S may be replaced by

(2.20) §'=TAinf{t=0: sup [B:(t, x)—pu(t, ©)1>0}.

This lemma is a simple variant of Theorem 1.1 in [8] No significant
change in the proof is necessary, except that (1.10) of should be proved
conditionally on S>0, and similarly one now proves that P{#<S}=0, rather
than P{#<o0}=0 as on pp. 621, 622 of [8] We also note that if holds
we have “pathwise uniqueness” even when §; is replaced by B;+¢ in the sense
that for each e R, z R there exists on £ a non-anticipating continuous solu-
tion Z§ to

zi(t, wy=2+{ os, Zi(s, )aW(s, &)

+{ 85, 2165, @), ) +edds

for
t<T*=T A(explosion time of Z%).

Moreover, if Z $ is another solution to this equation, then
P{Zyt)=2%¢) for all t<T%=1.

The proof of existence and uniqueness of Z§ under the Lipschitz conditions
and is the standard one (cf. [5], Ch. 5.1, 2, [13], Ch. 3.2, 3). In all our
applications of the comparison lemma will be satisfied and we use
with S replaced by S'.

We now turn to the

Proor oF [L.II) anp [(1.14). By symmetry we may restrict ourselves to the
case where

BllBg_leBl<Oo
By this forces

(2.21) B, >0.
Now take 0<l§1<B1 such that
(222) BuBz_'Bz1§1<O

and d=log (B;—B))|B1.|™Y), so that
(2.23) B,—Byne*=B, on {z<4}.
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Next let Y{(t)=Y{®(¢; y,) be the solution of
dY O(t)=0,dWy(t)+ {B,— Bnexp Y (1)} dt,
Y O0)=1y,,

and set

(2:24) YP(t)=yet o Wit)+ | (Bi—Buexp YP(s)} ds.

Y is positive recurrent; in fact as y, tends to +co, the drift vector §1~—Bn
exp y, tends to —co, and as y,——co, the drift vector tends to 1§1>O. (One
can also easily check L ¥/( y1)=—1 for sufficiently large |y,], for V’(yl)z y? and
L the generator of Y{".) Thus (Y, Y{) does not explode and is defined for
all time. Now denote the solution of [2.1) which starts at (Y,(0), Y,0)=(yy, ys)
by (Yi(t; 1, ¥2), Yot; y1, ¥e) and take

T=inf{t: Yt; y1, ¥y )=4} NC.
Then by the comparison lemma and (2.23)
Yi(t; y, y22Y°(1)  on {{<T}.
Again by the comparison lemma (use [(2.21))
(2.25) Yolt; yu, yOSY (1)  on (<7},
We now show that for y, sufficiently small

(2.26) P{{<oo or (s?p YiP(t)<d4 and {im Y{P(t)y=—o0)} >0,

which together with (2.25) will imply and In turn, [2.26) will be

immediate if we prove for fixed y,

(2.27) lim lg” {B,— Bay exp Y ()} ds<0,

too [ Jo
because the left hand side of [2.27) is independent of y, and, by (2.25)
1 1 1t
—Vit; 1, 39S YPO=Z0+ | (B Buexp YP(s)}ds,

[—oo,

Finally, follows from the ergodic theorem. Indeed Y {’(¢) has the stationary
probability measure ([2], problem 16.11.18, [11], Theorem 4.4)

(2.28) m(dx):%eB(”dx R
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where

2¢r ~ 2~ 2
(2.29) B(x)———;—%go (Bi=Buet du= 2 Bux — % Bu(e—1),
and

c=|" er@ax.

Thus, by the ergodic theorem ([10], Theorem 4.5.1, [11], Theorem 4.8,
Theorem 5.1) the left hand side of equals

S+m{Bz—leex} m(dx)= {BZ—B21§1<B11>_1} <0 (by .

This proves and hence [L.II) and [1.14).
The proof of (1.16) is quite easy because under its hypotheses

d{—Bu Y (t)+ B Y1)} =—0:1B:dWy(t)+0:B.,dW(t)
+{—=B,Bs;+ByB1;4+ (B2 By;— B11Bsp)e 2P} d t
which has a drift coefficient
=—B,By+B,B;;>B:B,;>0.

Thus By, Y., (1)— B, Yi(t) growns at least linearly (e. g., by the comparison lemma).
Next we indicate how to prove (1.10) and (1.13). ‘The basic idea is in [7].
For the time being assume only

B11B;— B, B,=0 ’
and consequently [2.2I). Set

U(t)=B,Y,(1)+B,Y,(t),
V(t):BZYI(t)_B1Y2(t) .

