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In the study of 3-manifolds, to contruct an algorithm of recognizing the
standard 3-sphere S® among all 3-manifolds is a very important problem. The
first basic work of this problem was done by Whitehead in 1936 [6], who
discovered that certain (but not all) Heegaard diagrams for S® had a rather
special geometric property (, see Conjecture A in the paper). Later Volodin-
Kuznetsov-Fomenko conjectured that Heegaard diagrams for S*® are reducible
except for the canonical one. But Birman states in [2] that “nobody has
succeeded in verifying such an assertion between 1935 and 1977, or producing
a counterexample”. Most recently Homma-Ochiai-Takahashi proved that
the conjecture is really true for the case of genus two. But in this paper
we give a counterexample for the case of genus four. The Volodin-Kuznetsov-
Fomenko-Whitehead algorithm is closely related with the algorithm to deter-
mine whether a knot is trivial or not and so our counterexample is con-
structed as a branched covering space over a trivial 5-bridge knot.

The author wishes to express his hearty thanks to Prof. T. Homma and
Prof. H. Terasaka.

1. Reducible Heegaard diagrams.

Let M be a closed orientable 3-manifold and W;, W, solid tori of genus n
and h: 0W,—0W, a homeomorphism of the boundary surfaces. Then the
triple (W, W,; h) is called a Heegaard splitting of genus »n for M when
M:Wlkhj W,.

A properly embedded disk D in a solid torus W of genus n is called a
meridian-disk of W if c/(W—N(D, W)) is a solid torus of genus n—1, and a
collection of mutually disjoint n meridian-disks Dl, ««, D, in Wis called a
complete system of meridian-disks of W if cl(W—UN(D“ W)) is a 3-ball. We
call a collection of mutually disjoint (n-+1) merldlan disks in W an extended
complete system of meridian-disks of W provided that any = subcollection is
a complete system of meridiam-disks of W.
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Let {Diy, Dip, -+, Diz} (vesp. {Diy, Dis, +++; Din, Digsi}) be a complete
system of meridian-disks (resp. an extended complete system of meridian-
disks) of W, i=1, 2; and let u;=0D,,, v;=0D,; for j=1, ---, n, n+1. Let h be
an attaching homeomorphism from éW, onto 0W,. Then the manifold M= Wlkhj W,
is determined up to homeomorphisms by the collection of circles vy, v, -+, v,
on oW, with v,=h(v;), k=1, ---n. We call the triad (F; u, v) a Heegaard
diagram for M, where F=0W, and u=u,\J --- \J u,, v=v,\J --- U v,. Moreover
we will call the triad (F'; #, ¥) an extended Heegaard diagram for M, where
I=u\Ju,, 7=vJv,... The following Figure 1 illustrates the canonical (ex-
tended) Heegaard diagram for S°.

Un+1

Figure 1. The canonical (extended) Heegaard diagram of genus n for S®

Now the orientations of the circles uy, u,, -+, Uy, (Unt1) and vy, vy, =+, U,
(va4+1) are supposed to be given. The u'Jv gives rise to a partition of F into
a set I' of domains. Let U be a domain contained in /I'. Then each com-
ponent of dUu, and dUv, for any k (k=1, ---, n) is called an edge of the
domain U. A domain Ue<[ is said to be distinguished if among the edges
that form its boundary there are edges a,, a, belonging to a single circle and
if their orientations agree in any circuit around the boundary of U. The
edges a;, a, are also said to be distinguished. Furthermore the Heegaard
diagram (F'; u, v) with the set I' of domains is said to be W,-reducible if I’
contains a distinguished domain with distinguished edges belonging to u, also
W,-reducible if thev belong to v, and also reducible if it is Wi -reducible or
W,-reducible.

2. The Volodin-Kuznetsov-Fomenko-Whitehead Algorithm.

Whitehead conjectured in 1936 that (Conjecture A): either the White-
head graph of an arbitrary Heegaard diagram for S® has a cut-vertex or the
dual graph has one (, see and [6] in detail). Recently Volodin-Kuzne-
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tsov-Fomenko formulated differently his conjecture as Algorithm (A), that is,
any Heegaard diagrams for S°® are reducible except for the canonical one
(, see in detail). But we give a counterexample to their conjecture in the
case of genus four. It will be noticed that, independently from [5], Homma
conjectured that any Heegaard diagrams of genus two for S?* except for the
canonical one of genus two are reducible and recently Homma-Ochiai-Takahashi
proved in that Homma’s conjecture is really true.

Let (0W,; @, ¥) be an extended Heegaard diagram of genus four given
by Figure 2, where di=u,\Ju,Ju,\Ju,Ju; t=0v,Vv,Vv,Jv,Jv,. It is clear

Figure 2

~

by the symmetry of ¥ with respect to # that there is an orientation pre-
serving involution T of W, with ten fixed points =xi, xs, -+, X1, on oW, such
that T(u;)=u; and T(;)=v; (i, j=1, 2, ---, 5). Then, by Birman-Hilden
and Takahashi [4], the manifold induced by the extended Heegaard diagram
is a branched covering space over the trivial 5-bridge knot illustrated in
Figure 3 and so it is homeomorphic to S®. The extended Heegaard diagram
contains 25 Heegaard diagrams for S°®. Choose a Heegaard diagram (oW, ; u, v)
for S® among those diagrams, where u=u,Ju,\Ju,Ju;, v=v,Jv,\Jv,Jv;. Let
I' be the set of domains given by the Heegaard diagram. Then I’ contains
nine domains Uy, U,, ---, U, (, see Figure 2.1) such that by the involution T
domains U,, U,, U,, U;, Uy are mapped onto domains U,, U,, U, U,, U,, re-
spectively. It is clear that all of the domains U,, U,, U,, U, U; have no
distinguished edges. Thus, even though the Heegaard diagram @W;; u, v)
gives S?% it is not reducible. Hence Algorithm (A) is false in the case of
genus four.

Next let us consider the Whitehead graph G, of the diagram (0W;; u, v)
and the dual graph G, (, see the definition of Whitehead graphs and dual
graphs in [2]). It is easily checked that G, is the graph illustrated in
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Figure 2.1

AN
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Figure 3

Figure 4. Moreover the Heegaard diagram (@W,; u, v) induces the following
dual presentation for the fundamental group z,(S?% of S%;

3\ — — —1,,— —1,,~1— — — —1
7 (S =Ls, vy, Vg, Us| V30, =005 0 00 0 =050 =005 0,05 =1

Thus G, is the graph illustrated in Figure 5. But both of the graphs G,, G,
have no cut-vertices (, see the definition of cut-vertices in [2]). Consequently,
Conjecture A is false in the case of genus four. It will be noticed that the
set of four words in the above presentation of =,(S% is not a simple set of
words (, see [6]).

Remark that it remains an open question to determine whether Algorithm
(A) is necessary in the case of genus three.
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