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§1. Introduction.

Let £ be a totally real algebraic number field of degree n. Then % has n
distinct embeddings ¢; (1 <1=<n) into the real number field R, where ¢, is the
identity. Let A be a quaternion algebra over 2 which is unramified at the
place ¢, and ramified at all other infinite places ¢, (2<i1<un). Then there
exists an R-isomorphism

P2A<§>R*——+M2(R)EBH@-~@H, D

where H is the Hamilton quaternion algebra.

Denote by p; the composite of p|, with the projection to the i-th factor.
Then p, (resp. p; (2<i=<n)) is an isomorphism of A into M,(R) (resp. H). By
changing the indices suitably, for any element a of 2 we have

pla-l)=a-1,, pa-1)=¢a)1lg (2=i=n), (2)

where 1,, 1y and 1, are the unities of A, H and M,(R) respectively.
Denote by trs( ) and n4( ) (resp. tra( ) and ngz( )) the reduced trace and
the reduced norm of A (resp. H). Then for any a= A, we have

tra(a)=tr(p,(a)), @ltrya))=tra(p;(@)) 2=iZn), (3)
ngla)=det (pa)), Pinila))=nx(p;(a)) 2=i=n), 4)

where tr () and det () are the trace and the determinant of M,(R) respectively.
Now take an order O of A and put

U=1{c€0]|e0=0 and ny(e)=1}.

Then U is a group called the unit group of O of norm 1. Denote by I'(4, O)
the image p,(U) of U under p;,. Then I'(4, O) is a discrete subgroup of SL,(R).
The group SL,(R) operates on the upper half plane H={z< C|Im(z) >0} in
the following way:

SLZ(R)Bg_—_(g Z tZ— Cgiz .
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It is well-known that by the above operation [I'(A4, O) defines a Fuchsian
group of the first kind i.e. a properly discontinuous group such that H/I'(A4, O)
is of finite volume. If we change the isomorphism p, ['(4, O) is transformed
into a GL,(R)-conjugate group.

DEFINITION. Let I' be a discrete subgroup of SL,(R) such that H/I' is
of finite volume. Then we call I' a Fuchsian group of the first kind. When
I’ is commensurable with some I'(A4, O), I' is called an arithmetic Fuchsian
group (cf. [5]). Moreover, if I" is a subgroup of I'(A4, O) of finite indeX, then
we call I' a Fuchsian group derived from a quaternion algebra A.

In this paper we shall prove the following theorem which gives a charac-
terization of arithmetic Fuchsian groups I by the properties of the set tr (/")
={tr(Nlrel}.

THEOREM 1. Let I' be a Fuchsian group of the first kind. Then I' is an
arithmetic Fuchsian group if and only if I' satisfies the following conditions
(D) and (11,):

(I) Let ky be the field Q(tr (y)|y €I") generated by the set tr (I') over the
rational number field Q. Then k, is an algebraic number field of finite degree,
and tr (I") is contained in the ring Oy, of integers of k.

(1)) Let k, be the field Q((tr (7))*|ye ") generated by the set {(tr ())*|rel’}
over Q. Let © be any isomorphism of ky into the complex number field C such
that ©|,, # the identity. Then ¢(tr (I")) ts bounded in C.

In order to prove we must prove first the following

THEOREM 2. Let I’ be a Fuchsian group of the first kind. Then I' is a
Fuchsian group derived from a quaternion algebra if and only if I satisfies
the condition (1) in Theorem 1 together with the following condition (II,):

(II,) Let ¢ be any isomorphism of ky=Q(tr (y)|yl’) into C such that ¢+
the identity. Then ¢(tr (I')) is bounded in C.

REMARK. is a generalization of a result in [1].

We shall first prove in §2. By making use of we
shall then prove [Theorem 1, in §3. Finally in §4, it is shown that the condi-
tions (I) and (II,) are independent of each other.

