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§1. Introduction. Reduction of the problem.

In a previous paper we have shown how the orbits of the Siegel
modular group in the generalized upper half-plane, H,= {Z|Z an nX % complex,
symmetric matrix, Z= X+:Y, Y positive definite}, form the points of a Q-open
subset V' of an algebraic variety V* defined over the rational numbers Q.
It is well-known that these orbits are in a natural one-to-one correspondence
with the isomorphism classes of normally polarized Abelian varieties of
dimension #, and in the paper cited, we have shown that if x= ¥/, then the
field of moduli of the corresponding isomorphism class of polarized Abelian
varieties is just Q(x). In the present paper we generalize this result to cover
not only the case of the moduli of Abelian varieties with arbitrary polarization,
but also the case of the moduli of polarized Abelian varieties with prescribed
endomorphism ring in certain cases. Namely, we let £ be a totally real
algebraic number field F, of degree %, over @ or a purely imaginary quadratic
extension of such a field, let [k:Q]=#, denote by o the ring of integers in
%k, and consider an Abelian variety (A4, ¢) of type o [12] and of dimension m
satisfying the following conditions:

(1) «(1)=identity endomorphism on A, and therefore n|m, or m=mnp;

(2) if a o, then «(a) is represented by an mXm matrix among whose
eigenvalues each conjugate of a appears exactly p times;

(3) if * is the positive involution of the endomorphism algebra of A
defined by the polarization attached to a hyperplane section of A, then «(a)*
= (@) for all @ o.

We consider the space H, of complex pXp matrices Z such that itZ—2) is
positive Hermitian, and in case k is totally real (i.e., n=mn,) we assume ‘Z
=Z, ' denoting transpose. For data satisfying the above hypotheses, we may
choose a system of coordinates in C™ such that for some Z=(Z,, ---, Z,,) € H},

* The author wishes to acknowledge support received during the course of this
research from the Alfred P. Sloan Foundation and from the National Science Foun-
dation (Grant no. NSF-GP-91).
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and some lattice L in k?” (i.e., a maximal free Abelian subgroup of k%7, having
2np independent generators), A is isomorphic to C™/L,, where

Ly =A{0:=(ZEN, -, (Zno DA™, CZENXF, oo, (Zy  EN™)| A LY,

E denoting the pXp identity matrix, (Z;E) or (*Z,E) denoting a px<2p matrix
written in pXp blocks, and r denoting complex conjugation on k—the last #,
terms with ‘Z; appear only if £ is a purely imaginary quadratic extension of
F, (so n=2n,) and r + identity on %; the polarization is defined by the skew
Hermitian form

(02, ) = tr(AJk)

where ¢r=try,y and ]:(_2: %), and (@), a<=o, is represented by the

diagonal matrix whose diagonal entries are the » conjugates of «, each repeated
p times, in an appropriate order. The details of this coordinatization of the
problem are described in a paper of Shimura [13] The group

Sp(p, k)= {M|"MJM =T}
acts naturally on H7°. Let
I'y={MeSpp, )I'ML=L},

the elements of L being viewed as column vectors. Then for Z,, Z, € H}® the
corresponding isomorphism classes, for the above data, are the same if and
only if Z,eI'.Z,.

We now introduce the following definitions (see [3, §27): An analytic
family of Abelian varieties is a triple (3, 4, ¥B), where 2 and B are irreducible
complex analytic spaces and 4 is a proper complex analytic mapping of %A
onto B having the following properties:

(i) there is an analytic subset € of B such that for b &B—&, the fiber
A,=271(b) is an Abelian variety of fixed dimension .

(ii) we define AP =(A)Y(diagonal of B), AP=2|AY (for any positive
integer /), and identify B with the diagonal of B'; then the group law of A4,
is cut out on AP = A®7Y(b) by a fixed analytic subset & of A® for all b = B—E.

If in addition t is some ring with unit 1, we say that (%, 1, B) admits t as
an endomorphism ring if we have further:

(iii) for each p=tr we are given an analytic subset «(p) of A such that
for each b€ B—¢€, u(p)=1u0) N A is the graph of an endomorphism of A,
and such that

th:p—0u(0), beB-E,

is an isomorphism of t into JA(A,), and ¢(1) is the identity on A,. We say
that b € B—¢ is a regular point of the fibering (%, 4, B) if each point of 171(b)
is a non-singular point of %, if b is a non-singular point of %, and if the rank
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of the Jacobian matrix of 1 at each point of A7'(d) is equal to dim B. If that
is so, then for a suitable small neighborhood N of 5, (A7'(V), 4, N) is a complex
analytic family in the sense of [7, p. 335, Def. 147]. If N is suitably small,
we can find a basis of holomorphic 1-forms on A~%(/N) such that the periods
of these with respect to a basis of 1-cycles on A~%(%’) for each &’ € N are
holomorphic functions of b’ on N (see [8, 163-165]). We assume each polarized
Abelian variety A7%(b’) with endomorphism ring is of the type described in
(1)-(3) above. It is then easy to see that the above coordinatization of the
problem of moduli of Abelian varieties with endomorphism ring can be carried
out complex analytically on N and on A7*(&V). This shows that in an appro-
priately defined sense, H%® is a natural universal space for analytic fiber
systems of Abelian varieties with the given data. It is therefore natural if
we restrict ourselves to fiber systems of polarized Abelian varieties with the
given data whose base space is some quotient space of H?%° (or of some part
of H%’). When we do this, we obtain a result analogous to that of [2, p. 363,
Theorem 27, and which is stated in precise form at the end of §3.

