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On the exceptional set of a certain harmonic
function in a unit sphere.
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1. Main theorem.
In the former $P\subset 7P^{()}1^{1)}$ , I have provecl, $\dagger$ ) $yq(nerali_{7_{d}}ing$ Beurling’s

$tt_{leo\Gamma t_{-m}^{\backslash }})_{1}$ the following $(h\cdot\cdot\backslash $ .
$T\}I|t_{\wedge}^{\backslash }o\tau_{\backslash f^{_{\wedge t}}}\supset\backslash \backslash 11$ . $L_{9}$ $tf(’\backslash \sim)/)c$ regnlar $j_{ll}|_{Z}|<1$ and

$\sim\cdot|\int 1|f^{\prime}(z)|^{}\cdot c/,\iota^{\prime}(/v -)$ $\sim-\lambda^{\prime}$ rt-lv.

Then the $rc$ exists $a$ $\backslash \backslash ^{\backslash }etF_{\vee}$ on $|_{\overline{<}}.|-\rceil$ , $l(h/c\cdot//$ is of $1o_{\neg}^{\sigma}arith\uparrow nic\cdot$ capacitv
zero, snch $tl_{lat}$ if $(^{\prime t0}$ does il( $tb_{C)}/0/l_{\neg}^{(7}$ to $I_{d}^{v^{\backslash }},$ $t/l9t$

$z’\langle\lim_{49}f(z)$ $f(9)( y)e.\iota\cdot i_{\$}f\backslash \sigma_{i}a/l(/l1lli\int 9//m/y$ ,

whcn $z$ tends to $c^{t((}f_{j^{\prime}}om$ the $ in\backslash \cdot icl(\prime 9\int$ any Stol.. $domai_{li}$ , ivhose $vc\prime^{\prime}t^{J}x$

is at $c^{l}$
“ an $clfo’\prime an\nu rc^{J}cti/i/\iota car\backslash \backslash ^{\backslash }9\neg\sigma l’ l)?[/,$ $ll/lich$ connects $(^{l9}$ to a point

of $|z|$ . 1,

$\int_{l}|f^{\prime}(.’\sim-)||dz|’’\leftarrow\neg$

From this, we have
$TIff^{\backslash }\$_{d}O11[:]\backslash \uparrow 2$ . Let $u(z)b\ell ha1^{\prime}mo/lic$ in $|_{\overline{4}}|<1$ and

$\rfloor\int_{1}|gracl_{lt}(z)p(/x(ly<\infty$ .

Then $thc’\prime e$ exists a set $F_{\lrcorner}$ on $|\wedge^{-}’,$ $|- 1,$ $\iota$ ($/hich/s$ of $/a_{\overline{J}^{d}}it1m\iota i\cdot ca/$)$acity$

$z(ro$ , such $t/lat$ if $e^{i0}$ does not $ belon_{\neg}\circ$ to $F_{d}$ , then
$\lim_{z\rightarrow l)}u(z)-\iota t(C^{\prime}j9)(-|-\infty)$ exists and $\iota/nifor$)$n/y$ ,

1) M. Tsuji : Beurling’s theorem on exceptional sets. Toh $0$ku AIatll. Journ. 2 (1950).
2) A. Beurling: Ensembles exceptionels. Act:! Math. 72 (1910).
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when $z$ tends to $e^{i\theta}$ from the inside of $ an\tau$ Stolz domain. whose vertcx
is at $e^{i\theta}$ and for any rectilinear segment $l$ , which connects $c^{i\theta}$ to a point
of $|z|<1$ ,

$\int_{l}|gradu(z)||dz|\swarrow\infty\backslash _{\sim}$ .

In this paper, I shall prove the following similar theorem for a
harmonic function in a unit sphere.

THEOREM 3. Let $\Delta$ be $thc$ inside of a unit sphcrc $S$ about the
origin $O$ and $u(x,y, z)=u(P)(P=(x,y, z))bc$ harmonic in $\Delta$ and

$\downarrow\int\int_{\Delta}|gradu(P)|^{2}\frac{}{1\prime}\frac{dv_{P}-}{1-r}2<\infty$ , $r=\overline{O}P$ ,

where $d\iota_{P}$) is the volume elemcnt. Then there exists a set $E$ on $S$,

which is of Newtonian capacity zcro, such that if $QeS$ does not belong
to $E$ , then

$\lim_{P\rightarrow Q}u(P)=u(Q)(\neq\infty)$ exists and uniformly,

when $P$ tends to $Q$ from the inside of any Stolz $domain^{3)}$ , whose vertex
is at $Q$ and for any rectilinear segment $l$, which connects $Q$ to a point

of $\Delta$ ,

$\int_{l}|gradu(P)|ds<\infty$ ,

where $ds$ is the arc element on $l$.

