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0. Introduction.

In [3], A.G. Kouchnirenko presented a beautiful formula about the multi-
plicity of an isolated singularity of a hypersurfaces V=f"%0) in C" where
f(z) is assumed to have a non-degenerate Newton principal part. It states
that the multiplicity of V at the origin (=the Milnor number) is equal to the
Newton number of I'_(f) (and thus is independent of a particular choice of the
coefficients of f(z)).

The purpose of this paper is to give a geometrical proof of Kouchnirenko’s
Theorem from the viewpoint of the bifurcation of the multiplicity. First we
prove that the Milnor fibration of f(z) is determined by the Newton boundary
I'(f) if the Newton principal part of f is non-degenerate (Theorem 2.1)).

For the calculation of the multiplicity, we consider the bifurcating equation :

of

252 = :Zn—a‘a—trn:()-

If 1=y, -+, Ta) 1s generic and t is sufficiently small, the bifurcating solutions

of the above equation are all simple and one finds exactly n!volume I'_(f) solu-
tions (t+0) (Theorem 4.2).

1. Milnor fibration.

Let f(z,, 25, -, z,) be an analytic function in an open neighbourhood U
of C" (f(0)=0) and assume that f(z) has an isolated critical point at the origin.
We can take a positive number ¢ so that the sphere S(r)={zeC™; |z|*=]z|*
4+ -+ 4|z, |2=r% cuts the hypersurface V,=f"1(0) transversely for any 0<r=e.
(Therefore V,\S(r) is a smooth manifold.) Fixing such an e, we can take
0>0 such that V,=f"'(») is non-singular in D(¢) and is transverse to S(e) for
0<|7n|=6 where D(¢e)={z=C"; ||z <e}. Then we have a so-called Milnor

* Partially supported by the Sakkokai Foundation.
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fibration
fi: X—S

where S={peC;0<|y| <6} and X=;"(S)"\ D.. This fibration does not depend
on the choice of ¢ and J up to a fibre preserving diffeomorphism and we call
¢ a stable radius of the Milnor fibration for f(z). The fibre is (n-2)-connected
and its (n-1)-th Betti number is called the Milnor number of f(z) and we denote
this number by u(f, 0) (Milnor [5]).

2. Newton boundary.

Now we recall basic notions about the Newton boundary (see for detail.)
and state the first result. Let f(z) be the analytic function defined by a con-
vergent power series >, a,z* where v=(v,, .-, v,) goes through multi-integers
(N)® and z*=z,"12,"2 --- z,*» as usual. A polyhedron [',(f)CR" is defined by
{the convex closure of \yj(v—i—(RJr)") where the union is taken for all v such

that a,#0}. (R.={xeR; x=0}). The Newton boundary I'(f) is by definition
the union of the compact boundaries of I'.(f). The polynomial 3 a,2” is

STHED
called the Newton principal part of f(z). For a face 4 of I'(f), we put f4(2)
0fsa _ 0f4

= %ayz”. We say that f is nondegenerate on 4 if the equation
ve

of 0z, 02,
== azA =0 has no solution in (C*)*. When fis non-degenerate on every

face 4 of I'(f), we say that f has a non-degenerate Newton principal part. f(z)
is called to be convenient if the intersection of I'(f) with each coordinate axe
is non-empty. I'_(f) is the compact polyhedron which is the cone over I'(f)
with the origin as a vertex. When f is convenient, the Newton number v(I'_(f))
is by definition n! V,—(n—D! V,_;+ --- +(=1* 1! V,4+(—1)" where V, is the
n-dimensional volume of I'_(f) and V, is the sum of k-dimensional volumes
of I' (/YR where I={i}, 15, -+, 1, C{1, 2, ---, n} and RI={x=(x,, -+, x,);
x,=0 if 1«1}

Our first result is:

THEOREM 2.1. Suppose that f(z) has an tsolated critical point at the origin
and that f has a non-degenerate Newton principal part. Then the Milnor fibra-
tion at the origin is determined by the Newton boundary I'(f).

COROLLARY 2.2. The topology of singularity and p(f, 0) are independent of
the particular choice of f for a fixed I'(f).