In the above definitions and remarks it is natural to replace complex
analytic objects by the corresponding objects of algebraic geometry. When
this is done, we should expect, following the ideas suggested by [2, 376-379]
and using the techniques of to be able to transfer the statements about
universality of complex analytic fiber systems of Abelian varieties into state-
ments about similar algebraic fiber systems, conserving as far as possible fields
of definition. However, we shall dwell mainly on the special types of algebraic
fiber systems to be dealt with here in § 3, since our main concern is to relate
the problem of moduli for Abelian varieties with the theory of automorphic
functions.

Finally, regarding the compactification of the orbit spaces H}°/I';, as pro-
jective varieties, this has already been achieved for the case when % is totally
real [I]. The result when % is a purely imaginary quadratic extension of a
totally real field is a special case of results for which it is anticipated
proofs may be published before long.

At this point we should like to acknowledge our indebtedness to K. Kata-
vama and G. Shimura for making available to us manuscripts of articles [6,
13] which at the time of their being available to us had not yet appeared in
published form. We should also like to acknowledge our indebtedness to
these colleagues for numerous valuable conversations which helped to clear
up our ideas on some of the matters touched on in this paper.
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§2. The theoty of f-functions.

Let F, be a totally real number field and let F be a purely imaginary
quadratic extension of F; put #,=[F,:Q]. Let oy, -, 0g,, be distinct isomor-
phisms of F into C such that i+#j=0,+ d;, and let r denote complex conjuga-
tion on F. Let & be F, or F, which we call case I or case II, respectively.
Let p be a positive integer, denote by L a lattice in k*?, and denote by
r=1(L) the order of L, t={aek|alLCL}. Denote by 72, :-,Z, complex
pXp matrices and let @, .-, ", where n:;[k: Q71, be complex p-vectors,
(P =P, -, {P)e CP. For convenience of notation we let Z be a pxp matrix
of indeterminates, let { be a p-vector with indeterminate components, and
define Z7=2;, {?/={9, and (V" =9 with j=i+n,(mod n), ZV*='Z9D  In
case I, we assume ‘Z;=2Z,, and in either case we assume

i(Z;~Z)»0,  j=1,,m,.

We let g=(Eg®, -+, g™) and 2=, -+, k™) be n-tuples of complex p-vectors
such that

gw :?J"J —=gor O = D = por ,
where j=n,-}+i (mod #). We let L, denote the lattice in C*"? defined by

{(60'1’ Tty Eﬂno’ Ealry Tty Eﬂnof)lf:(ZE)l’ l S L} >

where (ZE) is a px2p-matrix written in pXp blocks and E the identity
matrix. G, will denote the group of M e GL(2p, k) such that ‘MJM= ], where

J= (_2;' g) From the Corollary p. 267 of [6], we deduce, by an obvious

modification of the proof of that corollary the following (see also [16], Prop. 1.3).

LEmMMA 1. Let L be an o-lattice in V(2p, k) (= k), where o is the principal
ovder of (all integers in) k. Let P denote a mnon-degenerate, skew-Hermitian
matrix such that ‘TPy ¢ for x,y L, where cis an ideal in k. Then, there exists

0
),
D

a and such that *‘TPT=].

T eGL2p, k) such that L=T
b
ap
Hence, we may assume without loss of generality in the case t=p that

L=L ®PL, where
L={(%)

e op}
and
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c|e1ec)

for ay, -+, a, suitable lattices in k& We henceforth make this assumption.
Using the above notation, we put

00, H1C, )= 002, hXC. 2)= 3, o4 ZLA+ed+HTFEXC+)

where & )=e> O and Z[a] =‘aZa.

It is easy to see that 6[g, 2] converges uniformly on any compact subset of
the region {Z;€ H,, j=1, -+, ny; {P=C? i=1, -+, n}. An entire function in
this region satisfying the functional equation

0C+ 20+ by 2= e(m(— 5 ZIN1—HC) +8h— 06, 2)
lLel;,, i=12,
is called a 6-function of m'™ order and characteristic (g, ) with respect to L.
It is easy to see that 6;,[g, %] is a #-function of the first order with respect
to L¥*=L,®L{, L, and L{ being identified with lattices in k? in an obvious
manner, and L{ being the complementary lattice to L,: L{={l1<k?| r() = Z:

2 P) <Gy, define 2= MZ=(AZ+B)-(CZ

+D)! and ¢/ =%C'Z+D)*¢. The main problem of the transformation theory
of #-functions of this kind is to find an expression for 6[g, 2]({, Z) as a
linear combination of #-functions of the form 68[g’, #/1({’, Z") for suitable

the rational integers}. Let M:(

(g’, #). For this purpose let 4 be the group of M= (C D) & G4 such that

C=0, and consider the double coset decomposition

Go= U AT A . (Bruhat decomposition)
It is easy to show that there are p-1 such double cosets and as a set of
representatives, we may choose T, ---, T, where
0 0 E, 0
T, = 0 E,q 0 0
—-E, 0 0 0
0 0 0 Epq

E, denoting the vXv identity matrix; if M= (é g) &€ Gq, then M e AT A if

and only if the rank of C is ¢g. It is obvious that if (‘81 g) € J, we may

. A B\ _(ptA’ o¢'B
wite (3 p)=("¢" o=
B, D’ € Myx), t=1(L); then we must have p~'*A’=¢D’'"', and so