Then
— - = B.Ut)+ B, V(t
1 2
- B,U(t)—B,V(t)
—B; exp( BB )}dt,
and

dV(t):ﬁng/—V4(t)+Ezz eXp( B =5 V(L) )dt ’

B+ Bj
where W,, W, are suitable Brownian motions and

B,=B:+ B3>0,
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BllzBlBll+B2BZI>0 s
BIZZBIBI2+B2BZZ ’

Byy=B,By,— B :B1220 (by the hypothesis of (1.10),
respectively B;,<0 in (1.13)),

d:>0, 6,>0.
The drift vector of the U-component at the point (u, v) equals

Biu-+B,v )_Ew ( B,u—B,v )’

b, v)=Bi— By exp (e 5 iy

so that for a suitable constant 4>0

(2.30) bi(u, v)gl51>0 on {(u, V)i u §——%&v, vzd},
2 2 B,
and
(2.31) by(u v)<—ig <0 on {(u v): 0= u< B, v vZA}.
. 1 ’ = 2 11 ’ . == 232 » =

On the other hand, the drift of the V-component,

(2.32) bo(u, v)=B,, exp( Bszi+§;v ) - B, eXp( B1(B?+B§)“1U)
1

on {u _2%2«1;}

Now consider the line segments

7 B, 3 B,
— . —9k - << k
Ik——{(u, V) v=2% 7 BIZ_uM8 822}’
3 B, 1 B,
_ v —OFk k
]km{(u, v):v=2"% > B, 2F<u< 1 B, 2}

Then J,CI,. Denote the endpoints of I, by p, and ¢, and those of J, by p:
and ¢; and let L, (M}) be the line through the points p,.; and p; (respectively
gr+: and gz). L; has the equation

p=2k-1_2% B,

(2.33) u+2 31 B,

Finally we consider the line L, (M,) through p, (q:) parallel to L; (respec-
tively M}) and the trapezoid R,, bounded by I..,, Jx, Lr and M;, and define
the stopping time
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v

’
Gr+1 Jr+1

Ry

Fig. 1.
r,=Iinf{+ =0: V(i)=2%}.

We then have the following estimate :
LEMMA 1. There exists a constant ko such that for k=ky and (u,, vo)E R,

(2.34) Pz, <oo and (Ulry), Vizp))el} =1—4(G,) k2.

Proor. Let

ak=1nf{t: Uz 5z V(t)}
Then for (U(0), V(0))e R,, o,=first crossing time of M,. Also, by (2.32)
BAUCS), V()Z B exp (— 5 BABIHBY™2Y)  for s=aunes.

Consequently, for % large, uniformly in (u,, ve)E R,

(2.35) P (g, N7,y = RkP2%F}

< P00 {yy+ 5, (1)+ k22* By exp(—%Bl(BH—B%)‘lZ")ng
for all +=k2et}

< P{ inf W(z>>—<2k—v0> 1>_——1}

<3(30) 72,



Recurrence properties of Lotka-Volterra models 347

shows that o, A7, will not exceed %°22* with high probability. We next
indicate how to prove that (U(¢), V(t)) only has a small probability to cross the
lines L, or M, before z,Ak%2%*, More precisely, we claim :

(2.36) P ((U(t), V(1)) crosses L, before 7, A k22%%}

2k (U, vo)ER,.

To prove [(2.36) note that L, has the equation

2B, ..., B,
u-+ Bl v=2 B,
(compare and that for (u,, vo)ER,
2B, B,
~9k-1
U+ B, vo=2 B,

Thus in order to hit L, U(®)+(2B,/B,)V(t) has to decrease at least 2¥-2B,/B,.
However, the drift coefficient of U(¢)+(2B,/B,)V(t) at (u, v) equals

bi(u, v)+2—gf‘~52(u, v)_Z_%BI>0
for v=2%, (u, v) between L, and L, (by (2.30) and (2.32)). Thus, in order to
move from R, to L, the diffusion U(t)+(2B,/B,)V(t) has to decrease by at
least 2¥-2B,/B,, while it passes through a region where its drift is at least
B,/2. therefore follows immediately from the following
SUBLEMMA. Let Z(t) be a nonanticipating continuous solution of

dZ(t)y=adW(t)+ B(¢t, Z(t))dt,

where >0 1is constant, W(t) is a Brownian motion and (s, z) a continuous
Sfunction of s, z€[0, c0) X R satisfying

B(s, 2= Bo>0  on {z=0}.

Then for each B>0 there exists a constant ky such that for all z=0 and k=k,
P*{Z(t) enters (—co, — B2*] before time £k32%%}

§2—k+2k624ke—52k
where 0=2BS,07%
We do not give the relatively simple details of the proof of this sublemma.
It can be proved by looking at the successive excursions of the Z-process from
—c to {0, —B2%} and back to —c, for some ¢>0, The probability that Z hits
—B2*% during the first £%24 excursions is at most 2k°2¢*¢=92% On the other
hand, the probability that the first £°2¢* excursions take less time than /32%%
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is at most 27* (e.g., by Chebyshev’s inequality). Compare [7], Lemma 2. Alter-
natively one can prove the sublemma by comparing Z(¢) with a diffusion on
(—oo, 0] with 0 as reflecting boundary and generator (1/2)a%(d?/dx?)+ B«(d/d x)
on (—oo, 0). For this diffusion one can make sufficiently explicit estimates to
prove the sublemma.

