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§0. Introduction.

Let @ be an involutive system of partial differential equations. The exist-
ence of (local) analytic solutions of @ is guaranteed by the Cartan-Kédhler
theorem. However the existence of differentiable solutions of @ has not been
shown as yet. Suppose that @ has only one unknown function of two inde-
pendent variables. The structure of such @ has been investigated in detail
by the author [5] In particular he introduced the characteristic polynomial
of @. The purpose of this paper is to prove the existence of C® solutions of
@ under the condition that the characteristic polynomial of @ possesses real
and distinct roots; We prove this by showing that the Cauchy problem for
@ with initial data on a non-characteristic curve possesses a unique C* solu-
tion. Since our existence proof may be a clue to showing the existence of C~
solutions of a general involutive system (satisfying some appropriate condition),
we have a good reason to discuss the existence of C* solutions of such sys-
tems as above.

In the case of a single hyperbolic equation of the second order with two
independent variables, it is H. Lewy who proved the result for the first
time. This result was extended to the case of a single hyperbolic equation of
higher order by H. Lewy himself and K. O. Friedrichs and completed by
M. Cinquini-Cibrario [I]. These results were proved by reducing the Cauchy
problem to that for a system of equations in characteristic form. They can
also be proved quite differently by reducing a given equation to a hyperbolic
system of the first order with several unknown functions (cf. Friedrichs [3],
Courant and Hilbert [2], Chapter V). By applying the theory developed by
the author [5] and the existence theorem of M. Cinquini-Cibrario [1], we prove
our result for an involutive system by the method given by K.O. Friedrichs
and H. Lewy [7]. From the proof it also follows that the value of the solution
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of the Cauchy problem at a point depends only upon the data on the finite
segment of the initial curve (the domain of dependence); it is given by the
segment of the initial curve cut out by the both outer characteristic curves
passing that point.

Every notions appearing in this paper are assumed to be in the category of
infinite differentiability although this assumption can be refined.

§1. The Cauchy problem.

Let @ be a system of partial differential equations of order m. Suppose
that it has a single unknown function of two independent variables. Let
(M, N, p) be a differentiable fibered manifold where p is the projection from
M onto the base space N such that dim M =3 and dim N=2, and let /™(M, N, p)
be the space of m-jets of cross-sections of (M, N, p). We denote by &(J™) the
sheaf of germs of differentiable functions on J™(M, N, p). @ is defined to be
a locally finitely generated subsheaf of ideals in £(J/™). The mapping p7 from
J™M, N, p) to J¥M, N, p) is defined by pp(j2(f)=74(f) 0<k=<m). We shall
denote popf by p™. Let (x, 3, z) be a coordinate system on a neighbourhood
U of M such that there exists a coordinate system (x’,y’) on pU satisfying
x=x'op, y=y'op. Then a coordinate system of /™M, N, p) on (of)™'U is
given by (x,, 2, Pix; 1=<i+k=<m), where p;,=0""*z(x, y)/0x*dy*, z(x, y) being
z-coordinate of a cross-section of (M, N, p). For convenience we shall write
Doj,o= 2.

The set of the integral points of @ is denoted by I®. Let X, be an inte-
gral point of @. Suppose that ®=0 gives a regular local equation of I®
around X,, and that one can take a system of local generators

Fa(xr Yy 2y 00y, pi,k; "') (léaér) ’ fa(xy Yy 2, o, pi,k! ) (léaét)

of @ on an open neighbourhood U of X, in such a manner that the rank of
Jacobian matrix O(Fy, -+, F;)/0(Pmye, =, Po,m) at X, is equal to r and that
0fa/0Pm-ps=0 1=<a=t, 0=<B<m) on a neighbourhood of X, in I®.