), where ¢ and p are positive integers and A/,
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_ (D't ON\(E 'D'B'\({¢E 0
=g p)(o £ ) on)
E denoting the pXxp identity. Transformations of the form (0 Dﬂ) are

b 5) with Se M), of the

second kind, while T, -+, T, are said to be of the third kind. We now
consider these types in turn. First let

oD 0
0 aD‘1>

said to be of the first kind, those of the form (

M= (
o a positive integer, and assume D has coefficients in v=1(L). Let det D=2.
We have _
0¢, 2)= 5 e(-y Z0ml+1me).
meL;

If A is any matrix, denote by A* the adjoint matrix of A (so that A*
=(det A)A™Y). Put, for me L,, n=0D"'m, or dn=0D*m. Then

0¢, =3 ¢(-5 ZTnl+ac),

where Z’=0¢"2Z[D], and ¢’ =0'*D{, and where 3’ means to sum over all
neoDL,. Now let
n=nt+oD1,

where ##< L, is such that Di=oL,. Then
0¢, 2)= X ¥e(~3 2/ Tt oD 1+ GA DR ),
P 7
where X)* denotes summation over #& L, ~n\oD™L,. Put

F#, p)= N(G)p DI G Y+oD~1p)Dr).
TEL /al
Then

1 if Dneol,,
Fe [
0 otherwise.

(This follows from elementary properties of group characters.) Hence,

N@yoC, 2)=2 % (%—Z’Eh+oD‘lp]+’<fz+aD-1)(¢+a~1 ‘Dr))

07 fnely

= X > 0loDp,07'Dr1’, Z7) ;

’ ’
pEL1/DLy 7‘EL1/0L1

if =0 =1, this sum contains just one term. By making a suitable change
of variables (replacing { by {+Zg+h), wé obtain (with L¥ =L, ~noD™L,)
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N(6)6.,[g hI¢, Z)=220, LoD (o+g), o' D(r+m)I¢'\ Z7).
o7
We now consider transformations of type II. Here we have

002, 10C, 2)= 3, e(-5-ZIm+g1+GTExXc+h)

Put Z’=72+S5, {’={, where S=(S;;) is Hermitian and S;;ea={ask|aL,CL{}.
We see from our earlier considerations that we may take S;; in any pre-
assigned lattice a in £ Then for some fixed basis {w;}?% of L,, we solve the
equations

N}

p p
n n

. R
]

a
J

\!

@Gy = 2 (Saa®ia®a)™ , (Saa is totally real)

_M

1 =
1 =1

e,
I
e,

where @; =(w;,, -+, w;p) <€ k? and py, -+, p, are all the isomorphisms of % into
C; this system of #up equations in #p unknowns has a unique solution, since
det(@f))+#0, and we may write d,;=a? for some a,<k; the vector a is
denoted by o6(S). Then e¢=(a,, -+, a,)= L{. Then for any me L,, m= 30,0,
we have

ZS”J[M"J] 5 2 b2 S [wfi]

J

Il

Nb—‘ L\Dr—‘

NI AL % tr(‘am), (mod1).
i J]
Hence,

=&

(- ZIm+g 1+ T +h)
(J

5z’ [m+g]+‘(m+g)\c+h Sgﬂ" a)) ( ﬁS[g]—mr ‘ga),
where Z’=Z+S and {’={. Hence,

6Le, W)(¢, 2)= (5 (SLa1—'20))0Le’, KA, 27,

where g’'=g¢ and /' =h—Sg— %a. We observe that e= L{. Finally, let T,

be defined as before with 0 <g<p. We shall treat this case by obtaining a
particular version of the Poisson summation formula. Let 4 be an entire

function of z,, -, z, z;=CY% such that 2 *w(z+m*) converges absolutely
m*EL1

and uniformly on every compact subset of C"% where

D) 0]
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Then f(z)= Z*w(qum) is an entire function such that f(z+m)=s(z) for all

mGL1

me L¥. Hence
f@= 2 anei'z),

m1€L1

where L}’ is the complementary lattice to L¥ and

(D)~ = [ F@(—"'2)d,

dx denoting an ng-dimensional (real) volume element and where 7 is a period
parallelogram for the lattice L}’ in the real vector space which it spans in
C™ (v(7) is the volume of 7). Hence

ADFE@= B oD )ans('2)

m’ ELl

=2 2 f V(xm)e(' (2 — 2)dx

= ¥ j Y (z—2))dx.

Putting z=0, we obtain

AT) I Ym=uDfO)= 3 | @~ mdz,

mEL m’!:L

where we identify R™ with the real vector space spanned by L¥ (which is
the same as that spanned by L¥, since (L¥, L¥)CZC R). Let

efe(( Yo

vo= 3 (g 2 (),

Put

where g, 7, €Cy, 8, 2, =CP?% Then
> Ym)=0lg, h)(, 2).

mEL1
Hence, since v evidently satisfies the necessary hypotheses, we have

0Lg, h)(, Z)=v(a)*- A
where

A= j (e — T X)dx

m":L

:-m'g,:' m:‘EL:* .fan ( ] zig;]+t<ili§;)<g;iz; ——tn_%’x dx,

<

where { = ( z,

) ¢, being composed of the first ¢ components of {, and {,, of
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the last p—¢. Put Z= (?1 ?2), and introduce the following notation:
21 22
O le O ZlZ
Zu 0 'Zy 0 (Xu Xm)
0 Zz;[ O Zzz XZI X22

