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1. Introduection.

Let S be a compact Riemann surface of genus g (=3), 4 be an automorphism
of S with fixed points, and T denotes the number of these fixed points. Let
<h) denote the cyclic group generated by 4, whose order is an odd prime number
p. Let S/C(h> be the surface obtained by identifying the equivalent points on S
under the elements of <a>. If S/{(h)> has genus zero, then S can be defined by
an equation of the form

(1) yP= ﬁ (x—c,),

where ¢; (1=<7<T) are complex numbers which are different from each other,
T

1=0,;,=p—1, and _215,-50 (mod p). Throughout the present paper we consider
o

only these surfaces. We show that they are characterized by non-negative
integral solution (under suitable conditions) of the system of linear equations,
which are derived from J. Lewittes’ method [4]. We investigate also the
Weierstrass gap sequence at the point @; on S corresponding to (cj, 0).

A matrix representation R,(h) of (k) is obtained by letting it act on the
complex g-dimensional space A,(S) of Abelian differentials of the first kind.
Let n, with 0=<k=<p—1 denote the multiplicity of &* (¢=exp{(2z1)/p}) in the
diagonal form of R,(h). The upper (resp. lower) bound of {x,} is taken over
all compact Riemann surfaces of fixed genus g with an automorphism A which
satisfy properties mentioned above. This upper (resp. lower) bound we call
simply the upper (resp. lower) bound of {x,}, and it is denoted by n* (resp.
ny). Lewittes has given upper and lower bound of {n,} if 7>0, [4, Theorem
4 (¢)]. Our bounds given in this paper are ones improved on Lewittes’ results
except for T=0 (mod p). In section 4, we consider the condition (A,), and
show that an automorphism h satisfies the condition (A,) with respect to A
(1=£2=p—1) if and only if n,=n* (resp. n,-2=n4). This condition (A,) contains
the Kato’s condition (A), [3, p. 398]. Kato has shown that if an automorphism



236 N. Takicawa

h satisfies the condition (A), then there exists a Weierstrass point Q on S such
that the number 2g—1 is a gap value at Q. Thus the vector of Riemann

constants K(Q) is a half period, [3, p. 400]. In [Corollary 1, we show that the
converse is also true.

ACKNOWLEDGEMENT. The author is grateful to Dr. A. Kobori, Dr. Y.
Kusunoki, and Dr. T. Kato for their kind encouragement and helpful comments.

2. Preliminary.

Throughout this paper, let p and g (=3) always denote an odd prime
number and the genus of S respectively. In (1), let an automorphism % be
represented such as

(2) h(x, y)=(x, €y).

For each j (1=<j<T), let z; be a local parameter at @; on S corresponding to
(c; 0), and let B; (1=8;=p—1) be the solution of J;8,=—1 (mod p). Then we
have

(3) h—l(Zj):Eﬂij—l— .

Let aj1)=p—d;, and let a positive integer a;(k) 1=a;(k)<p—1) be the solution
of

(4) ajk)=kasl) (mod p), 2=k=p—1, 1==T.
Then the multiplicity n, (0=k=<p—1) are given by

n,=0=the genus of S/{A,

5
5 ne=—14+ 3 (I—ayk)/p), 1<k=p—1, [4, p. 743].
Jj=1

Let 7(Q)=1{ry, 72 -, 7} denote the Weierstrass gap sequence at Q;. Then
Lewittes has shown that

(6) R,(h)=diagonal {u", p', ---, p's}, u=chi,
Iz pet, p

Throughout this paper, for any real number ¢ let [¢] denote the integer
part of ¢, and for any integer ¢ let § denote the minimum non-negative integer
less than p such that ¢=g (mod p).

DerINITION. Let ¢, (1=Sa=p—1) be the number of fixed points of h at

which «a(1)=a (i.e. 8;a=1 (mod p)). In other words, ¢, is the number of
factors of the form (x—c;)% in (1), where

(7) a=p—0; for some j (1=j7=T).



Weierstrass points , 237

Let a;,=p—ka=p((ka/pl+1)—ka, and ['(8;, a,k)) denote the number of
gap values at @; which are congruent to a;(k) (mod p).
From the above definition, we have

p-1
(8) T= Ext“
and (5) can be written as
p-1
(9) Elakata:p(nk“l—l)) lékép_l

T
The condition 21 0;=0 (mod p) imposed on (1) is contained in the above equa-
=

tion (9). In the case of p=3, this idea has been mentioned implicitly by C.
Maclachlan using the theory of Fuchsian groups. We generalized his idea
to the case of an arbitrary prime number, and represent a compact Riemann
surface as an algebraic curve.