The prolongation p@ of @, defined on U =(pn*")"', is by definition the
locally finitely generated subsheaf of ideals in 8(CU) generated by F(l=a=r),
fo(l=a<t) and

0:Fa 0,Fa l=a=7r), 0.fa 0yfa 1Za=t),
where

-0 .3 0 9 0
a a Z p'L+1 k api,k a ay 2 pt,k+1 api,k

i+k=0

@ is said to be p-closed at X if (p@)zN\Ex(J™ is contained in Py, where X is



Cauchy problem for an involutive system 519

a point of /™M, N, p) satisfying pm“)?:X.
We shall introduce an integer which indicates, roughly speaking, the num-
ber of independent equations exactly of order m+1 in p@;

7’1n+1(X):1'3-nk a(axFl, ath Tty axFT; ayFr>/a(pm+1,o, pm,n Tty po,m+1)(-X) .

The criterion of involution given by the author ([5], I) is stated
as follows.

I. Under the above conditions, @ is involutive at X, if and only if the
following two conditions are satisfied:

() 7me(X)=r+1 on a neighbourhood of X, in ID.

(i) @ is p-closed at X,.

The characteristic polynomial of @ at X € I® is defined to be the highest
common factor of the polynomials

o) FQdym—FQdym'dx+ - H(—D"F@dx™ (=12, ,7),

where FP =0F(X)/0Dn-5,s (Kakié [6], §3). Let p,dy—p,dx be a real linear
factor of the characteristic polynomial of @ at X (u,, ¢, are supposed to be
real numbers). The direction of the line in To(N) (a=p™X) spanned by
Lo 0/0x+p, 0/3y is called a characteristic direction of @ at X. One of the
fundamental results concerning the involutive systems discussed here is the
following one (Kakié [5], ID.

II. Suppose that @ is involutive at X. Then the characteristic polynomial
of @ at X is of degree m+1—r.

@ can be represented by the following differential system on UC J™(M, N, p) :

fa:() (C(:1,2,"',t), Fa:() (a:‘lyzy"'yr)y
(Z(@)) dfa:O (a=1, 2; '”yt>y dFa':O (azly 2;""7>v
@30 =AdPs,p—Dis1,0dX—Dip121dY =0 O=ittk<m).

Remark that when @ is involutive at each point on U, the equations df,=0
are consequences of the other equations in X(®). A solution of @ is canonically
identified with a two-dimensional integral manifold # of 2(®) satisfying
dim (p™)«T(M)=2. An integral curve J of X(®) such that dim (p™)«T(J9)=1
is said to be non-characteristic if and only if the direction of the line (p™)x7 x(9)
is not a characteristic one of @ for each X € 4.

The Cauchy problem for @ can be transformed into the corresponding one
for 2(@). We shall now state our main result.

THEOREM. Suppose that @ is involutive at X, and that the roots of the
characteristic polynomial of @ at X, are real and distinct. Then for any non-
characteristic integral curve 9 of (@) satisfying dim (p™)«T(I)=1, there exists
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a unique two-dimensional integral manifold M of X (D) passing through I such
that dim (p™)+T(HM)=2.

A point on the integral manifold M is uniquely determined only by the
finite segment of the initial curve 9 cut out by the two outer characteristic
curves on M passing the point,

Suppose that @ is involutive at X,. We shall denote by v the degree of
the characteristic polynomial of @ at X,; v=m-+1—». When v=0, @ is com-
pletely integrable at X,; for each point X € I® sufficiently near X, one can
obtain the two-dimensional integral manifold of X(®) passing through X by
integrating 2(®) which is completely integrable. Hence our is
obviously valid. Note that the last assertion in it is vacuous. When y=1,
the differential system 2(®@) has one-dimensional Cauchy’s characteristics;
These characteristic curves are obtained by integrating a system of ordinary
differential equations (cf. Kakié [5], §7). Hence the existence of the solution
of the Cauchy problem stated above can be derived from that for a system of
ordinary differential equations. Therefore in this case our is again
valid. Thus it remains only to prove our in the case when v=2.
We shall prove it in the remaining sections.

§2. Monge characteristic systems.

We shall devote this section to recalling Monge characteristic systems of
an involutive system and deducing some propositions needed later on.

Let us consider @ which will be always assumed to satisfy the assumptions
of in the preceding section. Without loss of generality, we may
assume that the v distinct characteristic directions of @ in a neighbourhood
< of X, in IO are defined respectively by 0/0x+2,0/0y, .-+, 0/0x+2,0/0Y,
where the 4,’s are differentiable functions on /. Besides we shall assume
that @ is involutive at each point on <.

