Journal of the Mathematical Society of Japan Vol. 12, No. 1, January, 1960

Some remarks on Einstein spaces and spaces of
constant curvature.

Dedicated to Professor Z. Suetuna on his 60th birthday.

By Kentaro YANO and Tsunero TAKAHASHI

(Received July 31, 1959)

§1. Preliminaries.

The object of the present paper is to generalise some of recent results
of André Avez [17* to the case of non-compact Einstein spaces and to the
case of spaces of constant curvature.

We shall here give notations and the formulas which will be used in
the sequel.

Let M be an »n dimensional Riemannian space of class C* with the
fundamental metric tensor g,; whose signature is not necessarily positive
definite. We denote by F, the covariant differentiation with respect to the
Christoffel symbols {,5}, by K,. the curvature tensor, by K,; the Ricci
tensor and by K the curvature scalar.

For an arbitrary skew-symmetric tensor field w: wy,,,..2, of order p, we

-dp
write
(L.D) (AW) paszgeap = (DF DIV i3, 20027
and
(1.2) (0) 3y20e-2p = Vil 1250 «

Then the de Rham operator 4 =dd-+0d applied to w gives

(Aw)/h/h-~-/1p = g"’“‘V,,V,,w,l,z,...;p

73 —1 v
_pKDhl w!ulﬂz"'ﬂp]—_p%i KU:A: /u)lvlllb'"lp] .
Especially, if w is a vector field,
(1.3) (dw), = "V, V,w;— K w«

and if w is a skew-symmetric tensor field of order two,

(Aw)/lx = guﬂVu V,uwhc— ZKDI’!wl,ulnj —Klmv”wvu
or
(1-4) (Aw)/lfc = gV”Vv V/JZUA/:_(2KU["A¢% +thy'u)wvu .

* See the Bibliography at the end of the paper.
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A skew-symmetric tensor field w is said to be closed (or coclosed) if
dw =0 (or dw=0). By the well known properties of the operators 4 and 9,

we have d*=0, 02 =0, dd = 4d and 64 = 45. Thus if w is closed (or coclosed),
then 4w is also closed (or coclosed).

§2. Two theorems.

Let T,; be a tensor field of class C! and put 7,"=7T,,2%". The following
theorem is essentially due to A. Avez [[1], but we shall omit the condition
of symmetry for T,; and give a simple proof.

Tueorem 1. If the dimension n of M is greater than 1, the following three
properties of T,; are equivalent:

(a) Tpa=cgun where c is a constant.
(b) TPw, is closed for all closed vecior field w of class Co.
(c) T w, s coclosed for all coclosed vector field w of class C.

Proor. If we assume (a), then T,*w,=cw; and as ¢ is a constant, it
follows easily (b) and (c). So it is sufficient to prove (a) under the condi-
tion (b) or (c).

First assume that 7,; has the property (b). Then for an arbitrary
closed vector field w;, we have

V[p(TA]www) = (VE/ATAJM)ww“i_ T[AmVp]wm =0
or
(2.1) (V[#Tl]w)u)w_}‘ T“wA/e] ngw =0.
If we fix a point of M and consider the above equations at this point,

then w, can take any values and /g, can also take any values except the
condition Faw,; =0 at this point. So we have

(22) PeuT® =0
and
(2.3) T @A =0.

From the last equation we obtain, by contraction with respect to £
and gy,

w_ 1 «
T,I - n’ Tﬁ@Al

or
T/M =C8pa -

Substituting this into (2.2) we easily find that ¢ is a constant.

Next assume that T,; has the property (c). Then for an arbitrary
coclosed vector field w,;, we have
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VAT pwp) = F*T Mwa+ TP wh) = 0.

Considering this equation at a point of A, we get

(2.4) PrT A =0
and
(25) T/ul = C&uk»

for w,; can take any values and F“w* can take any values except the condi-
tion g,,/*w*=0 at the point. Substituting [2.5) into [2.4), we easily find
that ¢ is a constant.

Before going to theorem 2, we shall prove some lemmas.

Consider a tensor 7,,;: at a point P of M which is skew-symmetric
with respect to the first two indices and also with respect to the last two
indices and put T,,%* =T, ,3,8%%g"".

Lemma 1. Under the assumption n > 1, the equation

(2.6) T[#ABmSy]ﬁm - 0

holds good for an arbitravy temsor S, at P satisfying
2.7 Su(,u).) =0

and

(2'8) SEV/MJ =0 ’

if and only if
Tv,u/bc = C(gy/lgpx—gvxgml) .