REMARK 2.3. The latter statement in was proved by Kouch-
nirenko [3]. As for the topology of the singularity, the case n=3 is the only
new result. ([3], [4]).

First we prepare a few lemmas.



Topology of the Newton boundary 437

LEMMA 24. Let f,(2) (0=t=<1) be a smooth family of analytic functions such
that f,(0)=0 and f,(z) has an 1isolated critical point at the origin for each i,
0=t=1. Assume that f, (0=t=<1) has a uniform stable radius ¢ for Milnor fibra-
tion i.e. for any 0<r=e and 0=t=1, S(r) cuts f,"%0) transversely. Then the
Milnor fibrations of f, and f, are equivalent.

The proof is easy. (See for example, Oka [7].)

The following lemma is slightly stronger than Proposition 3.6 of [3].

LEMMA 25. Let f(z) be an analytic function which has an isolated critical
point at the origin. Consider the family F(z, )=f(z)+tz" (0=t=<1) where v=_v,,
-, V,) is a fixed multiinteger. If |v|=v;+v,+ - +v,=2p(f, 0042, Flz, t) 0=t
<1) has a uniform stable radius for Milnor fibration.

PrROOF. By Lemma 3.5 and Proposition 3.6 of [3], gF ., gi
an ideal J of C[[z, -, z,]] (=ring of the formal power series in z, -+, 2,)
which is independent of ¢ and M#¢/*® is contained in J where i is the maxi-

oF . _6_11) are
0z, ’ 0z,
linearly dependent over C}. Suppose that F(z, t) is not uniform. Then for
some 0=t,=<1, (0, t,)the closure of W {z+0}. By the Curve Selection lemma
(Milnor [5]) we can find a real analytic curve p(s)=(z(s), t(s)), 0=s=e¢, in W
such that z(s)#0 for s>0 and #(0)=t,, We consider the Taylor expansion:

generate

mal ideal. Let W={(z, )eC*xXR: Flz, /=0 and z and (

z:(s) a,s*14+higher
2.5.0) 1(s) | zu(s) | | aps®»+higher
t(s) to +higher

We also have A(s)eC expanded in a Laurent series

(2.5.2) A(s)=A,8*+higher
so that
(2.5.3) F(z(s), t(s)=0 and

oF .
(254) 5, @) =)z s)  (G=L, -, n).
J
{a;} (=1, -+, n) are positive integers (possibly c0). a;=co implies by defini-
tion z;(s)=0. Otherwise «; is assumed to be a non-zero complex number.
Taking the differential of in s we get

dzj_(s) dt(s)

(2.5.5) - M( (s), 1(s)) +2(s) =0.

j= 1

Let a¢=minimum/{a,, a,, ---, a,}. Using we can write
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d
L (=t la 5

That a;la;|? (j=1, ---, n) are positive implies

—g—fj-@(s), i(s))-

lim( 5G9, 165)-27-(9) /s

$-0 j=1
is a non-zero complex number. Assertion: a-+b=p(f, 0)-a. Assuming this,
. dt C . . . .
we get hrr(} z”(s)—ds—/s“”’lzo which is a contradiction to the equation
K ind

Now we prove the assertion. We may assume a=—a,. The inclusion m*-®CJ
gives us an equation

(25.6) 2= 3 ga)-2L
k=1 azk
oF

azk

where g.(z) and G,(z, t) are analytic functions. Assuming a+b6>u(f, 0)-a,
we obtain an absurd equality :
0Fa,# 0= lim z,(s)#/+ 0 JgucS- 000
§=0

}él Glz(Zr t)

aaZ}: (Z(S): t(S))/sﬂ(f.O).a

=ip 364600, 1)
=0.

PrROOF OF THEOREM 2.1. Suppose that we have two analytic functions f(z)
and g(z) which have non-degenerate Newton principal parts on the same
boundary I'(=I'(f)=I"(g)). By we may assume that f and g are
convenient. Because the non-degenerate condition of the Newton principal
part is an open condition (see the appendix and [3]), we can take a piecewise
analytic family F(z, t) such that F(z, 0)=f(2) and F(z, 1)=g(z) and F(z, 1) as a
function of z has a non-degenerate Newton principal part on I' for each ¢.
Thus the proof reduces to the following lemma by virtue of

LEMMA 2.6. Let F(z, t) (0=t<1) be an analytic family such that for each
fixed t (0=t=<1) F(z, t) is convenient and has a non-degenerate Newton principal
part on the same boundary I'. Then F(z, t) (0<t<1) has a uniform stable radius
JSor the Milnor fibrations.