Since $|du|=|\frac{du}{ds}ds\underline{<}-|gradu(P)|ds$ ,

$\int_{l}|du|<\infty$ ,

where $t\dot{n}e$ left hand side is the total variation of $u(P)$ on $l$. First we
shall prove some lemmas.

2. Lemmas.

LEMMA 1. $I=\int_{0}^{\leftrightarrow tdt}-\overline{(t^{2}-}2^{-}d+1)_{2}^{3}=\frac{1}{1-a}$ , $0<a<1$ .

3) A stolz domain is a domair, which is bounned by a cone, whose vertex is at $Q$ and

whose generator makes an angle $\theta_{0}(<\frac{r}{2})$ with the radius $oQ$ .
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PROOF. From

$I(a, R)=\int_{0}^{R}\frac{dt}{\sqrt{t^{2}-2at+1}}=\log(R-a+\sqrt{R^{2}-2aR+1)}-\log(1-a)$ ,

we have

$I=\lim_{R\rightarrow\infty}\underline{\partial I}_{\partial^{-}’}(a_{a}\underline{R)}=\frac{1}{1-a}$ .
LEMMA.2. If $u(x_{\backslash },y, z)$ is harmonic, then

$|gradu(P)|=1(\frac{\partial u}{\partial x})^{2}+(\frac{\overline\partial u}{\partial y})^{2}+(\frac{\partial u}{\partial z})^{2}$

is subharmonic.
PROOF. We put

$v=(\frac{\partial u}{\partial x})^{2}+(\frac{\partial u}{\partial y})^{2}+(\frac{\partial u}{\partial Z})^{2}$

then

$\frac{\partial v}{\partial x}=2(\frac{\partial u}{\partial x}\cdot\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial u}{\partial y}\frac{\partial^{2}u}{\partial X\partial y}+\frac{\partial u}{\partial z}\frac{\partial^{2}u}{\partial X\partial Z})$ ,

$\Delta v=2(\sum(\frac{\partial^{2}u}{\partial x^{2}})^{2}-\{- 2\sum(-\partial x^{2_{-}}\partial y\partial u)^{2})$ .

By Schwarz’s inequality,

$(\frac{\partial v}{\partial X})^{2}\leqq 4v((\frac{\partial^{2}u}{\partial x^{2}})^{2}+(\frac{\partial^{2}u}{\partial x\partial y})^{2}+(\frac{\partial^{2}u}{\partial x\partial z})^{2})$ ,

SO that

$\sum(\frac{\partial v}{\partial x})^{2}\leqq 4v(\sum(\frac{\partial^{2}u}{\partial x^{2}})^{2}+2\sum(\frac{\partial^{2}u}{\partial x\partial y})^{2})=2v\Delta v$ .

If we put $w=\sqrt{v}$ , then

$4v^{3}2\Delta w=2v\Delta v-\sum(\frac{\partial v}{\partial x})^{2}\geqq 0$ , $\Delta w\geqq 0$ ,

hence $w=|gradu|$ is subharmonic.
LEMMA 3. Let $O$ be the origin and $(\rho, \theta, \varphi)(\rho\geqq 0,0\leq\theta\leqq\frac{\pi}{2}$ ,
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$0--//)^{<}-\nearrow 2\pi)$ be the polar coordinates of a point $P=(x,y, z)$ and $D$ be
the conical domain, such that

$D$ : $0^{\mathscr{J}}\rho^{e}$
’

$R$ , $0<\theta<\theta_{1)}(<\frac{\pi}{2})$ , $ 0\leq\varphi\leq 2\pi$ ,

and $pb$( its boun $c/ur_{\vee}v$ .
Let $ll(I^{J})=n(\rho, \theta, r/J)$ be subharmonic in $D$ and continuous in $\overline{D},$ ex-

rept at $O$ , sltch that

$|.|I_{1\prime}^{|\iota t(c/l)}P)_{1})/)/_{C^{\prime}\backslash }$ $\int\int_{F}.\sigma_{()}-r$

ivherc $ d\iota$ ’ is the $\iota$) $ol\iota rm()$ elcm $cnta2tdd_{\sigma_{()}}$. is the surfacc $e/ement$.
$Tl_{li)}nfo^{2}PcD$ ,

(i) $\iota\ell(P)_{-\backslash }^{\prime 1}-\overline{4}\pi\int\int_{\Gamma}u(Q)(\wedge(_{I^{\backslash }}(P,;Q)\hat{o}\iota d_{\sigma_{(f}}$ ,

zvherc $G(P;Q)$ is the Green’s firnction of $Dt^{1}ithP$ as its polc an $dl^{J}$

is the inner normal of $F$ at $Q$.
(ii) $1fu(P)\geq_{-}0$ in $D$ , then

$\int_{0}^{R}u(t, 0,0)dt\leq MR-|\pi 1\int_{()}^{\underline{J}_{lr}}\prime d\varphi.\int_{0}^{R}u(p, \theta_{()’/})d\rho$ ,

where $M=_{p_{(}}{\rm Max}_{s_{R}}u(P),$
$S_{R}$ being the part of $F$, zvhich lies on a sphere