The author would like to thank Professors G. Shimura and Y. Ihara for
their valuable suggestions.

§2. Proof of Theorem 2.

In this section we shall prove [Theorem 2.

2.1. Necessity of the conditions (I) and (II,).

Let I" be a subgroup of I'(4, O) of finite index. Then k,=Q(tr (y)|yl’)
is contained in the center £ of A. Therefore k, is totally real. Since tr,(0)
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is contained in O,, we see that tr (") is contained in O,,. This shows that [’
satisfies the condition (I).

Now consider the case n=2. By (3), we see that ¢;(tr([")) is contained
in trg(p,(U)) (2=<1=n). On the other hand by (4) for any e€ U we have
na(0:(e))=i(n4(e))=1 (2<i=n). Hence p;(U) is contained in the set H® =
{x€H|ng(x)=1}. Since tra(H™) coincides with the interval [—2, 2], ¢,(tr (I"))
is bounded in R (2=1<n).

Finally we shall show that &, coincides with k.. Suppose that %k is a proper
extension of k,. Then there exists an isomorphism ¢; (2=<i=n) such that
©;| ., =the identity. Using this ¢;, we see that tr (/") is contained in the
interval [—2, 2]. This means that I contains no hyperbolic elements, which
is a contradiction. Therefore, 2, coincides with 2. Thus we have shown that
I’ satisfies the condition (II,).

2.2. Sufficiency of the conditions (I) and (IL,).

PrOPOSITION 1. Let I' be a Fuchsian group of the first kind. Let A(I")
be the wvector space spanned by I over k,=Q(tr (y)lysl’) in My(R). Then
A(I") is a quaternion algebra over k,. Moreover, if I" satisfies the condition
(I), then the submodule O(I") of A(I') spanned by I' over O, is an order of
A().

This proposition is proved in [1].

We shall now prove the following

PROPOSITION 2. Let I’ be a Fuchsian group of the first kind. Assume that
I' satisfies the conditions (1) and (II,). Then ky=Q(tr (y)|y<l’) is totally real.
Moreover, let ¢ be any isomorphism of k, into R such that ¢ + the identity.
Then ¢(tr (I")) is contained in the interval [—2, 2].

PrOOF. Take any y=I'. Let u and 1/u be the eigen-values of y. Let ¢
be any isomorphism of %, into C such that ¢ #the identity. Extend ¢ to an
isomorphism ¢ of k,(u) into C. We shall show that |¢(u)|=1. Suppose that
[¢(u)| #1. Then by the inequality

loCer (PN =1(@u))™+1/(pw)™ = | | g(u) |"—1/ | ()| ™,

the set {¢(tr(y™))|mez} is not bounded which contradicts (I[;). Therefore
|¢(u)|=1. By the equations

e(tr ()= P(w)+1/dp(u)= P(u)+$(u),

¢(tr (r)) is a real number contained in the interval [—2,2]. This shows that
k, is totally real and that ¢(tr (I)) is contained in the interval [—2, 2]. q.e.d.

PROPOSITION 3. Let I' be a Fuchsian group of the first kind. Assume
that I' satisfies the conditions (1) and (1I,). Then
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AN QR = M(R)YDHD - DH .
PrOOF. In view of the proof of in [1] by considering a

suitable conjugate group of I', we may assume that I" contains the following
two elements:

w 0 a, 1
70:( ) (wr=+1), 7‘1=( ) (c;#0).
0 ]./w ¢y dl

We shall show that K= k,(w) is a proper extension of k,. If %, is a proper
extension of @, then there exists an isomorphism ¢ of K into C such that
¢ |4 # the identity. ¢(w) and 1/¢(w) are the roots of the equation x*—¢(t,)x+1
=0, where f,=tr(y,). By we have |¢(%))| <2. Therefore ¢(K)
=¢(ky(w)) is an imaginary field. On the other hand, by O(ky)
is a real field. It follows that K does not coincides with k,.