PROOF. Assume the contrary. Then using the Curve Selection lemma we
can find a real analytic curve:

z,(s) a;s*1+-higher
(2.6.1) ' '

2(s) : :
t(s) | | #(8) | | ans®-+thigher
£(s) t, -+higher
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and a Laurent series
A(s)=2,s"+higher (2,=0 & A(s)=0)
satisfying the following equations.
(2.6.2) F(z(s), t(s))=0 and
(2.6.3)

gz (2(s), t(s)=2A(s)z;(s) (j=1, 2, -, n).
From we get

dz](g} dl‘(S)

(2.6.4) 1 a < (s), t(s))

We may assume that z,(s)#0, -+, z,(s)#0 and z,.,(s)= -+ =2z,(s)=0. Let R*
be the subspace of R" defined by x;=0 for j>k. Consider the continuous

+"f(()f( )N———=0.

function [,(x) on I' "\ R* defined by [,(x)=(x, a)= Sk‘;, a;x;. By the convenience
j=1

assumption on f, I’ \R*+#0. So let 4(a) be the unique face of I'\ R* where
lo(x) takes the minimal value, say d. See Figure A.

Figure A
Then — (z(s) 1(s)) 220 dz’(s) aja,—a]gf;—(i @, to)t%-'+higher terms where a=
J
(aty, -+ ak, 0, ---, 0). Here Fy(z, t) is defined as before considering it as a

function of z. Note that Fy(z, t) is a function of z, -+, z, and t. Thus

. . F
the non-degeneracy assumption for F(z, t,) implies that i# a, t,)#0 for
i
some 1=j=k, say j,. On the other hand, by [2.6.3) we have
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7q< (s), ts)-Z4Y

=2 a;|*a;s***"~+higher.

Thus 2,0 and 2a;+b—1=d—1. Moreover lim argument(-g—v(z( ), 1)) dZJ(S) >

]
=argument A, for 1=;=k.

Therefore

"de(S) d-1
ds /s

is a non-zero complex number, while

O (as), s/ s41=0

lim
§-0

because of the assumption on the Newton boundary. However this trivially
contradicts the equation [2.6.4), completing the proof of

REMARK. 2.7. In the above proof it is proved that f(z) has an isolated
critical point at the origin if f(z) is convenient and its Newton principal part
is non-degenerate.

3. Bifurcation of multiplicity.

Consider an analytic mapping

0=(01, @a, =+, ©): U—> C"

where U is an open neighbourhood of the origin in C™ Assume that 0 is
isolated in ¢~*(0) and let D be a small disk {z=C"; |z|<¢} such that D¢ %(0)
={0}. Then the multiplicity of ¢,(z2)= -+ =¢,(2)=0 at the origin is defined by
the mapping degree of the normalized map

6=0¢/l¢l : 3D —> S*-1.

We denote this number by u(p, 0). More generally if 0D ¢ *(0)=0 and D
contains several points of ¢ '(0), we denote the above mapping degree by
¢lo, D). This is equal to E;,e(ga, P) where P (0)n\D.

In the case that goi(z)—~ ~—— (1=1, ---, n) for an analytic function f(2),

¢(p, 0) coincides with u(f, 0). ().

Now consider an analytic family {¢,} (0<t<1) of analytic mapping, ¢, :
U — C™ such that ¢,=¢ and ¢ *(0)"\D={0} and ¢,(z)#0 for z€dD and 0=t=1
and that ¢, '(0) are isolated in D for 0=t=<1. Let ¢,"'(0)\D={a,{), -, a,()}.
By taking a suitable positive integer m; and putting t=s™J, a;(t) (j=1, :--, k)
become analytic functions in s, for ¢ small enough (Curve Selection Lemma).
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DEFINITION. We call lim X pulo,, aft)) the bifurcated multiplicity of

t—=0 aj(t)#()

{p:=0} at the origin and we denote this number by Bf.u({¢;}, 0). Note that
Bf.u({g:}, 0) is equal to plp,, 0)—lim p(¢p,, 0) (Milnor [5]). In the case that

_( o of.
o= e
tions having isolated critical points in D, Bf.u({¢;}, 0) is the number of the
bifurcated vanishing cycles. Vanishing cycles at non-zero a,(t) for f;, toge-
ther with the vanishing cycles of f, at 0, form the basis of the vanishing
cycles for f, at the origin.

