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CLASSIFICATION OF BIHARMONIC C-PARALLEL LEGENDRIAN
SUBMANIFOLDS IN 7-DIMENSIONAL SASAKIAN SPACE FORMS
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Abstract. In [5], D. Fetcu and C. Oniciuc presented the classification result for bihar-
monic C-parallel Legendrian submanifolds in 7-dimensional Sasakian space forms. However,
it is incomplete. In this paper, all such submanifolds are explicitly determined.

1. Introduction. In [5, Theorem 5.1], Fetcu and Oniciuc presented the classification
result for proper biharmonic C-parallel Legendrian submanifolds in 7-dimensional Sasakian
space forms. The case (2) of the theorem is proved by applying Lemma 4.4 in [1]. However,
the lemma is wrong, and hence Fetcu and Oniciuc’s classification is incomplete. This paper
corrects errors in [1], and moreover, completes the classification.

Our main result is the following, which determines explicitly all proper biharmonic C-
parallel Legendrian submanifolds in 7-dimensional Sasakian space forms.

THEOREM 1.1. Let f : M®> — N'(g) be a 3-dimensional C-parallel Legendrian sub-
manifold in a T-dimensional Sasakian space form of constant ¢-sectional curvature €. Then
M3 is proper biharmonic if and only if either:

(M3 is flat, N'(e) = §7(e) with € > —1/3, where S (&) is a unit sphere in c* equipped
with its canonical and deformed Sasakian structures, and f(M?) is an open part of

A 1
s = (et ool )
1 .
0 exp(=i(du — (¢ — a)v)),
(1.1) ; exp(=i(du + cv + p1w)),

vVapi(er + p2)
1
vap2(p1 + p2)

exp(—i(Au + cv - pzw))),
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where @ = 4/(e + 3), p12 = (V4c(Rc —a) + d?> £ d)/2 and A, a, ¢, d are real constants given
by

B —aHBA -2+ DA +a )+ A*(a+c)* +d») =0,
@+ P+a>+*-Ta "' +4) +cd*=0,

AP +d* +3ct +ac—Ta ' +4)=0,

'+ 22 +ac-c*=0

suchthat =1/ Vo <1<0,0<a<P®—-aH/ha=>d>0a>2c 2> #1/Ba); or
(2) M3 is non-flat, N'(g) = S7(e) withe > (-7 + 8 V3)/13 and F(M?) is an open part of

(1.2) fony) = | (|t i
. ,y - ,U2+1 ) /12+l y 1)

where'y = (y1,y2,y3), llyll = 1 and

1 (e=1),
(1.3) 1 =34s+4+ V32 + lde— 11
(e#1).
33 +e)

REMARK 1.1. The flat case (1) of Theorem 1.1 has been proved by Fetcu and Oni-
ciuc in [5, Theorem 5.1]. However, they did not give the explicit representation of non-flat
biharmonic C-parallel Legendrian submanifolds in S7 ().

REMARK 1.2. The immersion (1.1) can be rewritten as

f(u’ v, LU) = (Zl (I/t), ZZ(”)Y(U, w)) 5

where (z1(u), z2(u)) is a Legendre curve with constant curvature (1> — &™)/ in S3(&) given
by

A 1 1 .
(z1(w), 22(w)) = ( e'a1", e
VA2 + a7} Va2 + 1

and y(u, v) is a Legendrian surface in S°(g) given by

Vad? + 1 i(c—ay Vad? + 1 —i(cv+piw) al +1 —i(CU—Pzw))
e ,———————— s T /——¢€ '
alc —a)2c - a) vapi(pr + p2) vap2(p1 +p2)

REMARK 1.3. (i) For each fixed x, (1.2) has constant Gauss curvature (1> + 1)/a with
respect to the induced metric from S7(g). We can check that the surface is an integral C-

parallel surface in S”7(g).
2
. M —iy 1 iux
Z(")"[\/ume “ \/m]

y, w) =

(i1) The curve
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given in (1.2) is a Legendre curve with constant curvature (u> — 1)/(u V) in S3(e).

REMARK 1.4. (i) In [5, Theorem 5.1, it is stated that when € = 5/9, M? is locally
isometric to a product y x M’ 2 where v is a curve of constant curvature 1/ V2in§ 7(5/9) and
M? is a surface of constant Gauss curvature 4/3. However, 1/ V2 should be replaced by 2/3
because y coincides with z(x) in Remark 1.3.

