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Riemann Spaces of Class two and their Algebraic Characterization

Part III

Makoto MATSUMOTO.

(Received June 15, 1949)

In the two preceding papers (part 1 and 11) (1) we have defined the
type number of $n(\geqq 4)$ -dimensional Riemann space $R_{n}$ and, making use
of it, have got a necessary and sufficient condition that there be a set of
functions $H_{ij}^{J}$ and $H_{ij}^{II}$ satisfying the Gauss equation

$R_{ijkl}=H_{ik}^{P}H_{jl}^{P}-H_{il}^{P}H_{jk}^{P}(P=1,11;i, .j, k, l=1,\ldots\ldots, n)$ ,

when $R_{n}(n\geqq 6)$ is of type $\geqq 3$ . And then we have had the theorem
4. 4 of the part II, $i$ . $e$ . a necessary and sufficient condition that $R_{n}(n\geqq 8)$

of type $\geqq 4$ be of class two, making use of the theorem 1. 5 of the part I.
In this part III, we conider the Codazzi and Ricci equations when

$R_{n}(n\geqq 6)$ is of type $\geqq 3$ , and get a necessary and sufficient condition
that $R_{n}(n\geqq 6)$ of type tlree be of $\cdot$ class two.

In the writting of those three papers I have received many invaluable
advices and criticism by Prof. J. Kanitani in Kyoto University. Those
papers also could never have been written had it not been for the
works of T. Y. Thomas and C. B. Allendoerfer.

\S 1. Introduction

$\ln$ \S 1 of Part I we put

$L_{ijkl}=H_{ij}^{I}H_{kl}^{II}-H_{j}^{I_{l}}H_{jk}^{1I}-H_{;_{j}}^{11}H_{kl}^{J}+H_{il}^{1J}H_{jk}^{J}$ , $(1 \cdot 1)$

and

$1\zeta_{Q^{P}iji5}=\circ^{c\prime l}(H_{c^{Q_{i}}}H_{dj}^{P}-H_{cj}^{Q}H^{P}ffl)$ . $(1 \cdot 2)$

If we put $K_{ij}=K_{1I,ij}^{1}$ , we have
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$fC_{ij}=\frac{1}{2}g^{\prime\iota b}L_{\iota jbi}$ . $(1 \cdot 3)$

We have had the intrinsic expressions of $K_{ij}$ and $L_{\ell jkl}$ in the part II, and
the t’aeorem 2. 2 of the palt $I,$ $i$ . $e$ . $I\zeta_{ij}$ satisfy the equation

$K_{ij.k}+K_{jk,i}+K_{Ai,j}=0$ , $(1 \cdot 4)$

if $R_{n}$ is of type $\geqq 4$ . From $(1 \cdot 1)$ wc have

$L_{a(ib^{1}j,k)}=0$ , $(1 \cdot 5)$

according to the Codazzi equatIon

$H_{ai.j}^{J}-H_{aj^{i}}^{P}.=H_{ai}^{Q}H_{Jj}^{Q}-H_{aj}^{Q}H_{Pi}^{Q}$ . $(1 \cdot 6)$

Now, if there be a set of functions $H_{ij}^{P}(P=1,11)$ satisfying tbe
Gauss equation in $R_{n}(n\geqq 6)$ of type $\geqq 3$ , the equatIon $(1 \cdot 2)$ are satisfied
(Cf. the end of the part II) and also the equation $(1 \cdot 1)$ , accodring to
$(1\cdot 7)$ of the part I. Differentiating $(1 \cdot 7)$ of the part I covariantly with
respect to $x^{m}$ and subtracting from that equation four equations obtained
by interchanging $m$ with $i,$ $l,$ $k$ and $l$, we have from the Bianchi’s idantity
and $(1 \cdot 4)$

$K_{i(j}L_{ab_{I}kl)m}|+K_{(u}L_{(ab|m)ij}+K_{j(k}L_{ablr/\iota)i},+K_{i\prime\iota}L_{cblAj}=0$ $(1 \cdot 7)$

where $L_{abljk}=L_{a(i_{l}b^{1}j,k)}$ . If $R_{n}(n\geqq 8)$ be of type $\geqq 4$ , we have $(1 \cdot 5)$ from
$(1\cdot 7)$ with the similar way of the case when we have proved $(1 \cdot 4)$ (Cf.