If 2,=@Q, then ¢, is a rational integer such that |#,| >2. Therefore the
polynomial x*—#¢,x+1 is irreducible over Q. This shows that K is a proper
extension of Z,.

Consequently we have

w 0 a, 1
7’0:( :) (wzil)y 7’1:( ) (cl$06kl)’

0 w’ o al

and we see that

a b
A(F):AzK > a,beK},
b'e, a’
where a’ is the k,-conjugate of a.
LEMMA 1. Let ¢ be any isomorphism of K=k,(w) into C such that ¢|,, +

the identity. Then for any element rz(Z,c alf) of I' we have the inequality
L
|¢(a)| =1.

COROLLARY. Let ¢ be the same as in Lemma 1. Then we have ¢(c,) <0,
a, 1
G ay/:
PrROOF OF LEMMA 1. By [Proposition 2 for any r:(g, c aé) eI’ we have
1
the inequality |¢(tr (y-77)]=2. Then we have

P(tr (7-78) = plaw™)+p(a'w'™) = Plaw™)+P(aw™) = 2 Re (H(a)- p(w™)) .
In view of the proof of we see that |¢(w)|=1. Since w is not

a root of unity, the set {¢(w)"|meZ} is a dense subgroup of CV’={z=C||z|=1}.

Therefore we have |Re(¢(a)-z)| =1, for any 2= C®. It follows that |¢(a)| =1.
q.e. d.

PrROOF OF COROLLARY. Applying Lemma 1 to 7, we see that |¢(a,)|<1.

where y,=
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By the equation
det (7)) =a,a{—c,=1
we have

9[}(61): Sb(ala{)_l = l¢(a1)12_1 =<0.

By the fact that ¢, #0 we see that ¢(c,)<0. q.e.d.
Let {®;} (1=<i1=<mn,) be all distinct isomorphisms of k; into R, where we
assume that ¢, =the identity. Extend ¢; to an isomorphism ¢; of K= k,(w)
into C. Moreover we shall define an isomorphism ¥'; of A(I') into M,(C) in
the following way:
U,:a= (

a b
) — Ufi(a)—“— (

b'e, a

¢i(a) ¢1(b))
gi(b'e)  ¢ia)]

Then A;=¥,(A(I")) is a quaternion algebra over ¢,(k;). By definition of ¢; we
see easily that

ny
ANRQeR %iGjl (Ai®go1;(k1)R) .
Since we have

gla)=¢fa) (2=i=n),

A’:K;bi(cl) D

It follows from [Corollary| to [Lemma 1| that
Ai®¢i(k1)REH (2§l§n1) .

This completes the proof of

By Propositions 1, 2 and 3 k,, A(I") and O(I") satisfy the assumptions in
§1. Clearly, I' is a subgroup of I'(A(I"), O(I")). Since both H/I" and H/I'(A(I"),
O(I')) are of finite volume, I" is a subgroup of I'(A(I"), O(I")) of finite index.
This shows that I" is a Fuchsian group derived from a quaternion algebra.

we see that

a, bEgbi(K)} .

§3. Proof of Theorem 1.

In this section we shall prove Theorem 1 by making use of Theorem 2.

3.1. Necessity of the conditions (I) and (II,).

Let I" be a Fuchsian group of the first kind. Denote by I'® the subgroup
of I’ generated by the set {7’|y<I'}. Then I'® is a normal subgroup of I"
such that I'/I"® is of exponent 2. Since I” is finitely generated, I'/I® is a
finite abelian group of type (2,2, -+, 2). Therefore I'® is a subgroup of I’ of
finite index.
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In view of the proof of there exist two elements 7,, and 7,
of I" such that {1, 7o, 71, 70- 71} is a basis of A(I") over k,=Q(tr ()lyel’). It
is easy to see that we may assume that

TO - az ’ rl - 482 ]
where @ and 8 are hyperbolic elements of /. Since tr (a?)#0, by the equation
Bt—tr(p»-p+1=0,

either tr (a®. %) or tr (a®-B8*) is non-zero. Therefore without loss of generality
we may assume that
tr (a®-B*)#0. 5)

PROPOSITION 4. Let I' be a Fuchsian group of the first kind. Denote by
I'™® the subgroup of I' generated by the set {y*|ysI'}. Let ky=Q((tr (r))*lr<sl’)
and ky=Q(tr (P)|lys'®). Then k, coincides with ki.