$\rho=R$ .
PROOF. Let $0<\rho<R$ and $D_{J}$ be thc part of $D$, which lies in a

half-space $ z>\rho$ and $G_{p}(P;Q)$ be its Green’s function with $P$ as its
pole. Then the boundary $\Gamma_{l)}$ of $D_{J}$ consists of three parts:

$F_{\mu}=S_{R}\dashv-\backslash ’\})\{\sigma_{\rho}$ ,

where $-\backslash p\dot{1}^{S}$ the part of $F_{p}$ , for which $X^{2_{-\dagger y-}^{\prime}}$

)

$|- z^{\eta}-<R^{2},$ $ z>\rho$ and $\sigma_{J}$ is
that, which lies on a plane $ z=\rho$ .

Since $D_{\mu}$ is convex, $D_{\rho}$ is contained in a half.space $/I_{Q}$ , which lies
in one side of a tangent plane $\pi_{Q}$ of $F_{()}$ at $Q\in F_{\rho}$ .

Since $G_{p}(P;Q)$ is majorated by the Green’s function of $JI_{()}$ , we
have, when $P$ is fixed,
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$\frac{\partial G_{\rho}(P;Q)}{\partial\nu}\leq M_{0}$ $(=const.)$ , (1)

for any $Q\in F_{p}$ and for small values of $\rho$ .
Since $\int\int_{F}|u(Q)|d_{\sigma_{Q}}<\infty$ , we can find $\rho_{0}=\rho_{()}(\epsilon)$ for any small $e>0$ ,

such that

$\int_{0}^{2r}\int_{0^{0}}^{\rho}|u(\rho, \theta_{()}, \varphi)|\rho\sin\theta_{0}d\rho d\varphi<e$ . (2)

Let $0<\rho<p_{0}$ . Since $u(P)$ is continuous in $\overline{D},$ , we have for $P\in D_{\rho_{0}}$ ,

$u(P)<\backslash ^{\prime}\frac{1}{4_{\pi}}\int\int_{F_{\rho}}u(Q)(\gamma G_{\rho}(P;Q)\partial\nu d_{\sigma_{Q}}=-4_{\pi}1\int\int_{s_{R}}u(Q)\frac{\dot{o}G_{\rho}(P;Q)}{\partial\nu}d\sigma_{Q}$

$+-4_{\pi}1\int\int\rangle u(Q))\rho_{t)}\partial G( P;Q)\partial\nu^{--}4^{1_{\pi/}}\cdot\backslash -\backslash .(Q)\frac{\partial G_{\rho}(P;Q)}{\partial\nu}d\sigma_{Q}$

$+4^{1_{\pi}}\int\int_{rr_{1)}}u(Q)\frac{(^{\eta,C_{x_{\rho}^{\backslash }}(P,\cdot Q)}}{\partial\nu}d_{\sigma_{(}\backslash },-I|$ II $|I11\cdot\cdot|1V$ , (3)

where

$\lim_{\rho\rightarrow 0}1=-4^{1}\pi\int Iu(Q)^{\partial G(P_{\nu};Q)_{-d\sigma_{C_{\grave{p}}}}}--$ ,

$\lim_{1^{\rightarrow 0}}11=4\pi\partial 1_{-\int\int_{A_{\rho_{0}}}\iota i(Q)^{t^{\wedge}}--}\prime G(P_{\nu};Q)_{-d\sigma_{Q}}$ .

By (1), (2),

$|III|<4M_{\pi^{0}}\int\int_{\rightarrow\rho p_{0}}\backslash - y_{r}|u(Q)|d\sigma_{Q}<M_{0}4\pi^{6_{-}^{\iota}}$

‘so that for $PD_{p_{0}}$ ,

$u(P)\leq\frac{1}{4_{\pi}}\int\int_{S_{R}}u(Q)\frac{\partial G(P;Q)}{\partial\nu}d\sigma_{Q}$

$\wedge\}-\frac{1}{4\pi}\int\int_{x_{\rho_{0}}}.u(Q)\frac{\hat{o}G(P;Q)}{\partial\nu}d\sigma_{Q}i-\frac{M_{0\epsilon}}{4\pi}+\varliminf_{\rho\rightarrow 0}$ IV. (4)
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Since

$|1V|\leqq\frac{M_{0}}{4\pi}\int\int_{\sigma_{\rho}}|u(Q)|d_{\sigma_{Q}}$ ,

$|1V|^{2}\leqq(\frac{M_{0}}{4\pi})^{2}\int\int_{\sigma_{\rho}}d\sigma_{Q}\int\int_{\sigma_{\rho}}|u(Q)|^{2}d_{\sigma_{O}}=O(\rho^{2})\int\int_{\sigma_{\rho}}|u(Q)|^{2}d_{\sigma_{Q}}$ .

