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1. Let #(P)=ul(x,......... , %,) be defined in a domain D in an

n-dimensional space and all its partial dervatives of the second order be
continuous and satisfy the equation :

du=0% 4 .4 0% (1)
ox; 0%, ’
then #(P) is called a harmonic function in D. It is easily seen that

#(P)=0P"* (12>3) is a harmonic function, where /7 is a variable point
and O is a fixed point.

Let >} be a splhere in an n-dimensional space with O as its center
and R be its radius and S be its boandary. l.et Q be a point of S and
¢(Q) be an integrable function on S. We define a Poisson integral with
¢(Q) as its boundary value:V

A= | 0@ B0, @

where S, is the surface area of a unit spheie and do, is the surface
element of S at Q. Then #(#) is harmonic in 3. .

We can prove that # () tends to ¢(Q) almost everywhere on S, when
P tends to Q non-tangentially to S. If ¢(Q) is continuous at @, then
#(F) tends to ¢(Q,), when P tends to @, from the inside of 3. Let 2(/)
be a bounded harmonic function in 37, then lim z(P)=¢(Q) exists almost

everywhere oa S, when 7 tends to Q non-tangentially to S and #(#”) can be
expressed by (2)%.

1) Yor an n-dimensional Poisson integral, c.f. C. Carathéodory: On Dirichlet problem.
Amer. Jour. Math. 59(1937).

2) The case n=2 is the well known thecrems of Fatou and Schwarz. For the case n=3
I have proved analogous theorems in a paper: On Fatou’s theorem on Poisson integrals. Jap.
Jour-Math. 15(1938). The method can be applied for the general case.
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We will prove:

Lemma 1. Zet 3} be a sphere of radius R with O as its center and
o be a concentric sphere of radius p<R. If u(P) is harmonic in Y and
u(P)=o in o, then u(P)=o in 3.

Proogf. u(F) is expressed by a Poisson ingearal :

% (P) = u(Q) K= OF 45
R)Sn S1 P——Q_n
here S, is the boundary of a concentric sphere 3, of radius R <R.

If we put »=0F and 0 be the angle between OP and OQ, then PQ°=
Ri—2 R, » cos 047°, which vanishes for »=R.**, so that if we consider »
a complex variable,

Ri— 0P _ Ri—7?
ror (R2=2Rrcost ++7) T

is a regular function of » for |#| <R. Let Q, be a point on S, and P
vary on the segment OQ,, then #(P) is a regular function of » for|r| <R,
which, by the hypothesis, vanishes for o <<» <p, hence #(P)=o for
0=r=R,, so that #(P) vanishes oa the segment O, and since Q, is arbitrary,
#(FP)=o in 3. Hence for R—R, we have #(p)=o0 in 3, q. e. d:

From this we can deduce the following

Lemma 2 Lot u(P) be haimonic in a domain D and if u(P)=o in a
partial domain D,C D, then u(P)=o in D.

Theorem 1 Loz 3 be a sphere and E be a closed set in 3. Then in general
2—FE consists of at most countable number of components D;. Suppose that there
exists in eack componet D; a positive harmonic function v, (P), suck that
lim v,(P)= + oo, when P tends to any bouudary point of D,, whick belongs to E,
then

() XI—E is connected, so that it consists of only one component.

(1) Let Sg be the pare of E, whick lies on the boundany S of 3, then
Sy is of surface measure zero. Hence by Fubini'i theovem, E is of wmeasure
zero, so thar E has no inner poinis.

Proof. (i) Suppose that >}—F is not connected and consists of more
than one component-and let D,, D, be any two components. The boun-
dary point of /), belongs to .S or £. If all its boundary points belong to
E, then v,(P)=+ c in [D,, which is absurd. Hence D, has a boundary
point on S, so that if we denote the part of the boundary of 2D,, which
lies on S by S, then S, has an inner point on S. Similarly the part S,
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of the boundary of D, on S has an ianer point on S.
We put

R— O
j *‘—:0— d(TQ,

1P=
“(F) o PO

RS,

then #,(P) is a bounded harmonic function in >} and #,(P)=o0 on S,.
Let for any e> o,

P(P) =1,(P) —e v,(P),

then since z,(P),=>0, we have @.(P)<o on S, and since #,(P) is bounded
and lim #,(P)=+ o on £, we have & (P)<Zo on E, so that by the
maximum principle, @.(p)< o in D,, hence for e—o, #,(P)< o i1 D,

S imiarly considering #,(P) +¢ev,(P), we have #,(P)= o in D,, so that
u,(P)=o0 ia D,, hence by Lemma 2  (P)==0 in 3], which is absurd,
since #,(P) tends to 1, whea P tends to an inner point of S,. Heace
ST—E is coanected.