The same proof works if one replaces L, in by M,. This together
with implies because, if (U(t), V(1)) does not cross L, nor M, before
T, A EB32%% but g, A7, =<k%22%%, then necessarily

7, < k22% A(first crossing time of L, UM,) and (U(zy,), Viep)<l,. O

Now notice that the sector

. ) 3B, B,
C—{(u, v): v>0, 5B, v=E=u=s 1B, v}C kgoRk'

Exactly as in (proof of from (2.60) on) or [7], Theorem 1, one
can now derive from that for any (u,, vo)EC

Peoro [([J(1), V(1)) enters . k&gk R, at some finite time}
= 2

1

=1— 2 4G) kP2
Kz ko 2

for a suitable k,=%, In other words the probability of entering the compact
set

R:URk

kskoy

is at least 1/2 from any point in C, and by the strong Markov property, this
probability will be at least 1/4 from any starting point if we can prove

(2.37) P{U(), V(t))eC for some finite time [Y(O):y}g-é—

for all y. Thus, recurrence of Y (and X) has been reduced to (2.37), which we
shall now prove.

First we choose 4,, 4,>0 such that
(2.38) By—Bye?1<—1, 4,> B, B34,
(recall that holds). Then on the half line
Hy={(y1, y2): 3:1=4y, 3.5 -4},

u=B,y,+B,y. and v=B,y,— By,
satisfy
v>0, —B,B7'v=u<0
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and hence (u, v)e(C. The same argument shows that for each M there exists
a K(M) such that

HM)={(y1, y2): |31l =M, y,=—KM)}CC.

Thus, it suffices to prove

1

(2.39) PY{Y(¢) hits HOUMQIH(M) at some finite time} _Z—z—.

From here on the proofs of (1.10) and (1.13) differ slightly. First consider
(1.13), i. e., assume Bméo. We now define (Y{®(¢; y,), Y?(t; v,)) as the solu--
tion of

(2.40) dYP(t; y)=0:dWye(t)+{B;i— B exp YP(¢; yi)}dt,
Y®0; yo=y:, i=1, 2.

As with Y@ this does not explode, and since B,,=<0< B,, the comparison lemma
shows

(2.41) Yi(t; vy, y)2YP(t; y1), Yolt; 1, y)SYP(; v2), 1<,

where as before Y(¢; y;, y.) is the solution of with Y(0; v, y2)=y:.. We
already know that Y® is recurrent so that Y® enters the set

C={(z1, z2): 2124, z:=—245}

with probability one at some finite time, say T,. By the first entrance
time of G by Y, call it T,, must satisfy T,<T, unless {=T,. We set

T,=inf{t : Y1) HN\VH(M)}
and begin by proving
(2.42) PY{{=T AT ;ANTs=0.

(2.42Z) can be seen as follows. By the recurrence of Y® and (we suppress
1, ¥» in the notation in most of the remaining proof)

inf Y,(#)= inf YP(#)>—o0
t<CNTy tsT;

and similarly
sup Y ()= sup Y®(t)<oo.
t<{NTy t<Ty
Thus (=T AT,AT; is possible only if for some random M<co

(2.43) liminf YV (t)=—0c0, inf V()=—M
(234 t<g

or
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(2.44) limsup Yi(#)=-+oc0, sup Yy (t)<M.
t1g i<t

(2.43) is inconsistent with {<T,AT; because on {t<<{AT, Y, ($)=<—24,} one
must have Y, (#)<4;, so that {<T,AT; together with implies

—MZY,(t)<d;, and Y, (5)<—KWMvVv4,),
or Y(H)eH(MVv4)
for some ¢<T, which is impossible. This only leaves [2.44). However,
and (T ,AT,AT; can occur only if
(2.45) YiiOh=yito.Wi(t)+ {Bl_BmeM}t» t<C.

Together with the law of iterated logarithm would imply {=oco. This
contradicts {<T;AT,AT, since we know T;<oco. Hence follows.

From and the lines preceding it, we conclude that ToAT,;<T <o
a.s. (Otherwise Ts>T, and T,>T,, and the latter implies {<T, hence (=T, A
T,AT,) Thus Y enters G\VH,\JUH(M) at some finite time. Once Y enters
H)\\UH(M) the event in (2.39) occurs. Thus, by the strong Markov property
it suffices to prove for yeG only.

To complete the proof for y= G we once again apply the comparison lemma.
Set

T,=inf{t=0: Y, (t)=<4, or Y,(¢)=0}
and let Y® be the solution of
(2.46) dY®P(t)=0,dWy(t)+ {B,—B;— B, exp Y®(t)} dt,
YPO)=y, YPW)=ysFo.W(t)—t.

Again Y{® is positive recurrent and does not explode, and by the comparison
lemma we have for (v,, y,)€G and 0Zt<T,, t<(,

(2.47) Yi(t; yi, y)SYP0), Yi(t; Vi, V)= YP()
(recall B;,<0 and [2.38)). Thus, if

T:;=inf{t=0: Y{®=4},
then

T,=Ts<o0 or (=T w.p.L
Just as with one shows that {<TsA T, has probability zero. Consequently
PY{T AT, ET;<c0} =1, yeG.
On {T;<oo} the event in occurs and on {7, =T;<oco=T,}

YoT)= sup Y <y,+ sup {0, W,(t)—1}.
t20 20
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Thus, if 4, is chosen so large that

1

P{ch?{azwa(t)_t} =4,} %“2‘ s

then for y=G (and hence y,<—24,) we have
Pv{T,<o0 or T,<oc and Yz(T4)__<_—Az}_Z_-;—.