LEMMA 1. The matrix A=(a;;) is symmetric and has following properties:

(i) i;=0p-1,p-; (1=1, JS(p—1)/2),
(ii) aijtai p-;=p (A=i=p—1, 1=57=2(p—1)/2),
(i) ;3;1 a=p(p—1)/2 (1=i<p—1).

Proor. (i) follows at once from (p—i)(p—j)=ij (mod p).
_(ii) is trivial from [ij/p]+[i(p—7)/p]1+2—i=1. ; g.e.d.
LEMMA 2. Let mik)p+a(k) A=Zj=<T, 1=k=p—1) denote the first nongap
value at Q; on S which is congruent to a(k) (mod p). Then

(1) mj(k):nkzr(ﬁj» Ct'](k)) ’
(i) T—2=2g/(p—D=nitnp-s A=i=(p—1)/2).

PROOF. Since the number p is a nongap value at @; natural numbers
1pta k) 1sk=p—1, mi(k)=<1) are nongap values at @, This yields myk)=
I'(Bj, aj(k). mgk)=n, follows from (4) and (6). Using (ii) and (iii) of
Lemma I, we have T=n;+n,-;+2 from (9). Then the Riemann-Hurwitz
relation gives that g=(n;+n,-)(p—1)/2. g.e.d.

We have '

(10) ['(G, )y=I(k, H=nm for 1=j, k<p—1

from (i) of Thus the number of gap values congruent to % (mod p)
at which A™! is locally represented by z—exp{(2xji)/p}z is equal to the number
of gap values congruent to j (mod P) at which A~! is locally represented by
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z—exp{(2rki)/ p} z.

LEMMA 3. Let S be a compact Riemann surface of genus g, Q be a point
on S. Let o, (1=k=p—1) denote the first nongap value at Q which is congruent
to k (mod p). Suppose that an odd prime number p is the first nongap value
at Q.

(i) If g=(p—1)mp—2)/2, m=2, and o,-,=mp—1, then op-r=kop_,

@=k=p—D.

(i) If g=(p—Vmp/2, m=1, and o,=mp+1, then o,=ko; C=k=Zp—1).

Proor. (i) The numbers ip+; 0=i=m—2, 1=7=<p—1) and (m—LD)p+s
(1=s=<p—2) are gap values at Q from Jenkins theorem, [2]. Since mp—1 is a
nongap value at @, we have mp+(p—k)Sop-rSko,-1 C=k=p—1). If there
exists some i (2<:i=p—1) such as ¢,-;<ig,-;, then the number of gap values
at Q is at most g—1. This contradicts the gap theorem. (ii) follows from the
same discussion as (i). g.e. d.

3. Gap sequences.

From (i) of Lemma 2, the gap sequence at Q, is completely determined

by {n:}. Since the family {B,;} has only p—1 possible values, we have the
following result.

PROPOSITION 1. Assume that T>4. The family of gap sequences {y(Q;);
1=<5<T} on S constitutes of at most p—1 kinds of different gap sequences.

REMARK 1. The assumption “ 7>4” means that the fixed points of A are
all Weierstrass points [4; Theorem 6].

However, there really exists a surface such that {y(@,)} constitutes of the
same gap sequence even if the family {8,} has p—1 possible values. We give
such an example. Consider the condition

(1) ta=1lp-o#0 for all @ (I=a=(p—1)/2, p=3) and T>4.

If an automorphism # satisfies the condition (1), then we have
(11) np=—1+ é_l ta=—14T/2 for all b (1<k=<p—1)

from (ii) of and (9), where r=(p—1)/2. Such a surface S is defined
by an equation of the form
t

.
y?=II II (x—cf)*(x—c; )P "
a=1 j=1

R

I

each other. Since T is an even number in this case, we may set T=2m (m=3).
Then 7(Q)={ip+k; 0=i=m—2, 1=k<p—1} for all j (1=;=T). Farkas has
given such a surface in the case of p=3 and 7T=6 [1; p. 135]. In the last

where ¢{* and ¢;® (1=7=<t,, 1=Sa=r) are different complex numbers from
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section we give compact Riemann surfaces which have Weierstrass points with
exactly p—1 kinds of different gap sequences.