) where {f:}s<:<: 18 an analytic family of analytic func-

4. A nice bifurcation.

Let f(z) be an analytic function of n variables whose Newton principal
part is non-degenerate and convenient. We want to calculate geometrically
the multiplicity of the next equation at the origin:

A: of of

Zlﬂl—: :Zna—Zn*:O
A vector y=(7y, ==+, 7.)EC™ is called regular for A if for any finite vertices
vl v .- v¥ of I'(f) such that rank(y!, ---, v*¥)<m, 7 is not a linear combina-

tion of u/ with complex coefficients. In particular, 7;#0 (j=1, -+, n) by the
convenience assumption of f. Hereafter we fix a regular 7.
Instead of A, we consider the equation
of .
A(T, t). Zjva; _tTJ:O (]:1; Tty 7’L) .
Let S be the set of faces of dimension n—1 of I'(f) and let 4(0) be the
cone over 4 with the origin. Then F_(f):AKEJS 4(0) and they make a natural

polyhedral decomposition of I'_(f). Let L(4) be the hyperplane in R" contain-
ing 48 and let

4.1) m(d),x;+m(d)yxs+ - +m(d)px,=d(d)

be the defining equation of L(d4) such that m(d); (=1, ---, n) are positive in-
tegers and have 1 as their greatest common divisor. Let {C,} be the coeffi-
cients of z* for veI'(f) in the Taylor expansion of f(2).
Now we can interpret Kouchnirenko’s formula ([3]) as follows:
THEOREM 4.2. If the coefficients {c,} are generic and if 7 is regular,

of of .

— T e gy — T = =—n!
‘u<zl oz, Zn G2 0) Bf.u(A@y, t), 0)=n! volume I'_(f). More precisely
for each A€ S, there exist n! volume 4(0) simple solutions of A(y, t) (t: small)
which can be parametrized real analytically as:
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z(s)=(a;s*“¥14+-higher, -+, a,s*“®r+4higher)
and

t(S): Sb(d)

where the integral vector a(d)=(a(d),, ---, a(d),) is equal to g(d)m(d)=(g(d)m(4),,
o, q(dYym(d),) for a positive integer q(d) and b(d)=q(d)d(4).

For a subset IC{l, 2, ---, n}, let C! be the subspace {z=(z,, -:-, z,)=C";
z,=0 for je&I} and let f; be the restriction of f to C?’. Then the additivity
of the intersection multiplicity and implies :

COROLLARY 4.2.1 (Kouchnirenko [37]). Various Milnor numbers are related
by 3 ),u(f;, 0)=n! I'"_(f) where p(f4, 0)=1 by definition.

Icii,2,.n

Thus by_the induction on n, we get

COROLLARY 4.2.2 (Kouchnirenko [3]). u(f, 0)=v(I'_(f)). (For the definition
of the Newton number v(I'_(f)), see §2.)

REMARK 4.2.3. For a non-regular 7, the bifurcating solutions of A(7, t) are
not simple in general and the statement about the parametrization of
4.2 is not true.

The proof is based on several lemmas which are of independent interest.
Take a solution z° of A(y, t° for #° sufficiently small. Using the Curve Selec-
tion lemma ([2], [5]), we can find a real analytic curve (z(s), {(s)), 0<s=<e¢
(e: small), such that (z(s,), t(so))=(2° t°) for some s,>0, (2(0), #0))=(0, 0) and

(1.2.4) L D=ty (=12, 0, m).

Changing the parametrization if necessary, we may assume that #(s)=s® (b:
positive integer) and consider the Taylor expansion of z(s):

(4.2.5) zi(s)=a;s*+higher terms, =12, -, mn.

