
J. Math. Soc. Japan
Vol. 16, No. 4, 1964

On existence of Green function and positive
superharmonic functions for linear elliptic

operators of second order

By Seiz\^o IT\’O

(Received May 8, 1964)

\S 1. Introduction. Let $D$ be a subdomain of an N-dimensional orientable
$C^{\infty}$-manifold $M(N\geqq 2)$ , and $A$ be an elliptic differential operator of the fol-
lowing form:

(1.1) Au $(x)=\frac{1}{\sqrt{a(x)}}\frac{\partial}{\partial x^{i}}[\sqrt{a(x)}a^{ij}(x)\frac{\partial u(x)}{\partial x^{j}}]+b^{i}(x)\frac{\partial u(x)}{\partial x^{i}}1)$

for $u\in C^{2}(D)$

where $\Vert a^{ij}(x)\Vert$ and $\Vert b^{i}(x)\Vert$ are contravariant tensors of class $C^{2}$ in $D,$ $\Vert a^{ij}(x)\Vert$

is symmetric and strictly positive-definite for each $x\in D$ and $ a(x)=\det\Vert a_{ij}(x)\Vert$

$=\det\Vert a^{ij}(x)\Vert^{-1}$ . We require neither regularity of the boundary of $D$ , nor
restriction on the behavior of $\Vert a^{ij}(x)\Vert$ and I $ b^{i}(x)\Vert$ near the boundary of $D$ .

By definition, a function $u(x)$ is said to be A-harmonic in $D$ if it satisfies
$Au=0$ in $D$ , and is said to be A-superharmonic in $D$ if it satisfies the follow-
ing three conditions:

i) $-\infty<u(x)\leqq\infty$ and $ u(x)\not\equiv\infty$ in $D$ ,

ii) $u(x)$ is lower semi-continuous in $D$ ,

iii) if $\Omega$ is a domain with its closure $\overline{\Omega}\subset D$ , and if $w(x)$ is continuous on
$\overline{\Omega}$ , A-harmonic in $\Omega$ and satisfies $w(x)\leqq u(x)$ on $\partial\Omega$ , then $w(x)\leqq u(x)$

holds in $\Omega$ .
The purpose of the present paper is to prove that there exists a Green

function associated with the elliptic differential operator $A$ in $D$ if, and only
if, there exists at least one non-constant positive A-superharmonic function in
$D$ . This fact is well known in the case of Riemann surfaces–see [1] and [2].

\S 2. Preliminaries. In this \S , we shall state some properties of funda-
mental solutions of parabolic differential equations. The following facts 1’),
2’) and 3) are implied in the results of the author’s previous paper $[3]^{2)}$ .

1) We omit the summation sign $\sum$ according to the usual rule of tensor calculus.
2) Differential operators $A$ and $A^{*}$ in the present paper correspond to $A^{*}$ and $A$

in [3] respectively.
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By definition, a subdomain $\Omega$ of $M$ is called a domain with property (S)
if the boundary of $\Omega$ consists of a finite number of simple closed hypersurfaces
of class $C^{3}$ .

1’) For any domain $\Omega$ with its closure $\overline{\Omega}\subset D$ and with property (S),

there exists one and only one fundamental solution $U_{\Omega}(t, x, y)$ of the initial-
boundary value problem for the parabolic equation:

(2.1) $\frac{\partial u}{\partial t}=Au+f$ in $(0, \infty)\times\Omega,$ $u|_{t=0}=u_{0},$ $ u|_{x\in\partial\Omega}=\varphi$ .

The function $U_{\Omega}(t, x, y)$ satisfies that

(2.2) $\{_{ifandon1yifat}U_{\Omega}(t,x,y)\geqq 0forany\langle t,x, y\rangle leastoneof\in_{X}(0,\infty)\times\overline{\Omega}\times\overline{\Omega};theequalityandybelongsto\partial\Omega$

holds

and that

(2.3) $\frac{\partial U_{\Omega}(t,x,y)}{\partial n_{y}}\leqq 0$ for any $t>0,$ $ y\in\partial\Omega$ and $x\in\overline{\Omega}-\{y\}$

where $\frac{\partial}{\partial n}$ denotes the exterior normal derivative. Furthermore