4. The upper and the lower bounds of {n,}.

In this section, we give explicitly the upper bound n* (resp. the lower,,
bound n4) of {n,} in the case of T'>4. This has been given by Theorem 4(c)
of Lewittes [4]. Our bounds given in this section are ones improved on
Lewittes’ results except for T=0 (mod p). From (i) of and the
fact that a gap value does not exceed 2g—1, we have

*__{ T—T/p—1 if T=0 (mod p),
T—[T/p1—2 if T=£0 (mod p), where T >4.
We get ny=T—n*—2 by (ii) of Lemma 2. This yields

T/p—1 if T=0 (mod p),
*:{ [T/p] if T=0 (mod p), where T>4.

(12)

(13)

PROPOSITION 2. Assume that T>p for p=5, and that T >4 for p=3. Then
the number p is the first nongap value at every fixed point of h, i.e. np,#0 for
every k (1=kR=<p—1).

Proor. Every fixed point of & is a Weierstrass point, for 7 >4. Suppose
that the number p is not the first nongap value at a fixed point of 4. Then
there exists a certain number k (1=k=<p—1) such that 7n,=0. This yields
np-x=T—2 from (ii) of This contradicts equation [(12). q.e.d.

We define the number J as follows:

1 if £=0,
(14) J=1 p—1 if £=1,
p—E+1 if 2=8<p—1,
where T=mp-+£>4 and 0=E< p.

Let a natural number A (1=A=p—1) be given, and let B(k) (1=k=],
1= B(k)<p—1) be the solution of

(15) kB(k)=2 (mod p).
We define the number a(k) (1=a(k)<p—1, 1=k=<]) to be the solution of
(16) a(k)B(k)=1 (mod p).

We consider the following condition :
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J
T= kZl ta(k)>4; and

(l
M«

(Ao) J—1 (k—Dtaw> if T=1 (mod p),

k

2

p—1= éz(k—l)tam if T=1 (mod p).

REMARK 2. These a(k) are different from a;(k) defined by (4).

THEOREM 1. Let a natural number A (1=2=<p—1) be given. An automor-
phism h satisfies the condition (A,) with respect to A if and only if n;=n*
(resp. Np-1="nx).

Proor We, at first, prove only if part of the theorem. Assume that
n;=n* We may complete the proof by considering four cases:

Case 1. T=mp, where m>1 for p=3 and m=1 for p=5. Then J=1 from
(14). Suppose there exists a fixed point @; of 2 at which A~' is locally
represented by z;—exp{(2zfi)/p}z;, where B (1=p=<p—1) satisfies fk=2
{mod p) for a certain £ (1=k=<p—1). We get n;=m(p—1)—1 by the assump-
tion. Then ¢, is not equal to zero, where a (1=a=p—1) is the solution of
af=1 (mod p). If k#1, then we have I'(8, k)=n; from [I0). This yields that
there is a gap value greater than 2g—1 at @, for 2g—1=p{m(p—1)—2} +1.
This contradicts the gap theorem. Thus 2=1, and f=A. This means ag,=
a;,=(p—1), because B=A=iaf (mod p). Since ag,=a,,=(p—2) for every

(p—Dtat+ 2 (p—2)tp)=to+(p—2)mp from (9). Therefore T=¢,=mp. Thus
uEa

h satisfies the condition (A,).

Case 2. T=mp+E>4, where 2=6<p—1. Then J=p—£&+1 from[14). Sup-
pose there exists a fixed point Q; of 4 at which A~! is locally represented by
z;—exp{(2x pi)/ p} z;, where B (1=B=p—1) satisfies f2=4 (mod p) for a certain
E (1=k<p—1). And for this A, we have n;=m(p—1)+&—2 by the assumption.
Then t, is not equal to zero, where a (1=a=<p—1) is the solution of af=l
(mod p) from the definition of #,. If the number k satisfies the inequality
J<Ek=p—1, then we get I'(B, k)=n, by (10} There is a gap ‘value greater
than 2g—1 at Q; because 2g—1)=p{m(p—1)+£&—3}+J. This is the contra-
diction. Thus the number % satisfy the inequality 1=%(=]. We conclude that
t, is equal to zero for all p, where p satisfies unp=1 (mod p) for every 73
satisfying J<»=p—1. From the above discussion we see that there exists at
most J pairs of positive integers a(k) and B(k) which satisfy and (16).
Since kB(k)=A=Aa(k)B(k) (mod p), we have J(k) (Aa(k)—£k)=0 (mod p). This
yields that Aa(k)=k (mod p) for each k, because 1=8(k)<p—1. Hence we get
A am=p—Fk from the definition, and (9) can be written as p(n;+1)=

p-1
¢ (#a) and T=mp= E,l tu, we have p(m+1)=p{m(p—1)}:azata-k#; Qaptp=
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J J J
p{m(p—1+E—1} =k§ aza(kﬁa(k):kzg (p—R)taciy=pT~ kz_)l kt.xy. This reduces
J J N
to p(m+1)= Elktam:T—F Eg(k—l)t““’" Then we have the condition (A,).