(i1)) The function A in the case (2) of [5, Theorem 5.1] and the function y in (1.3) are
related by the equation x> = aA?. Hence, in view of Remark 1.3, the case & = 1 and the case

2 = (4e + 4+ V13&2 + 14e — 11)/(3(3 + £)) with £ > 1 in (2) of Theorem 1.1 are missing
from [5, Theorem 5.1].

Applying Theorem 1.1, we have the following result which corrects [5, Corollary 5.2].

COROLLARY 1.1. Let f : M®> — S7(1) be a C-parallel Legendrian submanifold. Then
M3 is proper biharmonic if and only if either:
(1) M3 is flat, and f(M?) is an open part of

flu,v,w) = (—% exp(—i \/gu),
wotle- )
1 1 V3 3V2
V6 ((w Vo 2" ))

ol e )

\/—
(2) M3 is non-flat, and f(M?>) is an open part of
(1.4) fxy) = @(6 ey),

where'y = (y1,y2,y3) and ||yl = L.

REMARK 1.5. The flat case (1) of Corollary 1.1 has been proved in [5, Corollary 5.2].
However, the non-flat submanifold (1.4) is missing from [5, Corollary 5.2].

REMARK 1.6. The author classified proper biharmonic Legendrian surfaces in 5-
dimensional Sasakian space forms (see [10] and [12]). Those surfaces are flat and C-parallel.

In the last section, by the same argument as in the proof of Theorem 1.1, we determine
explicitly all proper biharmonic parallel Lagrangian submanifolds in 3-dimensional complex
projective space.

2. Preliminaries.
2.1. Sasakian space forms. A (2n + 1)-dimensional manifold N>**! is called an al-
most contact manifold if it admits a unit vector field &, a one-form i and a (1, 1)-tensor field ¢
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satisfying
Mo =1, ¢ =-I+18¢.

Every almost contact manifold admits a Riemannian metric g satisfying

9(X, 0Y) = g(X, Y) —n(X)n(Y).

The quadruplet (¢, &,7,¢g) is called an almost contact metric structure. An almost contact
metric structure is said to be normal if the tensor field S defined by

SX,Y) = @1X, Y1+ [pX, @Y1~ ¢lpX, Y1 - ¢[X , Y] + 2dn(X, V)¢
vanishes identically. A normal almost contact structure is said to be Sasakian if it satisfies

dn(X,Y) := (1/2) X(n(Y)) = Y(n(X)) = n([X, YD) = g(X, ¢Y).

The tangent plane in T,,NZ”Jrl which is invariant under ¢ is called a ¢-section. The sec-
tional curvature of ¢-section is called the g-sectional curvature. Complete and connected
Sasakian manifolds of constant ¢-sectional curvature are called Sasakian space forms. De-
note Sasakian space forms of constant ¢-sectional curvature & by N2*!(g).

Let S2*! ¢ C"*! be the unit hypersphere centered at the origin. Denote by z the position
vector field of §2"*! in C™! and by gy the induced metric. Let & = —Jz, where J is the
usual complex structure of C"*! which is defined by JX = iX for X € TC"!. Let 559 be a
1-form defined by ny(X) = go(&y, X) and ¢, be the tensor field defined by ¢y = s o J, where
s ¢ T.C™!' — T.§*! denotes the orthogonal projection. Then, (S%™*!, ¢y, &, 170, go) is a
Sasakian space form of constant ¢-sectional curvature 1. If we put

n=an, é=a'&, ¢=¢, ¢g=ago+ala-1)nen

for a positive constant a, then (S 21, ¢, £, 77, g) is a Sasakian space form of constant ¢ sectional
curvature & = (4/a) — 3 > —3. We denote it by S>"*!(¢). Tanno [13] showed that a simply
connected Sasakian space form N?"*!(g) with & > -3 is isomorphic to §2*!(¢); i.e., there
exists a C*-diffeomorphism which maps the structure tensors into the corresponding structure
tensors.

2.2. Legendrian submanifolds in Sasakian space forms. Let M™ be an m-
dimensional submanifold M in a Sasakian space form N n+l(g) If n restricted to M™ vanishes,
then M™ is called an integral submanifold, in particular if m = n, it is called a Legendrian
submanifold. In particular a Legendrian submanifold in a 3-dimensional Sasakian space form
is called a Legendre curve. One can see that a curve z(s) in § 3e)c C?isa Legendre curve
if and only if it satisfies Re(z(s), iz(s)) = O identically in C?, where (-,-) is the standard
Hermitian inner product on C2.