PrROOF. Take any basis of A(I") over k&, of the form {1, «? S, & 5%}
where a and B are elements of [’ satisfying (5). Let A, be the vector space
spanned by {1,, &« B, a®- 8} over k,. We shall show that A, is a quaternion
algebra over k, and that A, coincides with A(/'®). The multiplication table
of the algebra A(/") with respect to the basis {1,, a® 8%, a®- %) is as follows:

\\\J 12 ‘ o? ’ ﬁz az'ﬁi*
1, ‘ 1, {‘ al B a? g
a? a’ ‘ ot - ‘82 at ‘82
‘82 ‘32 52' a? ﬁ4 ﬁz. az.ﬁz
az_‘Bz az_ﬁz az_ﬁz.az az_‘34 (az_‘@Z)z

For any y=I' we have
tr (%) =(tr (y))*—2.

It implies that &, is contained kj. It is easy to see that, , 8, a*- f* and o?- *
are all contained in 4,.

LEMMA 2. Let 0, and d, be two elements of I'. Then tr (6-02) is con-
tained in k,.

PrOOF. We have

tr (0f-08) = tr ((tr (9,)- 0, —1Lg)(tr (0y)+ 0, —1,))
=tr (8,) tr (8,) tr (9, 05)—(tr (9,))*—(tr (,))*+2.
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On the other hand, using the equation

tr (0;) tr (0,) =tr (0,- 0,)+tr (4,-657),
we obtain
(tr (0;-07"))* = (tr (6,))*(tr (8,))"+(tr (8, 8,))"

—2tr (0,) tr (9,) tr (0,-0,) .

It implies that tr(d,) tr (d,) tr (§,-0,) is contained in k,. Hence tr (6}-0%) is con-
tained in k,. q.e.d.
LEMMA 3. Let a, B be the same as in the definition of A,. Then an ele-
ment v of A(I') is contained in A, if and only if tr(y), tr(y-a™®), tr(y-87?)
and tr(y-B7% a™?) are all contained in k,=Q((tr (y))’|rel’).
PROOF. Let 7 be any element of A(/'). Then we have

7 =X, x84 1, 4 xa- B2

where x; (0=<:¢=<3) belongs to the field k.
Multiplying y by a™?, 7 and 872-a™? respectively and taking the traces,
we have the equations

tr (7) =2x,-+tr (a®)x,-+tr (B%)x,+tr (a®- f5)xs,

tr (7 a™?)=tr (a®)xo+2x,+tr (& 52, +tr (851,

tr (y- 878 =tr (B)x,+tr (a®- B7)x;+2x,+tr (a®)x,,
tr(y- B2 a ®)=tr (a® B*)x,+tr (B%)x;+tr (a®)x,+2x, .

Put
2 tr (a?) tr (5%) tr (a*- 8%
| tr (a?) 2 tr(a®- B7%) tr (8%
oty tr (e 87 9 tr(a?)
tr(a®-B%) tr(p% tr (a?) 2
Then
Xo tr (T)
D. X _ tr(y-a™?)
X, tr (y-B7%)

X tr (-7 a™®)

Now we shall show that the matrix D is contained in the group GL,(k,).
By Lemma 2 we see that D belongs to M,(k,). Considering x; (0=<i<3) as
variables, we can express the norm form of A(I") in the following way:
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nA(F)(T) =x3+tr (a®)xox,+tr (ﬁz)xoxz“l“tr (a? ﬁz)x0x3

Fxittr (@ B2)xx,+tr (B2)x x5+ x3+tr (@) x,x,+ 13

:—%-<x07 xly x2, X3)'D'

X3

Since A([') is a quaternion algebra over %, the norm form of A(I') is non-
degenerate. Hence det (D) is non-zero. This shows that D is contained in the
group GL,(k,). It follows that y is contained in A4, if and only if tr (y), tr (y-a~2),
tr(y-B7%) and tr(y-B7* a7?) are all contained in k,. q. e. d.