This proves [(2.39), since T,<oco and Y,(T)=<—4, means Y(T,)< {4;} X(—co,
—4,1=H,. This proves the recurrence in case (1.13).
In the case (1.10) we merely have to redefine Y{?(¢) as the solution of Y{*(0)

=Y
dYP(1)=0dWy(1)+ {B:— By exp Y{*(t)— B exp Y?()} dt,

while Y$?(t) is as in [2.40). With B, B, >0 (2.41) remains unchanged. This
new Y® is recurrent by (1.12), (1.13) with the indices 1 and 2 interchanged.
The only other change needed is that B,— B, in should be replaced by
B, if B;>0.

This proves that Y is recurrent in the cases (1.10) and (1.13). The fact
that we must have null recurrence and not positive recurrence follows from the
fact that

V()zV(0)+a,W(t)  (since B=0).

3. Proof of (1.12).

Since the case B;,=B,;=0 was already treated (just before the comparison
lemma) we restrict ourselves to the case where

3.1 B1:=0< B, BuB,—B,;B;>0.
First we choose
(3.2 4,=log B;}(B;+40}),

and 4,<—1 so small that below holds. K, K,, -~ will be various constants
which depend on the B,, B;; and 4, but whose particular value is unimportant®.
We introduce the vertical line

Li={(yy, y2): y:=43}
and the horizontal line

Lo=A{(y:, y2): y:=43},

and their respective hitting times

5) Note that (3.34) does not involve the K;, so that 4, is determined first as a
function of the B;, B;; only, and then the K; as functions of the B;, B;;, 4; and 4.
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ry=inf{t: Y(¢)€ L4}.

(r;=c0 if Y does not hit L, before {). The proof of (1.12) rests on Lemmas
2-5 below ; these lemmas become more intuitive by looking at the behavior of
the driftvector b(y;, ¥2)=(b:(y1, ¥2), bo(y1, ¥2)) where

by, y2)=B;—B;e¥1—B,ez.

Fig. 2 gives the vector b at some typical points. b is vertical (horizontal) on
the curve C, obtained by setting b,=0 (respectively C,, obtained by setting
b;=0). These curves are indicated in the figure (recall B;,=<0< B,,). Through-
out |y| denotes (y2+ y3)/2

\ L,

c:\

\ C.

I

Fig. 2.

LEMMA 2. For some 0<K,, K,, K;<co and all y,<4,

(3.3) Edvvoe, <K (143,19
and
(3.4) PULv (| Y (ry)| =2} SKpe ®®,  x=0.

This lemma pretty much tells us that Y will hit some compact set in a
time which is not too large if the initial point is on the half line H,=
Lin{(yy, v2): y.=4.}. The following lemmas will serve to show that Y will
hit H, and to provide estimates of the place where H, is hit. First we consider
the case where the initial point is to the left of L,.

LEMMA 3. For some 0< K, K;<oo and all v,=4,, y.€R
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(3.5) E@vrvari< K,(1+]y:1%)
and
(3.6) Evr v | Y(r)P=K(1+1y]%).

The last two lemmas are very similar and deal with initial points to the
right of L, and above, respectively below L,. However, deals with
7, and with z,.

LEMMA 4. For some 0< K, K;<oo and all y,=4,, y,=4,

3.7 E@r i< K(1+|y|®)
and
(3.8) E@r v Y (t) P K(14 1 y1%).

Moreover, for any >0 there exists a I such that for all y,=4,, v,=4,

(3.9 P@r v {Y (ry=—I} =21—e¢.
LEMMA 5. For some 0< K, Ky<oo and all y,=4,, y,=4,
(3.10) E@r oS Ko(14| y|®)
and
(3.11) E@r v [ V(o) P K(1+1y1%).
Movreover, for any >0 there exists a I' such that for all y,=4,, y,<4,
(3.12) Pri (Y (el =1—¢.

Before proving these lemmas we show how they imply (1.12). Choose ¢
such that

(3.13) {1—(1—e)} 2 < K3t,
where
(3.14) K.,=8max {2K,K3?, K, K;, Ko} +8{14|4,|*+14,|%}.
Next, fix I" such that [3.9] and [3.12) hold as well as
(3.15) Ko ®l'<e, I'z|4:]+|4s].
Define
0,=0,

inf{t=7,: V()= L.} if Y,(0)>4,, Y(0)>4,,
pl:{rl otherwise,

Pzn+os=INf{t = p2ns+1: Y(£)E Ly},

Oonrs=Inf{t = ponso: Y($)E Ly}.
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Also set
N=inf{n: Yi(p.)e[-T1, +I"] for =1, 2}.

The Y process is positive recurrent if (see [107], Ch. 4.3)
(3.16) E¥{py} <o for all y=R?.

