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Let k be an algebraic number field of finite degree, K be a normal exten-
sion of k of degree n, and @ be its galois group. Denote by s resp. § the set
of all primes of % resp. of K which has degree 1 in K/k. We defined in the
preceeding paper [37], which will be referred to as RI, the restricted idele
group J, resp. J. of k resp. of K. And we proved that there is a one to one
correspondence between some (§-invariant $§-admissible) closed subgroups H
of /; and abelian extensions M of K normal over £Z.

In this paper we shall strengthen the above consequence and the condition
of H to be $-admissible in RI, by studying the norm residue mapping of J; to
the group of the maximal abelian extension (theorem 1 and 2). Moreover we
shall determine the conductor of the field M corresponding to H (theorem 3).
Since the §-restricted idele group J; of K is -isomorphic to the direct pro-
duct J7 of n-folds of the s-restricted idele group J; of k, H is considered a
subgroup of j7. So it will be interest to characterize the condition of §-admis-
sibility by terms of the ground field k. We shall do it for a special case of
K/k, by substantially using the theorem 2 (theorem 4).

§1. Norm residue symbols.

Let & be an any algebraic number field of finite degree and /=], be the
(ordinary) idele group of k. Let S=S(k) be the set of all (finite or infinite)
primes p of &, s be a subset of S, and s’ be its complement in S; S—s. We
defined in RI the s-restricted idele group J, by the restricted direct product of
p-adic completions k, over p-adic unit groups U, of %2, where p runs over s,

Then we have

@ J=J,xJ,  (direct).

We shall fix this isomorphism and embed naturally J; into /. Denote by =,
the projection of J to J. The s-restriction p, is defined by any subset A of

J: by
@) p(A)=n (AN
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For any normal extension K/k, denote by G(K/k) its galois group. Let
A, be the maximal abelian extension of %2 and &, be its galois group, which
is the projective limit of &(A/k) of abelian extensions A over k of finite
degree.

For any a=J and any abelian extension A/k of finite degree, let (a, A/k)
be the norm residue symbol. Let further (a, 2) be the (generalized) norm
residue symbol of £, which is defined as an element of @, whose ®&(A/k)
component is (a, A/k). Then (a, k&) gives a homomorphism of J, onto @, We
denote this homomorphism by @ and call the reciprocity map. Denoting by
ay the p-component of a, we have

6)) (a, k)= pl;Is(au, ky)

where (ap, ky) is the (generalized) local norm residue symbol. For any subset
s of S denote by @, the restriction of @ to /.. Then

(4) @s(as) = (as: k) - gg (aP» kh)

for any g, J,. Moreover we have immediately from the definition
®) oO~H(H)) = ;D)

for any subgroup $ of &Y.

Now let K be a normal extension field of % of finite degree and denote
by S(K/k) the set of all primes of & which are of degree 1 in K/k. Moreover
denote by S the set of all primes of K and by S“(K/k) the set of primes
of K whose norms belong to S(K/k). Put S(K/E)=s, S(K/F)=3§.

Let Ax be as before the maximal abelian extension of K, and @y its galois
group. Let further M,, M,, --- be a sequence of abelian extensions of K such
that kc M,c M,, ---, every M, is normal over %k, and the union of all M; is
equal to Ax. Then g is equal to the projective limit of §(M;/K). So we
denote an element ¢ of & by o= {o;} where o, §M,;/K). Then {o;} be-
longs to & if and only if the restriction of ¢, to M, is equal to o; when
i=j. Denote by Dy the complete inverse image of the connected component
of the unity by the canonical homomorphism of the ordinary idele group Jx
to the ordinary idele class group Cx. Then we have

THEOREM 1. The tmage of the norm residue mapping @ of Js is equal to
Gk, and the kernel of @; is equal to p{Dg). Hence we have J;/p{D)= G-

PrOOF. Notations being as above, {g;} be an any element of §x where
o, €®WM;/K). Let a; be an element of J; such that ¢,=(a;, M;/K), whose
existence follows from theorem 1 in RI. Let further H be the subgroup
of J; corresponding to M; by theorem 2 in RI. Then aH Da;H” when

1) By ¢! we mean always the complete converse image.