Z, 0 tZ, 0
X =218, X=£1+8&, 771241—}—/11—7%1/, N = f+ﬁ1__

=00y, py=C54 s, 771”:@71}), ny' = (zz) El—(x‘), 52—(x2)

Then Z;, and therefore X;, are non-singular. Clearly !Z*=2%. So
_...1_ X ;17 t % HEAVASE YA
A R A Pl ks (fz)<cz+h2>

VR ~mts—tmz

124
=5 251 (8)(I) et miz =B,
where X{a} =‘aXa. (We observe that the vector space R™ is spanned by
vectors of the form (‘f),) Then
a

1
B= 7X11{§1+X1—11X1252+X1_11771”}— %*Xn{Xn(Xlzfz'{“’?l”)}

- %*Xzz{fz} “I‘tfzﬂél“{‘tm{gl‘}‘tm{gl

— 1 trTIJT 14,‘ / m,_h
= 5 Xulb b)) —CH = CH o2/ 7 ]

+5-7 /c+g2]+ :c+g2)(cl+(gl)>

+ (MY e () Hedhit g,

where (& B)=T, H=(CZ+D)y'C, Z'=T,2, ¢'=\CZ+D)*¢, and L is a

complex vector independent of &;,. Finally, X, is a symmetric form on
Rx R*, with det X, =(det Z,;)?, having positive definite imaginary part.
Hence,

[ (5 Xetn)dv= =Nt 2,7,
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where N means “norm” in the sense of taking the product over all formal
conjugates. Thus, if (é ZB))) =171, we obtain

0l g h1, Z)
1
= 4 o( 7)) N(det Zu)rzﬁ5< Zi'ld ])e(tgl 1> 2 €< 2 [m2+g]

).

,_(— £ : :
where g _< g2> h = <h2> Finally, we remark that the sum on the right

above can be written as a sum of §-functions attached to the lattice L,. This
follows from the observation that if A4, and A, are lattices, then any of the
6-functions 0 4,[ g, 2] can be expressed as a linear combination of the #-functions
04l &', B], for suitable g’/ and A4’. To prove this, it is sufficient to consider
the cases (a) 4,04, and (b) A,DA4,. Case (a) is obvious since then A4,
= U(A,+c¢) for a finite number of ¢. For case (b), let y,, -+, x» be the char-
acters of the group A4,/4,. Each y; can be written in the form y.(a)= (%),
for some 1/ € 47 and for all a= A4,. Then if m=0n,, -, my) € 4,

0 if med,,

i){i(m):[
=1 N if med,.

Therefore

0.Le 10C, D= 3 o5 ZIm+&1HGTEXC+1))

meLy

=N= 3 5 zmye( -y ZIm g1+ TR 1))

mcEAg i

-5( =

i \mE Ay

(3 Z0m g T+ GITEXE +ht 1)) ,
where 1’ € A{. Hence
0.8, M= 304Le, h-+2{Je(—'81) - N*.

Combining the above results, we obtain, finally, for any (é g) eSp(p, k), that

AN A (EPALS (I Eh, Cornbrl &, W', 2,

where 7({, Z)=(N det (CZ+D)) 25( ®'CO), ' =XCZ+D)*, Z/=(AZ+BXCZ
+D)™, and cg,, are constants; the sum on the right side is finite, and if
g hek, then g/, =k, and c,,;, belong to a cyclotomic number field. We
are particularly interested in the case for which t(g g

matrix <él g) is called an L-unit. The group of L-units is denoted by I';.

)L:L. Such a
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If L, and L, are complimentary lattices in £?, then the C-module of §-functions
of given characteristic g, # with respect to L and of lst order is one-dimen-

B) eI'; that

sional (vide infra). Assuming this we shall show in case (él D

the above formula takes the form:

008, WNC, Z)=c (N det (CZ+D) e~ 5 ¢'CE) - 0,Lg", WX, Z),
where |¢c|=1 and

g'=Dg—Ch+ 5 (CD)

W/ = —Ba+ A+ é— 5(BAY,

where 0(S) has the previously defined meaning for Hermitian S such that
SL,C L{, (we recall that L, =0o") or SL{C L,. In fact, for this choice of (¢’, #"),

put ¢({, Z)= 6(— é ’tC/CC>ﬁL1Eg/: #’]. Then for 1, Ly, 2, € L{, we have
P +Z0A2) =0, &', I +Z (D3, —Cl)H(—BA+A), Z7) -
. 5(4 ‘%*‘(C’+Z’(D11—Clz)+(—311+A12))C(C+Z/11+12)>
=6, g, N, Z0e( 5 10CE) - o8,
where #:tr{—‘(D—ll——C/lz)(é—Z’(Dll—C/lg)JrC’)+ } Direct computation

shows the latter to be = tr{— %Z[l]]-—‘fchr%gaqlk} mod 1. Hence

0ula WIC Z)=c-0nle’, WA, 2e(— %T ),

where ¢ depends only on Z. We know in any case from our preceding

1 .
formulas that c¢=(WNdet(CZ+D) ?).¢,, where ¢, is a constant. For the
purpose of computing ¢, it is easily seen to be sufficient to consider the case
for which detC+#0; for we can always write