The characteristic system (of order m) of @ corresponding to the charac-
teristic direction defined by 0/0x+2,0/0y is defined to be the Pfaffian system
on <V which defines at each point X<V the annihilator in T%(J/™) of the
space

{( dx+2‘Pﬂ apmﬁ >+ <dy+2¢ﬂ ap ) Pp=p Pp=9s

annihilate the following functions of 2(m+1) variables g, ¢p

{ Po—p-1 0<B=m),

GO+ B R, L0+ B FPgs (=121

(+4)
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where

i 8 ,m., 39 i 8 . mi. 8
T = ox T2 Tl =y T Lo e,

(see Kakié [5], §4 (in particular Proposition 5) and §5). For brevity we shall
write [Fal.=dF(X)/dx, [Fal,=dF4X)/dy. The characteristic system corre-
sponding to the characteristic direction defined by 9/0x+4,0/0y is given by

[ dy—2dx, o, :éﬂ e3P -p s+a,dx+b,dy,

(2)1 1 .
dFa (azla 2;”.97,)7 a’ji,k <O§l+k<7n)’
where (¢}, ---, e*) is a system of differentiable functions on < satisfying
m ‘ m g —
ﬂ;}ebgo,s‘i'/zzﬁae#’ﬁ 0
0o—¢s  (0<B=m),
(3)L < mOd li m m ) ’
182 FPos, QE FP g Iga=r)
=0 =0
rank<F5:tB)’ e?x ﬁ:Oy 1, e, m l ’ azly 2’ Tty Tl-_)):rdi_l y
and alz—;‘;eégog, blz—ﬁzm) efdh in which 9%, ¢% are a system of functions on
=0 =0

Y annihilating () (see Kakié [5]). From the definition we immediately obtain

@ (B etesta)t A 3 eigstb) =0 (mod ().

Let us recall the following Pfaffian forms, which appear in the classical theory
of characteristic systems (cf. Goursat [4], Friedrichs and Lewy [7]):

QP ()= T (1P Q) gt TFelud,

m—1
QPA)="8 (~1P M) dm-p-1,p01 [ Falyx,
5=
where
ABA)=FPB—FPA 4 oo +(—1)PF® 0=p=m).
We obtain at once the following formulae:

(5) dF = 29D+ 2,29 (4,) (mod dy—A,dx, @;,; 0=i+k<m).

The rank of the Pfaffian forms 2(4,), 2¥(,) 1 <a<7) is equal to r+1. In
fact, since @ is p-closed at each point on <V, the mapping p2*' from I(p®@)N
(pm*)~1cy to <V is surjective. That is, the following system of linear equations
with the unknown quantities ppi-5,5 (0= B8=<m+1) has actually solutions:
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ISZ:)OF<E,>pm+1—[5,ﬁ+|:Fa]x:O , ﬂé)F(g)pm—ﬁ,ﬁ+1+[Fa]y =0 (a=1,2,--,7).

Hence the following is valid:

(F® F® ... fpm 0 [F1:)

0 FEO) e Fim*l) Ffm) [:Fl:]y
(6) rank | ceereereeiiiiiiiie e =rank D (Ol’l C(]) ,
FO FP--Fm™ 0 [Fl

L0 FP . Fmob Fw [F

where D is the matrix composed of the first m+2 columns of the matrix on
the left side of (6). Multiply the first column-vector of D by —2, and add it
to its second column. Next, multiply by —A4; the second column-vector of the
matrix thus obtained and add it to its third column. Proceed step by step in
the same way, then we have a matrix whose components of the last column
vanish. We shall denote by D(4,) the obtained matrix deleted the last column.
D(2;) is nothing else than the matrix composed of coefficients of dpn,-pz
(0<B=m) of the above 2r Pfaffian forms £’s. From the construction of D(1,)
it follows that rank D(2;)=rank D (on <V). On the other hand, since rank D
at X is equal to 7,4:(X), rank D=7r41 (see (ii) in I). Therefore equality (6)
implies that the assertion is valid.