We shall show that 3’«® is contained in A,. By Lemma 2 tr(f%a®) and
tr (B2a?f%a®) (=tr ((faB?)*-a™?)) are contained in k,. Applying Lemma 3 to
B*a® we see that S°a® is contained in A, It follows from this that a®-*a®
and [’a®-8* are also contained in A,. Thus we have shown that A4, is an
algebra over k, such that

AsQki=A).

It is clear by definition that A, is contained in A(I™®). Take any yI'. We
shall show that 7% is contained in A, By tr (v, tr (y?a™%) and
tr (7?7 are all contained in k,. Considering the assumption (5), by the
equations

tr (y*f ") =tr (a”f% ") =tr (&*f ) tr () —tr («*F7),
(tr (a®Br))*=(tr (a**) tr (1) —tr (a®B%r~))?
= (tr (@) (tr (7))*+(tr (a®8%~))?
—2tr(a®f) tr (a?Br ) tr (1),

we see that tr (y?872a™®) is contained in k. We can apply to 7%
Hence we see that y* is contained in A,. It follows that I'® is contained in
A,. In particular, tr ({'®) is contained in k,. Therefore &, is contained in k,.
Thus we have shown that k; coincides with k,. This completes the proof of
By the way since A(/'®) is a quaternion algebra over k; (=k,),
we see that A,= AI"®). q. e.d.

PROPOSITION 5. Let I' be an arithmetic Fuchsian group commensurable
with I'(A, O) where A and O are the same as in §1. Then k,=Q((tr ())*|yel’)
coincides with the center k of A and A(['®) coincides with p,(A).

Proor. By the assumption there exists a subgroup [I'; of both I' and
I'(A, O) of finite index. By 2.1. §2 we see that £ coincides with the field



608 K. TAKEUCHI

Q(tr (p)|rerl’y). Moreover by we see that A(I',)=p,(A). We

may take I', as a normal subgroup of I'. Take any y<I'. Then 7 induces
an automorphism ¢, of I'; defined as follows:

¢r:2a—ytayel’,.

¢, can be extended to an automorphism ¢; of A(I',)=p,(A) in a natural way
which is the identity of the center k-1, of p,(A). By the Skolem-Noether’s
Theorem there exists an invertible element d, of A such that for any acp,(A4)
we have
a)= ,01(50)_1'6(- ‘01(50) .
Since we have
Px(A)®kR = Mz(R) ,
we have the expression
r=a- Pl(ao) ,

where a is a non-zero real number. By the equation
1=det (y)= a*det (p,(0,)) = a*n4(d,),

a® is a non-zero element of .. Hence y* is contained in p,(A4). It follows that
I'® is contained in p,(A). Therefore, A('®) is contained in p,(A) and k, is
contained in Z.

It is clear that
AT )Rk = p,(A).

By the assumption (1) of A, k, coincides with k and that A(["®)=p,(A). This
completes the proof of

We shall show that (I) and (II,) are necessary conditions. Let I' be an
arithmetic Fuchsian group commensurable with I'(A, O). Take any yel.
Then y™ is contained in p,(O) for some positive integer m. Let u and 1/u be
the eigen-values of y. Then u™ and 1/u™ are the eigen-values of y™. Since
tr (y™) is contained in O, u™ and 1/u™ are algebraic integers. Hence u and
1/u are also algebraic integers. It follows that tr () is contained in O,,. This
shows that I" satisfies the condition (I).