(2.4) $G_{\Omega}(x, y)=\int_{0^{\infty}}U_{\Omega}(t, x, y)dt$

is well-defined whenever $x,$
$y\in\overline{\Omega}$ and $x\neq y$ , and is the Green function of the

boundary value problem for the elliptic equation:

(2.5) $Au=f$ in $\Omega,$ $ u|_{\partial\Omega}=\varphi$ .
$2^{o})$ Assume that $u_{0}(x),$ $f(t, x)$ and $\varphi(t, x)$ are functions continuous on $\overline{\Omega}$ ,

on $[0, \infty$) $\times\overline{\Omega}$ and on $[0, \infty$) $\times\partial\Omega$ respectively. Then, if $u(t, x)$ is a solution of
(2.1), it is expressible by

(2.6) $u(t, x)=\int_{\Omega}U_{\Omega}(t, x, y)u_{0}(y)dy+\int_{0^{t}}d\tau\int_{\Omega}U_{\Omega}(t-\tau, x, y)f(\tau, y)dy$

$-\int_{0^{t}}d\tau\int_{\partial\Omega}\frac{\partial U_{\Omega}(t-\tau,x,y)}{\partial n_{y}}\varphi(\tau, y)dS_{y}$

where $dy$ and $dS_{y}$ respectively denote the volume element and the hypersurface
element with respect to the ‘ Riemannian metric ’ defined by $\Vert a_{ij}(x)\Vert$ ; con-
versely, the function $u(t, x)$ defined by (2.6) satisfies (2.1) provided that $f(t, x)$

and $\varphi(t, x)$ are H\"older-continuous on $[0, \infty$) $\times\Omega$ and on $[0, \infty$) $\times\partial\Omega$ respectively.
Next assume that $f(x)$ and $\varphi(x)$ are functions continuous on $\overline{\Omega}$ and on $\partial\Omega$

respectively. Then, if $u(x)$ is a solution of (2.5), it is expressible by

(2.7) $u(x)=-\int_{\Omega}G_{\Omega}(x, y)f(y)dy-\int_{\partial\Omega}\frac{\partial G_{\Omega}(x,y)}{\partial n_{y}}\varphi(y)dS_{y}$ ;

conversely the function $u(x)$ defined by (2.7) satisfies (2.5) provided that $f(x)$

and $\varphi(x)$ are H\"older-continuous on $\overline{\Omega}$ and $\partial\Omega$ respectively.
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3) Let $\{D_{n} ; n=1,2, \cdots\}$ be a sequence of domains with property (S) such
that $D_{n}$ is compact and $D_{n}\subset D_{n+1}\subset D$ for each $n$ and that $\lim_{n\rightarrow\infty}D_{n}=D$ . Then

\langle 2.8) $U_{D_{n}}(t, x, y)\leqq U_{Dn+1}(t, x, y)$ for any $\langle t, x, y\rangle\in(0, \infty)\times\overline{D}_{n}\times\overline{D}_{n}$

$(n=1,2, \cdots)$ , and

(2.9) $U_{D}(t, x, y)=\lim_{n\rightarrow\infty}U_{p_{n}}(t, x, y)$

is well-defined on $(0, \infty)\times D\times D$ and independent of the choice of sequence
$\{D_{n}\}$ , and $U_{D}(t, x, y)$ is a fundamental solution of the initial-boundary value
problem for the parabolic equation $\partial u/\partial t=Au$ in $(0, \infty)\times D$ . If a part of the
boundary of $D$ consists of a simple hypersurface $S$ of class $C^{3}$ and if $\Vert a^{ij}(x)\Vert$

and $\Vert b^{i}(x)\Vert$ are of class $C^{2}$ in a domain containing $D\cup S$, then we can choose
the sequence $\{D_{n}\}$ such that $\partial D_{n}\cap S$ contains a relatively open subregion of
$S$ for any $n\geqq 1$ and $\lim_{n\rightarrow\infty}\partial D_{n}\cap S=S$, and $U_{D}(t, x, y)$ is a fundamental solution

of the initial-boundary value problem of the form (2.1) where $\Omega$ and $\partial\Omega$ are
replaced by $D$ and S. In this case, we have

(2.10) $\frac{\partial U_{D}(t,x,y)}{\partial n_{y}}=\lim_{n\rightarrow\infty}\frac{\partial U_{D_{n}}(t,x,y)}{\partial n_{y}}$

for any $t>0,$ $y\in S$ and $x\in DUS-\{y\}$ .
$4^{o})$ Let $\Omega$ be a domain with property (S) and with compact closure $\overline{\Omega}\subset D$ .