Here we set py=co whenever p,=co for some k<N or N=co. Note first that
7.<co w.p.l if y,<4, or y,=4,, y,<d,, by virtue of [3.5) and [3.10). But also
if y,>4,, y,>4,, then p,=t,+7,-0,,<co w.p.1 by [3.7) and [3.5) or [3.10) again
(since Y(zz)€ L;). Thus p,<co w.p.l for each initial point and a similar argu-
ment shows that p,<co a.s. for all n. Next we show that N<oo a.s. In fact
we claim that

(3.17) PY{Nzn} ={1—(1—e)}t™at,  yeR?,
will be immediate from the strong Markov property once we prove
(3.18) PY{N=4} =(1—e)®, ye=R?,
because (for n>4)
PY{Nzn} <EV{P¥*9 {Nzn—4} ; N>4}.

We prove only for y,=<4,. For brevity denote the set [—1I, +I"]X
[—I, +I'] by A. Then, for y,=4,

(3.19) PY{N=4} = PY{| Yy(e) | =T}
+EV{PY0{Y(r,)e A} ; V()< T}
+PY{Yy(z,)>I" and N=4}.

The second term in the right hand side of (3.19) is at least

(3.20) PUYy(z)<—T" inf Pru (1Y y(z)| =T}

= PU{Y (e)<—T}(1—e¢),
by virtue of Y,(z,)=4,, (3.4) and Similarly the third term is at least
(3.21) PU{Y (z)>I, Y,(p)>—1, and N<4}
= PU{Yy(z)>1, |Yi(p)| ST
+EV{PY 2 {N=2}; Yi(e)>1, Yi(po)>1}
2 PY{Y(e)> 1, | Yi(po) | =TT}
+PU{Yy(z)> 1, Yl(pz)>F}yi12£1P(“"’2’ {N=2}
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ZEV{PYe (Y (t)>—1I}; Yi(z)>1'} yilgglel"‘?) {NV=2}
sz{Y2(71)>F}(1~s)yi§£1P<v1-ﬁ’z> {N=2}

(by [39). In turn, for y,=4,

(3.22) PYLAD (N2} = PYL 42 (| YVy(r,)| =T}

+EVe A (PYE0 (Y (1) | I} 5 YVile)<—T'}
=(1—e)PWr42 (Y, (z)< I} (by and
=(1—e¢)* (by [B12)).

Substitution of (3.20)~(3.22) into gives [3.18).
One now quickly derives (3.16). Write

(3:23) EV{py}= 3 E* {pnss—pn; N>n}.
Now observe, that for n odd
(3.24) E¥{0nses—pn; N>n}=EV{EY¢" {r} ; N>n}
< EV{K,(1+] Y(pn) |9+ K214+ V(o) |92 N>n)

(by and [3.7))
SKoEY {1+ Y(pn)|®)??; N>n},
where

(3.25) Ki=max {2K,+K}®, Ki*+K}V?%.
(3.5) and [(3.10) show that is also valid for any even n+#0. Thus, by (3.23)

E¥{px} SEY (o3} + Ko 2 EV {1+ Y(pn)[9¥; N>n}
SE {3} Ko 3 (EY {1+ Y(pa) )25 (PY N> n}

< E* (o1} +Kuo 2 (EY {1+ Y(pn) )5 {l—(1—e)} Priet

Finally, by and for odd n>1
(3.26) EV{14+1Y(pu) |} =EV{EY®n- {1+ Y(z,)|*}}
SKuEY {1+ Y(p2-01%.
Again also holds for even n=2 (by [3.4) and so that
EV{1+Y(p )t SKT(A+E? | Y001 .
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Similar arguments show
EV{1+|Y(po) 't =KH(1+|y|*) and EV{p,} <co.
Consequently (see [3.13)

EY{ox} SEY (o} + K1+ | y|%) 2 KB L —(1—e)*} mi2-2 <o,

We have now reduced and (1.12) to Lemmas 2-5. In preparation of
their proofs we give the following
LEMMA 6. Let Z(t) be the nonanticipating continuous solution of

dZ(t)=adW(t)+ p(Z(t))dt, Z(0)=2z,

where >0 is constant, W a Brownian motion and B(:) a function on R which
satisfies the following conditions:
(i) For each M there exists a K(M)<co such that

|8(z)— BN =KM)|z'—=2"|, |2'], |z"|=M,
(ii) For some My<oo and ,>0
B(2)=B:>0  for z=—M,,
and
B(2)S—B:<0  for z=M,.

Let 4 be fixed and set
r=inf {t=0: Z(t)=4}.

Then for some 1>0, Ky, Ki3<oo and all z

(3.27) E* exp{Asup Z(1)} <co,
(3.28) E?exp{—2 1zr;f Z(1)} <o,
and

(329) EzeiréKmeKlg,le .