In this expression, a;#0 if z;(s)#£0. Let I={1<i<n; z,5)%0}. Consider the
linear function [,(x)= %}_Iaixi on I'(f)=I(f)NR' and let 4 be the face of
I'(f;) where [,(x) takes the minimal value, say d.

ASSERTION. I={1, 2, ---, n} and dim4d=n—1 (i.e. 4€38).

PrOOF. We consider the equation of the lowest terms in [4.2.4). The case
0f 4
0z;
no solution in (C*)? by the non-degeneracy assumption of /. Assume d=b.
Let »?, 2% ---, v™ be the integral points of 4 and let c¢,=c,; (j=1, 2, ---, m).
Then we get

d>b is trivially impossible. If d<b, we get a;

(a)=0 for j=lI. This has

= i c,a”
J
j=1
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By the regularity for 7, this implies dim 4=n—1, completing the proof of the
assertion.
Thus the equation of the lowest terms is:

0 )
a':j (a):rj (]:1’ 2; ) n)

(4.2.6; 4): a;

for 4 8.

LEMMA 4.3. We assume that the coefficients of f4(z) are generic. For a
regular v and 4€ S, (4.2.6; 4) has n! volume 4(0) solutions. They are all simple
and are contained in (C*)".

This lemma is one of the main steps and the proof is done in the next
section.

Assuming this for a while, we want to show the bijective correspondence
between the “formal” solutions of (4.2.6; 4) (4=S) and the bifurcating solu-
tions of A(y,t) “along” 4. Let a'(d), a®d), ---, a*“9(4) be the solutions of
(4.2.6; 4) (k(d)=n! volume 4(0)) and for a sufficiently small ¢>0 (fixed) let
Did)y={acsC™; |la—a’(d)|=Ze}. Then D{A)(C*)" and D(A)N\D(4)=0 if j+k.
Let D4, )= {z=(a;s™1, - | a,s™Pr); acD,(4)} and t=s?“4. D4, 1) (j=1,
.-, n!volume 4(0); 4=S) are naturally diffeomorphic to the standard 2n-
dimensional disk (1#0) and are considered to be contained in C"x{. Note
that D,(d4, )\ D (4’, t)=0 for 4+4’ and ¢ sufficiently small.

LEMMA 44. (i) For a sufficiently small t°>0, any solution z° for A(y, t°) is
contained in the interior of some (and unique) D4, t). (ii) Each D4, t) for t
small contains exactly omne solution z(d,1t) of A(y,t) and it is simple. z'(4, t)
can be parametrized as

Zi(4, h=al(d)s* @™ Dr+higher (k=1 2, -+ n)

and
p= WD A

for some positive integer q(d). (a/(d)=(a’(d), -+, ai(d))).
PrROOF. (i) is already proved in the above argument. Therefore we need
only prove that each D4, ¢) contains a simple root. Let

. of of
o(z, 7)—(21‘5—17’1, ey Zn?_trn)

n

and

0f4 0f4
0z —tr"> :

EDA(Z; t):(zl . _trl) tty 2 azn

Then [g(a;s™@1, -, aps™@n, s2P)—@ (o, s™ L1, o) oy s™ D0, sED) | < M5O
for some M>0 and z=(a,;s™¥1, .-+, a,s™Pn)e D4, t). Thus | pe(z, £)+(1—p)
04z, D] #0 for 0=<p=<1 on 9D,(4, t) and using the “Rouché’s Principle” ([5])
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we get
wlo=0, D4, 1))=p(ps=0, D4, 1))
=1 by

PROOF OF THEOREM 4.2. (modulo Lemma 4.3). By Lemma 4.3 and [Lemma
44, we get

=Bf. u(p(z, 1)=0, 0)

=n

volume I'_(f).

The other statement is already proved.

