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On topological completeness
Jun-iti NacaTta
(Received May 30, 1949)

E. Cech has proved the following theorem” :

A metrizable space R is topologically complcte if and only if it is completely
metrizable.

In this paper we shall show that by making use of the theorem of :N. A.
Shanin,” we can simplify the proof of Cech’s theorem and generalize it
slightly.

We mean in this paper by a filter a family of closed sets having the
finite intersection property, and we say that a filter {F, | 4} is vanishing
when /I F,=¢ holds.

N. A. Shanin’s theorem. /i order that a Ti-space R can be vepresented
as an intersection of at most w (@ cardinal number) open sets in Wallman's
bicompactification W(R) of R, it is nccessary and sufficient that there exists
a collection {Fi 3} of at most n vanishing filters &y of R with the property :
For an arbitrary maximum vanishing filter § of R, there exists a filter ¥
of {4 suck that ¥, CH.

When we note that there exists a one-to-one correspondence between
an open set of IW(R) containing R and a vanishing filter of R as well as
betwéen a point of W(R)—R and a maximum vanishing filter of R, this
theorem is almost obvious. : :

Proof of Cecli's theorem. We begin with the necessity of the condition.
Let R be a topologically complete and metrizable space. Since R is topolo-
gically complete, R is, as is well known, a Gs -set in Cech’s bicompacti-
fication B(R) of R, .. an intersection of at most countable open sets of
B(R). Since R is metrizable, and accordingly normal, #(R) and w(R)
are, as is well-known, identical. Therefore, when we use Shanin’s theorem
in the case of n=a, we get the family {¥,{ of at most a countable number
of vaning filters ¥, mentioned in the theorem.

Let Fo=1{Fna|vedt; then {F°|ue A}=IM> (»=1,2,...) are open
coverings of R.
On the other hand, since R is metrizable, R has a base {N,} of uniform-



On topological completeness. 45

ity of a countable number of open coverings N, agreeing with its topology.
Now we put p={M,, Nt (n, m=12,...),
and Ap={PAP PP e pi.
Since R is metrizable, and accordingly fully normal, for an arbitrary open
covering P of R, there exists an open A-refinement Q (P)?
Therefore we put pA={Q (PB) | Pept,
and successively
H=p+ Ap+pA,
Y=+ D+,

" and finally . V=l Ayt nnnn. ;

then v has the countable cardinal number. v

Since v contains {M,.}, it is obviously a base of a uniformity agreeing with
the topology of R. By using v, we introduce a metric agreeing with v
and accordingly with the topopology of R.

Now we can show that the uniformity v is complete, 7. ¢. this metric
space R is complete.

For this purpose, we shall show that no Cauchy filter can be vanishing.
Assume that the assertion is false, 7. ¢. there exists a vanishing Cauchy
filter ; then by constructing a maximum filter which contains this filter, we
get a maximum vanishing Cauchy filter F={F,}. For this §, we can
choose an element ¥, of {¥,{ such that

FOFn="1Fnal-

Let {#,,{=9N,; then there exists an open covering ¥ such that

P ey, PLA<M,.

On the other hand, since { is a Cauchy filter, there exist /; and @ such
that
FyeF,aeR; [FsCS (a, P)°

Since P4 <IM,, there exists an element £,% of M,
such that S{a, ) CF5%.
Therefore it must be FonF, =3¢
Since F,, € ¥, ¥ would not be a filter, contradicting the - assumption.
Therefore the uniformity v must be complete.

Next, we shall prove the sufficiency.
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Let R be a complete metric space.
If R is totally bounded; then R is bicompact and the problem is trivial.
Therefore let us assume that R is not totally bounded; then, for some #,,
the open covering {S,,(x)| x € R} (# = n,) has no finite subcovering, where
we mean by S.(x) the set of all points with the distance less than & from
x.
Therefore &,={S. ()| x € R} (2 =n,) is a vanishing filter, and the car-
dinal number of {&, |# = »,} is countable.

Let =1{F,{ be an arbitrary maximum vanishing filter of R. Since
R is complete, § can not be a Cauchy filter, that is, there exists 7/ such
that if 7>/, for every F, € ¥ and x € R, F, ¢ S;.(x) holds. Let

n > n,7' ; then
F,NnSe.(x)=F¢ for all F, € F and x € R.

Since § is maximum, it must be
Si5.(2) € § for all x e R;

hence S.CH.
Therefore the collection {&, | # = #,} has the property of the collection of
vanishing filters-in Shanin’s theorem, and R is accordingly a Gs-set of W(R),
i. e. R is topologically complete.
From the method of this proof, we see that the follwing corollary holds.
Corollary. Let R be a fully normal topological space, in whick a uniformity
with the cardinal number at most nw can be introduced. [n ovder that R can
be vepresented as an infersection of at most n open sets in some bicompact Ty
space, it is necessary and sufficient that a complele uniformity with a cardinal
number at most w can be introduced in R.
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Notes.

1) E. Cech: On bicompact spaces. Annals of Math, 38, (1937.)

2) N. A. Shanin: On the theory of bicompact extensions of topological spaces.
Rendus (Doklady) USSR, 38, (1943). This theorem is stated in the more general form.

3) We denote by Z¢ n,a the complement of /.

4) Cf. Tukey: Convergence and uniformity in topology. 1940.

5) Sa =57
ae PeP
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