Then we can choose the sequence $\{D_{n}\}$ of domains stated in 3) such that
$\overline{\Omega}\subset D_{1}$ . If we put $D_{n}^{\prime}=D_{n}-\overline{\Omega}(n=1,2, \cdots)$ and $D^{\prime}=D-\overline{\Omega}$ , then we may con-
sider $U_{D_{n}^{\prime}}(t, x, y)(n=1,2, \cdots)$ and $U_{D},(t, x, y)$ in the same way as in $2^{o}$ ) and
3’), and we have

\langle 2.11) $U_{D^{\prime}}(t, x, y)=\lim_{n\rightarrow\infty}U_{D_{n}^{\prime}}(t, x, y)(t>0, x\in D-\Omega, y\in D-\Omega)$

and

(2.12) $\frac{\partial U_{D^{\prime}}(t,x,y)}{\partial n_{y}}=\lim_{n\rightarrow\infty}\frac{\partial U_{D_{n}^{\prime}}(t,x,y)}{\partial n_{y}}$ $(t>0, x\in D-\overline{\Omega}, y\in\partial\Omega)$

where $\partial/\partial n_{y}$ denotes the exterior normal derivative at the point $y$ of $\partial\Omega$ as a
boundary of $D^{\prime}(=D-\overline{\Omega})$ . We put
(2.13) $U_{D^{\prime}}(t, x, y)=0$ for any $t>0,$ $x\in D^{\prime}$ and any $y\in\overline{\Omega}$ .
Then;–

LEMMA 2.1. For any $t>0,$ $x\in D^{\prime}$ and $y\in D$ , it holds that

(2.14) $U_{D}(t, x, y)=U_{D},(t, x, y)-\int_{0^{t}}d\tau\int_{\partial D},\frac{\partial U_{D^{\prime}}(t-\tau,x,z)}{\partial n_{z}}U_{D}(\tau, z, y)dS_{z}$

PROOF. For any fixed $\epsilon>0,$ $y\in D$ and $n\geqq 1$ , the function $u(t, x)$

$=U_{D_{n}}(t+\epsilon, x, y)$ satisfies (2.1) where $\Omega$ is replaced by $D_{n}^{\prime}$ and
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$\left\{\begin{array}{l}f(t,x)=0,u_{0}(x)=U_{Dn}(\epsilon,x,y)(x\in D_{n}-\Omega) and\\\varphi(t,x)=U_{D_{n}}(t+\epsilon,x,y)(x\in\partial\Omega),=0(x\in\partial D_{n}).\end{array}\right.$

Hence, by 2), we have

$U_{D_{n}}(t+\epsilon, x, y)=\int_{D_{n}^{\prime}}U_{D_{n}^{\prime}}(t, x, z)U_{D_{n}}(\epsilon, z, y)dz$

$-\int_{0^{t}}d\tau\int_{\partial\Omega}\frac{\partial U_{D_{n}}^{\prime}(t-\tau,x,z)}{\partial n_{z}}U_{D_{n}}(\tau, z, y)dS_{z}$

for any $t>0$ and $X\in D_{n}^{\prime}$ . Letting $\epsilon\rightarrow 0$ and then $ n\rightarrow\infty$ , we obtain (2.14) by
means of (2.9), (2.11) and (2.12).

LEMMA 2.2. If $u(x)$ is positive A-superharmonic in $D$ , then

(2.15) $0\leqq-\int_{0}^{\infty}d\tau\int_{\partial D^{\prime}}^{\underline{\partial U}}\frac{D_{n}^{\prime}(\tau,x,\xi)}{\partial n_{\frac{\wedge}{\backslash }}}u(\xi)dS_{\xi}\leqq u(x)$ for any $x\in D^{\prime}$ .