Case 3. T=mp+1 and m=1. We have 2g—1)=p{m(p—1)—1}.

According to the similar discussion as above, we get the condition (A,).

Case 4. p=7 and 5=T=<p—1. We have 2g—1)=p(T—3)+(p—T-+1) and
J=p—T++1. Therefore n;=T—2 from the assumption. Then there exists at
most J pairs of positive integers a(k) and f(k) which satisfy and [(16).

This yields p(T—1)= é]l(p—k)ta(k) by (9). Thus the condition (A,) holds.

Conversely, we assume that an automorphism /4 satisfies the condition (A,).
If T=mp>4, then /=1 by [I4). Thus we have k=1 and t,qy=mp i.e. f(1)=2
and a(1)f(1)=a(l)A=1 (mod p) from and [(16). This yields p{n;+1}=
Qiantacy=(p—D)mp, which reduces to n;=m(p—1)—1l=n*. In the case of
T=mp+&>4 (§+0), if we discuss the preceding argument conversely, then

we have [12). g.e.d.
The case of J=1 (i.e. T=0 (mod p), so that g=1 (mod p)) in (A,), we have

(I T=mp=tow >4

If an automorphism & satisfies the condition [II), then all §; (defined by (3))
have the same common value, whence all gap sequences 7(Q,) are the same.

Suppose that 3=J<p—1. If t,py#0 for a certain ¢ ([(J+1)/2]+1=¢=])),
then t,=0 for { ({+#q, [(J+1)/2]+1=<C<]) and toy=1. In this case the
condition (A,) can be written as

B
T:1+ kgl ta(k)—_l—:/_]- (mOd p):

B
(Ap J—q= Ez(k—l)tau:), and f,p=1

for a certain ¢ (B+1=¢=], 3=J=<p—1), where B=[(J+1)/2].

THEOREM 2. Assume that T>4, T=£0, and T=£1 (mod p). The number
2g—(J—q+1), B+1=q=], is a gap value at a fixed point of an automorphism
h if and only if h satisfies the condition (A,), where B=[(J+1)/2].

Proor. Every fixed point of & is a Weierstrass point, for T>4. We set
T=mp+&>4, 2=6<p, and m=0. Assume that i satisfies the condition (A,)
for a certain ¢ (B+1=¢=]). Since f,=1, there exists a point ¢; on S at
which A1 is locally represented by z,—exp{(Zx 8(¢)?)/p} z;, where natural numbers
a(g) and f(g) satisfy ¢f(g)=2 (mod p) and a(g)B(g)=1 (mod p). We have
I'(B@), ¢)=n,=T—m—2=n* from and [Theorem 1. Let o,=m,p-+q denote
the first nongap value at (; which is congruent to ¢ (mod p). Then m,=n;=
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[2g—J+q—1)/p]+1 from (i) of because 2g—(/—g+1)=p(T—m—3)+¢
=p(n;—1)+q. This shows that the number 2g—(/—q¢-+1) is a gap value at Q;.

Assume that the number 2g—(J—q+1) is a gap value at a fixed point Q;
of h, where h~' is locally represented by z,—exp{(2zp81)/p}z; at @Q; The
first nongap value which is congruent to ¢ (mod p) can be written as
p{Cg—J+q—1)/p+1} +q=p{T—(m+2)} +¢. This means that ['(8, ¢)=n;=
T—(m-+2) for a certain A (1=A=<p—1). Here the number 4 is the solution of
gB=2 (mod p) and n,=n* Thus an automorphism 2 must satisfy the condition
(Ay). Clearly t,»#0, where a(q) (1=a(g)=p—1) is the solution of B(g)alg)=
Ba(g)=1 (mod p). Thus an automorphism £ satisfies the condition (A;). q.e.d.

Now we consider the case of ¢=J] 2=J=p—1) and T=1 (mod p) in (A,).
Then we get

(As) tacn=1 and t,»=T-—1,

where natural numbers a(l) and «a(J) satisfy «(/)B(/)=1, JB(J)=p(1), and
a(1)f(1)=1 (med p) for an arbitrary given natural number (1) (1=g(1)=p—1).

