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0. Introduction.

In [5, p. 115] Wu-Yi Hsiang conjectured the following: Of all possible
Riemannian metrics on a homogeneous manifold M=K/H (K compact, semi-
simple), the natural metric, corresponding to the Cartan-Killing form of the
Lie algebra of K, should admit the largest isometry group. In he tested
this conjecture with the second Stiefel manifold V*2=S0(n)/SO(n—2), n>20,

odd. He claimed that dim ISO(g)é-;—n(n—lH-l for all Riemannian metrics

g on V™2 where ISO(g) denotes the isometry group of g, and that equality
holds only when g is the natural metric. However, in this paper we will
establish the following :

THEOREM. The second Stiefel manifold V™2, n=31, odd, has uncountably
many homothetically distinct homogeneous metrics g, for which dim ISO(g)

:%n(n—l)%—l. Note that dimV™2=2n—3,

The procedure will be to study the space of K-invariant metrics on K/H
and by explicit computation of sectional curvature, distinguish different metrics
by homothety type. For terminology, see Section 1.

The author would like to thank Professor Larry Mann for suggesting
this problem, and for many useful conversations.

1. Background material.

In this section we collect some results on the geometry of homogeneous
spaces, all of which may be found in [3, Chapter X]. We study homogeneous
manifolds M=K/H, where K acts as isometries of some Riemannian metric
on M, hence also as a group of automorphisms of the principal O(m)-bundle
over M associated with the metric. Since H is compact, M is reductive ; that
is, the Lie algebra t of K admits a vector space decomposition

t=09+m
where § is the Lie algebra of H, )"\m=0, and ad(H)mSm.
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We will state the first theorem in generality. Recall that a G-structure
on an m-dimensional manifold M is a principal subbundle P of L(M), the
bundle of linear frames over M, with structure group G.

1.1 THEOREM. Let P be a K-invariant G-structure on a reductive homo-
geneous space M=K/H with decomposition I=Y%+m. Then there is a one-one
correspondence between the set of K-invariant connections on P and the set of
linear mappings An: m—g such that

An(adh(X))=ad(A(h)) Au(X)

for Xem, he H, where g denotes the Lie algebra of G, and A is the linear iso-
tropy representation of H.

We next have a formula for the curvature tensors of the connections in
fTheorem 1.1. Let o={H}, the coset of H in M. Fix a frame u,={X,, -+, Xn}
e P at o. Identify R™ and T,M) (the tangent space to o= M) by

1ot R™—To(M)

where u,(e;)=X,, and ¢; is a standard basis element in BR™. Identify m with
T.(M) as follows: For Xem, evaluate X as a vector field on M at o. Thus
An(X)eg may be regarded as a linear transformation of the subspace m.
Let [, ] be the Lie bracket in f and set

C,1=0, B+L, In

where [, Jy€h and [, JuEm.
1.2. THEOREM. For an iwnvariant connection, the curvature tensor at oM
is given by

R(X, YV)o=[4un(X), Aun(Y)]—4Au([X, Y10)—2[X, Y]y X, YeEm.

REMARK. A([X, Y1y)Z=[[X, Y1y, Z] since the linear isotropy representa-
tion 4 of H corresponds to the adjoint representation of §) in %

Using the identification of m and T,(M), we have the following relation-
ship between the ad(H)-invariant forms on m and H-invariant forms on To(M):

1.3. PROPOSITION. [f M=K/H 1is reductive with ad(H)-invariant decom-
position I=Y%-+m, then there is a one-one correspondence beltween H-invariant
forms <X, Y5, on Ty(M) and ad(H)-invariant forms B on m. The correspondence
1S given by

B(X, V)=<X, Y, X, Yem.