ProoF. (3.28) will follow from (3.27) by replacing Z by —Z. Also stxép Z(1)

<4 for Z(0)=2z<4 so that (3.27) only needs proof for z=4. The same is true
for (3.29), again because Z and —Z satisfy identical hypotheses. From now on
we take z=4. Without loss of generality we take M,=|4|. Finally we take
5 Lipschitz continuous on compact sets and such that f(x)=pS(x) for x<M,,
B(x)=—B, for x=M, We denote by Z(¢) the solution of

dZ(H)=adW(t)+ 5 Z(t)dt, Z(0)=z
and set
F=inf{t: Z(t)=4}.
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By the comparison lemma, Z(t)§Z~(t) for all ¢, and hence if Z(0)=z=4

t<%, sup Z(t)<sup Z(1).
tst 1<t
Thus, it suffices to prove [(3.27) and [3.29) for Z and 7 instead of Z and 7. For
Z one can now compute various quantities explicitly. E.g., the scale function
s of Z is given by

F4 ~ ~ 2 Y.
S(x)r—Soexp—B(y)dy, B(y) :;‘zgoﬁ(s)ds
(cf. [11], p. 13, [2], Proposition 16.78). Thus
s(x)~constant exp—f—zﬁox, x—00,

Consequently (see [2], Theorem 16.27)
P*{sup Z(t)zr}=P*{Z(-) hits r before 4}
tsr
_ s@)—s) 2
T os(r)y—s(4d) ——O(exp 02‘8°T>’ rmee.

This proves [3.27).
To prove [3.29), set

po=inf{t: Z()=M,+1 or Z(t)=4},
O2nsr=inf {t>psn 1 Z(1)=M},

P2n+2:inf{t>,02n+13 Z(t):M0+1 or Z(t):A}
Also let

L=inf{n: Z(p:n)=4}.
Then 7= p,; and

(3.30) Ee g Eretoot 3 E*{errmmse—eiomn; L>n).

First we estimate E®explp,. For 4<z=<M,+1 and 2>0 sufficiently small this
term is finite because ¢2>0 ([2], Proof of Lemma 16.25, [10], p. 132).

For z>M,+1, p, is just the first hitting time of M,+1. Since j(x)=—pois
constant on [M,+1, o) the Z process is a Brownian motion with constant
negative drift up till p, and for 2<(2¢%)7'5}

(3.31) @z)zEleaPo:exp;ﬂ(ﬁo—\/‘ﬁg—z‘xai)(z—MO—D, 2>Mo+1.

((8.31)=1lim ¢(z; ) where ¢(z; r) is the solution of
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1, d
(502727—50—E+1)¢(z;r)=0, My+1<z<r,

which equals 1 at z=M,+1 and at z=r; ¢(z; r)=FE*exp A (first hitting time of
M,+1 or 7).)

This takes care of the first term in the right hand side of and we
now estimate the infinite series. We have

(3.32) EZ{elpzmz__elpzn; L>n}§(E2{erzn+z; L>n} P*{L>n})"2,

Also
P*{L>n-+1|L>n} < PZ®m+v {7 hits M,+1 before 4}

= P"y(Z hits M,+1 before 4}=4,
for some §<1 (see [2], Theorems 16.27 and 16.28.) Thus

PH{L>n}=6™",
Next,
E*{e?3Pen+2; [ >n}=E?{g?een FZ2n) o222} - [ >p},

and if we can show that on {L>n} for some A>0
(3.33) EZan) {g22p2} < G-1/4

then by iteration
E* {e““nﬂ : L>n} éﬁ—nu—lEzezzm ,

and by (3.30)-(3.32) we will obtain
Ezel;gEzelpo_{_ (Ee2iro)1/2 i G-nisniz-1< | pK1siiz
n=1

as desired. However (3.33) is easy now. Indeed Z(p;.)=M,+1 on {L>n} so
that the left hand side of ((3.33) becomes

EMo+1 {ezszMo {e2lp0}} = FMo {ezl po} E¥o+1 {ezzpl}
=FMo{g2200} exp;l—i(ﬁo——\/‘@?:m—ﬂ) .

The last equality is proved exactly as [3.31), because Z is a Brownian motion
with constant drift on (M,, o). We already saw that EYoexp2lp,<co for
some A>0. By the dominated convergence theorem it tends to 1 as 4| 0. Thus
also the left hand side of tends to 1 as 2] 0 and [3.33) and [3.29) have
been proved.

PrROOF OF LEMMA 2. Take V(y) as in [2.7) with a
c=Btl S Bu g p=Bos B

B, Bu ~ Bu B
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(cf. [3.1). Then CD>1 and the constants I” in satisfy

=5 —An—2A,+ &Azz ’
B, 21

=1, I:>0, I';<0,
[,=B;— By, B11(By) <0 (by ,
I',=B,,>0, I',,=0.

It follows that for 4,=<-—1

Sug yl{F1+Fuey1+Fm€y2}

¥Y1€
yesds

= Suzlg V{1 4-1ev1} +- ?‘JPO Yl 4T e¥) <o,
1 1=

and we can choose 4, so small that on y,<4, (cf.
(3.34) LV(y)érﬁ—Z S;lp V1 {F1+F12+F119y1} +24, {Fz“l‘rzzedz} =-—1.
1

In particular V(Y;x.,n:) is a positive supermartingale and

Vi
P*{ sup V(Y)ZM) = W0, Moo

In other words {>7, w.p.l and exactly as in Theorem 3.7.1 of we now
obtain for y,=d4,

EV{r} =V())=K,|y|?