5. Proof of Lemma 4.3.

Let v, v% ---, v™ be the integral points of 4 and let ¢, (=c,;) be the coeffi-
cient of 2. (4.2.6; 4) can be written as:

1
v} o c,a¥ 71

2
(5 1) )Jé o Vén CZay —_ 7’2
L Vs Cmaym Tn

We prove by the induction on m. The beginning step is:
LEMMA 5.1. Suppose m=n. Then (5.1) has n! volume 4(0) simple solutions.
PROOF. By the regularity of 7 and the convenience assumption for f,

7;#0 (=1, 2, ---, n). Therefore has no solution in C*—(C*)*. [5.1) can be
rewritten as

c, o 04
2
G.1y cad™ || O
cna”” On
where
51 y} ...... v';’ -1 Tl
511 v‘}l ...... v: Tn

and by the regularity of 7, ¢;#0 (j=1, ---, n). Let M be the matrix :
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Let d=det M. d is a non-zero integer. Let N=d-M-'. Then N=(}%) is an
integral matrix and det N=d™'. Consider the transformation

h: ﬁ:(ﬂlr Tty ‘Bn) — a:,BN
:(ﬁlbiﬁzbé e B0 e BT B3 e B0

Then h defines a |d|™ !-fold covering map from (C*)* to itself. The lifted
equation of (5.1} is:

Cl;Blli 0,

d
(5.1)" 62982 _ 5:2
cnfBn On

Thus [5.1) has obviously |d|™ simple solutions in (C*)* which implies im-
mediately that has |d|™/|d|*'=|d| simple solutions. Now that |d|=
n! volume 4(0) completes the proof.

PROOF FOR THE GENERAL CASE. Suppose m>n. We can assume that
rank (1, ---, y™ )=n. Instead of we consider the following equation :

1
”i ...... ”'i" Cla” 7’1
: : : 7
G2 1): : : L=
’ : : Cm _la"m :
v}l ...... ”:" tcma”m TTL

We count the number of solutions z(¢) of (5.2; t) for which either [z(¢)|| — oo
or z;(t)— 0 for some j when ¢t — 0. Considering the homogenized equation of
(5.2; t) and using Curve Selection lemma, such a solution lies on a solution
curve parametrized as:

a(s)=(a,s*-+higher, -+, @,s%*+higher)
and
t(s)=s".

In this case, b is a positive integer but a; (j=1, ---, n) are possibly negative.
Thus a(s) is a Laurent series. Let L (=L(d4)) be the (n—1)-dimensional hyper-
plane containing 4 and let S(4, v™) be the set of the subset JC {1, 2, ---, m—1}
such that rank{y;; j€/}=n—1 and the hyperplane H(4;) of L containing
{v;; j€J} enjoys the following property: v™ is contained in an open half plane
L, of L—H(4,) and L, contains no other vertex of 4. By the regularity of 7,
we can assume that a=(a&,, -+, @,)=(C*)". Let e=minimum {(?!, a), ---, @™, a),

(v™, a)+b} where (7, a)=év§’ak. We consider the equation of the lowest
terms of :
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pl e VT cra(s)” £}
(53) Cm—1a(5)ym—l a
pl e ym 1(s)cqa(s)™ Tn

The case e>0 is trivially impossible. The case ¢<0 is also impossible: Let
J={1<Z=m; (), a)=e (1=<j<m—1) or (™, a)-+b=e} and let 4, be the convex
polyhedron spanned by »?, j&J. Then the leading term equation is nothing

but & —f‘&( 7)=0 (j=1, ---, n) which has no solution in (C*)" if the coeffi-

cients are generically chosen (Kouchnirenko [3]). Thus e=0 is the only pos-
sible case. Let J and 4, as above.

(i) Assume a=(ay, -, a,)#0 and ¢=0. If rank{y’; j€J} <n—1 and the

leading term equation is &;—, af

; (j=1, ---, n). This has no solution by

the regularity of 7. Thus d1m Al—n 1. Suppose meJ. Then J={1, 2, ---,
m—1} by the assumption dim 4,=n—1. However this is a contradiction to
the assumption e¢=0 because the hyperplane L does not pass through the

origin. Thus m<]J. Then clearly J'=]— {m} €S(4, v™). The leading equation
reduces to:

0f4 .
4 . 1
(5.4) i @=r; =1
and b=—(a, y™)=— Zn) a7 where a is determined up to a scalar multiplication

j=1
by the hypersurface of R" passmg through {v’/; j/J’} and the origin. By
the induction’s assumption, [5.4) has n!volume 4,(0) simple solutions. By
exactly the same argument as [Lemma 4.4 these solutions correspond bijectively
to the bifurcating solutions z(¢) of such that ||z(?)| — oo.