FE 0) A, Bl>

M=(,p g ¢, D,

where v # 0 and det C, #0 for suitable choice of v. In the following, we say
a rational integer [ is “sufficiently divisible” if [ is divisible by ! for a
sufficiently large rational integer @. When det C+0, we may use the compu-
tations on 173-181 of [9] to compute ¢, and we find that

0= 5(% V(& 1))N det (CZ+D)yV3x(M),
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where y(M) is a complex number depending only on M. Using an argument
similar to that of lines 7-12, p. 347 of [2], we see that there is an integer d
such that y(M)* is a character on I';, i.e., a homomorphism of I'; into the
multiplicative group of non-zero complex numbers. As for the more precise
nature of y(M), we assume that

MeTI ()= {M,|(M,—FE)LCIL}

for sufficiently divisible /. Let /7 denote a “period parallelogram” for L,.
If £ is the matrix of the conjugates of a set of basis vectors of L, over the
rational integers, numbered and arranged in suitable order, then | det 2| =v(7).
We write the rational number »(£7)? as the quotient -Z— of rational integers
such that af27* and b#2 are algebraic integral matrices and assume 4eb|/. Then
using the argument of lines 12-17 of page 347 of [2], we can easily prove
x(M) is a root of unity, provided we can prove | y(M)|=1. To prove | y(M)|=1,
we observe that the calculations 173-181 of [9] may be carried over to our
case with certain minor, but essential, modifications which we now describe.
First, Krazer’s matrix T [p. 131 loc. cit.] is (_g —j) in our notation.
Secondly, Krazer’s period matrix « and vector variable # are just niZ and
7i{ in our notation. In the calculations 173-181 of [9], in formula (163) p. 173,
the integral indicated there should be »(£7)™!, when not zero, instead of 1 (we
note that integration must be carried out over a “ period parallelogram?” of
{). Moreover, the new indices of summation » and p introduced on 174-175
should be restricted by requiring that < L{ and p=L;. Then the number
of “normal solutions” of (173), p. 175 is the number of solutions p of C-lp = L],
for p e L,, incongruent modulo |det 272- NdetC|L,. If P=C or D, we put

P

‘Pano
P*

I

Palf

0 Po‘noT
and put C,= 2-1C*Q~, D,= 2-'D*Q2. Then the number of normal solutions
referred to above is just |detC,|?~*. Moreover, if (C, D) is a primitive Hermitian
pair and if, as we have supposed, M < I'(!), then (C,, D,) is a primitive sym-
metric pair of rational integral matrices with C;=0, Dy=FE mod 4. In (XXXI)

— 1 ~L
p.181 of [91, | T2 |% =| N det (CZ+D) 771, 4y =N det €, Pi> = |det Gy 7, and
A
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we see that G becomes the modified Gaussian sum associated with (C,, D,) in
_1
the classical transformation theory of 6-functions, so that |G|=|det C,|" 2.

Hence, in the formula (XXXI) we have
- —a‘lN
|o() el =| N det (CZ+DY % | - | det G, ¥ | N det C| 2
— | N det (CZ+D)"* || det 2|

or since v(£7)=|det 2|, we have |N det (CZ—!—D)“‘}I:[CI, so that [x(M)|=1.
Since y(M) is a product of a Gaussian sum by a root of unity and by a real
number, it follows that y(M) is a root of unity. Clearly its order is bounded
since I';(/) is finitely generated. Hence, for any [, /|/,, we have y(M) =1
for M e I';(l,), for suitable d.

Let L=L,PL, be as at the beginning of §2. We assume that 1(L,)
=v(L{)=1(L,)=1(L{)=r, so in particular t=%. For fixed characteristic (g, A4),
for fixed Z, and for a positive rational integer m, we wish to find a basis for
the m™ order O-functions © of characteristic (g, %), i.e., entire functions such
that

O+ 201y =e(—mT (5 Z0+C) + T~ )60,

We assume mL,C L{, so that mL,C Lj{. By multiplication of L by a suitable
scalar, we may assume without loss of generality that L, DL{. © may be
expanded in a Fourier series:

@(c) - e(tg-{) Z/Cue(t/jC) ,

/,(ELZ

and it is easy to show that for 1, & L, we have
1 _ - -
Crgimss = Cug (5 mZLAIH BZNA T +321,)

so that if g, L4 runs over a complete set of representatives modulo mL,,
we have

OO =(E)SCy, T ¢( g mZIATH AZL A EZMA Et mL+TR)
Zo €Ly
or

60 =80 (TCut(— 5 2Lt a0 H5, Womt, m2).

Hence, the dimension of the module of such #-functions is [L:: mL,]. Denote
this module by L£(m, L, g, /). Let m be such that in fact mL,C3L{ (or
mL, CpL{, for any p=3). Let @, ---, Oy be a basis over C (for fixed Z) of
L(m, L, g, k). Let L, be defined as in §2, and let A; be the complex torus
C™"/L,. We define a mapping
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0:Az“_‘)CPN,

where CP? is the N-dimensional complex projective space, by 6({)=[6,{):
-+ :0x(0)]. Then by a proof which is mutatis mutandis identical with the
classical proof in [5], we may show that # is a biregular immersion of A, as
an Abelian variety in CPY,