We denote the second fundamental form, the shape operator and the normal connection
of a submanifold by %, A and D, respectively. The mean curvature vector field H is defined by
H = (1/m)Tr h. If it vanishes identically, then M™ is called a minimal submanifold. In partic-
ular, if 4 = 0, then M™ is called a rotally geodesic submanifold. A Legendrian submanifold in
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a Sasakian manifold is parallel, i.e., satisfies VA = 0 if and only if it is totally geodesic. Here,
Vh is defined by

(Vxh)(Y,Z) = Dxh(Y,Z) = h(VxY,Z) = h(Y, VxZ).

A Legendrian submanifold is called C-parallel if Vh is parallel to £.
For a Legendrian submanifold M in a Sasakian space form, we have (cf. [2])

(2.1) A =0, oh(X,Y) = -AxyX, (WX,Y),pZ) = (WX,Z),pY)

for any vector fields X, Y and Z tangent to M, where (-, -) is the inner product. We denote
by K;; the sectional curvature determined by an orthonormal pair {X;, X;}. Then from the
equation of Gauss we have

2.2) Kij = (e + 3)/4 + (h(X:, X;), (X, X)) = (X5, X I

The following Legendrian submanifolds can be regarded as the simplest Legendrian sub-
manifolds next to totally geodesic ones in Sasakian space forms.

DEFINITION 2.1. An n-dimensional Legendrian submanifold M" in a Sasakian space
form is called H-umbilical if every point has a neighborhood V on which there exists an
orthonormal frame field {e, . . ., e,} such that the second fundamental form takes the following
form:

h(er,er) = Ager,  h(ez,e2) = - = hley, €n) = pper ,
her,ej) = ppe;, hej,e)=0, j#k, jk=2,...,n,
where A and u are some functions on V.

REMARK 2.1. If in Definition 2.1 we assume that the mean curvature vector field is
nowhere vanishing, then e; = —pH/||H |[> holds and hence it is a globally defined differentiable
vector field, and A is also a globally defined differentiable function. Moreover, at each point p
of M", the shape operator A ;5 has only one eigenvalue u(p) on D(p) = {X € T,M"|<X,JH) =
0}. Since u = (n||H|| — 4)/(n — 1) holds, it is also a globally defined differentiable function.

2.3. Biharmonic submanifolds. Let f : M" — N be a smooth map between two
Riemannian manifolds. The tension field T(f) of f is a section of the vector bundle f*TN
defined by

n

t(f) = ) (Vhdf(e) - df(Veen) ,

i=1
where V/, V and {e;} denote the induced connection, the connection of M" and a local or-

thonormal basis of M", respectively.
A smooth map f is called a harmonic map if it is a critical point of the energy functional

E(f) = fg I fI2do

over every compact domain 22 of M", where dv is the volume form of M". A smooth map f is
harmonic if and only if 7(f) = 0 at each point on M" (cf. [4]).
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The bienergy functional E>(f) of f over compact domain Q c M" is defined by
£ = [ IetiPde.
Q

Thus E, provides a measure for the extent to which f fails to be harmonic. If f is a critical
point of E, over every compact domain £, then f is called a biharmonic map. In [6], Jiang
proved that f is biharmonic if and only if its bitension field defined by
HOEDY {(V{,Vf, = VL () + RN (), df(e,-))dﬂel-)}
i=1
vanishes identically, where RY is the curvature tensor of N.

A submanifold is called a biharmonic submanifold if the isometric immersion that de-
fines the submanifold is biharmonic map. Minimal submanifolds are biharmonic. A bihar-
monic submanifold is said to be a proper biharmonic submanifold if it is non-minimal.

Loubeau and Montaldo introduced a class which includes biharmonic submanifolds as
follows.

DEFINITION 2.2 ([9]). An isometric immersion f : M — N is called biminimal if
it is a critical point of the bienergy functional E, with respect to all normal variation with
compact support. Here, a normal variation means a variation f; through f = f; such that the
variational vector field V = df;/dt|,-o is normal to f(M). In this case, M or f(M) is called a
biminimal submanifold in N.

An isometric immersion f is biminimal if and only if the normal part of 7,(f) vanishes
identically. Clearly, biharmonic submanifolds are biminimal. Biminimal H-umbilical Legen-
drian submanifolds in Sasakian space forms have been classified by the author as follows.