III. The following two Pfaffian systems (i) and (ii) defined on €V are equi-
valent to each other in consequence of dy—2,dx=0, &,;,=0 0=i+k<m):

G o, dF, (a=1,2,--,7).

(i) 2¢@Q), 2¥A) (a=1,2, -, 7).

This fact clarifies the link between our definition of characteristic systems
(i) and the classical one (ii) (cf. Goursat [4], Friedrichs and Lewy [7J)).

PROOF. As we have already shown, the Pfaffian systems (i) and (ii) have
the same rank r--1. Hence on account of (5), in order to complete the proof,
it suffices to show

7 o, =0 (mod dy—2,dx, 2P (,), QPA,); 1<a < r).

This is derived from (4) as follows. If we replace the variables ¢; and ¢ in
(4) respectively by

Po—APpat - (=) PO (=) ),
and

Op— Mgt - 'JI‘(*ZL)m_ﬁSbm,

then the expression on the left side becomes
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®) (BTt ad +A LS (1P TR+

where
TH)=p—daf+ - +(—1Pel  (0=p=m).

After replacing ¥ and ¢p in (8) by ¢s/& and ¢/ respectively where & is an
indeterminate, multiply the expression by &. Let us substitute dpn-p,p,
dpm-p-1,8+1 and dx into ¥, ¢s and & in the obtained expression respectively.
Since we have the relations

M)=e, (1T +A(-1 T Q)=e 1=p=m),

the expression becomes the Pfaffian form w, if we take into account dy=4,dx.

Besides, since 4%(1)=0 (1< a<r), we find at once that, by the same pro-

cedure as above, the expressions in (x*) become 2%(1), R¥QA) 1= a<Zr).

Therefore we obtain (7). Q.E.D.
Let us associate with I'7*(2) the polynomial

9 ady™—ejdy™ 'dx+ .- +(—1)"epdx™.

We find it convenient to denote by G, -+, G, and R, the r polynomials (1) and
(9), respectively in which dy, dx are replaced by &, 7 respectively. Then it
follows from (3); that

(10) §R,—AnR,=0  (mod £Gy, Gy, -+, Gy, Gy .
From the I it follows that, using the same notation as in Appendix,

dim {£G,, 7Gy, -+, G, 96y =dim <Gy, -+, G +1.
Hence implies that

dlm <EGla 77G1) Tty EG‘H ”Grs SRly 77Rl> =dim <Gly "ty G’ry RL>+]— .

Since dim <Gy, -+, G,, Ry =741 (see (3),), applying [Lemmal in Appendix, we find
that the highest common factor of G,, ---, G,, R, is of degree v—1 (v=m+1—7).
Moreover can be written in the form

E=4mR=0 (modG,, -, G).

Noting that §—4,% is a common linear factor of Gy, ---, G,, we conclude from
this that the highest common factor of G, -, G,, R; is obtained from that of
Gy, -+, G, by excluding the linear factor £—4;». This fact enables us to deduce
the following result.
1V. For each integer h=1,2, ---, v,
F®la=12,-,7r|
rank ; 3=0,1, -, m— |=r+h (on V).
ef |1=1,2, -, hl

l
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PRrROOF. Since by assumption 4, (1<[=<h) are distinct from one another,
the fact above explained implies that the highest common factor of r+# poly-
nomials Gy, -+, G,, Ry, -+, R, is of degree vy—h; it is obtained from the highest
common factor of Gy, -+, G, by dividing it by the factor (§—4,%) -+ (§—2,%) of
degree h. On the other hand, we can prove that

dim G 7Ga ER;, R, 1S a=r, 1S5 h)
=dim <Gy Rj;1=5a=r, 1=7=hH+1

by induction on 4. Hence, applying in Appendix to the r-+A polynomials
G., R;, we obtain the desired result. Q.E.D.
We finally give the following result needed later on.
V. For any A; which is distinct from 2, the following is valid:

(Z (1P THA) Dt a1} 2l B (LY TPt i)

=0 (mod 292y, L¥(4); 1=a=r) on V.
PrOOF. The fact already shown indicates that 4; is a root of the equation
I'r(Ay=a2m—eld™ - - +-(—1)"epr=0.