We now refer to [10], p. 32, formulas (/7§) and (II,). Precisely the same
formulas can be shown to hold in our case with # replaced by some positive
integer m and with #? replaced by m"?. The calculations are just as in
with appropriate change of notation, and we shall not dwell on them here
except to note that the indices 8 on p. 19 (loc. cit.) should be taken as elements
of L{. At any rate, the result which these formulas imply is that if L=L,PL{
(.e., if L,=L{, viewing each as a lattice in &£”), then the module of §-functions
of m' order and characteristic (g, /#) is spanned by the products

L5 A e

for which A, emL,, Sk, =mL{. The argument for proving this is just as
on p. 344 of [2]
It is also easy to prove that

OLa+a’, X, Z)=¢(—5 ZLa I+ g C+Ith))0Le, KXC+Z8'+ 1!, Z)
and in particular if ke L,, A= L{, then
OLg+r, h+2)(C, Z)=e(A2)0L g, K], Z).

m m m m
Hence, if S/ =3g®=0=4»=3g®, then
i=1 i=1 i=1 i=1

116>, KP1(Zg'+1', Z) 1160 g +&’, kP +1'10, Z)
H6Le®, mP1(Zeg'+h', Z2) ~ 1I6LeP+g’, P +W10,Z)

Denote the right side by f[ g’ -, A2 Z). Let Z,, Z, = H% and suppose for
all m, g®, -, b2, we have f[ g, -+, AN Z)=fL&®, -, kP )Z,). The equality
of the expressions on the left side of the above equation for Z, and Z, says
thatif L=L,PL{ and if Az, =C"?/L,, i=1, 2, then we have an isomorphism
¢ of A, onto Az, which carries all the points of any fixed order m on Ag,
onto the points of order m on Az,. Hence ¢ is induced by a mapping
Y {—al-+b of C™ onto itself, and we evidently have a(Z,g'+2)+b=Z,g’'+h
for all g/, #’ sufficiently small. Hence 6=0 and a¢=EF, the identity matrix.
Therefore Z, = Z,.

Just as in [27, 344-345, we may also write down an “addition formula”
for 6-functions similar in form to (9) of [2]; the essential details of the proof
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are those in [107, sections, 3, 6, 7 with notation adapted to our present situation
and with minor modifications in the summations performed there. The essential
point is that the final formula must be the same in form (compare p. 58, loc.
cit.; replace v by m, a by wmimZ, and u by wim{).

Finally, let p=t(L), p# 0. Then 6(o{, Z) is a first order #-function with
respect to the lattice p " (L,PL{). Since p is an endomorphism of L,P L],
and since the latter is commensurable with L,@ L,, it is clear that if 0,¢, 2),
~, 0,0, Z) are algebraically independent f-functions of the type we have
been considering, then 6(ol, Z) and these must satisfy an algebraic relation
with coefficients which are holomorphic on H7%° and which therefore (see
p. 364) must be automorphic forms with respect to some congruence group
contained in I';. It is a priori evident that the numerical coefficients of the
Fourier series involved must lie in some cyclotomic field, and that the given
algebraic equation is carried into another valid algebraic equation (involving
different #-functions) by application of an automorphism of the Galois group
of that cyclotomic field to these. We are now in a position to apply the
methods of [2], section 5.1; we shall do this in the next section.

§3. The moduli of Abelian varieties.

Let L=L, DL, k etc, have the same meaning as in the previous
section (we shall not assume L,= L{ unless so stated). Let H, be defined as
before (see introduction). Let R, be the subring of the ring of holomorphic
functions on H3°x<C" generated by the functions 60.,[g, 21, Z) for g€ kP
and # = k?. As we have seen, given Z,, Z, = H}°, there exist g, %, g/, i/ € k?
such that 6,[g’, 210, Z), 0,08, 710,Z,)#0 and such that if f(2Z)
=0,[g n]0,2)/0,,[g’, 10, Z), then f(Z)+f(Z,). Define subsets of R, as
follows:

1) For each positive rational integer m, let

R,,={ring generated by 1 and by all 6,,[ g, /]
such that mge L,,mhsL,}.

2) If [ is a non-negative rational integer, let R{® denote the module of
homogeneous polynomials of degree / with rational integral coefficients in the
functions 0., g, 21, Z), g, h € kP.

3) Put RY) = Rn.n\ RP.

Clearly, R,,= @, R%), @ denoting restricted direct sum (this follows from
the functional equation for §-functions). If 7 is any of the sets defined above,
let r*={g|g(Z)=r(0,2), Z H}, fer}. Let K(r) and K(r*) denote the
quotient fields of the rings generated by » and »* respectively. If m is a

positive rational integer, let @,, denote the cyclotomic field Q(’S(%i >> Put
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A=U,Qr; A is the maximal Abelian extension of the rationals Q. Let
G(A/Q) denote the Galois group of A. It is easy to see that Q,2K(RY,) and
Q2 K(RY)) are regular extensions of Q,2 If 6= G(A/Q), ¢ may be made to
act naturally on R, (= R%, or R{%)), and hence on K(R,), by allowing ¢ to act
on the Fourier coefficients of all 6, g, 2], which belong to A as soon as
g hek?. If Ryis any of the above rings or Z-modules (Z=rational integers),
let R=R,®zA. We have seen that Sp(p, k) acts naturally on R¥; namely,

it PeR, and if (& D)< Sp(p, k), define

(& B) P, 2y=e(— L C'CO)N det (CZ+Dy T P, 2.