REMARK. Since an H-invariant forms on T,(M) give rise to K-invariant
metrics on M, Proposition 1.3 establishes a one-one correspondence between
invariant metrics on M and invariant forms on m.
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The next theorem allows us to compute the Riemannian connection on
M=K/H associated with an invariant metric on M, or equivalently, any
invariant form on m. Thus it will allow us to compute the curvature tensor,
given in Theorem 1.2, explicitly. _

1.4, THEOREM. Let M=K/H be a reductive homogeneous space with an
ad(H)-invariant decomposition t=9+m, and let B denote an ad(H)-invariant
positive definite symmetric bilinear form on m. Let {,) be the corresponding
K-invariant metric on M. Then the Riemannian connection on M associated with
the metric is given by

A(XY=3TX, Yuk-UCX, ¥)

where U: mXm—m is the symmetric bilinear map defined by
ZB(U(‘XJ Y)’ Z):B(X7 [Z’ Y]m)+B<EZy X]m: Y) X: Y} Zem-

Thus a study of possible ad(H)-invariant forms on the subspace m of t will
provide us with information about the geometry of M=K/H.

Finally, recall, that a map f: M—M’ between Riemannian manifolds is
called a homothety if

<f*X’ f*Y>}(z):CZ<X) Y>x X’ YéT.r(M)

where ¢ is a constant, and that in this case, corresponding sectional curvatures

are related by K’ =%K.

Note also that if f: M—AM is an isometry of M with respect to a metric
{, >, then it is also an isometry with respect to the metric ¢3¢, > (¢ constant).
In Sections 2 and 3 it will be important to distinguish manifolds by homothety

type.

2. Varying metrics on M=K/H.

In this section we apply the results of Section 1 to a special situation:
Suppose M=K/H is a reductive homogeneous manifold where the linear iso-
tropy action on T,(M) is reducible, fixing a one dimensional subspace and
acting invariantly on a complementary subspace. Assume K acts as isometries
of some metric on M, and let B denote the corresponding ad(H)-invariant
form on m in ¥ from Proposition 1.3. Let {X,, ---,X,} be an orthonormal
basis for m with respect to B so that X, spans the stable line, and {X,, ---, X,.}
span the complementary subspace. Define a new invariant form by

Bt(Xl, X1)=t>0
Bt(Xi’ X)=1 1=2
BL(Xiy 'XJ):O i?&]'.
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This is a one parameter variation of the form on m and gives rise to a
variation of the metric on M=K/H. What we will do is distinguish by
homothety type the manifolds that arise from a variation of this type.

NoTATION. Let M, denote the homogeneous manifold with the invariant
metric corresponding to the form B,. Let {, »' denote the invariant metric
and let R,(,) denote the curvature tensor of M, Let A% ) denote the
connection on M, in Theorem 1.4, and let K,{X, Y} denote the sectional
curvature of the plane determined by {X, Y} in T,(M,).

Define the “structure’’ constants of the subspace m as follows:

m Y e
[X,, Xj]m::LE X, (note that ¢¥=0 and c¥y=—c%).
== ]
To compute the curvature tensor, we will first need to compute A%( ) in

four cases, using Theorem 1.4. All computations are straightforward and we
simply list the results:

@1  ALX)X,= zzc 1X,
22) AWX)X=cli X1+ E(c’—i—tc{f—{—cl)XI (j#1)
2.3) fn<Xj)X1_§-§(cﬂ+tc}f+c;.1)X,. (G#1)

@2.4) Afn(X,.)X,._lg(cw+cf+ct)xx+ L eiraitenx. G, j0).

We will now compute the sectional curvature for all planes determined
by pairs {X;, X;}. We will consider two cases : K,{X;, X;}; ;-1 and K, {X,, X}}.
Computations for K, {X;, X;}, i, j#1.

(R Xy, X)X;, X'

K; {Xi, XJ}: A;(Xi; XJ)

Here A, (X;, X;)=<(X;, XpHX;, XpI—(X;, X»H? hence A,(X;, X;)=1, and since
{X;, Xpt=1 for i=2 we need only compute this X; coefficient of R,(X;, X,)X,.
Now, from 1.2

Ri(X;, X)X,=[44%(Xy), AW(X)IXy)—A4[Xi, X;1u)(X)—LLXe, Xis, X1

Repeated application of 2.1-2.4 yields

T
KX, X}=3 C§"C?+7C}J'C%l
1=2
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1 ij 1 pli o N pLG ij_1 ail
—E‘(tcl +c?+c; el +tct +cf
l z T EIRT IR ORI ST
(2-5) "ZI;(CIJ‘JFCH‘{'C{)(C% +Cj +c¥)

et ey Sl e )

—<[LX;, Xjvs Xj0, XD°.
Computations for K.{X,, X;}.