Hence by repeating the same argument as in the proof of III, we can deduce
from (4) the desired result. Q.E.D.

§ 3. Reduction the Cauchy problem for @ to that for a system
of equations in characteristic form.

From now on we shall always assume that v=2 (see the last part of §1).
Let # be the solution of the Cauchy problem for @ with non-characteristic
initial curve J; H is the two-dimensional integral manifold of X(®) satisfying
dim (p™)«T(M)=2 and passing through 4. It will be supposed that % is con-
tained in the neighbourhood <V of X, (see §2). Such integral manifold # is
generated by each of the v distinct families of one-parameter characteristic
curves; Those families are defined respectively by dy—A,dx=0, ---, dy—2,dx
=0. Let us consider the tangent line to the initial curve 4 at a point X on
J; more precisely, consider the line (p™)«Tx(J) in To(N) (a=p™X). If the
line is rotated by straight angle, its direction coincides successively with v
characteristic directions of @. We shall call the two characteristic directions
with which the direction of that line coincides firstly and lastly the outer ones

(with respect to J), and the two corresponding characteristic curves (on %)
the outer ones.
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Instead of the coordinate system (x, ¥), we introduce a coordinate system
(6, 7) on M such that the both outer characteristic curves on # are given by
o=const. and 7 =const. respectively. We shall suppose that the outer charac-
teristic curves are defined by dy—A4,dx=0 and dy—2A,dx=0 respectively. When
x, ¥ are considered as functions of o, 7, they satisfy the equations

oy ox 0y 5 0x _
oo Mg, =0 A =0,

where 4,, 4, denote their values on # which are regarded as the functions
of x, y.
The manifold .# can be represented by

(11) (X(O', T), y(”v T); 2(07 T), pi,k(gx T) ; 1 ~<_: Z+k é m)

where ¢, 7 varies in a2 domain in two-dimensional space. Let 4 be defined by
the equation 7=g(s); that is, J is defined by in which 7 is replaced by
g(o). From the definition of the coordinate system (o, ) we have g/(¢) <0.

We shall denote by the superscript ¢ or 7 the derivative with respect to
the parameter ¢ or ¢ respectively. Moreover, for each 1, (1=<[/<v), we set

%:AZT%%—BZT%—, where A,=2 9% g (D _;0xY,

and we write f%=df/dt, for a function f of ¢, 7. It should be noted that the
derivative d/dt, has the definite meaning only when x, Y, z, p;,, 1=1+k=m)
are given as functions of ¢, 7, and that if we consider d/dt; on the manifold
M represented as above, d/df;, defines the vector field on # along the charac-
teristic curves defined by dy—A4,dx=0.

We are now in a position to deduce equations satisfied by defining
the integral manifold . Since dF,=0 (1=<a=<r) on M and pZi—Dis1,6%° —Di,kr1)°
=0 (0=i+k<m), we have

‘éOF(@pgn—ﬁ’ﬁ—I_EFa]rxg‘*‘[F‘n]yy":O (a:: 1’ 2, e, 7’) .
If we replace s and ¢p in (4) by 0pm-5,3/0x and 0pn-p,s/0y respectively and

furthermore 2, in it by ¥*/x%, then the functions obtained from (%) vanish on
M, and hence we obtain

ﬂgoeqp%—ﬁ,ﬂ+azxtz+blytl: 0 (I=1,2,--,v).

Consequently, defining the integral manifold <% of X(®) must be a solution
of the following system of differential equations :
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ya_zlxa:O’ yf__lyxz'zo,
Ui, e =D Dis1,6X7—Di,p11Y° =0 0=i+k<m),

(12) i F(%)pgn—ﬁ,ﬁ+[Fa]xxa+[Fa]y.ya:O (C(Zl, 2’ XTI 7-) ,
B=0

ée%fﬁ—ﬁ.ﬁaﬂ”-%y”:o (I=1,2, -, ).

We shall from now on regard this system as that defined on an open set U in
J™(M, N, p) by extending the functions e;, a;, b, on €V to those on U.