for suitable K;. This proves [3.3).
To prove we define

7o=0, and for n=0
Tons1=TeNIDf {t >y, 0 Vi(8)=4,—1},
7T2n+2:'l'2/\inf{t>ﬂ'2n+1: Yl(t):AI}

and write for 21>0, y,<4,,

(3.35) Edrup o216 = ZO E1 v (16Dl s 7y LTy onso}
n=

o

:nzo k;)) Edyy» {EY(ﬂgn) {eZ]Yl(rg)l; ngn.z} :

Tan<Ta Az_k"‘lé Yz(ﬂ'zn)<dz_k}-

Now for n#0 Y(ms,)=(4,, z) for some z, and by Schwarz’ inequality we have
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(3.36) (EYr® (g 71l 7, <o}y

SEWen (@A ) PYYS (<)
The first factor in the right hand side equals
(3.37) E“r» {2161y 2, < r )}

+E(A1,Z) {EY(nl) {eZZIYl(Tz)I ; Tzéfl} ; 7L‘1<2'2}.

Now, since ¢>7, w.p.l and B;,<0 we have by the comparison theorem for
Y(O):(Aly Z); ZéAZy

(338) Yiit)= Y§4)(t) ’ I=7,,
where Y is the solution of
(3.39) dY®()=0,dW,(t)+{B,— B, exp Y{(t)— B,e?} dt,

Y®(0)=4,.
Consequently, if

(3.40) T.=inf{t=0: Y®()=4,—1} Az,
then Te=m,, and on {r,<m}

|Vi(e)] S204i—1 ]+ sup V(1) .

Consequently, by virtue of the first term in is bounded by

er41-11 By exp 22 sup YO K, <00
=T

for 0=<1=2, for some 2,>0 and K;,<co independent of A<21, and z=<4,. The
second term in can be handled in the same way by means of if we
take into account that on {7.;<7,} Y(m)=(4,—1, z) for some z<4, and use

Yiit; 4—1, 22YP(t; 4,—1), t=c,,

where Y{? is defined as in [(2.40).

Thus, is at most 2K, for A=2,.

Next we estimate the second factor in the right hand side of (3.36). For
dy—k—1=z<4,—k.

(3.41) PUu® {1, <1} < PU® {1,>(2By) " k)
4+ PUro{ max Y, (1)—Y,(0)=Fk}.
tsiByl

By the comparison lemma (and B,;, B;,=0)

(342) Vo)=Y (0)=0:Wi1)+ Byt
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so that the last term in (3.41) is at most

(3.43) {{ max 02W4(t)>——k}<K e-Kisk

ts 2By~ 1k
As for the first term in the right hand side of
o=+ (T AT 0 =T+ T,
where T, is defined in and
=inf{t=0: Y®@; 4,—1)=4,}.

Since, by [3.29), both P{T =x} and P{T,=x} decrease exponentially fast
as x—oo, we obtain from [3.42) and [(3.43)

Pz <p ) <Ko Kisk

We now substitute these estimates into and (3.35) to obtain®
(B344)  EUrvndnieni< 3 3 (2K, Ko Kisky
n=0 k=0

'P(Al'yz){ﬂ2n<fz, dy—k—1=< Yz(ﬂ2n><4’2"k}

0
<Ky 3 oKk
k=0

- Edny #{n P Ten < Ty dy—k—1= Y2<77~'2n><A2"k}-

To complete the proof of we show that the last series in (3.44) is
bounded uniformly in y,<d4,. A first entry decomposition shows

(3.45) EUvvo $ln: 1, <1y dy—b—1=ZY o(mo0) < dy—k}
<1+ sup E4vo 8in s 100 <7y, di— b —1ZY,(m5,)<d,—E}.

=7 dp-k-1s2<dy-k
Moreover, for some K,,>0
(3.46) E¥ @m0 {1} > Ko
whenever Y, (7,,)<4d;—1, 73, <7, Thus for =1 and 4,—k—1=<z<4d,—F
(3.47) Ku(1+ k)= EYr® {z,} (by
éé)E‘Al’z’{EY(”m){ng} ; Ton<Ty do— R—1=ZY o (m9n) < d,—k}

gi{zoE(dl'Z> E{n: mon<ey, d,—k—1= Yz(ﬂ'zn)gdz—k}-

(3.45)-(3.47) take care of all terms in the series in (3.44) with k=1. For k=0
we use the simple estimate

6) #A denotes the number of elements in the set A.
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pidio {#{n: mam<zy 4,—1= Yz(ﬂ'zn)<A2} zr}=(1—p)y!
where

p= inf PYr®{r,<71,}>0.
dy=1su<dy

(Use the maximum principle ([1], Lemma 2.3) and [4], Theorem 13.16.) 0
The proof of is omitted because it can be obtained from that of
by interchanging the roles of —Y,(¢) and Y(¢).
PrOOF OF LEMMA 4. Let Y®(t; v,) be given by for =2 and set

Te=inf{t=0: YP(¢; yo)=45}.
As in (2.41),
Yolt; y1, y)SYP(E; 90), <L,
and if y,=4,,
7,5 Ty, unless {Z,ATs.
Exactly as in the proof of we now have
PUH{ETg=0, y.=24,.