PROOF. By lower semi-continuity of $u(x)$ , there exists a monotone increas-
ing sequence $\{\varphi_{n}(x)\}$ of continuous functions on $\partial\Omega$ such that $\varphi_{1}(x)\geqq 0$ and
$\lim_{n\rightarrow\infty}\varphi_{n}(x)=u(x)$ on $\partial\Omega$ . Let $w_{n}(x)$ be the solution of the boundary value prob-

lem:

$Aw_{n}(x)=0$ in $D_{n}^{\prime}$ , $w_{n}(x)=\left\{\begin{array}{l}\varphi_{n}(x)on\partial\Omega,\\0 on\partial D_{n}\end{array}\right.$

–see [3 ; \S 10]. Then, by means of A-superharmonicity of $u$ and by the
same argument as in the proof of the preceding lemma, we get

$u(x)\geqq w_{n}(x)=\int_{D_{n}^{\prime}}U_{D_{n}^{\prime}}(t, x, y)w_{n}(y)dy-\int_{0^{t}}d\tau\int_{\partial\Omega}\frac{\partial U_{D_{n}^{\prime}}(t-\tau,x,y)}{\partial n_{y}}\varphi_{n}(y)dS_{y}$

$\geqq-\int_{0^{t}}d\tau\int_{\partial\Omega}\frac{\partial U_{D_{n}^{\prime}}(\tau,x,y)}{\partial n_{y}}\varphi_{n}(y)dS_{y}\geqq 0$ for any $x\in D^{\prime}$ .

Letting $ n\rightarrow\infty$ , we obtain (2.15).

\S 3. Superharmonic functions and Green function. We first notice that
the domain $\Omega$ in the condition iii) in the definition of A-superharmonicity (in

\S 1) can be restricted to domains with property (S); this may easily be seen
from i), ii) and iii) in the definition.

THEOREM 1. Assume that $u(x)$ is of class $C^{2}$ in D. Then $u(x)$ is A-super-
harmonic in $D$ if and only if Au$(x)\leqq 0$ holds in $D$ .

PROOF. We first assume that Au $(x)\leqq 0$ in $D$ , and let $\Omega$ be a domain with
property (S) and such that $\overline{\Omega}\subset D$ and $w(x)$ be a function continuous on $\overline{\Omega},$ A-
harmonic in $\Omega$ and satisfying $w(x)\leqq u(x)$ on $\partial\Omega$ . Then, by means of 2’) in
\S 2, we have (see also (2.2), (2.3) and (2.4))



Existence of Green function 303

(3.1) $u(x)=-\int_{\Omega}c_{\Omega}(x, y)\cdot Au(y)d_{\mathcal{Y}}-\int_{\partial\Omega}^{\underline{\partial G}_{Q}(,y)_{-u(y)dS_{y}}}\iota_{\partial_{y}^{\frac{X}{n}}}$

$\geqq-\int_{\partial a\partial\overline{n}’}^{\partial_{-}G_{\Omega}(x_{y}y)}w(y)dS_{y}=w(x)$ for any $ x\in\Omega$ .

Hence $u(x)$ is A-superharmonic in $D$ . Next assume that Au$(x)>0$ at some
point $x\in D$ . Then there exists a domain $\Omega$ with property (S) and such that
$\overline{\Omega}\subset D$ and that Au$(x)>0$ in $\Omega$ . Let $w(x)$ be the solution of the boundary
value problem:

$Aw=0$ in $\Omega,$ $w=u$ on $\partial\Omega$ .

Then, by the similar argument to above (see (3.1)), we may obtain that
$u(x)<w(x)$ in $\Omega$ . Hence $u(x)$ is not A-superharmonic, q. e. $d$ .

LEMMA 3.1. If $u(x)$ is A-superharmonic in $D$ and takes its minimum at
an inner point of $D$ , then $u(x)$ is constant in $D$ .