(ii) Suppose tnat Sy is of positive surface measure and put

R —OP"

1
u(P)= RS, jgﬁ ﬁé” do, ,

then #(P) is a bounded bharmonic function in 37 and tends to 1 almost
everywhere on Sy when P tends to S, non-tangentially to S. But from
the argument in (i), we see that #(P)=o0 in 3}, which is a contradiction.
Hence Sg is of surface measure zero. Hence by Fubini’s theorem, Z is
of measure zero. q.e.d.

Theorem 2. Let E 00 a clssed set wn an n-dimensional space and D be

its ncigibouri od. Suppos: thar there cxists a positive ha monic function
v(P) in D—E, such that lim v(P)=+ oo, when P tendes to awny point of
E. Lot u(P) be a bounded harmonic function in D—E, then u(P) is lar-
montc on E.
Proof. Tet O be a point of £ and 3} be a sphere about O of radius R,
which is contained in D. Then by Theorem 1, 31 —E is connected and £ has
no inner poiats. We coistruct a Poissoa integral wita #(Q) as its boun-
dary value:

1 R*—OF*
()= s | w(Q) —F="

pe— g Qs
RER/ 4 PQ"
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where S, is the part of £, which lies on the boindary S of 31. Then
2, (P) is a bounded harmonic function in 3! and # (P)=u(P) on S—S,
so that U(P)=wu(P)—u,(P) is a bounded ha monic function in >1—FZ,
which vanishes on S—S,. Hence by the argument of Thecrem 1 we have
UP)=o in X—E, or u(P)y=u,(P) in >]—F. Since E has no inner
points, we can continue #(P) harmonically in >} by #(P)=u,(P), so
that #(P) is harmonic on £. q.ed.
As an application of Theorem 2, we have

Theorem 3. Lot g(zy.........2,) be a rcgular function of n complex
variables in a 2n-dimensional domain D and E be the manifold defined by
A G ) =0. Lot flzpyeeno.... n) e a bounded regular function in
D—E, ihen f(z1yeeneen... vin) is regular on EP

Proof. 1t is evident that £ has no inner roints. If we put f=wu+io,
then #, v are bounded harmonic functions in D—Z. ILet |g(z,......... ) |
< M in D, then

Py =log — M pe—(op...... o)
& (&)1,

is a positive harmonic function in D—Z, such that lim [7(/’) = +"c, when
P tends to any point of £, hence by Theorem 2, # and v are harmonic
on £, so that f is regular on £. q.ed }
Fiom Theorem 1, we have

Theorem 4. ZLet g(zp,......... 2n) Oe regular in a domain D and E be
the manifold defined by g(qy......... “n)=o0 and 3 be a sphere which is
con ained tn D and conlains points of E, then >—FE is connected® and Sy,
ts of surface m asure zero, where Sy is the part of E, whick lics on the
boundary S of 3.

2. Let £ be an (2—2)-dimensional manifold in an #-dimensional

(Xyyeeeeonnen ,¥,)—space, which is defined by
=0 (Lyyerennenn. fue2) =0:(0) G=12,.......n), (1)
where ¢;(?) are defined in an (2—2)-dimensional domain 4 ia (4,...... taes)
-space and satisfy the Lipschitz's condition :
e =) | =19 Crran) =W e ) |SKE (=], @)

3) Osgood: Ichrbuch d. Funktionentheorie II,. p. 191
4) Bochner: Functions of severa] complex variables (1936) p- 194. Lemma,
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where K is a constant and (#), (#) are any two roints of 4.
T.et )

Liiee dby

(P =5S G2 3
D=0 pg @

where P=(x,,...,x,) is a variable point in the space and Q= (#) = (¢,(?) ,.-.

e, (2)) is a point of £, then #(P) is barmonic outside of £  We will
prove :
Lemma 3 /[im v(P)= + oo, when P tends to any point of L:
Proof. In the proof, we denote constants by K|, K,.......
Let Q,=(¢") be any point of £, then by (2),

n—2 2
POZ P+ QQ)°Z=K,("+ 3 (t,~14))
v=1

where »=/PQ,.
0

By putting rc,=4—1¢", we have

T’(P)g ]&72 j‘“.jv (]tl...:..fl’ n:o’ ,
n—2 P (1+ 1 T%
vgrt - 7”"‘ v
n-2
where we take ¢ so small that >} (4,—2")°<.¢" is contained in 4.
v=1
Let —r,“’=p’-’, T,=u,p, then it is easily seen that
v=1
P 74 P
- r 0" a0 N r
v(M2K| k[T = K og 2
1 ( |+ ‘0‘—’) T2 I ! 7

so that v(P)— + oo, for F/—Q,, q.e.d.
From Theorem 2 we have

Theorem 5. Let E satisfy the condition of Lemma 3 and wu(P) be a
bounded lharmonic funct.on 1w a neighbourhood of E, then wu(P) is larmonic
on L.

Theovem 6. /et f(z,...,2,) b0 a bounded regular function of n complex
variables in a neighbourrhood of a (2n—2)-dimensional manifold E, twhick
satisfies the conditton of Lemma 3(with 2n instead of n), then f(24y...y50) 15
regular on L.
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