<Rt(Xlr Xj)Xj7 X1>t
At(Xl’ XJ)

KX, Xjt=

Here A.(X,, X;)=t, but (X, X;>!=t so we need only find the X, coefficient
of R,(X,, X;)X; to compute K,{X;, X;}. Now

Ry( Xy, X)X;=[A%(Xy), (X)X )—AWLXy, X D) X)—[Xy, XjTs, X1

From 2.1-2.4, we obtain

Ko (X, X} =3y cif—{t—l’z”;@w TR (THERARET)
=9 =

L B wtey e+ e

— ()2 —
26) (g 3!

— X, Xy X3, Xt

REMARK. While these formulas do not offer great insight into the
geometry of the homogeneous manifold M,, we can notice the following fact:
This variation technique is uniformly continuous in ¢ for a fixed plane and ¢
in some closed interval [a, b] with 0<a<b. This fact will be useful for
the following discussion. Let Gy(T,(M,)) denote the Grassmann of two-planes
in T,(M,). Since G,(T,(M,)) is compact, and since the sectional curvature is
continuous on G(T,(M,)), we may define:

DEFINITION. Let

a(t)=minimum sectional curvature in Gx.T,(M,)),
b(t)=maximum sectional curvature in G,(T,(M,)),
h(t)=a(t)/b(t), if b(#)=+0.

From the discussion at the end of Section 1 we see that A(t) is a homo-
thety invariant. The fact that the variation technique is uniformly continuous
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in t, together with the fact that the Grassmann is compact, gives us the
following :

PROPOSITION. A(t) is continuous in t.

Thus for a family of manifolds M, obtained via this variation technique,
if we can determine that h(t)#h(l) for some ¢, we will conclude that there
are uncountably many homothetically distinct homogeneous manifolds in this

family. This will be done in the next section for the second Stiefel manifold
V*2=50(n)/SO(n—2).

3. Proof of the theorem.

In the previous section we developed the technique of “varying’ metrics
on homogeneous manifolds under the assumption that the linear isotropy
action was reducible, fixing a one dimensional line and acting invariantly on
a complementary subspace. In this section, using formulas 2.5 and 2.6, we
will compute the sectional curvatures of two-planes in T,(M,) for the second
Stiefel manifold V*2=S0(n)/SO(n—2), and using the homothety invariant
h(t), we will show that there are uncountably many homothetically distinct
homogeneous metrics on V™% having SO(2)XS0O(n) as full isometry group,
thus disproving a theorem due to Hsiang [1], and forcing as alteration in a
conjecture, also due to Hsiang, [5].

HsIANG’S CONJECTURE. Let M=K/H, where K is compact, semi-simple.
There is a “natural’’ form on f which is ad(K)-invariant (hence ad(H)-invari-
ant), namely, the Cartan-Killing form, given by

¢(X, Y)=trace ad(X)ad(Y) X, Yet.
Since K is compact, semi-simple, ¢ is negative definite. Thus we may define
BX, V)=—¢(X, Y).

Restricting to the subspace m in f gives us, as Hsiang says, the most “natural’’
ad(H)-invariant form on m, hence the most “natural” metric on the homo-
geneous space M=K/H.

To state Hsiang’s conjecture in his terms we need to introduce the
following: The degree of symmetry of a differentiable manifold M is the
maximum dimension of all isometry groups of all possible Riemannian metrics
on M. In case M is compact, this agrees with the maximum dimension of all
compact subgroups of Diff(M).

CoNJECTURE. ((5]) The natural metric on a homogeneous manifold M=K/H
is the most symmetric metric.

To test his conjecture, Hsiang used the second Stiefel manifold V™2
=S0(n)/SO(n—2). For n=31, odd, the largest connected transitive compact
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group of motions of V™% is SO(2)XSO(n) (cf. [2Z]). In Hsiang claims that
the natural metric on V™2 alone (up to scalar factor) has SO(2)XSO(n) as
the connected component of the identity of the full isometry group. We will
show that this is not true: In fact, there are uncountably many homothetically
distinct homogeneous metrics on V™2 having SO(2)XS0O(n) as the identity
component of the full isometry group.