Let ¢ be any isomorphism of %, into C such that ¢|,, + the identity. Then
by k, coincides with & and hence ¢[,,=¢; for some ¢ (2=<i1=<n).
Extend ¢ to an isomorphism ¢ of k() in to C. Since y™ belongs to p,(A4),
o(tr (y™)) is contained in the interval [—2, 2]. Since ¢(u™) and 1/¢(u™) are
the roots of the equation

xP—(tr (y™)x+1=0,

we have |¢(u™)|=1. Hence we have |¢(u)|=1. It follows from the equations
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o(tr (7)) = Pp(u)+1/¢(w) = p(u)+P(u)

that ¢(tr (7)) is contained in the interval [—2, 2]. This shows that ¢(tr(I"))
is bounded. Therefore, I satisfies the condition (II,).

3.2. Sufficiency of the conditions (I) and (IL,).

Let I' be a Fuchsian group of the first kind satisfying the conditions (I)
and (II,). By we see easily that ['® satisfies the conditions (I)
and (II,) in [Theorem 2. By [Theorem 2 I'® is a Fuchsian group derived from
a quaternion algebra. Since I'® is a subgroup of I' of finite index, I" is an
arithmetic Fuchsian group. This completes the proof of [Theorem 1.

REMARK. In view of the proof of I' is an arithmetic Fuchsian
group if and only if I'® is a Fuchsian group derived from a quaternion algebra.

§4. Independency of the conditions (I) and (II,).

In this section we shall show that the conditions (I) and (II;) in our
Theorem are independent of each other. First we shall give an example of a
Fuchsian group which satisfies the condition (I) but does not satisfy the con-
dition (II,).

For any rational integer ¢ such that ¢=7 put A=2cos(x/q). Then the
field £;=@Q(A) is a totally real algebraic number field of degree 1/2-¢(29),
where ¢( ) is the Euler function. Let I'(2) be the subgroup of SL,(R) gener-
ated by the following two elements:

0 1 1 A
o2 el )
—1 0 0 1

I'(2) is introduced by E. Hecke in and is shown to be a Fuchsian group
of the first kind. It is easy to see that k;=Q(tr (y)|y<I'(2)). Since 2 is con-
tained in O,, I'(2) is a subgroup of SLyO,,). Therefore, we have tr(['(1))
C Oy, It follows that I'(2) satisfies the condition (I). Since I"®(1) contains
(ST,)*T{ for any rational integer m, we see that I'(1) does not satisfy the
condition (II,).

Now we shall construct a Fuchsian group which satisfies the condition (II,)
but does not satisfy the condition (I). For this purpose we make use of the
arithmetic Fuchsian group I'(A4, O) defined in §1. Let 2, A, O and I'(A4, O) be
the same as in §1. We assume that ##+@Q. Then A is a division quaternion
algebra over k. Hence H/I'(A, O) is compact (cf. e.g. [2]). It follows that
I'(A, O) does not contain any parabolic elements. Since I'(4, 0) is a finitely
generated subgroup of SL,(R), by Lemma 8 in [4] there exists a torsion-free
subgroup 1" of I'(A, O) of finite index. It follows that I is generated by 2g
(g=2) hyperbolic elements
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{aly ‘Bly 0[2, ‘827 Tty agy ﬂg} ’

which satisfy the unique fundamental relation
al"Bl'al_l'ﬁl‘l vee ag.ﬁg.a;l.ﬁglz [2 .