An automorphism h satisfies the condition or (A;) is equivalent that &
satisfies the Kato’s condition (A) [3]. Kato has shown that if % satisfies the
condition (A), then 2g—1 is a gap value at a fixed point of A [3; p. 400]. We
show that the converse is also true.

COROLLARY 1. Assume that T>4 and T=1 (mod p). The number 2g—1 is
a gap value at a certain fixed point of h if and only if h satisfies the Kato’s
condition (A).

Proor. Every fixed point of A& is a Weierstrass point. Assume that the
number 2g—1 is a gap value at a certain fixed point of A. It is sufficient to
prove in the case of T=mp>4, that is the condition (I} Since /=1, the
condition (A,) is equivalent to the condition (1II)} The fact that the number
2g—1 is a gap value at a certain fixed point of A implies the condition (A,).

q.e.d.

REMARK 3. (i) Let @ be a fixed point of A corresponding to ¢,¢;, in the
condition (A;). Then the vector of Riemann constants K(Q) is a half period,
@1 [eD.

(ii) Suppose that T>4 and that T=0 or T=(p—1) (mod p). Then an
automorphism # satisfies the condition (A,) if and only if 4 satisfies the Kato’s
condition (A).

Consider the case of ¢g=J—1 3=J=p—1) in (A,). Then we have

(As-y) tawr-n=tay=1 and t,0,=T-2,

where a(k) (k=1,2, and J—1; 1<a(k)<p—1) are natural numbers which
satisfy a(k)B(k)=1, kB(k)=pH(1) (mod p) for an arbitrary given natural number
B A=pl)=p—0D).



Weierstrass points 243

COROLLARY 2. Assume that T>4, and that T#j (j=0, 1, and p—1). An
automorphism h satisfies the condition (Ay.y) if and only if the number 2g—2
is a gap value at a certain fixed point of h.

PrROOF. This is an immediate consequence of Moreover, if &
satisfies the condition (A,_,), then 2g—2 is a gap value at the fixed point of A
corresponding to f.cs-p- q.e.d.

When ¢g=J]—2 (4< J=< p—1), the condition (A,_,) can be written as t,-5=1,

3
o t2tacy=2, and T=1+4 3 taw. We therefore have following solutions:
k=1

(As-2)z tacr-n=1, ta»=2, and t,y=T—3,
(As-2)s taw-n=ta=1, and t,qy=T—2.

In each case, the number 2g—3 is a gap value at the fixed point of i corre-
sponding to fqcs-9-

COROLLARY 3. Assume that T>4 and that T#£j (j=0, 1, p—1, and p—2)
(mod p). An automorphism h satisfies the condition (As-5) if and only if the
number 2g—3 1s a gap value at a fixed point of h.

5. Examples.

Throughout this section, let {c¢{«>; 1<j<T} always denote complex numbers
which are different from each other. Then equation (1) can be written as

(1 y7="TI 1T (x—c%a)a.

a=1 j=1

In (1), let an automorphism & be represented such as (2). For a given ¢,
(I1fa=p—1), 0, is determined by
7y 0a=p—a.
We, at first, show two examples related to [Proposition Il
ExAMPLE 1. Let S be defined by
i1 l1(mp+1) T 15
yP=TI (x—c@P )P II (x—c®) IT TI (x—cP)(x—csp=2)P-9,
j=1 j=1 §=2 j=1
where p=5, r=(p—1)/2, and [;, m (1<6=r) are natural numbers. We
have t,=l,, tp,.,=L(mp+1), and t;=t,-s=I5 (2<0=7). This yields n,=
kllm—H—é i (I1=k=p—1) from (9), and g:r(mpll+2§l,;—2). Let @, be

the point corresponding to (¢{®, 0) for each & (1=<k=<p—1). The gap sequences
7(Qr) (=1, 2, ---, p—1) are different from each other, because n,#*n; for
kE+Ek.
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ExXAMPLE 2. Let S be defined by

