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Let L be the first order infinitary logic L., (cf. Feferman without
individual constants or function symbols, ¥V an unary predicate symbol not
in L, and L(V) the first order logic obtained from L by adding V as a new
predicate symbol. For any formula A in L, we denote by A%, the formula
in L(V) obtained from A by relativizing every quantifier in A by V. Then,
we have

RELATIVIZATION THEOREM. Let A, B be any sentences in L. If Fv)V(v)
EV)A"DB, then there is an existential sentence C such that IZADC and

;;C:) B. (Cf. Motohashi [5].)

This theorem is a syntactical counterpart of Los-Tarski’s theorem on ex-
tensions in model theory.

In this paper, we shall extend this theorem to a form which can be
considered as a syntactical counterpart of Chang-Los’ theorem on w-ascending
unions (cf. Chang [I]), Keisler’'s theorem on unions (cf. Keisler [3]) and
Nebres’ theorem on unions (cf. Nebres[8]). To accomplish this purpose we
use a binary predicate symbol U(x, *) instead of the unary predicate symbol
V(x) and a two sorted first order logic L(U), which has two kinds of (indi-
vidual) variables such as x, v, --- (free variables of type 1), u, v, --- (bound
variables of type 1), @, B, --- (free variables of type 2) and &, %, -+ (bound
variables of type 2). We assume that every variables in L is of type 1 and
every atomic formula in L(U) has one of the forms: U(a, x) or P(xy, -+, x,),
where P is a predicate symbol in L. For any free variable a of type 2 and
any formula A in L, A% is the formula in L(U) obtained from A by rela-
tivizing every quantifier in A by U(a, *). Then we have

MAIN THEOREM. Let k be a non negative integer and A, B sentences in
L. If (v&)AwU (&, w), (Yuy) - (Vur)@EU(E, u) A -+ ANU(E, 'uk))L(FL-T) (V&)A*D B,
then there is a sentence C of the form C=\u,) - Vuy)E(u,, -+, u) such that
i—ADC and IZCDB, where E(x,, -+, ) 1s an existential formula in L.

This theorem implies the relativization theorem as a special case k=0.
For simplicity we shall prove this theorem in the case k=1, L is finitary
and has no equality symbol: There is no difficulty to prove it in general
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<ase by the same method.

PROOF OF MAIN THEOREM. First of all, we assume that every formula
in L or L(U) is in the negation normal form, i.e. the negation symbol 71 is
only applied to atomic formulas, and L, L(U) are formulated in Gentzen
style with the following modifications: (1) A sequent in L (L(U)) is of the
form I'—©, where I', @ are finite sets of formulas in L (L(U)), although we
-shall use I'—©, A instead of 'O {4}, etc. (2) L(U) has no structural
inference rules. (3) L(U) has no inference rules with respect to the negation
symbol 71. (4) A sequent I'— O in L(U) is an axiom sequent if for some
atomic formula A, we have {A, A} S I or {A, 7A} <O or A=sI'NnO or
7AeI'N6O. 1t is obvious that these modifications do not alter the set of
‘provable formulas.

Suppose (V&)@Aw)U(E, u), (Yu)(AEU(E, u)L}(;)(VS)AfDB. Then there is a

proof figure P, in L(U) whose end sequent is (VE)Fw)U(E, w), (Vu)FEU(E, u),
{VE)A*— B, indicated by the figure:

VP
(YEOEWUE, w), (Vw)FEUE, w), (V§) A7 —> B.

‘Notice that every formula in the succedent of any sequent in P, is a formula
in L. Now we shall transform P, into more simple proof figures with the
same end-sequent as follows. By the normal derivation theorem in Moto-
hashi [4], we can transform P, into P, such that every inference rule with

Tespect to quantification for the antecedent of any sequent in P; is one of
ithe following forms:

U, x), ' — 0 ,
(U VE@WIGE, W, T — 0 where x does not appear in

the lower sequent.

Ua,x), ' — 6O .
(U). VO@OUE 1), T —> 0 where a does not appear in

the lower sequent.

A, '— 6
* (VoA ' — 0

v 7Ula, x), I' — 06 F(x), ' —©
! (V)FQ), ' — 0

(V=)

vV—)

3-)yw U((é’v))?}(g)gxbwl:g@ , where x does not appear

in the lower sequent.

Observe that this proof figure P, has the following property (*) (cf.
Motohashi [7]):
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() If U@ j)/ o is a subproof figure of P,

then ~I"—@ or Ula, x)=I'.
L)

Hence we can replace the inference rule (V—)Y in P, by the following in-
ference rule (V—)Y and transform P, into P,.