PROOF. We may assume that the minimum of $u(x)$ in $D$ is zero. Suppose
that $E=\{x;u(x)=0\}$ is a proper subset of $D$ . Then there exists a point
$\chi_{0}\in E$ and an domain $\Omega$ with $prop^{\circ}rty(S)$ such that $x_{0}\in\Omega\subset\overline{\Omega}\subset D$ and that
$\Omega-E$ is a non-empty open set. Hence, by the similar arguments to proofs of
Lemmas 2.2 and 2.1, we may obtain

$u(x_{0})\geqq\int_{\Omega-F_{\lrcorner}}U_{\Omega}(t, x_{0}, y)u(y)dy>0$ (see (2.2));

this contradicts to the fact: $x_{0}\in E=\{x;u(x)=0\}$ .
LEMMA 3.2. Let $y$ be a fxed point in $D$ , and assume that $u(x)$ is A-har-

monic in $D-\{y\}$ and satisfies $\lim$ $\inf$ $ u(x)=u(y)=\infty$ where $r(x, y)$ denotes
$\rho\rightarrow 0r(x,y)<\rho$

the ‘ Riemannian distance’ defined by $\Vert a_{ij}(x)\Vert$ . Then $u(x)$ is A-superharmonic
in $D$ .

PROOF. $u(x)$ clearly satisfies i) and ii) in \S 1. Let $\Omega$ be a domain with
property (S) and with its closure $\overline{\Omega}\subset D$ , and $w(x)$ be a function continuous on

$\overline{\Omega}$ , A-harmonic in $\Omega$ and satisfying $w(x)\leqq u(x)$ on $\partial\Omega$ . We consider the fol-
lowing three cases: 1) $y\not\in\overline{\Omega},$ $2$) $y\in\partial\Omega,$ $3$) $ y\in\Omega$ . In case 1), $u(x)-w(x)\geqq 0$ in
$\Omega$ by means of Theorem 1 and Lemma 3.1. We may reduce case 2) to case
1) by considering a monotone increasing sequence $\{\Omega_{n}\}$ of domains with prop-
erty (S) such that $y\not\in\overline{\Omega}_{n}$ for any $n,$ $\lim_{n\rightarrow\infty}\Omega_{n}=\Omega$ and $\lim_{n\rightarrow\infty}\partial\Omega\cap\partial\Omega_{n}=\partial\Omega-\{y\}$ ,

since $w(x)$ is bounded on $\overline{\Omega}$ . In case 3), there exists $\rho_{0}>0$ such that
$\inf_{r(x,y)<\rho 0}u(x)>\max_{x\leftarrow\Omega}w(x)$ . Hence, by Theorem 1 and Lemma 3.1, $u(x)-w(x)\geqq 0$

in $\Omega-\{x;r(x, y)<\rho\}$ for any $\rho<\rho_{0}$ , and accordingly $u(x)\geqq w(x)$ in $\Omega$ (since
$ u(y)=\infty$ is assumed). Thus $u(x)$ satisfies iii) in \S 1, q. e. $d$ .

THEOREM 2. The function
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(3.2) $G(x, y)=\int_{0^{\infty}}U_{D}(t, x_{Z}y)dt$ $(x, y\in D, x\neq y)$

is well-defined and is a Green function of the elliptic differential operator $A$

if, and only if, there exists a non-constant positive A-superharmonic function
in $D$ .

PROOF. If $G(x, y)(x\neq y)$ is well-defined by (3.2), then we may show by
the similar argument to that in [3; \S 10] that $G(\cdot, y)$ is A-harmonic in $D-\{y\}$

for any fixed $y$ . It is also clear from the construction of fundamental solu-
tions in [3; \S \S 3-5] that (see 1’) and 3’) in \S 2 of the present paper)

$\lim_{\rho\rightarrow 0}\inf_{r(x,y)<p}G(x, y)\geqq\lim_{\rho\rightarrow 0}\inf_{0(x,y)<\rho}G_{D_{n}}(x, y)$

$=\lim_{\rho\rightarrow 0}\inf_{?\cdot(x.y)<\rho}\int_{0^{\infty}}U_{D_{n}}(t, x, y)dt=\infty$ .

Hence, by Lemma 3.2, $G(x, y)$ is A-superharmonic in $x\in D$ for any fixed $y$ .
The ‘ only if ’ part of Theorem 2 is thus proved.