Proor. Assume that 7,,u=c(818m—8wc&u)» then T(,P*S,15,=2¢Sp -
Thus if S,,; satisfies (2.7) and (2.8) we can conclude 7%,;:8%S,:5,=0.

Conversely suppose that when S,,; satisfies (2.7) and (2.8) we have
TtpiP2S,18.=0. Let P,,; be an arbitrary tensor of order three and put

Svmni=PoptPuwi—LPoip— Py,
then S,,; satisfies (2.7) and (2.8). Thus we have
TtaP*Suape = 2T 0 i Pipe+2 T piP* Pligivia
= 2(T 1P A3+ T d" AL Prgs,
=0.
As Py, is arbitrary, we get from this
Tepif* AL+ T Al = 0.

Contracting with respect to y and v, we have
1 o
(29) Tp/lﬁw = Zj (T/ANAI/?‘TA Ag) ’

where T,*=T,4*= Tp,#*. From this we get by contraction with respect to
a and u
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1
n

Th=-"T, AR,

and substituting this into we have

Ty,uhc = C(guzgﬂm_gvxg/ul) .

Lemma 2. T, is as in Lemma 1 and assume n>1. The equation

(2.10) T3PS gy = 0

holds good for an arbitrary tensor S*,; at P satisfying
(2.11) S*ua+S%1,=0

and

(2.12) S%2=0,

if and only if
Tu,u/]lc = C(gvzg,wc”‘gw:gwl) .

Proor. If T,,ue=c(Q18um—&vc&u), then TrpeSTg, = c(S%wi—S%x). Thus if
S’ satisfies (2.11) and (2.12) we easily find that 73,8257, =0.

Conversely suppose that when S”,; satisfies (2.11) and (2.12), we have
Ty,aS7g,=0. Let P”,; be an arbitrary tensor at a point P and put

Vv v 1 o v o v
S'ua=Prun— 1 AP%uAm—P tlal A%},
then S¥,; satisfies (2.11) and (2.12). Thus we have

TriP*STga = Trib*Plpa—, *1:1‘ {13 P 50— T4 P’ as}

1
—[ Trifot (T A—THAD | P
=0.
As P’,; is arbitrary we get
©13) T = L (TAA5-T,rAY).

From this we have easily
£ 1
T,F= W T,2A% .
Substituting this into (2.13) we find

Typae = c(8ua&uc—8vr &) -
Using these lemmas we shall prove the following theorem.
Tueorem 2. Let T,,.x be a tensor field of class C' and skew-symmetric with
respect to the first two indices and also with respect to the last two indices and
assume that the dimension n of M is grealer than 2, thewn the following three
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conditions for T, are equivalent.

(a) Typir = (82 8u—8ve&u), Where ¢ is a constant.
(b) TiPrwsy is closed for any closed tensor field w of class C>.
(c) T,P*wg, 1is coclosed for any coclosed tensor field w of class C°.

Proor. Suppose (a), then 7,,f*wg,=2cw,; and as ¢ is a constant, it
follows easily (b) and (c¢). So it is sufficient to prove (a) under the condi-
tion (b) or (¢).

Suppose first (b), then we have for an arbitrary closed tensor field w,;

(214) VEV(T#XJwaﬁa) = (ch T/;AJBM)me+ TE/AABwVv]wbm =0.
Considering the above equation at a point of M we get

(2.15) V[pTﬂuG“ = 0

and

(2.16) T piPPy w50 =0,

for wg, can take any values except the condition wg,+w,s =0 at the point.
As P,wg, can take any values except the condition F,wg,+V,w.z =0 and
Voowpes =0, we have, from (2.16) and Lemma 1,

TV/MI: - C(gwlg/uc_gwrg/d) .

Substituting this into (2.15) we find by the assumption # >2 that c¢ is
a constant.
Next suppose (c) then for an arbitrary coclosed tensor field w,; we have

VQ(T/MwaBm) = (VIIT/MBw)wﬁw_i” T/:lﬁm(yﬂwﬁa) =0.

If we fix a point in the space, wy, can take any values except the condition
Weat+wag=0 and Fwg, can also take any values except the conditions
Viga+V"Wuy =0 and F“w,,=0. Thus from Lemma 2, we get

V#Tuiﬁw =0 and Twulx = C(gu). gux_'gvxg/ul) .

Substituting the second into the first we find that ¢ is a constant.
Thus the proof of the theorem is complete.

§ 3. Applications to Einstein spaces and spaces of constant curvature.

We shall prove in this section the necessary and sufficient conditions
for a space to be an Einstein space and these for a space to be a space of
constant curvature using the results of the above section.