(ii) Assume a=0. Then the leading terms give the following equation :

— 1
y} ...... v"l'n 1 Cla" 7’1
(55) a : : -
-1
D711 """ vr o ! Cm- 1aym Tn

Thus by the induction we find ! volume 4,(0) simple solutions where 4, is
the convex polyhedron spanned by u?, v?, ---, v™~', The correspondence to the
bifurcating solutions of is similar. These are solutions which remain to
be solutions at t=0. For ¢ sufficiently small, the solutions of types (i) and (ii)
are mutually distinct. This completes the proof of because it is
easy to see that 4, and various 4,, which is derived from S(4, v™) as in (i),
is a convex polyhedral decomposition of 4.



Topology of the Newton boundary 447

6. Bifurcation of the vanishing cycles.

In this section, we consider the following family: Let f(z) be as before
and let p be a fixed vertex on I'(f). Let f(2)=2c,2z* and let g(z)= X c¢,2"
v#EQ

We assume that f and g are convenient and have non-degenerate Newton
principal parts respectively. Let f,(z2)=g(2)+tc,z" (0=t=1). Let S(u) be the
set of the faces of dimension n—1 4 of I'(g) which is not contained in I'(f)
and let 4(y) be the cone over 4 with the vertex g and let IS(;;)l:Aegp)A(‘u).

Then we have:

THEOREM 6.1. (i) Bf.p(z, gf ==z, g? =0, 0)=n 1 volume | S(2)].
) 9
() Btu(g = =2 =0, 0) =l

PrOOF. This is an immediate corollary of [[heorem 4.2, (Corollary 4.2.2 and
Theorem 2.1.

REMARK 6.2. Suppose that one of the following conditions is satisfied.

(a) p is regular with respect to I'(g, p)= U 4

4€8()

or

(b) S(u) consists of only one face 4.

Then can be proved directly. The case (a) can be treated in
the exactly same way as in the proof of For the case (b), we
only need to prove:

0 .
(1) frgat =0 G=1,2 0, m)
and
0 :
©): 2ot 30,2 =0 (=12, e, )
J

have the same number of solutions such that z;#0 if yx;#0 for a generic d=
(0,, --+, 0,). After proving this, we come to the similar situation as in
4.3, can be also proved by iterated uses of (in the
case of (a) or (b)) and the “lifting” technique reducing to a Brieskorn polyno-
mial case for which is clear.

Appendix to Lemma 4.3.
Let 4 be a maximal face of I'(f) and let v!, ---, ™ be the integral points of
di.e, P, -, v =4d~Z". For a vector c=(c,, =+, cn)EC™, let f(2)= % cjz’j
j=1

and let U={ceC™; I'(f(z))=4 and f, is non-degenerate in the sense of the
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Newton boundary}. By the appendix below and of 3], Uis a

Zariski open set. Let y=(r,, -**, 7x) be a regular vector for 4. Then
4.3 can be sharpened as follows.

LEMMA 4.3'. The following equation

1

Y I Vi 12" 71
(A.D): ( : : )( : )-——( : ) (cel)
yi .- Cm2™

vy Tn

has only isolated solutions in C™ and the sum of the multiplicity of the solutions
of (A.1) is independent of c€U. (Thus it is equal to n! volume (4(0)) by Lemma
4.3.)

ProOOF. Assume that (A.l) has non isolated solutions. As the set of solu-
tions is an algebraic set, we can use the Curve Selection lemma to find a
Laurent series z(s)=(a;5%14--+, -+, aps%2+ ---)(0=s=1) such that a=(ay, -, ay)

#0 and (i) zl(s)—gf]; (z(s))=7: =1, ---, n) and (ii) ae=minimum{ay, -+, a,} <0

i.e. lim |z(s)]|=o0. Let 4, be the face of 4 on which the function [,(x)
$=0 .