Since

$\int_{0^{0}}^{\rho}\frac{|IV|^{2}}{\rho^{2}}d\rho\leqq O(1)\int_{0^{0}}^{\rho}d\rho\int\int_{\sigma_{\rho}}|u(Q)|^{2}d\sigma_{Q}\leq O(1)\int\int\int_{D}|u(P)|^{2}dv_{p}<\infty$ ,

there exists $\rho_{\nu}\rightarrow 0$, such that $1V\rightarrow 0$, hence from (4),

$u(P)\leqq\frac{1}{4\pi}\int\int_{S_{R}}u(Q)\frac{\partial G(P;Q)}{\partial\nu}d_{\sigma_{Q}}$

$+\frac{1}{4_{\pi}}\int\int_{\Sigma_{\rho_{0}}}u(Q)\frac{\partial G(P;Q)}{\partial\nu}d_{\sigma_{Q}}+\frac{M_{0^{e}}}{4\pi}$ ,

so that if we make $\rho_{0}\rightarrow 0$, we have

$u(P)\leqq\frac{1}{4\pi}\int\int_{F}u(Q)\frac{\partial G(P;Q)}{\partial\nu}$ , $Pe$ D. (5)

Hence (i) is proved.
To prove (ii), let $P=(t, 0,0)(0<t<R)$ and $Q=(\rho, \theta_{0}, \varphi)(0<\rho<R)$ .

then we shall prove that

$\frac{\partial G(P;Q)}{\partial\nu}\leqq\frac{2t\sin\theta_{0}}{(t^{2}-2t\rho\cos\theta_{0}+\rho^{9})^{\frac{3}{2}}}$ , (6)

where $\nu$ is the inner normal of $F$ at $Q$ .
Let $\pi_{Q}$ be the tangent plane of $F$ at $Q$. We choose the coordinate

axes $(\xi, \eta, \zeta)$ , such that $Q$ is the origin and $\pi_{Q}$ is the $\xi\eta\cdot plane$, the line
$\rightarrow^{OQ}$ coincides with the positive $\xi$ -axis and $\nu$ coincides with the positive

$\zeta$-axis.
Then $D$ lies in a half.space $\zeta>0$ . Let $G_{0}(P;M)$ be the Green’s

function of the half-space $\zeta>0$, with $P$ as its pole, then $G(P;M)$ is
majorated by $G_{0}(P;M)$ , such that
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$G(P;M)\leqq G_{0}(P;M)=\overline{r}\overline{r_{1}}-$
$r=\overline{PM}$ , $r_{1}=P_{1}\overline{\overline{M}}$,11

where $P_{1}$ is the image of $P$ with respect to $\pi_{Q}$ .
Since $G(P;M)$ and $G_{0}(P;M)$ vanish at $M=Q$, we have

$\partial G(P;Q)\partial\nu\leqq\frac{\partial G_{0}(P;Q)}{\partial\nu}=\frac{2\cos\varphi}{PQ^{2}}$

where $\varphi$ is the angle between $\overline{QP}^{>}$ and $\nu$ .
Since $\cos\varphi=\frac{t\sin\theta_{0}}{\overline{PQ}}$ ,

$\frac{\partial G(P;Q)}{\partial\nu}\leqq\frac{2t\sin\theta_{0}}{\overline{P\alpha}}=\frac{2t\sin\theta_{0}}{(t^{2}-2t\rho\cos\theta_{(1}+\rho^{2})^{3}2}$ . (6)

Hence putting $t=\rho_{T}$, we have by Lemma 1,

$\int_{0}^{R}\frac{\partial G(P;Q)}{\partial\nu}dt\leqq\int_{0}^{R}\frac{2t\sin\theta_{0}dt}{(t^{2}-2t\rho\cos\theta_{0}+\rho^{2})23}$

$<\frac{2\sin\theta_{0}}{\rho}\int_{0}^{\infty}\frac{\tau d_{\tau}}{(\tau^{2}-2\tau\cos\theta_{0}+1)^{3}2}=\frac{2\sin\theta_{0}}{\rho(1-\cos\theta_{0})}$

$=\frac{2(1+\cos\theta_{0})}{\rho\sin\theta_{0}}<\frac{4}{\rho\sin\theta_{0}}$ . (7)

From (5), we have by putting $P=(t, 0,0)$

$u(t, 0,0)\leqq\frac{1}{4\pi}\int\int_{S_{R}}u(Q)\frac{\partial G(P;Q)}{\partial\nu}d\sigma_{Q}$

$+\frac{1}{4\pi}\int_{0^{ll}}^{2}\int_{0}^{R}u(Q)\frac{\partial G(P;Q)}{\partial\nu}\rho\sin\theta_{0}d\rho d\varphi$ ,

where $Q=(\rho, \theta_{0}, \varphi)$ in the second integral.