\S 2 of the part I).

\S 2. The Codazzi equation

If $R_{n}(n\geqq 6)$ be of type $\geqq 3,$ $L_{aibj}$ is exprcssed intrinsically and then
from \S 1 we have the

Lemma:...... $1fR_{n}(n\geqq 6)$ be of class two and of type 3, it is $7lecessary$

tfiat the metric tensor $g_{ij}$ satisfy tlte equation $(1 \cdot 5)$ .
It is to be noted that contracting (1 $\cdot$ 5) by $g^{ab}$ we have the equation

(1 $\cdot$ 4).
Substituting $(1 \cdot 1)$ in $(1 \cdot 5)$ we have

$H_{()}^{Q}D^{P}+H_{(i^{1},a)}^{Q}D_{(b)J^{k})}^{P}-H_{(i_{l}b}^{P},D_{(ajk)}^{Q}-H^{P}(i\ovalbox{\tt\small REJECT} a_{lI}D_{bjk)}^{t1}=0;$ (2 $\cdot$ 1)

where $D_{aij}^{P}=H_{ai,j}^{P}-H_{aj,i}^{P}$ . Differentiating the Gauss equation
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$R_{abj}j=H_{ai}^{I^{2}}H_{bj}^{P}-H_{aj}^{P}H_{r\prime i}^{P}$

covariantly with respect to $x^{k}$ and making use of the Bianchi’s identity
we have

$H_{(i)a|}^{P}D_{l^{bfl)}}^{P}-H_{(i/b/}^{P}D_{|aJjk)}^{P}=0$ $(2\cdot 2)$

Now, if $R_{n}$ is of type 3, transforming the coordinate system, we have
$D_{3}\frac{L}{\backslash }0^{(4)}$ , and then

$H_{ia}^{P}H_{Q}^{ja}=\delta_{Q}^{P}\delta_{i}^{f},$ $H_{ia}^{P}H_{Q}^{ia}=3\delta_{Q}^{P},$ $H_{ia}^{P}H_{P}^{ib}=\delta_{a}^{b}(i,i=1,2,3$ ; $a,$ $b=$

$k_{1},\ldots\ldots,$ $k_{6}$ ) $(2 \cdot 3)$

Taking $i,$
$J,$ $k=1,2,3$ , and $a,$ $b=k_{1},\ldots\ldots,$ $/\iota r_{c}$ in $(2 \cdot 2)$ and contracting

by $H_{Q}^{kb}$ we have

$D_{aij}^{Q}+H_{a}^{P}(H_{Q}^{kb}D_{bkj}^{P})-H_{ja}^{P}(H_{(1}^{kb}D_{bki}^{P})+H_{(2}^{kb}H_{ka}^{P}D_{bji}^{P}=0$ , $(2\cdot 4)$

and contracting $(2\cdot 4)$ by $H_{lt}^{i?}$ we have
$H_{R}^{ia}D_{a’ j}^{Q}+H_{(\ell}^{kb}D_{bkj}^{lt}=0$ . $(2\cdot 5)$

Now we define

$H_{Qi}^{P}=-\div H_{\iota p}^{kb}D_{bkj}^{P}(J, k=1,2,3 : b=k_{1},\ldots\ldots,k_{\rho)})$ , (2 $\cdot$ 6)

and those $H_{Qj}^{P}$ are skew-symmetric in $f^{\supset}$ and $Q$ from (2 $\cdot$ 5). Substituting
$(2 \cdot 6)$ in $(2\cdot 4)$ we have

$D_{alj}^{Q}-4(H_{ia}^{P}H_{Qj}^{P}-H_{ja}^{P}H_{Q}^{P_{;}})+H_{Q}^{lcb}H_{ka}^{P}D_{bji}^{P}=0$ . $(2\cdot 7)$

Next taking $i,$ $j,$ $k=1,2,3$ and $a,$ $ b=k_{1},\ldots\ldots\ldots$ , $k_{r)}$ in (2 $\cdot$ 1) and
contracting by $H_{P}^{kb}$ we have, m\‘aking use of $(2 \cdot 6)$ ,