(We can ignore since Yy (t)=4d, for t<{At,). Therefore, if y,=4,
0

(3.48) Ev{z}} gEUz{Tg}:BS x*PV2{Ty=x}dx

o

<K3,| | 3%—35 xe- 1T EV2giTs y

Kislysl
SK| v Koo(14 | yo| e 2K 13iv2l EVeelTs
This implies since
EygeZTgéKlzeK;wllygl ,

by virtue of [(3.29).
As for [3.8), by integrating we have
B
(3.49) Yi(t)—Yi(0)=0,Wi(t)— 5. Wi(t)

21

+(31—%%Bz)t—(3m—i: Bus)| e"sds

+ B v -0y,

21

Consequently,

EY| Y (20— Yi(O|"S Koo BY | W) '+ BV | Wz |

+EVA+EY [ Vi(r) [P+ 32 *+ EY

e}
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Now use the following facts:
EV|Wi(t:) P= Ky EVTiP = Kps (EV2 T3} Y2,
(see Theorem 2.1 of [3])
Yz(Tz>:Az

Eygsrzeyz‘”ds]sé EV(SZS exp YP(s ; yz)ds)s

0

SKpEV{|WTo) "+ YP(To)|*+ | y.1*+TH},

together with to obtain [3.8).
To prove we first show that

(3.50) EvTy <K, <o for all y,=4,.

is merely a matter of calculation. The scale function s,(+) and speed
measure mq(x)dx for Y are given by (see [11], p. 13, [2] Ch. 16)

x

2
SO(X)ZSOe Bo(y)dy , ,no(x):zr_zeBo(z) s

2 r
where B&x)z;& {By—DB..e¥dy

2 :

=—{B,x—B.let—1)}.

e

By I'Hopital’s rule
2
30(-75)'\”2?.322 g~ Botxy-x , X—00 ,
so that
gmso(x)mn(x)dx<oo .

This implies (see [2], Theorem 16.36 and Problem 16.6.7).
Now let also Y®(¢; y,) be given byv with 1=1. Then for y,=4,,
ve=4d,
Yi(ze; 31, )2 Y (zs; .,vozti;g Y(t; y1) .

Consequently,

(351) o (¥,(e) < T} sPow{T2 2K}

+P{ inf 1Y§2’(t;y1)<—F}

t<2Kgne~
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S g Pt YR 00<-T) Oy
s2Kgq¢€
S +P{_inf YP(;1)<—T)

ts2Kgqe~

(by the comparison lemma). The last member of can be made smaller
than ¢ by taking [’ large, and is proven.
PrROOF OF LEMMA 5. First we observe that on y,=4,,

bo(y1, Vo)=Bs— Bye¥1— B,,e¥?
< B,— Byel1=—44%.
Consequently for y,=4,, y,<4,
(3.52) Yo(t; vy, yO=yeto.Wit)—4ait
<d,+o,W(t)—40cit, te[0, z,JN[0, .

Substitution of [3.52) into [3.49) yields

(3.53) Yi(t; s yz)gyl‘i‘aiwg(ﬂ"*‘(Br— B Bz——4—~)~g§>t
21 21

BB ¢
+( B’;Zz‘"—"Bm)e"zSoeXD{02W4(5)—-4Jgs} ds

=yito Wy(t)— Byt

+B. explo.W ()~ 4ots} ds, 1[0, 21000, 0),

where

B B

By=4" —'1'1'0%+-——”Bg~~31>0 (see (3.1)), and
BZI BZ]
_( BuBs: 4
34_(7 P Blz)e 2>,
As with [2.44), one can easily get

(3.54) PY {C<Tl} =0, ylzdl, yzédz .

Hence from it follows that for y,=4,, y,=<4,

(3.55) Py{71>t}:Py{Y1(t; Y1 )’2)21’1 and 7,>t}

< P{yl—l—alW3(t)—B3t+B4S: exp{o.Wi($)—4olst ds= 4.}
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§P{01Wa(t)g %Bst—{—Al—yl}

—i—P{S: exp{o:Wi(s)—dods}ds=

_T;TBJ}.

For t<4B3;%(y,—4,) we use the trivial estimate P¥{r,>t} <1, whereas for >
4B3Y(y,—4,) (3.55) yields

Prie,> 1) < P{ouWi(t)= 5 Bt}

+(~»ZB%—)4E{S: exp o W(s5)—1208s}t dsH | ereteas)’

(- )4 1,

because
Eexp{do,W,(s)—120%s} =exp (80%s—120}s).

is an immediate consequence of these estimates.

follows now from
(3.56) Yolzi; ¥, y2)§42+stl§(?{02W4(t)—40-§t}

and

(3.57) YZ(TI ; yl; yg)'—yzg 02W4(T1)"’B21S:16Xp{Yl(s)} dS

— Bzge"zg:exp{02W4(s)—40§s)} ds,
and

S:lexp {Yl(s)} dS: Bl_ll{yl‘—‘yl(fl)",—0'1W3(T1)+Blfl,__ Blzszlexp Y2(3>ds}
=Bt {y:—4di+o| Wyzy) |+ Bz,
+ | B1s| eAZS: eXp {02W4(3)_40§S} ds.

(Compare the proof of and use ([13], Ch. 1.5) P{§ug){on4(vt)——4a§t}§x}

=e™™)
Finally is immediate from [3.56).
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