If $u(P)\geqq 0$ in $D$ and
$M=_{P}{\rm Max}_{\epsilon S_{R}}u(P)$ , then since $\int\int_{S_{R}}\frac{\partial G(P;Q)}{\partial\nu}d\sigma_{Q}$

$\leqq 4\pi$, we have by (7)

$\int_{0}^{R}u(t, 0,0)dt\leqq MR+\frac{1}{4\pi}\int_{0}^{2\kappa}d\varphi\int_{0}^{R}u(Q)\rho\sin\theta_{0}d\rho\int_{0}^{R}\frac{\partial G(P;Q)}{\partial\nu}dt$
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$\sim\backslash A^{J}IR-\}$ $\pi 1\int_{c^{\backslash }}^{-\hslash}d’/J\int_{(1}^{\prime t}u(/):\theta_{1l},$
$\varphi$ ) $d,$).

Hence (ii) is proved.
$L1^{\backslash }J1\backslash 1bI\Lambda 4$ . Let $D$ be the $\backslash \backslash ^{\backslash }a/tledo//\iota ain$ as in Lemma 3, such that

$D$ : $()\nearrow_{\rho}<R$ , $0$ $\theta\nearrow pi_{(1}(/7,\underline{\Gamma_{)}})$ , $0$ $ t/J\backslash 2\pi$ .

Let $u(P)bc$ harmonic in $\overline{D,}$ except at the origtin $O$ , such that

$\int$ .( $.\mathfrak{s}_{D}$ lgrad $\iota t(P)|-)dv_{I)}<\infty$ , $|\int\int_{I)}|d_{lt}|^{clv_{)}}l</)^{-}\infty$ $\rho=\overline{OP}$

$Th_{C/l}$ for $0$ $\theta^{s}\backslash \prime \mathfrak{t}\prime_{1}^{\backslash }(<\theta_{()}),$ $0^{c}$
$\varphi$

$\underline{l)}_{\pi}$

(i) $\lim_{\rho\rightarrow 0}u(p, \theta. C/J)--t\iota_{0}(|c\circ)$ exist.s $pl/\iota llt/\iota i\int or/nly$ ,

(ii) $\int_{0}^{R}$ lgrad $n(,)’)|//)$ $K$ ( const.).

PROOF. By Lemma 2, $|t^{f}r\prime dt[n|$ is subharmonic. Since

$\int\int\int_{D}|grad_{lt}(P)|dv_{l^{J}}\rho^{\vee}$ $\int_{0^{1)}}t^{\prime}d\theta)_{(}^{-\kappa}\int_{0}^{A^{\prime}}|grad\iota\iota(t^{J}\theta, \varphi)|\sin\theta d\rho d\varphi<\infty$ ,

we have for almost all $\theta$ of $[0, \theta_{()}]$ ,

$\int_{0^{)}}^{-\pi}.|_{0}^{R}\backslash |gradn(\rho, \theta, \varphi)|\sin\theta d\rho l\varphi\swarrow\infty$ ,

a fortiori,

$\int_{0}^{\pi}\underline{\prime}.|_{(1}^{R}|gradu(/)\theta,$
$\varphi$ ) $|p\sin\theta dpd\varphi\nearrow c\circ$ .

Hence for a non-exceptional $t;$ , lgrad $n(P)|$ satisfies the condition of
Lemma 3, so that for a non-exceptional $\theta$ ,

$\int_{0}^{R}|gradu(t, 0, O)|dt\leq MR\vdash$ $\pi 1\int_{()}^{2_{l}\iota}d\varphi\int_{0}^{R}|gradu(\rho, \theta, \varphi)|d\rho$ ,

where $M={\rm Max}_{R}PcS|gradu(P)|$ .
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Since $\int_{0}^{0)}\sin\theta d\theta-1-\cos\theta_{0}$ , by multiplying $\sin\theta$ and integrating over
$[0, \theta_{0}]$ , we have

$\int_{0}^{R}|grad$ zt $(t, 0.0)|dt$ $MR$

$..\vdash\pi^{-}(\overline{1}1_{c\overline{os\theta_{0})}}\int_{0^{()}}^{\theta}.|_{(1}^{2\pi}.!_{(}^{R}|\sigma i$ rad$u(\rho, \theta, \varphi)|\sin\theta d\rho d\varphi d\theta\backslash $.