$2D_{aij}^{Q}-4(H_{ia}^{P}H_{Qj}^{P}-H_{P}^{ja}H_{(1i}^{P})+H_{Ica}^{Q}H_{P}^{kb}D_{bjt}^{P}=0$ (2 $\cdot$ 8)

Subtracting (2 $\cdot$ 7) from (2 $\cdot$ 8) we have

$D_{aij}^{Q}+H_{ka}^{Q}H_{P}^{kt}D_{bji}^{P}-H_{Q}^{kb}\ovalbox{\tt\small REJECT} H_{ka}^{P}D_{aji}^{P}=0$

and contracting by $H_{R}^{la}$ and then $H_{lb}(;(l=1,2,3)$ we have

$3D_{bij}^{li}=H_{R}^{\prime a}H_{lb}^{\prime\prime}D_{aji}^{Q}$ .

Accordingly $(2\cdot 7)$ becomes
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$D_{aij}^{Q}=H_{ta}^{P}H_{Qj}^{P}-H_{ja}^{P}H_{Qi}^{P}$ . $(2\cdot 9)$

Next taking $i,$ $j=1,2,3;k>3$ and $a,$ $b=k_{1},$ $\ldots..l_{c}$, in $(2\cdot 2)$ and
substituting $(2\cdot 9)$ in $(2\cdot 2)$ we have

$H_{ia}^{P}\Delta_{bkj}^{P}-H_{ja}^{P}\Delta_{bAi}^{P}-H_{ib}^{P}\Delta_{akj}^{P}\cdot+H_{jb}^{P}\Delta_{aki}^{P}=0)$ $(2 \cdot 10)$

where

$\Delta_{bl:j}^{P}=D_{bkj}^{P}-H_{kb}(1H_{Pj}^{Q}.$ $(2\cdot 11)$

Contracting $(2\cdot 10)$ by $H_{(1}^{ta}$ we have

$2\Delta_{bkj}^{cp}-H^{\iota a}H_{\Delta_{akj}^{P}}^{P}+H_{(1}^{ia}H_{jb}^{P}\Delta_{a\lambda\triangleleft}^{P}=0$ , $(2\cdot 12)$

and contracting (2 12) by $H_{\backslash }^{jb_{\backslash }}$ we have

$ H_{\backslash }^{Jl)}\Delta_{bkj}^{Q}+H_{Q}^{i\alpha}\Delta_{a^{?}7i}=0\backslash \cdot$ . $(2\cdot 13)$

Now we define

$H_{Qk}^{P}=\frac{1}{3}H_{Q}^{ia}\Delta_{aki}^{P}(k>3:/=1,2,3;a=k_{1},\ldots\ldots k_{6})$ , (2.14)

and those $H_{Qk}^{P}$ are skew-symmetric in $P$ and $Q$ from (2 $\cdot$ 13). Substituting
$(2\cdot 14)$ in $(2\cdot 12)$ we have

$2\Delta_{bkj}^{Q}-H_{Q}^{ia}H_{ib}^{R}\Delta_{akj}^{P}+3H_{jb}^{P}H_{Q\ovalbox{\tt\small REJECT} b}^{P}=0$ . $(2\cdot 15)$

Contracting $(2 \cdot 1_{i}5)$ by $H_{R}^{tb}$ and then $H_{bc}^{Q}(l=1,2,3;c=l_{1},\ldots\ldots k_{r)})$ we
have

$-\Delta_{bkj}^{Q}+2H_{Q}^{la}H_{lb}^{R}\Delta_{akj}^{R}-3H_{jb}^{R}H_{Qk}^{R}.=0$ $(2\cdot 16)$

Summing $(2\cdot 16)$ to (2.15) we have $\Delta_{bkj}^{Q}+H_{Q}^{ia}H_{ib}^{P}\Delta_{akj}^{P}=0$ and substltuting
this equation in $(2\cdot 15)$ we have $\Delta_{b_{1}\cdot j}^{o}+H_{jb}^{P}H_{Qk}^{P}=0$ , from which we deduce
$D_{bkj}^{P}=H_{Pb}^{Q}H_{Pj}^{Q}-H_{jb}^{P}H_{Pk}^{Q},$ $(j=1,2,3;k>2;b=k_{1},\ldots\ldots, k_{6})$ from (2.11).