If I’ is a subgroup of Sp(p, k), denote by R¥ the subring or submodule of
R® consisting of the elements invariant under I
It follows from our imbedding theorem for Abelian varieties that for
m =3, the elements of R{ have no common zeros on H%*XC"?, and so the
elements of R, and therefore the elements of R®* have no common zeros
on H3°. We define
im)y={geTl.|(g—E)LCmL},

E denoting as always the identity matrix of appropriate dimension. Then for
fixed m and for sufficiently divisible / and d, Ri,‘ger):Ri,? and REY'r, = R
These statements are easy consequences of the transformation formula. Let
6%, -+, 0% be a basis of RY" and define §*: Hp—CPY by 0¥2Z)=[0§2): -
0%(Z)]. Clearly, 6* induces a well-defined mapping 6% of the orbit space
H/I'(d)=V(I')(d)) into CP¥. V(I'y(d)) has a natural compactification [1]%,
V(I'(d))*, obtained by adjoining to H%° all rational boundary components (in
the sense of Satake), supplying the union (H%°)* of these with a suitable
topology, and providing the quotient space (H3%)*/I'(d) with the richest natural
analytic structure; the resulting complex space V(I (d))* may be imbedded
as an algebraic variety in some complex projective space by means of a
mapping whose coordinates are automorphic forms of suitably hfgh weight
with respect to I'y(d). Each rational boundary component in H7® may be
identified with A7° for some 7,0 <7 <p, and there is a mapping @ which
maps the graded module of automorphic forms with respect to any group
commensurable with I'; into a graded module of automorphic forms on H7}o
with respect to some discontinuous group. It is easy to see that @ maps RY”"
onto the similarly defined module of holomorphic functions on H7?. Hence, as
it is easy to see, fF may be extended to a well-defined mapping also denoted
by 0% (whose coordinates have no common zeros) of V(I',(d))* into CP¥. As

1) See end of §1.
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in [2], 353-354, it is easy to prove that for each x< CP?¥, 6F7(x) is at most
a finite set of points. Let y € H%® be such that 8 (6*(y)) C V(I'(d)) and such
that the number of points in 85 %6*(y)) is minimal. Let 85 0*(¥))={y., =+, ¥s}
and let y; be the canonical image of Z; = H}, i=1,---,s. We know there
exists a sufficiently divisible m’, d|m’, such that if we are given i,j with
1<i<j<s, then there exists an fe K(RY") with f(Z) + f(Z;). (For this, we
should observe again the fact that any two lattices in k? are commensurable.)
Let ¢y, -+, ¢» be a basis of RI)% 4 for suitably divisible Z, I|/’. Clearly,
RY)r @ contains all homogeneous polynomials of degree U/l in 0, -+, Oy
having coefficients in A. Define ¢: HR—CPY by ¢(Z)=[¢(Z): -+ : dxZ)].
Then ¢ induces an analytic mapping ¢;: V(I',(d))*—CP¥»'. By our choice of
m’, ¢y, -, oLy, are all distinct. Hence ¢7Y(x) is finite (if not empty) for
all xe CP¥, and if x is a generic point of ¢V (d)*¥) over A, then ¢7%(x») is
a single point. For any positive integer m,, let G(mn,, L) denote the subgroup
of Sp(p, k) leaving K(R,,) pointwise fixed. What we have just proved clearly
implies that G(m/, L)YC TI',(d)C G(m, L). Let V(m’, L)= V(G(n’, L)). Denote
by 4 the homogeneous elements of degree /7, for sufficiently divisible, fixed
/”, in the integral closure of the graded ring whose generating elements (of
degree 1) are the elements of R¢? for some fixed /; let «ay, -+, @y, be a basis.
of 4 ; then the mapping
a: Vim', LY*—>CPY"

with these as coordinates is a projective imbedding of V(m’, L)* as a projective
normal variety defined over A for suitably large /7. Clearly, for sufficiently
divisible m’, G(m’, L) is a normal subgroup of I';, as we see from the trans-
formation formulae for #-functions. In fact, using the notation of the preceding

section, if M= (é g) e I';, then 6,,00,01¢, 2)= X(M)gZh egin0L g, 1 I(CH, Z),
101

where A(M)= y(M)N det (CZ—I—D)_'; and the sum on the right side is finite;
replacing { by {+Zg+h, we obtain the transformation formula for 6,,[g, 2];
then, finally, since I'; is finitely generated, we can find a positive integer /,
such that all /g, lh, e L~ L{, i=1,2 for all g, and %, which appear as M
runs over a set of generators of I'; ; therefore, if [,|m’, I'; is a transformation
group of K(R, ) and G(m’, L) is the kernel of this representation of I";,. Then
if rer',/G(m’, L), v is represented by a projective transformation defined
over A. Hence I'y/G(m’, L)= G,, is a finite group of projective transformations
of V(m’, L)*, and the quotient variety is easily seen to be V(I'.)* defined over
A. On the other hand, if ¢ € G(A/Q), we see that ¢ carries RY" onto itself
for any /,m,. Let T,: V(m/, LY*— V(m’, L)*° be the projective transformation
induced by this linear mapping of RY" onto itself (see [2], p. 356, Lemma 2).
If y €G,, then *=T,r7T;% In fact, let (@, b) be a generic point of 7 over
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A, so that @ and b are generic points of V(m’, L)¥; then @’ = T,(a) and b’ = T4b)
are generic points of V(m/, LY* and we have: 7 (a°)=0"=T,(b)=T,ra)
=TsrT57%(a”) (as for the equations @’ =T,(a), etc, T, may be thought of as
prescribing for any generic point ¢ of V(m/, L)* a fixed extension of o6: A—A
to an isomorphism 7,:A(a)—A(a”)). Let G%,— {7°|r € Gu}, and define T, on
VI')* by T,=n"T,x7!, where « is the canonical map of V(m/, LY* onto V(I'.)*.
Then it is easy to show that 7, is a well defined biregular map of V({I'.)*
onto VII' ¥ =V, LY*/G). So we have the diagram:

Ts
V(m/! L)* — V(m/) L)*U

l” T l”g

V() —5 VL)

Evidently T% o T.=T,. Therefore, we may apply the criterion of André Weil
and find a biregular map f of V(I',)* onto a variety V defined over the
rational numbers such that f=f,=77-7T,. Hence we have diagram:

T,
Vim', LY* — Vim/, L)*’

| , |

V<F\L>* =5 Iy
5 S
N

V/Q
Let a: V(m/, LY*—>CP¥"” be the projective imbedding defined previously.
Let 6, ---, 85 be the basis 0,;1[%, O](mg’, mZ), ne L mod mL, of the

module of m™ order O-functions (for each fixed Z) with respect to L,
of characteristic (0, 0). Consider the map 6:H3XC"—CP¥ defined by
0, Z2)=104¢(,Z): - 105, Z)]; define T=axb: HPXC"—CP"XCPY by
TZ, O=a(Z)x6(, Z), & being the map induced by «. For fixed Ze< HYp,
T(ZXC™")= A, is an Abelian variety. For sufficiently divisible m’, G(m’, L)
cI'y(d) for some sufficiently divisible d, and therefore we may assume
for such m’ that G(m’, L) has no (non-trivial) fixed points in H7%°, so that
T(HXC") is a fiber system of Abelian varieties over a(H}), and I'y/G(m’, L)
=G, acts in a natural way as a finite group of projective transformations
of T(HE*xXC™). Clearly G, (V(m', LY*—V(m', L)) = V(m', LY*—V(m', L). More-
over, if 6 € G(A/Q), then T (V(m', LY*—V(m’', L) =(V(m', LY*—V(m’, L))”; this
is true because application of ¢ to the Fourier coefficients of a modular form
commutes with the @-operator (q.v., supra).

We now show that T(H7'XC")* is an algebraic variety on which
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T(HpxC™) is an A-open set. In fact, it is clear that the dimension of
T(HXC™) as a complex space is n(p%—&;ﬁ). Moreover, if 4 is the
smallest algebraic variety containing T(H}°<C"?), then dim = dimg T +dimy&
:%<,,1?,(l’2‘tl)_>+ dim T. One may then show, using methods of a previous

paper [2], that any np+2 O-functions are algebraically dependent over tne
field of automorphic functions on H%® with respect to I';, and hence
dimz T <#np. It follows that dim A=<dim(T(H3XC™)), and our assertions
about T(H X C"?) are immediate. Put A=T(H}' XC")*, B =a(H)*, 1:N—>B,
the restriction of pr,: CP¥XCPY-—-CPM. 1t is easy to see how to define T
on N and that T, =W, T,[A)=T,AT;'=21% etc. By our remarks at the
end of the last section it is easy to see how to make the Galois group act on
the graphs of the group law and of the elements of our endomorphism ring
t by projective transformations which we also denote by 7,. Then 7, is an
isomorphism of Apz = Agaz- If 7 1, then the graph [7] of the endomorphism
n is an algebraic subvariety of A® (see end of §2 and [2], p. 370), and
T,[n1=10[77% r[n]l=1[7]. Thus we have the following diagram:

T,
N — A

BE

B B

N/
SN ST
ViR , fi=feor.
Let ZeHY, f(Z)=x€ B, filx) e V=V(I',)*. We want to prove that Q(f(x))
is the field &7 of moduli of (A 6%, ¢), ¢ being the “natural” injection of t in
the endomorphism ring of A, and 6 being the polarization attached to the
projective imbedding 6. First A, 6% and «(») are all defined (s =) over a
finitely generated subfield k(x) of A(x). Let x be such that x and fi(x) are
generic on B and V respectively over A. If reI';, A,= Az and if 0 € G(A/Q),
then A,=T,A,= A% Hence k% is contained in the fixed point field %, of all
7 and o in k(x). The fixed point field of all y is Ak(m(x)) (since = is the
canonical map of V(mw/, L)* onto V(I',)*= V(m’, L)*/G,,), and by the construc-
tion of [15, p. 5117, the fixed point field in &(n(x)) of all ¢ is Q(f(n(x))) = Q(f,(x)).
Hence £ C Q(fi(x)). Then with minor changes of notation, we may apply the
argument of [2; p. 364, 1. 20-p. 365, 1. 4] to show that for any specialization
X of x over A, we have &) = Q(f(%)). Thus we have:
THEOREM. There exists a projective imbedding ¢ of the space V(I'p)*
= (H3/T'L)* defined over the rational numbers Q. The points of the orbit space
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V(I'y) are in one-to-one correspondence with the isomorphism classes of polarized
Abelian varieties of given dimension and polarization, given type [12, 141 and
with given injection of 0 C k into their endomorphism vings satisfying (1)-(3) of
§1. If ye V(I'y), then Q(o(»)) is the field of moduli of the corresponding isomor-
phism class.
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