Notion of restricted ideles 249

j=i Let Na;H® =aqa, whose existence in J; follows from that H¢ is open
?

and J; is locally compact. Then (a, M;/K)="(a;,, M;/K)=0c; for every 1.
Hence we have @ga;)=0; which proves the first assersion of the theorem.
Since the kernel of @ is D, the other assertions of the theorem follows im-
mediately from the definition of @,

We called in RI a subgroup H; of J; is §-admissible if H;= p(H:Dx),
where the bar stand for the closure in J,. Now we have

THEOREM 2. Let H; be a closed subgroup of J; of finite index. Then H;
is $-admissible if and only if H; contains p{(Dg). If Hy; is $-admissible, then
there exists uniquely the admissible® subgroup H of J of finite index such that
p(H)=H;. When that is so we have moreover Q(H)= O (Hy).

Proor. We first note that &, is compact, J resp. J; is locally compact,
and @ resp. @, maps J resp. J¢ onto G, Hence both @ and @; are open®,
Suppose that H; contains py(Dyg), which is the kernel of @, Put @(H)=9.
Then since @; is an open and onto mapping, £ is a closed subgroup of &
of finite index. Put H=0 (). Then H is an admissible subgroup of J of
finite index, and p{H)= p P (D))= O, ()= Qs (D(H,))= H; by (5).

Suppose that H’ be also an admissible subgroup of J of finite index such
that p(H)=H;. Put @H)=&’. Then by using (5), D} DH)=pLD (D))
=p(H)=H;. Hence & =0(H)=®. Then since both H and H’ are ad-
missible and closed in J, we have H=H’. Thus the last two assertions of
the theorem are proved. The assertion about the §-admissibility is now an
immediate consequence of the definition.

§2. Conductor.

Let K/k be as before a normal extension of finite degree, and put
s=S(K/k), §:S(K/k). Let further H; be an §-admissible subgroup of J; of finite
degree. Then by theorem 2 there exists an abelian extension M of K which
corresponds to the admissible subgroup H by means of the class field theory,
where ps(H)=H,, We shall call such an M the abelian extension of K cor-
responding to H,. In this section we shall study the conductor of M/K.

Let P be a prime of K and vy be a non negative integer. If P is ar-
chimedean, vy =0 or 1. For ag € Ky we define? the congruence ag =1 (mod.
$¥s) to mean the usual congruence if ¥ finite and vy =1; ag is a P-unit if
B finite and vy =0; ay >0 if P real and yyp=1; and if P is complex, or if P
is real but vy =0, then we put no restriction on ay. Denote by 7yu(P*s) the

2) This means that H is closed and contains Dg.
3) See Pontrjagin [4], Ch. 3, Theorem 13,
4) See Artin-Tate , Ch. 8, 2,
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group of all elements ay of Ky such that ay=1 (mod. P"s). Furthermore for
an idele a and an integral divisor m= ;Bpm define a=1 (mod. m) to mean

ap =1 (mod. P¥3) for every R, and denote by y(m) the group of all such ideles.
For an integral divisor m we denote by m; resp. m, its § resp. §’-part, and
put ydmy)= py(my), 7+ (ms) = ps (y(ms).

Now let H be an admissible subgroup of /x of finite index and M be the
abelian extension of K corresponding to H by means of the class field theory.
Then® it is well known that the conductor of M/K is cqual to an integral
divisor f= :g[fzp where fg = P”®, vy is the smallest non-negative integer such

that HDyg(fp) for every prime .

LEMMA 1. Let Ay be any subgroup of Ky. Then @ (D(Ap))= Ag - p{Dx)
or =mDrxN\(Js X Ag)) according to P<$ or 8§,

Proor. If P&, then @ (P(Ap) =0 (P(An)) = Aq-@(1)= Ag - p{Dx)
by theorem 1. If Pe ¢, then @Y (P(Ay)) is of all a e J; such that O(a)= D(bg)
for some ag = Agp.

This is equivalent to abg'e Dy, since the kernel of @ is Dg. Hence
O DP(Ax)=w(Dx N\ (Js X An)). Thus the lemma is proved,

THEOREM 3. Let H; be an $-admissible subgroup of J; and M be the abelian
extension of K corresponding to H,. Then the conductor of M/K is equal to an
integral divisor 1= ];;If«g where fy =P8, vy is the smallest non negative integer

such that HiDys(y) or DalDen(Js X y(§2))) according to Pes or 5.
Proor. We have @-Y(D(Hy))=H by theorem 2. Hence HDyy(fs) if and
only if O(H)DD(yu(fs)). This is equivalent that H; DO (D(ra(fs))), since
H; is §-admissible. Then the theorem implies from lemma 1 immediately.
We note that the proposition 5 in R implies that the condition HD n{ D,
N(Js X 7(fs))) can be replaced by H; D z(K* N (Js X y({s))-

§3. Condition of the admissibility in the ground field (special case).

