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Let {(s) be the Riemann’s zeta-function. It is famous that {(2v), 0<veZ,
is represented in terms of Bernoulli number and z** and so is rational up to
n*. But the numerical nature of ¢(2v+1), v=1, has long been unknown.
As far as the author knows, only Ramanujan’s formula® is one involving
C(2v+1).

Let X be a non-principal primitive character mod 2 and L(s, X) a Dirichlet
L-function associated with X. Then it is known that L2y, X), v=1, for even
X and L(2v+1, X), v=1, for odd X are represented by the generalized Ber-
noulli numbers in the sense of Leopoldt up to #* and =**!, respectively**®,
Analogously to the case of {(s), the numerical properties of L(2v+1, X) for
even X and of L(2v, X) for odd X are unknown. Thus we are naturally led
to ask “Ramanujan’s formulas” for these values.

Now the purpose of the present paper is to formulate and prove “Rama-
nujan’s formulas” for L-functions. Put

E—
Ty= S ARy,
h=0

Then for any n >0, we have

, N
(0) ATy = X Uyeernss,
h=0
We define, for 0< ae Z and for x>0,
Fia,x =3 Xm 1

= me e T _]

and
ez::nxh/k

k—1_ ©0
Fya, x, )= I?:OX(h)ngl 7,3:0, T -

Then our formulas are formulated as follows:

*) See for example [2].
**) The value L(1, X) with odd or even X is given in finite type at p. 336 of
Borevich and Shafarevich’s book “Number Theory, Academic Press, (1966)”.



Ramanujan's formulas for L-functions 235
€)) X (non-principal): even, v=0;
5 L@+, D+ Fy(2+1, x, D= (2T Fy@v+1, 27, 2)
=B (~D AL+ DL 2, ),
(2) X:0dd, v=1; g
- L(2v, )+ Fy2v, 5, D)~ (@x)» T Fy2, 17, )
- n“‘jiz—_)ll(——1)”x27“C(2j+2)L(2v——1—2j, 1.

Note that the formula (1), taken X to be principal, does not give Rama-
nujan’s formula for (2v+1) because of the orthogonality of X.

In his letter dated October 4, 1972, Professor C. L. Siegel kindly showed
the author a simple proof of Ramanujan’s formula for {(2v+1), v=1, based
on the following two identities:

(nZ)u__(_mzxz)v

3 nP—(—m’x?) = n*)" 4+ () A (—=mPxB) 4 e A (—mPaP)
ol 1 _r 1 7 1
) El PR e N PR TN

Also he suggested the author that his method will work well in proving (1).
It was an easy matter to derive (1) and (2) following him. The author ex-
presses here his hearty thanks to Professor Siegel for his kind suggestion.

We shall prove (1) and (2) following Siegel’s idea**®*. Then besides (4),
we need the following:

ez:mr . 1 . 1 co ezm‘nu e—zm:nu
®) e —1 — 2zx 2wl nzl{ xi+n Xi—n }’
0<u<l.
A proof of this (and also of (4)) can be seen in C.L. Siegel [3], pp. 35-36.
LEMMA 1.
T2 & 1 & X
n'x n§1 ne-? mgl nzxg?—ni-)m2 Jor even X,
F2(a7 xy x) = '
_ Tz b 1 » mx(m) for odd X.

Tl o= nt 2, nixi+mt

Proof is by the straight-forward calculation; namely, we have, by (0),
(5) and the orthogonality of %,

**x) After reading the first version of the present paper, my student Miss Ameno-
mori got a proof of (1) and (2), by the function theoretic method as was employed
by Grosswald in [1].
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F2(a’ xr X) =

X(m) X(—m)
27rz = 1 = 1{ nxi-+m + nxi—m }

If X is even, i.e., X(m)=2X(—m), the last sum is equal to

2nsz(m)

| _n2 m2

and if X is odd, i.e., X(—m)=—X(m),

—2mX(m)
. “nixi—m?

m

Thus we get the Lemma.
We have by the definition and by (4),

—1 & & X(m) 1 1
(6) 2x1 = nzz", met U mxi+n + mxi—n }
RN 4¢/)) 1
—mgl ngl m® mix24-n?

:_fc_F(aH x, X)+—o— 2 L(a+1, X)— - L(a+2,%).

It is necessary to prove the order of m, n of the first double sum can
be changed. For a=2, the sum is absolutely convergent and we can change
the order of m, n of the sum.

LEMMA 2. Let u, v be real numbers such that 0<u<1, 0=v<1. Then
the order of m, n of the sum

) i ﬁ X(m)QZ:i(mv+nu)

m=1 n=—oo m(mxl+n)
can be changed.

PROOF. Our proof goes on an analogous way to Siegel’s estimation for
a certain double series in [3], pp. 31-32.
We consider the following partial sum

mg X(m) ez:rimv ng ez:rinu
8 : .
®) m:zml m nen; MXi+n

First take n, > 0. Putting

eZﬁ‘lku

Ck:W for any kEZ,

we have

ezm’nu — Cn+1_cn
and

lcnl:llvezmu l=a ’

which is independent of n. Then
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(8) _ % x(m)e2rrimv ng Cps1—Cn

m=my m neny MXItN
_ mo x(m)ez"lm'v 1 1
~—mzn:u {n n1+1cn mxi+n—1  mxi+n )
CTL2+1 — Cnl }
Ny+mxi n,+mxi
Here
Cnyt1 < 44
Net+mx1 |~ N,
and
_x
/ Cnl '\/2‘
(8) n+mxi |7 (mnx)Y? "
Further, we have
1 _ 1 _ j” dy
mxi+n—1 mxi+n |7 |J s (;H—mxi)2
<jn 7 +m x®
Thus
$ Cne1—Cn __ G 1 _ 1
n:EWI mxi+n ~n:n21+16"< mxi+n—1 mxi-+n )

+ Cn2+1 _ Cnl
ny-Fmxt n,t+mxi

is majorized by

_a
V2 T dp
(man,)*? n—n1+1 no1 pEmix?