Similarly we have the Codazzi equation $(1 \cdot 6)(a, i, j=1,\ldots\ldots, n)$ .
Consequently from the th$e$orem 1. 4 of the part I we have the

Theorem 2. 1: ...... $1f$ $a$ re$al$ Riemann space $R_{n}(n\geqq 6)$ is $\cdot$ of type
tlree, $t’\iota en$ there ,zvill be $tuo$ sets of real functions $H_{ij}^{P}(=H_{ji}^{P})$ and $H_{Qi}^{P}(=$

$-H_{Pi}^{Q})$ ( $P,$ $Q=1$, Il; $i,$ $J=1,\ldots\ldots,$ $n$) satisfying $t1\iota e$ Gauss, $Coda_{\sim}rzi$ and
Ricci equations, $i$ . $e$ . $R_{n}$ will be of class two if, and only $lf,$ $t\prime_{l}e$ conditions of
theorem 4. 2 of the part Il and $tI\iota eeq$uation $(1 \cdot 5)$ are satisfted.
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If the Gauss equation be satisfied and there be two sets of functions
$H_{e\rho_{i}}^{P}$ and $\overline{H}_{Qi}^{P}$ satisfying the Codazzi equation $(1 \cdot 6)$ in $R_{n}$ , contracting
$(1 \cdot 6)$ by $H_{bk}^{P}$ and summing those equations obtained by cyclic permutation
of $i,$ $j$ and $k$ ; and contracting by $g^{ab}$ we have

$g^{ab}H^{P}D^{P}=H_{P(i}^{Q}K_{(P/jk)}^{Q}$ . $(2\cdot 17)$

As we have similar equation for H $QPi$
’ we have $H_{P(i}^{Q}K_{|P(jk)}^{Q}=\overline{H}_{P(i}^{Q}K_{|P/jk\rangle}^{Q}$

and, if we put $H_{1Ii}^{J}=H_{i}$ , we have

$\Delta_{(i}IT_{jk)}=0)$ $(2 \cdot 18)$

where $\Delta_{l}=H_{t}-\overline{H}_{i}$ By the similar svay as in the case when we proved
(1 $\cdot 4\rangle$ we have from (2 $\cdot$ 18) $\Delta_{i}=0(i=1,\ldots\ldots, n)’$, if type $\geqq 2$ .

Consequently we have the
Theorem 2. 2:..... $\backslash $ If $R.(n\geqq 4)$ is of class two and $Pype\geqq 2$ ,

a se $t$ of functions $H_{Qi}^{P}$ satisfying tlte Codatti equation is unique.

\S 3. The Ricci equation

We shall prove the theorem 1. 4 of the part I, not making use of
Allendoerfer’s method.(6)

Differentiating $(1 \cdot 6)$ covariantly with respect to $x^{k}$ and summing three
equations obtained by cyclic permutation of $i,$ $j$ and $k$ we have $H_{b(i}^{P}R_{Ia/\cdot jk)}^{b}$

$=H_{\alpha(i}^{Q}H_{I^{Q}P)jk)}$ ; where $H_{Pjk}^{Q}=H_{Pj,k}^{Q}-H_{Pk,j}^{Q}$ . Making use of $(1 \cdot 6)$ of the
part I we have

$H_{\alpha}^{Q_{(i}}K_{/Q/jk)}^{P}=H_{a(i}^{Q}H_{/^{Q}’)j\lambda_{i})}$ . $(3\cdot 1)$

Contracting $(3 \cdot 1)$ by $H_{bl}^{P}$ and subtracting from the equation three equations
obtained by interchanging $l$ with $i,$ $j$ and $k$ , and contracting by $g^{ab}$ we
have

$K_{t(j}\Delta_{kl)}+\Delta_{l(j}K_{kt)}=0$ ; $(3 \cdot 2)$

where $\Delta_{kl}=K_{k}-H_{1Jkl}^{J}$ . We have immediately $\Delta_{ij}=0(i, j=1,\ldots\ldots, n)$

from $(3 \cdot 2)$ and consequently the theorem 1. 4 of the part I is proved.
Revised Oct 10, 1949
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