= En‘_, a;x; defined on 4 takes its minimal value, say d(a). We assume a=(C*)".

i

(If a;=0 for some 1, the following argument is available for the corresponding
subspace of C™) Comparing the leading terms of (i), we see that d(a)>0 is
obviously impossible. Assume that d(a)<0. Then the leading terms give the
equation

alete@=0 (=1, )

which is absurd by the non-degeneracy assumption. Thus d(a)=0 and by the
regularity of 7 dim 4, must be n—1. This implies 4,=4 and the hyperplane

n . . . . . . .
> a;x;=0 contains 4. This is again impossible from the geometric assumption
=1

of 4. Now we prove the latter assertion. By virtue of Rouché’s principle
([5]), the local sum of the multiplicity is constant when ¢ moves in a neigh-
borhood of c¢,=U. Thus the only possibility is that some solution of (A.l)
might disappear in the infinity when ¢ approaches ¢,. In such a case we can
use again the Curve Selection lemma to obtain Laurent series z(s)=(a,;s%1+---,
o, aps®nr4----) and analytic curve c¢(s) (0=s=1) such that a+0, c(0)=c,=U

and (i) zi(s)—ag?)—(z(s)):n (i=1, -+, n) and (ii) g,=minimum {a,, -, a,} <O0.

Let 4, and d(a) be as above. By the exact same argument as above, we get
a contradiction. This completes the proof.
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Appendix about the non-degeneracy condition.

Let 4, F(z, ¢)=f(2)= % ¢;z2” and U be as in the above appendix to
j=1

4.3. In this appendix, we shall show that U is a non-empty Zariski open set.
As f.(z) is a weighted homogeneous polynomial, we can take positive integers
g1, -+, G SO that g/z): =f.(z,%, ---, z,92) is a homogeneous polynomial. How-
ever it is an easy to see that f. is non-degenerate if and only if g. is non-
degenerate. Thus we may assume that f, is homogeneous. For any closed
face £ of 4 (of any dimension), we define sets V(&), V(&)* and V(&) by

aFE . o aFE _
= (2, )= - = (2, =0

V(E*=V(E)N\ {2125 -+ 2,#0} and

V(&) =the closure of V(&)* in P" !X P™",

V(E)={(z, )PP ix Pt

It is well known that V(&) is an algebraic set of dimension dim V(&)*.
(Lemma 3.9, [10]). Let n: P 'xXPm™!'— P™"! be the projection and let V*
=U V(& V'=UV(&) and W*=x(V*), W=z(V’). By the definition, U is
the complement of the affine cone of W* By the proper mapping theorem
(p. 162, [9]), W’ is an algebraic set which contains W*. Now we claim that
W*=W’ and thus U is a Zariski open set: Assume that W’ properly contains
W*., We can take a point (Z, d) of V/ such that deW —W* We apply the
Curve Selection lemma to the pair (V/, V*) at (Z, d) to find an analytic curve
p(s)=(z2(s), c(s)) for 0=s=1 such that for some face & of 4 p(s)eV(E)* for
s>0 and p(0)=(z, d). Write p(s) explicitly as

2(s)=(ays%1+ -+, -, @ys%n-+ --2) and
c(s)=d-+ds+ .

By the assumption, we have that each «; is non-zero complex number for 1
=1, 2, -, n and {a;}, are non-negative integers such that maximum{a,, a,,

.-, a,} >0. Consider the linear function [,(x)= i} a;x; on & and let &Z(a) be
i=1

the face of & where [, takes its minimal value, say ¢q. We consider the
identity

oFs _ .
azi (Z(S), C(S))—O l'—l) 2, ’ n.
. a]'?E'(a.) s
The leading terms of the left hand are T(a, d)s?* and thus we get
igif—“’(a, d)=0 for i=1, -, n. This implies (a, d)e V(E(a))* and deW*

which is a contradiction to the assumption d W' —W#*,
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REMARK. U is non-empty by Kouchnirenko, [3]. However it is easy to

prove directly that dim W/<m —2 using the equality :

(1]
(2]
(3]
(4]

2Fg . . o
rank{~aaz—a‘c—}}§§§’,‘n :r%gk {v¥} =dim £+1 on {z,z,--- z, #0}.
Vl; Jujer vico
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