THEOREM 2.3 ([12]). Let f : M" — N?"*\(g) be a non-minimal biminimal H-
umbilical Legendrian submanifold, where n > 3. Then N*'*!(g) = S*"*!(g) with

30> -2n+5+32n
> -3
T i ien+ 25 >-3)

and f(M™) is an open part of

f( ) /'12 —Liy 1 iux
X, = e 1, —- € )
y w2 +1 w2 +1 y

wherey = (y1,...,yn), llyll = 1 and

1 (e=1),
=2 (n+5e+3n—1+ VP(r,o)
23 +ée)n
where P(n, &) := (0> + 6n + 25)&? + (6n® + 4n — 10)e + 9n® — 42n + 1.

(e#1),

REMARK 2.2. Submanifolds given in Theorem 2.3 are in fact proper biharmonic.
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3. (C-parallel Legendrian submanifolds.

3.1. A special orthonormal basis. We recall a special local orthonormal basis which
is used in [1] (see also [5]). Let M be a non-minimal Legendrian submanifold of N7(&). Let
p be an arbitrary point of M, and denote by U,M the unit sphere in 7,M. We consider the
function f, : UM — R given by

Jp() = (h(u,u) , ou) .
A function f,, attains a critical value at X if and only if (h(X, X),¢Y) = Oforall Y € U,M
with (X, Y) = 0, i.e., X is an eigenvector of Agy.
We take X as a vector at which f, attains its maximum. Then there exists a local or-
thonormal basis {Xi, X», X3} of T\,M such that the shape operators take the following forms

(cf. [1]):

A4 0 0 0 L 0 0 0 A

(3.1 A, =|0 1 0|, Ay, =|2 a b|, Ax,=|0 b ¢,
0 0 /13 0 b C /13 (& d

where

(3.2) >0, 4,220, 4,221, a>0, a*>>d°,

and moreover, if 1, = A3, then b = 0 and a > 2c.

LEMMA 3.1. The vector X; € T,M can be differentiably extended to a vector field
X1(x) on a neighborhood V of p such that at every point x of V, f. attains a critical value at
X1 (x), that is, X1(x) is an eigenvector of Ayx, (x)-

PROOF. Let E|(x), E»(x), E3(x) be an arbitrary local differentiable orthonormal frame
field on a neighborhood V of p, such that E;(p) = X;. The purpose is to find a local differen-
tiable vector field X;(x) = 3, y'(x)E;(x) such that (y')> + (4*)* + (4°)*> = 1 and at every point
x of V, f, attains a critical value at X;(x). As in the proof of Theorem A in [7], we apply
Lagrange’s multiplier method.

Consider the following function:

FOuy' iy 0 1= ) hi'y'yt = 4G + @ + @) - 1),
i,k
where h;j := (h(Ei(x), E j(x)), ¢E(x)). We shall show that there exist differentiable functions
y', y?, y® defined a neighborhood of p satisfying the following system of equations:

F ) .
g—yi = SZhijk(x)yfyk —241=0, ie{l,2,3},
(3.3) ik
OF

or _ 12 22 332 _ 1 =
31 W)y +y)y+y)y-1=0.



164 T. SASAHARA

Define functions G; by

Gixy', y*,y*, ) =3 Z hijk(x)yiyk —2y'A for i=1,2,3.
Jik
Gs(oy ) = ) + ) + (P - 1.

Since X1(p) = X; = E1(p), we have (', %, y°) = (1,0,0) at p. It follows from (3.1) and (3.3)
that 2A(p) = 34;. We set y* = 1. A straightforward computation yields

0G,
(3.4) det(ﬁ)(p) =36(1 — A3 — A1)
Yy

By (3.2), we have 1, # A; # A3. Hence the RHS of (3.4) is not zero. The implicit function
theorem shows that there exist local differentiable functions y'(x), y>(x), y>(x), A(x) on a
neighborhood of p satisfying (3.3). The proof is finished. O

REMARK 3.1. In[1] and [5], the differentiablity of X;(x) is not proved.

If the eigenvalues of A,y (x) have constant multiplicities on a neighborhood V of p, we
can extend X, and X3 differentiably to vector fields X>(x) and X3(x) on V. We work on the
open dense set of M defined by this property.

3.2. Correction to a paper by Biakoussis, Blair and Koufogiorgos. Let M be a C-
parallel Legendrian submanifold of N7(g). The condition that M is C-parallel is equivalent to
Voh = 0, where V is the Levi-Civita connection of M. Hence we have

(3.5) R-¢h=0,

where R is the curvature tensor of M.