Tueorem 3. If the dimension n of M is greater than 2, the following three
conditions are equivalent :

(a) M is an Einstein space.
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(b) &'V, is closed for any closed vector field w, of class C°.

(c) gV, is coclosed for amy coclosed vector field w, of class C°.

A. Avez has proved in the equivalence of (a) and (b) and also proved
the equivalence of (a) and (c¢) in the case M is compact.

Proor orF Tureorem 3. From the formula (1.3) we find that when w, is
closed (or coclosed), g*“F,F,w, is closed (or coclosed) if and only if K;*w, is
closed (or coclosed). Thus (b) is equivalent to the condition:

(b K.*w, is closed for any closed vector field w,; of class C3,
and (c¢) is equivalent to the condition:
(c) K®*w, 1is coclosed for any coclosed vector field w; of class C:.

From Theorem 1 these (b’) and (¢’) are equivalent to

K/Mzcg/ul
where ¢ is a constant and this is just the condition (a).

Remarx. If the dimension of M is equal to 2, it is well known that M
is an Einstein space and consequently K,,=cg,; but as in this case ¢ is
not always a constant Theorem 1 cannot be applied.

The following theorem 4 is an extension of Theorem 3 to the case of a

space of constant curvature.
Tueorem 4. If the dimension n of M is greater than 2 and not equal to 4,
the following three conditions are equivalent:

(@) M is a space of constant curvature.
(b) &YV e is closed for any closed temsor field w;. of class C3.
(© &YV i is coclosed for any coclosed temsor field wy. of class C2.

Proor. Put T, =2K, A5 +K,, *, then from the formula (1.4) we have
(dw) e = &"*VV iy x— TasP*0gy »

and we find that when w,, is closed (or coclosed) g"*F,F,w, is closed (or
cocloses) if and only if TjBews, is closed (or coclosed). Thus the condition
(b) is equivalent to the condition:
() TiPews, 1is closed for any closed tensor field w;,. of class C?,
and the condition (c) is equivalent to the condition:
) Tafewg, is coclosed for any coclosed tensor field w,. of class C3.

Applying Theorem 2 to the tensor field 7, these conditions (b’) and
(¢’) are equivalent to

T, " = c(AJAf—AFAD)

or
3.1) 2K MAR+K, M = c(ABAR— ASAD) ,
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where ¢ is a constant.
Thus it is sufficient to prove the equivalence of (a) and (5.1).
Assume (a), that is,

(32) Kvulx = k(gvzgﬂx—‘gwcg,ul) ’

where k£ is a constant, then we have

Thus is easily verified.
Conversely suppose [3.1), then by contraction with respect to « and v,
we have

3.3) m—DHK, ;= {2n—1)c—K}gu-
Transvecting this by g#* we get
_ n(n—1)
(3.4) K= 7_:2** [

So, K is a constant and from and the assumption z#+# 4 we obtain
Kua=c¢'8uas
where ¢’ is a constant. Substituting this into we find
Ky pie = k(818 ue—8vr8ud) »

where k is a constant.

If we assume that the dimension of M is equal to 4 and suppose that (b)
or (¢) in Theorem 4 holds, we find. in the similar way in which we obtained
(3.4) in the proof of Theorem 4, that K is a constant. Thus we have

TueoreMm 5. If the dimension n of M is equal to 4 and the condition (b)
or (c) in Theorem 4 is satisfied, then M has a constant curvature scalar.

Remark. The operator F*Va appeared in Theorems 3, 4 and 5, gives an
endomorphism of the space of skew-symmetric tensor fields of order p or
of the space of p-forms. From Theorem 3, we can easily verify that if
7y, induces an endomorphism of the space of closed 1-forms, then it induces
an endomorphism of the space of exact 1-forms, and consequently, it induces
an endomorphism of one dimensional homology group of the manifold M.
Moreover, if a 1-form w is harmonic then P*F,w is also harmonic and equal

to —;2 w. Thus if M is compact and K does not vanish, then the induced

endomorphism of the homology group is an isomorphism onto, and if K
vanishes, then the induced endomorphism is trivial.

In a quite similar way, if F*F, induces an endomorphism of the space
of closed two-forms, then it induces an endomorphism of 2-dimensional
homology group of the manifold M. Moreover if M is compact, and the



96 K. Yano and T. TAKAHASHI

sectional curvature does not vanish, the induced endomorphism of the
homology group is an isomorphism onto and if the sectional curvature
vanishes, then the induced isomorphism is trivial.

Tokyo Institute of Technology
and
UniversityJof Tokyo.
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