Conversely, let us consider the Cauchy problem for [(12). Assume that a
curve in the (g, v)-space is given and it is defined by the equation 7=g(o)
(6p<0<0,) with g’(6)+#0. Let a system of functions defined on ¢,< o< g,
be given as follows:

(13) (X(0), Y(0), Z(0), Piu(0); 1=i+k=m).

We assume that defines a curve in U. The curve defined by is an
integral curve of 2(®) if and only if F, (1<a=r) and f, (1Za<t) vanish
on it and satisfies the strip conditions

Pz{,k(a)_Pi+1,k(U)X/<O')_Pi,kﬂ(o')Y/(O') =0 O=i+k<m).
Besides it is a non-characteristic integral curve of (@) if and only if
Y/(O')_RLX/(0->¢O (lzly 2y Ty D),

where the variables in the A4,’s are supposed to be replaced by their values
given by [13).

By the Cauchy problem for [12) with initial data we mean the problem
of finding the solution of such that its value on the curve z=g(s) coin-
cides with [13); x(o, g(0))= X(e), ¥(s, g(6))=Y(0), and so on. The Cauchy
problem for @ can be reduced to that for [I2Z). In fact, combining the method
of Friedrichs and Lewy with the results we have deduced, we have the
following proposition.

VI. The solution of the Cauchy problem for with initial data
defining an integral curve of X (D) gives the two-dimensional integral manifold
M satisfying dim (p™)«T(M)=2 passing through the curve defined by [13).

PrOOF. What we must prove is the following two facts:

(a) The functions F, (1< a<7) and f, (1 <a<t) vanish for the solution.

(b) The solution satisfies the strip conditions

ai,k:d.bi,k_piﬂ,kdx_pz‘,kndy:0 0=Zi+k<m).

We first prove (a). The equations in [12) imply that the derivative, with
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respect to the parameter ¢, of each function F, in which the variables are
replaced by the solution vanishes. Since the F,'s vanish for the initial data,
this implies that the F,’s vanish for the solution everywhere. Now the fact
that @ is p-closed at each point on €V implies that

dfaEO (mOddji,k (0§1+k<m)7 fl)""fty Fly '”’FT) (azly "'yt)'

Hence for the solution we have
fZEO (mOdfly"'yft) (a:172""1t)'

Since f,=0 for the initial data, the f,’s vanish everywhere for the solution by
virtue of the well-known uniqueness theorem concerning linear homogeneous
ordinary differential equations.

Let us now prove (b). Since the solution satisfies ‘U, ,=0 (0=i+k < m),
it suffices to prove that the solution satisfies

TUz‘,k:pf.k—piu,er—pi,kﬂyr:0 0=itk<m).

We shall denote by “U¢, the derivative of “U,;,, with respect to ¢ and by U3,
that of U, with respect to z. For simplicity we shall write A=4,. By
simple calculation we obtain the relations

(14) U= Ul = PiaaX "+ D5 k1Y — Dp X —Plpny™ (0= i+E<m).
Since °U,,,=0 for the solution, implies that the following relations are

valid for the solution of [12):
1

xl'

(15)  Phopst scpion=— e Usorpp -+ e (Dot Dircsppnd”)
(=0,1,--,m—1).

Furthermore, using the relations similar to [(14), we obtain the following
equalities valid for the solution of [12):

(16) D—p st ADR1op g = — xci TU;’n—l—ﬁ.ﬁ'!'Tl{'(p:n-ﬁ,ﬁx 1,541 YY)

(1211 2: e, Y, 48:0; 1y Tty m_l)y
where

a=(x" —xy)/(xy—x7y°)  (+0).
From equalities it follows that for the solution of
a7 Uin=0 (modU;,;; 0si+k<m) (0=Zj+h=<m—2).

Replacing P55 by the expressions given by successively from B=0 to
B=m gives rise to the equalities satisfied for the solution
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3 @t L adex HLFo1," = = (S (D A Uoaopg)

xt’

e LU B (1P A (D LF ")

+ya{;§<~1>ﬂda<z>p:n_1_ﬁ,ﬁ+[FaJyxf}J (@=1,2,,7).