Ula, x), F*(x), ' —> 6
Ula, x), (VW)F@)*, ' — 6 -
Then there is no occurrence of 7U(a, x) in the antecedent of any sequent
in P,.

Next we introduce the following notion to express an important property
of the proof figure P,.

For any set I' of formulas in L and any free variable a of type 2, let
I'*={F*: FeTl}. If ={x,, -+, %), then U(a, %) means {U(a, x,), -+, Ule, x,)}.
Occasionally we identify % as {x,, -, x,}.

A 2n-tuple 4=(U(ay, %), -+, Ulaty, %), I't1, -+, I'2n) of sets of formulas
is said to be a U-partition of I' if I' and 4 satisfy the following conditions.
1)—(3):

1) a,, a, -, «, are all distinct and I'¢t, ---, I'é» are all disjoint.

(2) All the free variables in I'; are among %;, 1=1, 2, ---, n.

3) Ulay, #)\J - Y U(ay, i)\ I '\ - U Tin =T —{(VE)AWU(E, w),

(Yw)(EE)U(E, w), (V&) A%},
Note that we do not require that %, ---, %, are disjoint or I, --- I, Ula,, %)
- Ulay, %,;) are all non-empty.

4 is a U-partition of I'— @ if 4 is a U-partition of I'. A sequent I'— &
in L(U) is said to be U-partitionizable if there is a U-partition of this sequent
and all the formulas in @ are formulas in L.

Then we can easily see that every sequent in P, is U-partitionizable. In
fact the end-sequent is U-partitionizable, and for any inference rule used in
P,, if the lower sequent of this inference rule is U-partitionizable, then its.
upper sequent is also U-partitionizable.

Now we shall prove (x+) below by the induction on subproof figures of
P, ie.

(V=)

For each sequent I'— @ in P, and each U-partition 4 =(U(a,, %,),
(%) oy Ulatyy %), I't3, -+, I'én) of this sequent, there are formulas C,, C,,
-, C, in L satisfying the following (4)—(7):
(4) C, is a sentence of the form (Vv)E(v), where E(x) is an existential
formula in L.
(5) C; is an existential formula in L whose free variables are among
x%; for 1=1,2, ---, n.
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(6) PL—ADCO and I;A, I';—C; for i=1,2,---, n.

7 IZCO, C,, -, C,—0.
If '—© is an axiom sequent such that P(y,, -+, y.) €l NO. Without loss
of generality, we can assume that P(y,, -+, yn) €. Let Co=(Nu)(P(v, -,
o)V 7P, -, v), Ci=P(yy, -+, Ym), Ci=@@0)(P(v, -+, v)V 7 P(v, ---, v)) for i=2,
-, n. The case where I'—6 is another kind of axiom sequents can be
similarly treated.

In the following, we shall only consider the case where I'— 6 is the
lower sequent of one of the inference rules; (V—), (U);, (U),, (Y—),, @)
because other cases are trivial.

v v

Let 4=U(ay, %), -+, Ulay, %,), I'Y, ---, ['#n) be a U-partition of FVG,
I'’— @. Without loss of generality, we can assume that FVGe ', Fe IV,
Ge& I’ and FVGe 1.

Then

4,=U(ay, %), -+, Ulag, &), I'U{F}, I'$2, -, I'57),

AZZ(U(QI’ 5‘1)’ ER) U((Xn, jn); F?IU{G}, ['gzy Tty F%n)

are U-partitions of F, I'"—© and G, I'’— O respectively. By the hypotheses
of induction, there are formulas Cy, Cf, -+, C;, C¢, -+, Ci such that Cy, ---, C},
satisfy (4)—(7) with respect to 4, and F, I'’— 6 and C{, ---, C” with respect
to 4, and G, ["— 6.
Let C,=(Vu)(E'(V)AE"(v)), where C\=(Yv)E'(v)
C =(W)E"(v),

C,=CpCy,

C;=CiCY for 1=2,3, .-, n.
Then obviously these C,, C,, ---, C, satisfy (4)—(7) with respect to 4 and
FvG, I''— 6.

['/
CASE 2. (U), (Vf)gl%’l]]?é, ), 7,)_@_) 0’ where x does not appear

in the lower sequent.