To prove the ‘ if ’ part, it is sufficient to show, under the assumption of
the existence of a non-constant positive A-superharmonic function $u(x)$ in $D$ ,
that

(3.3) $\int_{0^{\infty}}dt\int_{E}U(t, x_{0}, y)dy<\infty$

for any $x_{0}\in D$ and any compact set $E\subset D$ , since, if it be proved, the existence
of Green function may be shown in the entirely same way as the proof of
Theorem 8 in [3, \S 10]. By virtue of Lemma 3.1, there exist positive numbers
$\alpha$ and $\beta$ such that

$0<\alpha<\beta<\inf_{x\in\{x_{0}\}\cup E}u(x)$ .
Let $\Omega_{1}$ and $\Omega_{2}$ be subdomains of $D$ with compact closures such that

$\overline{\Omega}_{1}\subset\{x\in D;u(x)<\alpha\}$ and $\{x\in D;u(x)>\beta\}\supset\overline{\Omega}_{2}\supset\{x_{0}\}UE$

and that $D^{\prime}=D-\overline{\Omega}_{1}$ and $D^{\prime\prime}=D-\overline{\Omega}_{2}$ are domains with property (S). Then,
for any $z\in\overline{\Omega}_{1}$ ,

$\alpha>u(z)\geqq-\int_{0^{\infty}}d\tau\int_{\partial D^{\prime\prime}}^{\underline{\partial U}_{D}}\frac{\prime\prime(\tau,z,\xi)}{\partial n_{\xi}}$ . $\beta dS_{\xi}\geqq 0$

by Lemma 2.2, and hence

(3.4) $0\leqq-\int_{0^{\infty}}d\tau\int_{\partial D},,\frac{\partial U_{D^{ll}}(\tau,z,\xi)}{\partial n_{\xi}}dS_{\xi}<\frac{\alpha}{\beta}$ for any $z\in\overline{\Omega}_{1}$ .

Since $u_{0}(x)\equiv 1$ is also A-superharmonic, we may similarly show that

\langle 3.5) $0\leqq-\int_{0^{\infty}}d\tau\int_{\partial D}^{\underline{\partial U_{D^{J}}(}\tau,x,z)}\partial n_{z}dS_{z}\leqq 1$ for any $x\in\overline{\Omega}_{2}$ .

Since $-\int_{\partial D},\frac{\partial U_{D^{\prime}}(1,y,z)}{\partial n_{z}}dS_{z}$ is positive and continuous in $y\in D^{\prime}$ , we see that
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$\gamma\equiv\min_{y\in E}\{-\int_{\partial D^{\prime}}\frac{\partial U_{D^{\prime}}(1,y,z)}{\partial n_{z}}dS_{z}\}$

is positive, and hence

(3.6) $\gamma\int_{0^{\infty}}dt\int_{E}U_{D},(t, x, y)dy\leqq-\int_{0^{\infty}}dt\int_{E}U_{D}(t, x, y)dy\int_{\partial D},\frac{\partial U_{D^{\prime}}(1,y,z)}{\partial n_{z}}dS_{z}$

$\leqq-\int_{0^{\infty}}dt\int_{\partial D},dS_{z}\int_{D^{r}}U_{D},(t, x, y)\frac{\partial U_{D^{\prime}}(1,y,z)}{\partial n_{z}}dy$

$=3)-\int_{0^{\infty}}dt\int_{\partial D},\frac{\partial U_{D^{\prime}}(t+1,x,z)}{\partial n_{z}}dS_{z}\leqq 1$ (by (3.5)).

On the other hand, by Lemma 2.1, we have

$U_{D}(t, x, y)=U_{D^{l}}(t, x, y)-\int_{0^{t}}d\tau\int_{\partial D^{\prime}}\frac{\partial U_{D^{J}}(t-\tau,x,z)}{\partial n_{z}}U_{D}(\tau, z, y)dS_{z}$

for any $x,$
$y\in\overline{\Omega}_{2}$ and any $t>0$ , and

$U_{D}(\tau, z, y)=-\int_{0^{\tau}}d\sigma\int_{\partial D^{\prime\prime}}\frac{\partial U_{D^{\prime\prime}}(\tau-\sigma,z,\xi)}{\partial n_{\xi}}U_{D}(\sigma, \xi, y)dS_{\xi}$

for any $z\in\overline{\Omega}_{1},$ $y\in\overline{\Omega}_{2}$ and any $\tau>0$ . Combining these two equalities, we have
$U_{D}(t, x, y)=U_{D^{\prime}}(t, x, y)$