Hence the solution satisfies

(18) ;g)l(—-l)ﬁdg ('2)7 (7,"4"1“19'3:xt’g&x)(l)_’f—y”ﬁ&y)(l) (C(: ]-7 27 E) 7,) ’
where @’s represent the values of the Pfaffian forms 2’s in which APm-p,5, dx, Ay
are replaced by ph-gg X7, ¥° respectively.

On the other hand, by IIl and (a) already shown, it is easily deduced that
the following are valid for the solution

(19) 3PQ), PQ)=0 (modU,,; 0=i+k<m) (a=12,,7).
Hence from we have

(20) :il(—1)ﬂdg(z>ngn_l_ﬁ,ﬁzo (mod*U, ,; 0Si+th<m) (a=1,2, 7).
=0

In the similar manner, from another group of equations in we can
deduce the following equalities satisfied for the solution

B CDPTHAF Usrcpp = (U (D TP gt 00"}
S D D Thx}] (=12, 1),

By virtue of V, we find that the terms on the right side can be expressed as
linear combinations of 2§(2), 2%¥(2) 1=a=<r). Therefore, on account of [19),
we conclude that the following are valid for the solution:

21) ;g:(—l)ﬁfé(l)fUa_bﬁ,ﬂzo (mod U, ,; 0=Zi+k<m) (I=1,2, -, v—1).

The matrix composed of the coefficients on the left side in the equations (20)
and (21) is constructed from the following matrix in the same manner as in
constructing D(4) from D (see the argument below (6) in §2):

(F(ﬂ’;)

ef

C(-Zl, 2a "'srl

; f=0,1,-, m—|.
121,2,"',1)_11 ‘8

Therefore IV indicates that both matrices have the rank m.
The system obtained by adjoining [17), (20) and (21) forms a system of
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linear homogeneous ordinary differential equations with unknown functions
“U;r (0=<1+k<m); The matrix of its coefficients has non-zero determinant.
The initial values of the “U;,’s vanish, for the “U,,’s vanish and the strip
conditions toward the direction tangent to the initial curve = g(o) are satisfied.
Consequently the uniqueness theorem asserts that "U,; (0 <i+k<m) vanish
everywhere. Thus we have proved (b). Q.E.D.

§4. The existence theorem.

In completing the proof of our [Theorem| we shall use the existence theorem
established by M. Cinquini-Cibrario [1]. Let p, g, p; (1<i<¢) and a;, (3<j<n,
1=s=n) be differentiable functions defined on a domain W in the space of n
variables u,, u,, -, #,. We shall consider a system of non-linear differential
equations of the first order with » unknown functions u,(o, 7), ---, u,(0, 7) of
two independent variables o, 7 :

ou, _ _ ou ou, _ ou
801 =0 602 ’ 81'2 =H 81‘1 ’

n ou, . R
3231 ajs—aT)._—O (]_31 4! y h)y

Dge=0  (G=htl ht2, k),
s=1 T
(22)

i ajs dtl :O (]:k+1y k+2’ Tty ll)!

i a’js-m:o (]:11+11 lz+2; Tty lZ) y

where h, k, [; are integers such that A<k <[, < --- =[,_;<n and the derivatives
d/dt; are defined by

d 0 0
at, =g T B
where
ou ou . o0, ou,
(23) Alz 82‘2 —pt afl , Bl-——‘—< ao_ _p‘l. ao_ ).

Note that the derivatives d/df; have the definite meaning only when the u/s
are given as functions of o, 7.

Writing 4=det (a;,; j=3,4, -+, n, s=3,4,-,n), we shall suppose that
the following conditions are satisfied:
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(24) 40, 1—pu+0, 1—p;p+0, p—p;#0, p,—p;#0 (i#])
on W (1,7=1,2,-,q).