By considering a suitable conjugate group instead of /', we may assume that

[w 0 a, b,
,31:( , a, = (B2¢,#0),
0 w’ C1b1 a;

and that
a b
sl ]

a, beK} .
b al

For any non-zero real number u we put

u 0
a(u):al-( ) .
0 1/u

Then
lim a(u)=a(l)=«, .

u—1

Let I', be the subgroup of SL,(R) generated by 2g elements

{a(u), By, a5, 8oy -+, @, B},

which satisfy the following relation :

a(u)- Bra(u) ™ Bt ayBy- oy Byt - @y Byragt- Bt =1,

Since H/I' is compact, we can apply to I’ the theory of small deformations
which is proved by A. Weil in [6] Therefore, there exists a neighbourhood
V of 1 in R such that for any u in V I', is a Fuchsian group of the first
kind.

Now we impose on [, the following condition :

K=u and uu’ =1.

Then I', is contained in A. It follows that I, satisfies the condition (II,).

By the relation tr (a(u))=trg,(a,u), where trg,,( ) means the trace map of
K to k, if trg,(a,u) is not contained in O,, then I', does not satisfy the con-
dition (I). We need the following

LEMMA 4. There exists a sequence {u,} which satisfies the following con-
ditions:

(i) uy, is contained in K and uy-u,=1,

(i) limu,=1,

m—oo
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(iii) trg/e(un) ts not contained in O,
PrOOF. Let u be an element of K such that u-u’=1. Then by Hilbert’s
Theorem 90 we can find an element v of K such that u=wv/v’. Put

dy=(tr (B))—4=(w—w’)’.
Then K=~k(w)=Fk(+/d,). Since v can be expressed as follows:
v=>14++d, x)y,
where x and ¥ are elements of %k, we have

_ 14dx?+2xA/d,
U= 1—d,x? - (6)

Since trg,(a;)=tr («;) is contained in O,, trg,,(a¢;u) is contained in O, if and
only if trg.(a,(u+1)) is so. By (6), we have

trg(a,(u+1))= 2 trK/k(al);—_Zc(i?-I;Zal) Vd - x .

(7

Since % is a totally real algebraic number field of degree n =2, we can find an
element x, of O, such that 0<|x,|<1. For any positive integer m, put

1+d,x3m+2xm A/d,

u,, —
m 1—d,xt™

Then we see easily that {u,} satisfies the conditions (i) and (ii).
Since 7n,9(%,) is a non-zero rational integer, there exists an index i such
that |¢;(x,)| >1. Therefore, we have

i Conp 1% Pltrr(a))Fe(a;—a) V)P (x)™
lim 2, q(tra/s(@,(tn+1))=2"1im 11 B BTy RN e

=0.
On the other hand, by (7) we have

lim trK/k(al(um—I— 1)) =2 trK/k(al) +0.

m—oo

This implies that for any sufficiently large m, trg,,(a,u,) is not contained in
O,. This completes the proof of Lemma 4.

By this lemma we can give an example of a Fuchsian group which satisfies
the condition (II,) but does not satisfy the condition (I).

References

[1] K. Takeuchi, On some discrete subgroups of SL,(R), J. Fac. Sci. Univ. Tokyo,
Sec. I, 16 (1969), 97-100.



K. TAKEUCHI

G. Shimura, Introduction to the arithmetic theory of automorphic functions,
Publications of Math. Soc. Japan, 1971.

E. Hecke, Uber die Bestimmung Dirichletscher Reihen durch ihre Funktion-
algleichung, Math. Ann., 113 (1936), 664-669.

A. Selberg, On discontinuous groups in higher-dimensional symmetric spaces,
Contribution to Function Theory, Tata Institute, Bombay, 1960, 147-164.

A. Borel, Introduction aux groupes arithmetiques, Hermann, Paris, 1969.

A. Weil, Discrete subgroups of Lie groups, Ann. of Math., 72 (1960), 369-384.

Kisao TAKEUCHI

Department of Mathematics
Faculty of Science and Engineering
Saitama University

Urawa, Saitama

Japan




	\S 1. Introduction.
	THEOREM 1. ...
	THEOREM 2. ...

	\S 2. Proof of Theorem ...
	\S 3. Proof of Theorem ...
	\S 4. Independency of ...
	References