Let K/k be a normal extension of finite degree, and put s=S(K/k),
§=S(K/k). It is easily proved that the number of independent units of K is
equal to that of 2 if and only if % is totally real and K is totally imaginary
and quadratic over k. In this case we shall characterize in terms of the
ground field % the condition of a subgroup of J; to be §-admissible.

We have proved in theorem 2 that a subgroup H; of J; is §-admissible
if and only if H; contains p(Dy). Therefore our purpose in this section is
to study on p«Dg). The structure of Dy is known by Artin as follows® :

5) See for instance Artin-Tate [2], Ch. 8, 2.
6) Cf. Artin and Tate [2], Ch. 9.
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Let U be the group of unit ideles of K, and Us be the group of $-adic units
of Ky. Then we have

(6 U=00
where U :m% Us and l7=mH Us.,. We split each unit idele a as a product
FPBoo oo
) a=aa,

where a e U, G U and embedded ordinarily in /. Denote by Z the comple-
tion of the group Z of rational integers under the topology whose fundamental
system of neighborhoods of 0 consists of all ideals of Z. Put V=_Z+R
(direct), where R is the group of real numbers, and denote any element AV
as 1=(x, h), where x€ Z and he R. For any element a= U, the power a? is

defined by
® al = a*g*,

where a” is the generalization of the ordinary power with regard to the above
topology. Let ¢,t) the idele which has the component ¢*** at j-th complex
prime and 1 at all other primes. Denote by T the group generated by all
such @41, j=1,--,7r. Let e,¢, --,e be a system of independent totally
positive units of K, and denote by Ey; the group of all elements e}t --- ¥
where 4;,=(x;, hy)eV (t=1, ---, 7). Furthermore denote by L the group of
ideles which has a real number as the component at the infinite prime fixed
once for all, and 1 at all other primes. Then we have by Artin [1]

® Dg=Eg-T-L-K*,

where K* is the multiplicative group of non zero elements of K which is
embedded ordinarily in Jg.

Now let & be a totally real number field of finite degree, and K be a
totally imaginary and quadratic over 2. Then we can take in 2 the above

system ¢,, &, -+, ¢, of independent units of K, and we have
D.,=E-.L.k*,
10)
Dy=E-T.L.-K%,

where” E= E,= E,.
LEMMA 2. Let K/k be as above. Then we have

D)= p«(Dy) .

Proor. Let r be the number of independent units of %, which is equal
to that of K. Generally denote by «, ¢, ¢ and vy elements of K, E, T and L
respectively. Then pgDg) is of all wiedva) such that zwu(edpva)=1 by (10).

7) We always embed J; into Jx by ordinal way.
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This is equal to the set of all nea™?) such that nyu(¢)=rm.(¢dva). By the
assumption of K/k, all infinite primes of K is contained in §/. Hence m(e)
=rny(dva) is equivalent to 7u(¥)=m:(a) and 7. (¥)= m(¢va). But the last
condition is unnecessary. Because for any a € K the equality ¥ =
always a solution with respect to ¢, ¢,». Now for any o & G(k/k) and x& Z
we have easily (£°)"=(¢%)" by the definition of the generalized power. Then
since ¢ =¢&{1 --- &% where ¢; €k, 1) =rn(a) implies a k. Hence p(Dg) con-
sists of all 7w(eax™!) such that n,(?)=7n.(a) where a = k.

By the same way as above we see p,(D,) consists of all z(ea~?) such that
r.(¢8)= ms(a) where a« = k. Hence we have the lemma.

Now by theorem 2 and lemma 2 we have

THEOREM 4. Let k be a totally real algebraic number field of finite degree
and K be its quadratic extension which is totally imaginary. Put s=S(K/k).
We embed k* and p(D,) diagonaly into the direct product J, X ], of s-restricted
idele groups of k. Then there is a following one to one correspondence between
the set of all closed subgroups H of J, X J, of finite index which contains p{(Dy)
and the set of all abelian extensions M of K of finite degree: When M cor-
responds to H, a prime p of k splits completely in M if and only if pes and
ky X kyC H.
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