REMARKS. Hsiang is in error in when he claims the equivalence of
his and [Theorem. Hsiang’s conjecture may be valid in the following
revised form: The degree of symmetry of a homogeneous manifold of a
compact, semi-simple Lie group equals the dimension of the isometry group
of the natural metric, but there may be homothetically distinct metrics having
the same isometry group.

We now begin the proof of the theorem stated in the introduction. From
we know that the group SO(2)XSO(n) acts on V™2 as follows: We may

regard V™? as nX2 matrices with columns of norm 1. For (4, B)eSO0O(2)
XSO0(n) and Ve V™2 let
(A, Bl)V=BVA™.

Define multiplication in SO(2)XS0O(n) pointwise
(*) (A, B){A’, B")=(AA’, BB').

Then
(AA’, BB)V=(BB")V(AA") *=B(B'V(A")"™)A™!

=B((A’, B)V)A™
=(4, BX((4’, B)V).

Thus this is an action. To apply our results of Section 2 we embed SO(2)
X SO(n) in SO(n+2) as follows:

A 2

(A) B)—_—>-—_
B |n

2 7

Notice that matrix multiplication is exactly * multiplication.
We now fix a distinguished point in V™2 (the “origin”), namely

1 0

1
V0: 0 0 n
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and compute the stabilizer of SO@2)xXS0O(n) at V,. That is, we seek (A, B)
such that
(A; B)VOZVO .

Straightforward computation shows that the stabilizer must consist of matrices
of the form

— -

cl|0]| 0 |2

CeS0©@), DeSO(n—2).
00| D |n=2

Thus we may write
s SO@XSOMm)
SO@2)xS0O(n—2)
where H=S0(2)xSO(n—2) is embedded in SO(2)XSO(n) in a twisted fashion.
From Section 2, we know that to study the geometry of V™? it will
suffice to study the relationship between the Lie algebra &5(2)+3%o(n) of SO(2)
XSO(n) and the Lie subalgebra 80(2)+2o(n—2). We will write the full algebra

and subalgebra as follows:

[ a02) | |

80(2)+80(n)= )
n

ao(2)+ao(n—2)= ¢ ce80(2), desdo(n—2).

- ~

All of our computations (in Section 2) are carried out in terms of basis
vectors for the algebra and subalgebra. It will be convenient to designate a
basis for the subalgebra and extend it to the full algebra. Recall that

go(n+2)={al a+a’=0, a is (n+2)X(n+2), real} .
Set
‘ol 1 /M
1 2

E,= —1 2 (zeroes elsewhere)

n—2
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Eo— where 3<j7<n, i<
= (zeroes elsewhere)

j 1
5 —1

(For convenience, the index i starts at the third row and column.)
To extend to a basis for the full algebra we set

~ 7
1
X,= —1 (zeroes elsewhere)
_ 1 1
7
1 1
X= | | |
iL -1
_ 2 1 _
X1:2 1 3<i<n
(zeroes elsewhere)
i -1

DEFINITION. Let
m,=span {X,}

m,=span {X3; Tty Xn}
1:ﬂl:Span{)?w Tty )?n} .

We claim that m, is the “stable” line and m,+m,; is ad(H)-invariant. Since
H is connected, it suffices to establish that [, m,]=0, and [H, m,+m, ]S m,+ ;.
The following are easily derived :

3.1. Computations.

a) [E, X,1=0
b) [Eij; Xl]:()
¢) [E, X1=-X, 3<i<
d [E, X1=X, 3<i<n
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0 if j, k#i
e) [En X1=] X, it =i
—X, if k=i
0 if 7, k#i
f) [E;, Xd={ X, if =i
| —X; if  k=i.

Notice that a and b establish that m, is stable, and that ¢ through f establish
the invariance of m,+tt,.

To use formulas 2.5 and 2.6, we need also to compute [m, m]. and [m, mJ]y
where m=m,+m,+1,, and [, Ju and [, ], denote the projections of the
bracket into m and %) respectively. The following computations are straight-
forward :

3.2. Computations.

a) [Xi, XJ=0
b) [X, X]=—X, hence [X;, X;1y=0
o [X, XJ=X, hence [X,, X,],=0
d) [X;, XJ=E;; j<i hence [X;, X;]n=0
e) [X, XJ=E:; j<i hence [X, X;].=0
f) [X, X]=0 if i#j

g) [X, X1=—X, hence [X;, X;1y=0.