$--MR\}\pi(1-\cos\theta_{()})l.|.|.|_{D}^{\rho}|^{1}grad_{ll}(P)|d\iota)_{P}\rho^{\vee})$ (1)

From this, we see that for $0<\theta_{-}\theta_{1}(<\theta_{()}),$ $ 0^{c}\backslash \varphi’>2\pi$ ,

$\int_{0}^{R}/rt,$
$\varphi$ ) $|d\rho_{-}\backslash ^{\prime}$

$MR\dashv\pi(1- 1_{\cos\delta)}|^{\wedge}\lceil\int_{D}|grad_{lt}(P)|-)=K<\infty dv_{I^{1}}\rho^{\sim}’(\delta=\theta_{0}-\theta_{1})$ . $(2)$

Hence (ii) is proved.
From (2), we see th,at for $0$ $\theta<\theta_{()},$ $ 0_{-\backslash ^{\prime}\varphi}^{\prime}\backslash \cdot$ $ 2\pi$ ,

$\lim_{\rightarrow\prime 0}\iota l(\rho, \theta, \varphi)-\lambda(\theta. (/^{\prime}))$ $(-\}-\infty)$ (3)

exists.
If we put

$M_{1}-M_{\backslash ^{c}}\tau_{l\backslash ^{)}}xp_{t}.\cdot|lt(P)|$
, then we see from (2) that $u(P)$ is

bounded, such that for $0$ $\theta\sim\theta_{1}$ $($ . $\theta_{(1}),$ $0\backslash ^{\rightarrow}\varphi<2_{\pi},$ $0<\rho<R$ ,

$|ll(\rho, \theta, \varphi)|\cdot\backslash ^{\prime}M_{1}$ {K. (4)
Let

$ L(\rho, \theta_{1})-.|_{0}^{2\kappa}|gradr\iota(\rho, \theta_{1}, \varphi)|\rho\sin\theta_{1}d\varphi$ , (5)

then by (2),

$\int_{0}^{R}L(\rho, \theta_{1})dp\backslash \backslash \int_{()}^{\underline{y}_{K}}d\varphi.|_{0}^{R}|gradu(\rho, \theta_{1}, \varphi)|d\rho\leq 2_{\pi}K\backslash $ ,
$\rho$

so that there exists $\rho,$
$\rightarrow 0$ , such that $L(\rho,, \theta_{1})\rightarrow 0$ . Since

$|\iota t(\rho_{\nu}, \theta_{1}, \varphi)-u(\rho,, \theta_{1,/y^{\prime}})|\backslash \int_{\varphi}^{\varphi}|gradu(\rho,\backslash , \theta_{1}, \varphi)|\rho_{J}\sin\theta_{1}d\varphi<L(\rho_{\vee},\theta_{1})\rightarrow 0$ ,
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we have in (3),

$\lim_{\rho\rightarrow 0}u(\rho, \theta_{1}, \varphi)=\lim_{\rho\rightarrow 0}u(\rho, \theta_{1}, \varphi^{\prime})$ ,

so that $\lambda(\theta_{1}, \varphi)$ is independent of $\varphi$, such that

$\lim_{\rho\rightarrow 0}u(\rho, \theta_{1}, \varphi)=\lambda(\theta_{1})$
$(0\leq\varphi_{-}\leq 2\pi)$ . (6)

Since by (4), $u(P)$ is bounded and the origin $O$ is a regular point for
Dirichlet problem, we see from (6), that

$\lim_{\rho\rightarrow 0}u(\rho, \theta, \varphi)=u_{0}$
$(\neq\infty)$ (7)

uniformly for $ 0\leqq\theta\leqq\theta_{1},0\leqq\varphi\leq 2\pi$ .
Hence (i) is proved.

LEMMA 5. Let $C$ be a unit circle on the xy-plane about the oriin $O$

and $C_{1}$ be a circle of radius 1/2, which touches $C$ at $Q=(1,0)$ inter-
nally and $\Delta,$ $\Delta_{1}$ be the inside of $C$ and $C_{1}$ respectively. Let $P$ be any

point of $\Delta$ and $r=\overline{OP},$ $\rho=\overline{PQ}$ and $\psi$ be the angle between $\overline{OP}^{\succ}and$

$\rightarrow^{PQ_{.}}$ Then for $Pe\Delta-\Delta_{1}$,

$\underline{|}\cos_{2}\psi 1\leqq\frac{2}{\sqrt 1-r^{2}}\rho$

PROOF. We remark that $\cos\psi\leqq 0$ for $P\in\Delta-\Delta_{1}$ .
Let $P=(x,y)\in\Delta-\Delta_{1}$, then $x^{2}+y^{2}\geqq x$,

$r^{2}=x^{2}+y^{2}$ , $\rho^{2}=1+x^{2}+y^{2}-2x$ ,

so that
$\rho^{2}\geqq 1+x^{2}+y^{2}-2(x^{2}+y^{2})=1-(x^{2}+y^{2})=1-r^{2}$ . (1)

Let $\theta$ be the angle between $\overline{QO}^{>}$ and $\overline{QP}^{>}$ then

$\mu=1+\rho^{2}-2\rho\cos\theta$ , $1=P+\rho^{2}-2r\rho|\cos\psi|$ .