$+\int_{0^{t}}d\tau\int_{\partial D^{\prime}}\frac{\partial U_{D^{\prime}}(t-\tau,x,z)}{\partial n_{z}}dS_{z}\int_{0^{\tau}}d\sigma\int_{\delta D^{\prime\prime}}\frac{\partial U_{D^{l/}}(\tau-\sigma,z,\xi)}{\partial n_{\xi}}U_{D}(\sigma, \xi, y)dS_{\xi}$

for any $x,$
$y\in\overline{\Omega}_{2}$ and any $t>0$ . Integrating both sides in $y$ over $E$ and then

in $t$ over $(0, T)$ , and changing the order of integration, we get

$\int_{0^{T}}dt\int_{E}U_{D}(t, x, y)dy=\int_{0^{T}}dt\int_{E}U_{D},(t, x, y)dy$

$+\int_{0^{T}}dt\int_{0}^{t}d\tau\int_{\partial D^{\prime}}\frac{\partial U_{D^{\prime}}(t-\tau,x,z)}{\partial n_{z}}dS_{z}\int_{0}^{\tau}d\sigma\int_{\partial D^{\prime\prime}}\frac{\partial U_{D^{\prime\prime}}(\tau-\sigma,z,\xi)}{\partial n_{\xi}}dS_{\xi}\int_{E}U_{D}(\sigma,\xi,y)dy$

$\leqq\int_{0^{\infty}}dt\int_{E}U_{D^{\prime}}(t, x, y)dy$

$+\int_{0^{\infty}}dt^{\prime}\int_{\partial D^{\prime\partial^{(}}}^{\underline{\partial U_{D^{\prime}}}}\frac{t^{\prime},x,z)}{n_{z}}dS_{z}\int_{0^{\infty}}d\tau^{\prime}\int_{\partial D^{\prime\prime}}\frac{\partial U_{D^{\prime\prime}}(\tau^{\prime},z,\xi)}{\partial n_{\xi}}dS_{\xi}\int_{0^{T}}d\sigma\int_{E}U_{D}(\sigma, \xi,y)dy$

for any $T>0$ . If we put $\chi_{T}=su_{\frac{p}{\Omega}}\int_{0^{T}}dt\int_{E}U_{D}(t, x,y)dyx\in 2$ then the above inequality,

together with (3.4), (3.5) and (3.6), implies that $\chi_{T}\leqq\frac{1}{\gamma}+\frac{\alpha}{\beta}\chi_{T}$ and accordingly

$\chi_{T}\leqq\frac{\beta}{\gamma(\beta-\alpha)}<\infty$ ; here $\alpha$ , $\beta$ and $\gamma$ are independent of $T$. Hence

3) This equality holds by virtue of the following property of the fundamental

solution: $\int_{D},$ $U_{D^{\prime}}(t, x, y)U_{D^{\prime}}(s, y, z)dy=U_{D^{\prime}}(t+s, x, z)$ .
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$\lim_{T\rightarrow\infty}\chi_{T}\leqq\frac{\beta}{\gamma(\beta-\alpha)}<\infty$ ; which implies (3.3).

REMARK. The existence of the Green function defined by (3.2) does not
necessarily imply the existence of non-constant positive A-harmonic function.
For example, consider the case: $D=R^{N}$ with $N\geqq 3$ and $ A=\Delta$ (Laplacian in
usual sense). Then the fundamental solution $U_{D}(t, x, y)$ constructed with
the method in 3) of \S 1 is identical with the ‘Gaussian kernel’
$(4\pi t)^{-N/2}\exp(-|x-y|^{2}/4t)$ , and (3.2) and (3.3) clearly hold. However, it is well
known that a positive $(\Delta-)$ harmonic function in the whole space $ R^{v}\angle$ is
always constant.
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