Finally, we need to define bilinear forms B, on m for each >0 and show
that they are ad(H)-invariant.
DEFINITION. Define B; by

Bt(Xl; Xl)‘:t Bt(Xi; Xj):() i¢j
B(X;, X)=1 3<i<n BuX, X)=0 i%j
B.(X;, X)=1 3<i=n BX; X)=0.

Claim. B, is ad(H)-invariant.
Since H is connected, it suffices to verify that

B([Z, X], V)+B/X, [Z, Y])=0
for all ZY, and X, Yem. This is straightforward.
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We are now in a position to compute the sectional curvature of two-
planes in T,(M;) determined by pairs of basis vectors in {X;, X;, -, X, )?3,
.-, )?n}. To apply formulas 2.5 and 2.6 we need the structure constants c¥
defined by

[Xi, Xjln= é)lcijxk (m=dim m).

From 3.2, we see that the only non-zero structure constants are

ci=—1, ci*=1, ci=-1.

(We have used the index i for the basis vector X;) Thus the computations
of formulas 2.5 and 2.6 are greatly simplified.
Computations using formula 2.5. We compute the following for 3=j<i1=n.

A) K {X, X}
B) K.{X, X}
C) KX, X} G#))
D) K.{X:, X.
A) K. {X;, X;}. In formula 2.5 the only contribution is from the last term
°—<D:X1.,- Xj]ﬁr Xj]: ){i>z .
But from 3.2, [X;, X;].=E;,, and [E;; X;]=—X; from 3.1, hence the last
term is —<{—X;, X;>'=1 since i1#1.
B) K, {)?i, )?j}:l by similar computation.
O KX, )?,-} with i#j. Again, the only possible contribution in formula
2.5 comes from the last term
—<[[X:, X0 X1, Xt
but from 3.2 we have [X;, X,]y=0, therefore K,{X;, X;} =0.
D) K,{X;, X;}. Any part of formula 2.5 with [=2 gives zero contribution
by the simplicity of the c¢¥’s. Hence

KX, X) :—th—(tcﬂcﬂc?)(c% tefict)

1 ~ ~ ~ . ~ ~
——2—6? (e +tcf +c)—<[X;, XiJs, XiJ, Xt

Evaluating this, using the fact that [X;, X:1,=0, yields

Kt {Xi) ‘)’Zl} :1—%1( .
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Computations using formula 2.6. We compute K, {X,, X;}. The computation
for K,{X,, X,} is similar. The only contribution in formula 2.6 arises when
I=]. Then

K X, X} :—Zlg—(cy‘ e+ (tel +ci )

— et e )= K Xl XD, X

Evaluating this yields K, {X,, X} =—. Similarly, K, (X,, £} =-.

REMARKS. A decomposition f=Y)4m together with an ad(H)-invariant
form B is called naturally reductive if

B(X) EZ’ Y:In,)_!’B([Z, X]m, Y):O

for X, Y, Zem. Our decomposition is naturally reductive when ¢t=1, and the
resulting Stiefel manifold has non-negative curvature.

Let V?? denote the second Stiefel manifold with the homogeneous metric
corresponding to the form B,. Recall, from Section 3, that A(#)=a(?)/b(t) is
a homothety invariant, where a(¢) and b(¢) are, respectively, the minimum
and maximum sectional curvatures in G,(T,(V??). From the computations
and the above discussion we have the following :

b(t)=1 for all >0, hence A(¢) is continuous,

a(1)=0, hence h(1)=0,

a(t)<0 for t>%, hence A(¢)<0 for t>~§—.
Continuity of A(#) now establishes the existence of uncountably many homo-
thetically distinct homogeneous metrics on the second Stiefel manifold, and
thus proves the
REMARK. Similar computation was used in to establish the existence
of uncountably many homothetically distinct homogeneous metrics on the
spheres S*"~'=U(n)/U(n—1) in the course of a classification of homogeneous
Riemannian manifolds.
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