If we eliminate $\mu$ from these equations, we have

$ r|\cos\psi|=\rho-\cos\theta\leqq\rho$ .
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Hence if $r\geqq 1/2$ , then

$|\cos\psi_{1}^{1}\leqq 2\rho$ . (2)

If $0\leqq r\leqq 1/2$ , then $\rho\geqq 1/2$ , so that $2\rho\geqq 1$ , hence (2) holds in general.
From (1), (2), we have

$\frac{|\cos\psi|}{\rho^{2}}\leqq\frac{2}{\sqrt 1\overline{-r}^{2}}$ .

LEMMA 6. Let $S$ be a unit sphere about the origin $O$ and $E$ be
a closed set on $S$, which is of Newtonian capacity $\gamma(E)>0$ and $D$ be
the complement of $E$ with respect to the whole space.

Then there exists a positive mass distribution $d\mu(Q)$ on $E$ of total
mass 1, such that if we put

$w(P)=\int_{E}\frac{d\mu(Q)}{r_{PQ}}$ , $\int_{E}d\mu(Q)=1$ ,

then

$\int\int\int_{D}|gradw(P)|^{2}dv_{P}\leqq\frac{4\pi}{\gamma(E)}<\infty$ .

PROOF. Let $\Delta_{p}$ be an open set, which contains $E$ in its inside and
whose boundary $F_{\rho}$ consists of a finite number of analytic Jordan sur-
faces, each point of which is of distance $<\rho$ from $E$ and $D_{\rho}$ be the
complement of $\overline{\Delta}_{\rho}$ with regpect to the whole space. Then there exists
a positive mass distribution $d_{\mu_{\rho}}(Q)on^{t}F_{\rho}$ of total mass 1, such that
if we put

$w_{\rho}(P)=\int_{F_{\rho^{-}}}^{d}\frac{\mu_{\rho}(}{r_{PQ}}Q\underline{)}$ $\int_{F_{\rho}}d\mu_{\rho}(Q)=1$ . (1)

then $w_{p}(P)$ is of constant value $\frac{1}{\gamma(F_{\rho})}$ on $F_{\rho}$ .

Let $F_{\rho}^{(\epsilon)}$ be the niveau surface $w_{\rho}(P)=-e\underline{1}(e>0)$ and $D_{\rho}^{(\epsilon)}$ be
$\gamma(F_{p})$

the complement of the inside of $F_{\rho}^{(e)}$ . Then by Green’s formula,

$\int\int\int_{D_{\rho}^{(\epsilon)}}|gradw_{\rho}(P)|^{2}dv_{P}=\int.\int_{F_{\rho}^{(\epsilon)}}w_{\rho}\frac{\partial w}{\partial\nu}\underline{\rho}d\sigma=(\frac{1}{\gamma(F_{\rho})}-e)\int\int_{F_{\rho}^{(e)}}\frac{\partial w_{\rho}}{\partial\nu}d\sigma$
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$=4_{\pi}(\frac{1}{\gamma(F_{\rho})}-\epsilon)\int_{F_{\rho}}d\mu_{\rho}(Q)=4\pi\left(\begin{array}{ll}1 & \\\gamma(F_{\rho}) & -e\end{array}\right)<\frac{4\pi}{\gamma(F_{\rho})}$

Hence for $\epsilon\rightarrow 0$ ,

$\int\int\int_{D_{p}}|gradw_{\rho}(P)|^{2}dv_{P}\leq\frac{4_{\pi}}{\gamma(F_{\rho})}$ . (2)

Since the total mass of $d\mu_{()}(Q)$ is 1, we can find $\rho_{v}\rightarrow 0$ , such that
$d\mu_{p_{y}}(Q)\rightarrow d\mu(Q)$ , where $d\mu(Q)$ is a positive mass distribution on $E$ of
total mass 1. Hence $w_{p_{\nu}}(P)$ tends to

$w(P)=\int_{J^{\dot{\backslash }}\gamma}^{d(Q)_{-}}\mu_{PQ}$ $\int_{F}d\mu(Q)=1-$ . (3)

Since 7 $(F_{\mu_{\nu}})\rightarrow\gamma(E)$ , we have from (2),

$\int\int.|_{D_{\rho}}|grad\iota v(P)|^{2}dv_{P}\leq\frac{4\pi}{\gamma(E)}$ ,

so that for $\rho\rightarrow 0$ ,

$\int\int\int_{D}|gradw(P)|^{2}\prime dv_{P-\backslash \frac{4_{\pi}}{\gamma(E)}}^{\prime}<\infty$ .