By using (2.2), (3.1) and (3.5), Biakoussis et al. obtained a system of algebraic equations
with respect to 4, A2, 43, a, b, ¢, d, K12, K13 and K3 (see [1, pages 211-212]).

However, the equation (3.19)-(iv) in [1], i.e., c(@a — 2¢)(1; — A3) = 0 is incorrect. It should
be replaced by

bla—2c) (2 - 43) =0,

which is obtained by ((R(X1, X3) - ¢h)(X3, X3), X3) = 0.

In [1, Lemma 4.4], it is stated that if 1; = 243 # 24,, then € = —3. However, the proof is
based on the the wrong equation (3.19)-(iv) (see page 214, line 11), and hence the statement
is also wrong. The following is a counterexample to [1, Lemma 4.4]: The submanifold (1.4)
is a H-umbilical Legendrian submanifold such that, with respect to some orthonormal local
frame field ey, e,, e3 with e; = d/0x, the second fundamental form / satisfies

h(ei,e1) =0, hlez,er) = h(es, e3) = pey,
h(er,e2) = pea, hler,e3) = pes, h(ex,e3)=0.
We put X; = (e; — V2e2)/ V3, X2 = (V2e; + €3)/ V3 and X3 = e3. Then the shape operators

take the forms (3.1) with 4, = 2/V3, &, = =1/V3, 13 = 1/V3,a = ¢ = V2//3 and
b=d=0.
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On the other hand, following the wrong statement of [1, Lemma 4.4], the non-flat case
(2) of [5, Theorem 5.1] is investigated. Therefore, the classification presented in the theorem
is incomplete.

3.3. Biharmonic C-parallel Legendrian submanifolds. We shall prove Theorem
1.1. First, we recall the following.

PROPOSITION 3.1 ([S]). A C-parallel Legendrian submanifolds in a 7-dimensional
Sasakian space form N’ (g) is proper biharmonic if and only if e > —1/3 and
(3.6) Trh(,Ag-) = Be+ 1)/2.

By applying the proof of [1, Lemmas 4.2-4.6] and Proposition 3.1, we obtain the fol-
lowing.

PROPOSITION 3.2. Let M? be a proper biharmonic C-parallel Legendrian submani-
fold in N (g). If M is non-flat, then it is H-umbilical.

PROOF. By [I, Lemma 4.2], the case 4; # 24, # 243 # A; cannot hold. According
to the proof of [1, Lemma 4.6], the case 1; = 24, = 243 cannot hold for € > —3. Hence, by
Proposition 3.1 the proof is divided into the following three cases.

CASE (i). 41 = 24, # 243. In the proof of [1, Lemma 4.3], we have

3.7 A =2 =-A3=+2(e+3)/4, a=c=d=0, b=+6(s+3)/8.

We choose a local orthonormal frame field {e, e, e3} as follows:
er = (X1 + V3X3)/2, ex=Xo, e3=(FV3X; +X3)/2,

where the + signs are determined by the sign of b. Then, by a straightforward computation
using (3.7), we obtain

(3.8)  hler,e1)=—(V2e+3)/4)pe1, hler, e2) = h(es,e3) = (Y2(e + 3)/Hper ,
h(ez,e3) =0, h(er,e) = (V2 +3)/Hpei, i€{2,3},

which implies that M is H-umbilical. Moreover, from (3.6) and (3.8) we have € = 5/9 (see
the subcase (a) of (2) in [5, Theorem 5.1]).

CASE (ii). 41 = 243 # 24,. Following the proof of [1, Lemma 4.4] (page 214, lines
7-10), we have
(3.9) K =0,
(3.10) b=d=0, c#0.

Moreover, in [1, (3.16)-(iv), (3.21)]) the following equations have been obtained:

(3.11) c(Ky + A3(A, — 43)) = 0,
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(3.12) (A = 3) (K3 —b*> = cH) =0.

From (3.10), (3.11), (3.12) and A, # A3, we have

(3.13) Koz + A3 — 43) =0, Ky =c”.

We note that (3.10) and (3.13) show A3 # 0. It follows from (2.2), (3.1), (3.9) and (3.13) that

/l% =4cz—2ac—,8,
(3.14) /l§ =3¢ —ac-8,
A3 =202—ac—,8,

where 8 = (¢ + 3)/4.
We choose a local orthonormal frame field {e, e, e3} as follows:

e1 = (BX1+cXo)/ B+, e =(—cXi+ B3X2)/\JB+32, e3=X;.
We set
k(a,c) := 8¢t — 6ac® + (a2 - 3,8)c2 +afc.