Let 4=U(ay, %), -+, Ulaty, %,), I'¢, -+, ['s?) be a U-partition of (V&)(Ju)
U, u), I'’"— 6. Without loss of generality, we can assume that o« =a,. Let
4,=U(ay, %" x), Ula,, ), -+, U@y, %), 'y, -+, I'in), where % Mx={xy, -,
Ximy X0, 1 ={X11, =+, Ximy. Then 4, is a U-partition of U(a, x), I'’"— 6. By
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the hypothesis of induction, there are formulas Cj, Ci, ---, C ; satisfying (4)—
(7) with respect to 4, and U(a, x), [/ — 6.
Let C,=C¢, C;=3uw)Ci(v), C;=Cj for 1=2,3, -+, n, where C{=C{(x).

Ula, x), I'' —> O
Case 3. (U tyip@e) Ui, w, I —> 6

where « does not appear
in the lower sequent.

Let 4=(U(a,, %), -+, Ula,, %,), ', ---, '¥2) be a U-partition of (Vu)(3E)
U(¢, u), I'"—6. Since a does not appear in this sequent, we can assume
aFay, -, o, Let 4y=Ulay, %), -, Ulay, £,), {Ule, 0}, 'Y, -, I'an, I'iyy),
where I',,, is the empty set. Then 4, is a U-partition of Ula, x), I/ — 6.

By the hypothesis of induction, there are formulas Cj, Ci, ---, Ch, Chis
satisfying (4)—(7) with respect to 4, and U(a, x), ['"— 0. Let C,=(Vv)(EW)x
Chru(v), where Cy,=(Vv)E(v) and C,,y=C, . (x), C;=C}, for i=1,2, -, n.

A% I
Case 4. (Y=dots ;4{ =

Let 4d=U(ay, %), -+, Ulaty, %), I'#, -+, ') be a U-partition of (V&)AS,
I'’— 6. Without loss of generality, we can assume a =«a,. Let 4,=(U(a,, %,),
oo, Ulag, %), (U')\J {AY)™, I'¢2, ..« ['%n), Then 4, fis a U-partition of A%
I'"—@. Formulas satisfying (4)—(7) with respect to 4, and A%, ['"— 0O clearly
satisfy (4)—(7) with respect to 4 and (V&)AS, I'"— 0.

Ula, x), F¥(x), I'" —> O

CASE 5. (3—-)Y EFWY, I[T—6 where x does not appear

in the lower sequent.

Let 4=(U(a,, %), -+, Ula,, %,), ['R, ---, I'*") be a U-partition of ((Jv)F(v))%,
I'’— 6. Without loss of generality, we can assume a=a,. Let 4,=U(a,,
#0x), Ulay, %), -, Ulan, %), (T V{FOND™N, g2, .o, %), Then 4, is a U-
partition of U(e, x), F*(x), I'’— 6. By the hypothesis of induction, there are
formulas Cg, Cf, -+, C;, satisfying (4)—(7) with respect to 4, and U(a, x),
F*x), I''—-0. Let C,=Cq C,=@@)Civ), C;=C/ for 1=2, ---, n, where C{=
Ci(x).

Hence we have proved (xx).

Consider the end-sequent (VE)Euw)U(E, u), Vu)3E)U(E, u), (VE)A*— B and
its empty U-partition 4 (i.e. n=0 and 4=the empty set). Then by (x%)
there is a sentence C=(Yv)E(v), where E(x) is an existential formula in L
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such that }: ADC and —~C>DB. This proves our main theorem.
L

REMARK 1. Our proof of the main theorem works even in the case that
L has the equality symbol = unless we take the equality axijoms for U as
axiom sequents in L(U). Hence x=y, U(a, x), 7U(a, y)— is not an axiom
sequent in L(U). Note that this restriction does not make any influence on
the model theoretic applications of our main theorem stated below.

REMARK 2. Using the same way as above, we can also prove the theorem
of the following type:

If (V&) AU, w), ké\wwul) o (Yur) @E)NUE, u) A - AU, uk))L!(—U)(VE)Af DB,

then there is a sentence C obtained from existential formulas by applying
A and V, i.e. Ce {A, V} (the set of existential formulas), such that — ADC
L
and —mCDB.
L

REMARK 3. We can state our main theorem in terms of object logic and
morphism logic (cf. [4], [5]) and show that it holds also in the logic treated
in [6].

By these remarks we can assert that our results are syntactical counter-
parts of Chang-Los’ theorem on w-ascending unions (cf. [1]), Keisler’s theorem
on unions (cf. [3]) in the finitary case and Nebres’ theorem on unions in the
infinitary case (cf. [8]).

Finally the author wants to state his conjecture that the technique de-
veloped in this paper and the author’s another paper will serve for a
complete solution of the problem to find a syntactical form of L, ,-sentences
preserved under w-ascending unions (see Weinstein [9]).
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