2(l+2-p) ptr-1 p-1 _ .
yp: H (x_c;_p—l))p—l, II (x_cg,p—Z))p—z_ I (x__cg,p—J))P-J’
j=1 j=1 j=3
where p=7, r=(p—1)/2, [ is a natural number such that 2r=[=<3r. Then ¢,=
2(14-2—p), te=p+r—I, and t,=1 B=a=<p—1). We have n,=l—k, ny,_,=
r+k—1 for k=1, 2, ---, r and g=r({+r—1). Let Q, be the point corresponding
to (c{?, 0) for each k (1=k=p—1). The gap sequences 7(Q;) (1=k=p—1) are
different from each other.
The next example has respect to the condition [(II).
ExAMPLE 3. Let S be defined by

mp
y?= I (x—¢p?"® for any a (I=a=p—1),

where m>1 for p=3, and m=1 for p=5. We have y(Q,)={ip-+-(p—Fk); 0=i=
mhk—2, 1=k=p—1, m=2} or /(Q)={ip+(p—Fk); 05i<k—2, 25k=p—1, m=1}
for all j (1=/=7) from (i) of

ExAMPLE 4. We consider the condition (A;). Without loss of generality,
we take B(1)=p—1. Then a(l)=p—1 and a(J)=p—J. Therefore (A,) can be
written as

tp-s=1 and t,.,=T—1 for a certain J Q< J<p—1).

The number ¢ can be determined from (7)’. The compact Riemann surface
with an automorphism 4 which satisfies the condition (A;) is defined by an
equation

yp:(x—cl)Jli:Ill(x~cj+1) for a certain J (2< J<p—1).
Jj=

This has been given by Kato [3, p. 406 (71)].
We consider the case of g=mp(p—1)/2 (m=1) and represent the gap
sequence explicitly. Such a surface is defined by

mp+1
y?=(x=c)? ¢ T (x—cp) for any a (IZa=(p—1)/2).

Then t,=1 and {,-,=mp+1. Let Qg and Q,-5 denote the fixed points of A
corresponding to (c;, 0) and (c,, 0) respectively, where aS=1 (mod p). We have
Np=mas, p-« (1=k=p—1) from (9) and (ii) of Lemma 1. Since B(p—a)=(p—1)
(mod p), we get I'(8, )=ng=mag, p-o=m from [(I0) and the definition of ag, y-a.
Let o, (1=k<p—1) denote the first nongap value at @ which is congruent to
k (mod p). Then o,=mp+1. This yields o,=ko, C=Zk=p—1) from (i) of
Thus I'(B, k)=km (1=k<p—1). From (i) of Lemma 2, we have



Weierstrass points 245

7Qp={jp+k; ISk<p—1, 0<j<km—1}. Moreover we have I'(p—B, p—k)
=I'(B8, k)=mk, which shows that 7(Q,-p)={G+Dp—Fk; 1=k<p—1, 0=;<
mk%l}. Therefore 2g—1={m(p—1)—1} p+(p—1) is a gap value at Q,.

ExaMPLE 5. We consider the condition (A;-,) in the case of T%j (j=0, 1,
and p—1) (mod p) and T>4. Without loss of generality, we take 8(1)=1. Then
a(j)=j for each j (j=1, 2, and J—1). In this case (A,.,) can be written as
follows :

(As-D) ty-1=t,=1 and ¢t,=T—2 for a certain J 3 J<p—1).

The compact Riemann surface S of genus g with an automorphism 4 which
satisfies the condition (A,-,) is defined by an equation

T-2
yP=(x—c)? 7+ (x—c,)? - 1’[1 (x—cj+2)?"' for a certain J
=

(3=J=p—1), where p=7. Then the number 2g—2 is a gap value at the fixed
point corresponding to (c,, 0).

The next two examples are related to the condition (Ay_,).

ExAMPLE 6. Let S be defined by

T-2
YP=(x—c)? ¥ (x—cy)?P3 1'[1 (x—cj+2)?™t for a certain J
f=

(4<J<p—1), where p=11, T>4, and T=j (=0, 1, p—1, and »—2) (mod p).
Then t,=T—2, and t;=?¢;_,=1. Thus an automorphism % satisfies the condi-
tion (As_5)s. The number 2g—3 is a gap value at the point on S corresponding
to (cy, 0).

ExAMPLE 7. Let S be defined by

2 T-3
yP=(x—c;)?77** jl—[l (x—cu1)?P? 1_[1 (x—cjsa)??
= j=

for a certain J d=J=p—1), where p=11, T>4, and T=; (j=0, 1, p—1, and
p—2) (mod p). Then t,=T—-3, t,=2, and f,.,=1. Thus an automorphism &
satisfies the condition (As.,),. The number 2g—3 is a gap value at the point
on S corresponding to (cy, 0).
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