3. Proof of Theorem 3.

Let $\Delta$ be the inside of a unit sphere $S$ about the origin $O$ and $Q$

be a point of $S$ and $\Delta(Q)$ be the inside of a sphere of radius 1/2, which
touches $S$ at $Q$ internally. Let $E$ be a set of $Q\in S$, such that

$\chi(Q)=\int\int\int_{\Lambda(Q)}|gradu(P)_{I}^{1}\cos_{2}\psi\rho dv_{p}=\infty$ , $\rho=PQ$ , (1)

where $\psi$ is the angle between $--OP^{>}$ and $PQ^{>}$

Then we shall prove that $\gamma(E)=0$ , where $\gamma(E)$ is the Newtonian
capacity of $E$ .

Suppose that $\gamma(E)>0$ , then we may assume that $E$ is closed.
Let $\iota v(P)$ be the potential function defined by Lemma 6, such that
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$w(P)=\int_{F^{-}\gamma_{PQ}}^{d\mu(Q)_{-}}$ , $\int_{F}d\mu(Q)=1$ , $\int\int\int_{\Delta}|gradw(P)|^{2}dv_{P}<\infty$ . (2)

We put

$I=\int\int j_{\Delta}|gradu(P)|-\partial_{\partial^{\frac{w}{r}}}dv_{P}$ , $r=\overline{OP}$ , (3)

then

$I^{2}\leq\int\int\int_{\Delta}||gradu(P)|^{2}dv_{P}\int\int\int_{\Delta}(\frac{(7w}{(\gamma r})^{2}dv_{P}$

$\leq\int\int\int_{\Delta}|gradu(P)|^{2}dv_{P}\int\int\int_{\Delta}|gradw(P)|^{2}dv_{P}<\infty$ . (4)

Since

$\partial w(P)\partial r=\int_{F}\cos_{)}\psi\rho\rightarrow d\mu(Q)$ , $\rho=PQ$ , (5)

we have

$I=\int_{F}d\mu(Q)\int\int.|_{\Delta}|gradu(P)|co_{\rho}s_{2}\psi dv_{p}$ . (6)

Since $\cos\psi\geq 0$ for $P\in\Delta(Q)$ and $\cos\psi\leq 0$ for $P\in\Delta-\Delta(Q)$ ,

$I=\int_{F}.’ d_{k}(Q)\int\int\int_{\Delta(Q)}|gradu(P)|\cos_{9_{\vee}}\psi\rho dv_{P}$

$-.\int_{F}d\mu(Q)\int\int\int_{\Delta}\lrcorner(Q)|gradu(P)_{1}\rfloor co_{\rho^{o}}s_{-}\psi|dv_{P}$ . (7)

Since by Lemma 5, for $P\in\Delta-\Delta(Q)$ , $|_{-}\cos\psi|\leq$ 2
$\rho^{2}$

$\gamma^{/}1-r^{2}$
’

we have

$\int\int\int_{\Delta-\Delta(Q)}|gradu(P)||\cos_{2}\psi|\rho dv_{P}<2\int\int\int_{\Delta-\Delta(o)}|gra_{1}d,u(P)_{2}|dv_{P}1-r$

$\leq 2[\int\int\int_{\lrcorner}1dv_{P}1-r^{2}\int\int\int_{\Delta}|gra_{1}d/\frac{u(P}{1-r})_{\underline{}}|^{2}dv_{P}]^{1}2$

$=2\pi|^{-}\int\int.\int_{\Delta}|grad_{/}u(P)|^{2}dv_{P}11-r^{\angle}]^{1}2=K$ ,
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so that by (1),

$ I\geqq\int_{E}\chi(Q)d\mu(Q)-K=\infty$ ,

which contradicts (4). Hence $\gamma(E)=0$ .
Hence if $Q\in S$ does not belong to $E$ , then

$\chi(Q)=\iint\int_{\Delta(Q)}|gradu(P)|\underline{c}os_{2}\underline{\psi}dv_{P}<\infty\rho$ (8)

Let $\Delta_{\theta_{0}}(Q)(0<\theta_{0}<\frac{\pi}{2})$ be the part of $\Delta(Q)$ , which lies in a cone,

whose vertex is at $\prime Q$ and whose $genera\ddagger or$ makes an angle $\theta_{0}$ with
$\overline{QO}$ , then for $P\in\Delta_{\theta_{0}}(Q),$ $\cos\psi\geqq a>0$ , where $a$ is a constant, so that

$\int\int\int_{\Delta_{\theta_{0}}tQ)}|gradu(P)|\frac{dv_{P}}{\rho^{2}}<\infty$ . (9)

Since

$\int\int\int_{\Delta_{\theta_{0^{(}}}Q)}|gradu(P)|^{2}dv_{P}\leqq\int\int\int_{\Delta}|gradu(P)|^{2}\frac{dv_{P}}{\sqrt 1\overline{-\mu}}<\infty$ , (10)

Theorem 3 follows from Lemma 4.
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