Letting n,— oo, we majorize this by

_a a
V2 ©_ dp V2 a mx 1°
~(mxn,)'”? +ajn1 T T (man)?® T mx [arc tan 7 ]m'

%n <arctan x < in and

Since arc tan is a monotone increasing function, — 5

arctan x < x for x>0, we see that
x 7* . 1 mx
< Min (-5r, —
]ﬂ.l : ( 2 4 nl )

1 mx
<\/7” 7

[arc tan

Thus we get
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@

mx 1T _ a 1 r mx _ vVra 1 1
X ] <

ny XM 2 n Vox  mY* oal? o

—nll—[arc tan

For —n,<—n;<0, we have the same estimation for the partial sum (8).
Then letting m, =1, m,—co, we see that

. o N3 X(m)ezzi(mv+nu)
@ mZ__)l _Z“:l m(mxi+n)

< B mom) |y 2
m=1
with some constant . The left hand side of this is equal to

M=, 3 3 e,
Tending 7, to co, we get our Lemma.

In the above proof, we replace m by |m| in the formula (8) and in what
follows and also replace 2. by Z . Letting m;— —co, m,— +co, we have
the following " e

COROLLARY 1. The order of m, n in the sum
o x(m)eZn'i(mv+nu)

D

mEZeo na—ee  m(mxi4n)

with 0<u<1, 0=2v<], can be changed.
Also in the same way as above, we have
COROLLARY 2. The order of m, n in the sum
o o x m ez::i(mv+nu)
5 5 (m)

— e  mimxi+n)

with 0<u <1, 0=v<1, can be changed.

We prove our formulas (1), (2) only on the basis of and Corol-
lary 2. Then as a result (start with the sum over m, n in this order in the
proofs of (1) and (2) below), we have the following

COROLLARY 3. Let X be a non-principal character. The order of m, n of
the sums in Lemma 2 and Corollary 2 can be changed for u=0.

(i) Proof of (1). Here X is assumed to be even. Multiply both hands of
(3) by X(m)(mn)"®* and sum over all positive integers n, m in this order.
Then we have

- ] w0 o m
(9) Z:: 2 mzy(nx,lg;nz)+7lz) —(lx)z”E 2 nZu(n)g(_i_y)nzxz)

m=1 n=1 m=1 n=1

= L(2v, )C(2)+(—x?)L(2v—2, X){A)+ -+ +(—x)""1L(2, X){(2v) .

The second double sum of the left hand side is equal to
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ez::imh/k

1 k-1 _ © oo
?T? h;g X(h) E 21 nzvr(nz‘/xz_{,_mz) .

m=1 n=

By (m, n, w in the Lemma are now n, m, h/k) and the remark men-
tioned just before we can change the order of m, n of the above
sum. Then by Lemma 1|, the second sum of (9) is equal to

' T7'nxF,(2v+1, x4, X).
By (6), the first sum of (9) is equal to

1
%Fl(Zu-l—l, x, %) +—2”7L(2»+1, 0= L2v+2, 7).
Putting these in (9), we have
T T 1
TF1(2U+1, X, X)+—2x—L(2v+1, x>—wL(2D+2, X)

(—x%)'xx

-+ F,2v+1, x71, %)

=:§_:<—x2>fc<21+2>L<2»—21, X) .

For the case v=0, the last sum is not necessary. Using C(0)=——%—, we

have the formula (1).
(ii) Proof of (2). In this case, X is assumed to be odd. Multiplying

both sides of (3) by X(m)m(mn)=* and sum over all positive integers n, m in
this order. Then we have

(10) 'm§1 7?:31 m2u-—1 n2+m2x2 xZ mZ:1 nE:l n2u m2+(n2/x2)

_ :_El(xi)”C(Z L L(2v—1—2], ).

=0
The second sum for v=1 is equal to

T—\k_l“ h o) 1 oo/ ez::inh/lz
7,2 W 2 e 2 Ty

Note that the term corresponding to 2 =0 vanishes. By Corollary 2 to [Lemma
2 (m,n, u in the Lemma are now n, m, h/k), we can change the order of m,
n in this sum. Then returning to general v, by [Lemma 1, we see that the
second sum of is equal to

n'%_FZ(zyy x_lv X) .
%

Further by (6), the first sum of is equal to
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P2y, 5, 1)+ 5 L(2y, D= 5 L@o+1, 7).

Putting these in [(10), we get our formula (2).

The case v=0 in (1) is interesting in connection with Ramanujan’s arith-
metical function z(n). In fact, we can define arithmetical functions, analogous
to z(n), which are to be called “Ramanujan’s z-functions with X”. We shall
deal with these functions in a forthcoming paper.
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