Consider the curve 7 in the (g, v)-space defined by 7 =g(c¢) with g/(¢)#0
(6,<0<0;). Let Ua), Uyo), -, Uy(c) be n functions defined on ¢,< o< 0,.
Suppose that each point (U,(0), ---, U,(g)) belongs to W. Moreover suppose
that the following conditions are satisfied:

Ulo)—pUxo)#0, Uyo)—pUi(o)#0,

Ui(o)—p;Uso)#0 (i=12,-,9) for g,<o<o0,,

(25)

in which u,, -+, u, in p, g, p; are supposed to be replaced by U,(o), --+, U,(0)
respectively.
The Cauchy problem for the system (22) is the problem of finding the n

functions u,(o, 7), -+, u,(o, ) which satisfy (22) and which also satisfy the
condition on 7y
(26) u (0, g(a))=Uy(a), -+, Uun(0, g(0)) = Ux(0).
By differentiating the first two equalities in [26), we have
a a /7 a a V4
SAtg o)y S =Ulle), 5rttgle)ygt=Uie) onr.

On account of the second inequality in [24), these two equations and the first
two equations in (22) determine the values 0u,/dg, 0u,/0t, 0u,/de, du,/0t on
7, and hence the A; and B, defined by are determined on y by the given
data as known functions of ¢; in particular, the ratios A;:B; are also deter-
mined on 7. Each of such ratios determines at each point on y a direction in
the (o, 7)-space. We shall assume furthermore that the following condition is
satisfied :

(27) At each point on the curve y, all the q directions defined by q values
i (1=<1=q) are situated on the same corner formed by the two lines parallel
to the o, © axis through the point and the tangent line to y is situated on the
supplementary corner.

M. Cinquini-Cibrario proved the following theorem by the method of
successive approximation.

EXISTENCE THEOREM. Under the conditions [(24), and (27), the Cauchy
problem for (22) with initial data on 7 possesses a unique solution u,(o, 7),
-+, Uy(o, T) in a sufficiently small neighbourhood of y. Moreover the values of
u(a, ), -+, uy(o, t) at a point depend only upon the initial data on the segment
of 7 cut out by the two lines parallel to the o, t axis through the point.

REMARK. Although M. Cinquini-Cibrario proved the existence of C* solu-
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tions whose second derivatives are Lipschitz continuous, the proof can be com-
pleted in order to show the existence of C* solutions.

We are now in a position to complete the proof of our [Theoreml By the
fact VI, it is sufficient to prove that the above existence theorem can be
applied to the Cauchy problem for the system [12) The system [12) is
essentially of the same type as the system (22); If we denote the unknown
functions x, ¥, 2, p;,, (1=1+k=m) and the functions 4;, 4, -+, 4,-;, 4, respec-
tively by uy, Uy, -+, U, and p, py, =+, pg, L/t (n=2+(m+1)(m+2)/2, g=v-—2),
the system becomes a system of the form (22). The condition correspond-
ing to is satisfied, for it is nothing else than the condition that the curve
defined by the initial data is non-characteristic (cf. the argument around
in §3). For any given initial curve of the Cauchy problem for X(®), we can
choose such a coordinate system (o, 7) that the condition corresponding to (27)
is satisfied (cf. §3). Hence it remains only to show that the condition corre-
sponding to is satisfied. Using proposition V in which A=y, we readily
see that the determinant corresponding to 4 does not vanish. The other con-
ditions in are obviously satisfied, for 4, 4,, -+, 4, are distinct from one
another. Thus we have proved our [Theoreml

Appendix. An algebraic lemma.

Let K be a field. Let us consider » homogeneous polynomials in two in-
determinates &, 7:

Pa(a v):aéa)gm—*"aid)ém_l)?_l— +a§,‘f’77m (a:l, 2, e ‘i’),

where a{® e K. We shall denote by (P, P,, -+, P,> the vector space spanned
by the polynomials P,, P, ---, P, over K in the polynomial ring K[§, »] and
by (P, P,, ---, P,) the highest common factor of the polynomials P,, P,, -+, P,.
Under a certain condition, we can give a method of calculating the degree
of (P, P,, -+, P,).
LEMMA. Assume that

dim <$P1, 77P1y Tty EPT) 77PT>:diﬂl <P1; Tty P7‘>+1 .
Then
deg (Ply Tty PT>:m+1_dlm <P1’ Ty P'r> .

(For the proof, see Kakié [5], §3, Lemma 2.)
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