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§1. Considering the Cauchy’s functional equation
(XYY - SOFH),
M r(F) = TR
where f(z) is an entire function of z, we have the following functional in-
equality :

@ (¥4 )| s LRI

{n this paper we shall determine all the entire functions f(z) which satisfy
2.

THEOREM. If f(2) is an entire function of z, then all the functions which
satisfy (2) arve (az+p)* and exp (az+fB) wheve «, B are arbitvary complex con-
stants and n is an arbitrary natural number, and only these.

Proor. We may assume that f(z)==0. Putting z=s-+1¢ (s, ¢ real), ¢(s, t)
=|f(z)| and using a real parameter r%, the function

F@)=¢@(a+hr, b+kr)+9la—ht, b—Ek7)
has a minimum 2¢(a, b) at =0 by (2). Here @, b, h, k are arbitrary real con-

stants which satisfy f(a+1b)=0. Hence we have F”(0)=0. Since

F7(0)=2{¢p.a, b)h*+2¢4(a, b)hk-+e.(a, DR},
we have

p.(a, hi-F2¢04(a, bhk+@,(a, DE* =0 .

Since h, k are arbitrary, we have
©) pila, b)—¢sa, by la, b) =0.

Since f(a-+ib) =0, there exists a regular branch g(z) of v/f(z) in a prop-
erly chosen vicinity V of z=yr =a-1b.
Using the Cauchy-Riemann equations, we have
{pula, )}2—@(a, bpu(a, b)=4{lg(g" () *—g’()I*}.
By (3) we have
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@ le(Me" MO I=1g (.
Since f(2)=g%=z) in V, by (4) we have

LSO @I =17 E.

Hence we have the following inequality at every point z
® | fRSf) =1 F(2) 1.

4 .
Let us put G(z)=~&)i»(5) and assume that z, is an arbitrary complex

number. We may assume f/(z)=%0, otherwise f(z)= const., which surely satis-
fies the original functional inequality. Then there exists a positive number 0
such that f/(z)=0 in 0 <|z—z,|<d. By Riemann’s theorem G(z) is regular
at 2=z, and | G(z,) | <1. Hence G(z) is an entire function satisfying |G(2)| =1
in |z] < +4oo. By Liouville’s theorem G(z) is a constant.

Hence we have

6 F@)f"(z)=A{f"(@)}*,
‘where A is a constant with |A|<1.

Solving this differential equation (6), the assertion is proved.

REMARK. If f(2) is a meromorphic function and satisfies (2) in |z | < oo,
‘then we can easily prove that f(z) is an entire function of z.

§2. Now, using the above theorem we shall solve the following functional
equations under the hypethesis that f(z), g(z) are both entire functions of z:

1) f( x-gy \) — f<x)‘i2‘L(§,V)_ ,

(2) Fx+2) =)+,

3 S+ =75,

“) fy)=rx)r),

5) |42 [+ = 1 =2]f) 421 g1,
(6) | feA) | H =) =21 f&) [+2 1 ()] .

Solution of (1). f(z)=az-+p5. It is clear.
Solution of (2). f(z)=a«az. It is also clear.
Solution of (3). We have

) D)
)

_ fx

@)l
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Hence f(z) satisfies the condition of our theorem. Hence we have f(z)=0
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or f(z)=exp (az) where « is an arbitrary complex constant.
Solution of (4). Putting g(z)= f(¢*), by (4) we have
g+ =g®0g(y).

By the above result we have f(2)=0 or f(z)=1 or f(2)=2" where n is an
arbitrary natural number.
Solution of (5). By () we have
| S [+ == 2] (0],
which implies

J f(jﬁéy,,,) ]é if(X)\er\f(y)l

Hence f(z) satisfies the condition of our theorem, and we can conclude
f(z)=(az+p)?, g(z)= a?z® where «, [ are both arbitrary complex constants.

Solution of (6). By the above result we have f(z)=«az?* where « is an
arbitrary complex constant.
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