Then, by a straightforward computation using (3.14), we obtain

ck(a,c) B
W , (h(er,er),pe3) =0,
k(a,c)

2, 232
(45 + )

(h(ey, er), per) =

(3.15) (h(ez, e2) — h(es, e3), per) = — h(ez,e3) =0,

Azk(a, c)

T 9 A2l ? h ) ) = 0'
(2 + AP (h(es, e3), pe3)

(h(ez, e2), per) = —

On the other hand, substituting (3.14) into the identity 43435 — (1243)* = 0 gives
k(a,c)=0.

Hence, it follows from (2.1) and (3.15) that M is H-umbilical.

CASE (iii). 4; # 21; = 243. By rotating the vector fields X, and X3, if necessary, we
may assume that b = 0. In [1, Lemma 4.5], it is proved that if M is non-flat, then a # 2¢ and
a=c=d=0. Thus, M is H-umbilical. m]

PROOF OF THEOREM 1.1. The flat case (1) has been proved in (1) of [5, Theorem 5.1].
Applying Proposition 3.2 and Theorem 2.3 for n = 3, we can prove the non-flat case (2). O

REMARK 3.2. In [5], the case (ii) of Proposition 3.2 was not investigated.



CLASSIFICATION OF BIHARMONIC C-PARALLEL LEGENDRIAN SUBMANIFOLDS 167

4. Biharmonic parallel Lagrangian submanifolds. Let CP"(4) denote the complex
projective space of complex dimension n and constant holomorphic sectional curvature 4. We
denote by J the almost complex structure of CP"(4). An n-dimensional submanifold M" of
CP"(4) is said to be Lagrangian if J interchanges the tangent and the normal spaces at each
point.

In [5, Theorem 6.3], Fetcu and Oniciuc presented the classification result of proper bi-
harmonic parallel Lagrangian submanifolds in CP?(4). However, the theorem is proved by
applying the wrong statement of [1, Lemma 4.4], and hence the classification is incomplete.
This section completes it. First, we recall the following.

PROPOSITION 4.1 ([5]). Let L : M®> — CP3(4) be a proper biharmonic parallel La-
grangian immersion. Then L is locally given by m o f, where m : S?*1(1) — CP"(4) is
the Hopf fibration and f : M> — S’(1) is a non-minimal C-parallel Legendrian immersion
satisfying

Trh(-,Ag-) = 6H.

The following theorem determines explicitly all proper biharmonic parallel Lagrangian

submanifolds in CP3(4).

THEOREM 4.1. Let L : M® — CP3(4) a proper biharmonic parallel Lagrangian sub-
manifold. Then L is locally congruent to o f, where f : M> — S7(1) is one of the following:
(1) M3 is flat and

Pl [1 1 .
an [ ol e e o

1
exp(—i(du + cv + p1w)), ———= exp(—i(du + cv — pzw))),

1
\Vp1(o1 +p2) 201 + 02)

where p15 = (\4c(2c — a) + d? + d)/2 and the 4-tuple (A, a, c,d) is given by one of the fol-

lowing:
4 - V13 7- V13 7- V13
- 3 ) 6 s 6 ’O >

/45+21\f /
5+2\/’ 21+11\F
/ \/523+139x/_ \/79_17\/_ \/14+2\/_]
6+ V13
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(2) M3 is non-flat and

“2) Fooy = ([, |
. ,y - ,U2+1 ) /,l2+1 y )

where y = (y1, 2, y3), llyll = 1 and i = (4 £ V13)/3.

PROOF. The flat case (1) has been proved in [5, Corollary 6.4]. Applying Propositions
3.2 and 4.1 and modifying the second equation of [12, (5.33)] to A2+ 2;12 = 6, we can prove
the non-flat case (2). O

REMARK 4.1. Fetcu and Oniciuc [5] did not give the explicit representation of non-flat
proper biharmonic parallel Lagrangian submanifolds in CP3(4).

REMARK 4.2. The immersion (4.1) can be rewritten as the one with @ = 1 in Remark
1.2 (cf. [3], [8D).

REMARK 4.3. The immersion (4.2) has the same properties as in Remark 1.3, where
« = 1. From this, we see that (4.2) with > = (4 + V13)/3 is missing from [5, Theorem 6.3].

REMARK 4.4. The author classified proper biharmonic Lagrangian surfaces of con-
stant mean curvature in CP?(4) (see [11]). Those surfaces are flat and parallel.
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