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RIGIDITY OF MANIFOLDS WITH BOUNDARY
UNDER A LOWER BAKRY-EMERY
RICCI CURVATURE BOUND
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Abstract.  We study Riemannian manifolds with boundary under a lower Bakry-
Emery Ricci curvature bound. In our weighted setting, we prove several rigidity theorems
for such manifolds with boundary. We conclude a rigidity theorem for the inscribed radii, a
volume growth rigidity theorem for the metric neighborhoods of the boundaries, and various
splitting theorems. We also obtain rigidity theorems for the smallest Dirichlet eigenvalues for
the weighted p-Laplacians.

1. Introduction. For Riemannian manifolds without boundary, under a lower Bakry-
Emery Ricci curvature bound, we know several comparison results and rigidity theorems (see
e.g., [12], [32], [38] and [45]). For metric measure spaces, Lott and Villani [33], [34], and
Sturm [42], [43] have introduced the so-called curvature dimension condition that is equiva-
lent to a lower Bakry-Emery Ricci curvature bound for manifolds without boundary. Under a
curvature dimension condition, they have obtained comparison results in [34] and [42]. Under
a more restricted condition, Gigli [15], and Ketterer [24], [25] have recently studied rigidity
theorems.

In this paper, we study Riemannian manifolds with boundary under a lower Bakry-Emery
Ricci curvature bound, and under a lower mean curvature bound for the boundary. For such
manifolds with boundary, we obtain several comparison results, and we prove rigidity the-
orems. In an unweighted standard setting, for instance, Heintze and Karcher [17], and Ka-
sue [19] have obtained comparison results, and Kasue [20], [21], and the author [40] have
done rigidity theorems. We generalize them in our weighted setting.

1.1. Setting. For n > 2, let M be an n-dimensional, connected complete Riemann-
ian manifold with boundary with Riemannian metric g. The boundary M is assumed to be
smooth. We denote by d), the Riemannian distance on M induced from the length structure
determined by g. Let f : M — R be a smooth function. For the Riemannian volume measure
vol, on M induced from g, we put my := e/ vol,.

We denote by Ric, the Ricci curvature on M defined by g. We denote by V f the gradient
of f, and by Hess f the Hessian of f. For N € (—co, o], the Bakry-Emery Ricci curvature
Ricy is defined as follows ([2], [38]): If N € (—o0, ) \ {n}, then
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\Y \Y
Ricy := Ric, + Hess f — % :

-n
if N = oo, then Ricy := Ric, + Hess f; if N = n, and if f is a constant function, then Ric? =
Ricy; if N = n, and if f is not constant, then put Ricf}’ := —oo. For K € R, by Ric%M > K we
mean that the infimum of Ric?f on the unit tangent bundle on the interior Int M of M is at least
K. For x € M, we denote by H, the mean curvature on M at x in M defined as the trace of

the shape operator for the unit inner normal vector u, at x. The f-mean curvature Hy, at x is
defined by

Hf,X = Hx + g((vf)x, ux) .

For A € R, by Hray = A we mean inf oy Hy, > A. The subject of our study is a metric
measure space (M, dy;, my) such that for N € [n, 00), and for k, 4 € R, we have Ric%M > (N -
Dk and Hygp > (N — 1)A, or such that Ric‘}‘:M > 0and Hroym > 0.

1.2. Inscribed radius rigidity. For « € R, we denote by M} the n-dimensional space
form with constant curvature k. We say that x € R and A € R satisfy the ball-condition if there
exists a closed geodesic ball By , in M}’ with non-empty boundary 4By , such that 9B} , has a
constant mean curvature (n — 1)4. We denote by C, , the radius of BZY 1+ We see that x and 4
satisfy the ball-condition if and only if either (1) x > 0; (2) x = 0and 2 > 0; or (3) x < 0 and
A> V. Let s.1(?) be a unique solution of the so-called Jacobi-equation

¢ () + k(1) = 0

with initial conditions ¢(0) = 1 and ¢’(0) = —1. We see that « and A satisfy the ball-condition
if and only if the equation s, ,(f) = 0 has a positive solution; in particular, C, ; = inf{r > 0 |
sealt) = 0},

Let pgy : M — R be the distance function from dM defined as pgp(p) := dyu(p, IM).
The inscribed radius of M is defined as

D(M, M) := sup pom(p) -
PEM

We have the following rigidity theorem for the inscribed radius:

THEOREM 1.1. Let M be an n-dimensional, connected complete Riemannian manifold
with boundary, and let f be a smooth function on M. Let k € R and A € R satisfy the ball-
condition. For N € [n, o), we suppose RiC];\!,M > (N - Dk and Hygy > (N — 1)A. Then we
have D(M,0M) < Cy . Moreover, if there exists p € M such that pop(p) = Cya, then (M, dy)

n

is isometric to (BK »

dp ) and N = n; in particular, f is constant on M.

Kasue [20] has proved Theorem 1.1 in the standard case where f = 0 and N = n. We
prove Theorem 1.1 in a similar way to that in [20].

REMARK 1.1. M. Li [28] later than [20] has proved Theorem 1.1 when f =0, N = n
and « = 0. H. Li and Wei have proved Theorem 1.1 in [27] when x = 0, and in [26] when «k <
0. In [26] and [27], Theorem 1.1 in the specific cases have been proved in a similar way to
that in [28].
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1.3. Volume growth rigidity. For k € R and 1 € R, if « and A satisfy the ball-
condition, then we put C,, := C,;; otherwise, C, 1 := co. We define a function 3, ; : [0, 00) —
R by

5 () sea(t) ifr < Cpa,
Sk = _
. 0 ift>Cps.

For N € [2, o), we define a function sy, : (0, 00) = R by

SNxaA(r) = f fﬁil(t) drt.
0

For r > 0, we put B,(OM) :={p € M | pop(p) < r}. For x € OM, lety, : [0,T) > M
be the geodesic with initial conditions y,(0) = x and y,(0) = u,. We denote by A the induced
Riemnnian metric on M. For the Riemannian volume measure vol, on dM induced from #,
we put mpyay = e~flam vol,. For an interval 1, and for a connected component dM; of M, let
I X 10M denote the warped product (I x OM,, dt* + siﬂ(t)h). We put I, 3 := [0,Cya] \ {o0},
and denote by d, , the Riemannian distance on I, ; X , 10M.

We obtain relative volume comparison theorems of Bishop-Gromov type for the metric
neighborhoods of the boundaries (see Theorems 5.4 and 5.5). We conclude rigidity theorems
concerning the equality cases in those comparison theorems (see Subsection 5.3).

One of the volume growth rigidity results is the following:

THEOREM 1.2. Let M be an n-dimensional, connected complete Riemannian manifold
with boundary, and let f : M — R be a smooth function. Suppose that M is compact. For
N € [n, o), we suppose Ric%M > (N - Dkand Hrpy > (N — 1)A. If we have

(1.1) lim inf "2 (BM)

> myaom(OM),
—e Syea(r) !

then (M, dy) is isometric to (I o X « \0M, d, ), and for every x € M we have f oy, = f(x) -
(N—n)log s on I, . Moreover, if k and A satisfy the ball-condition, then (M, dy) is isometric

to (BZ’ »d :J) and N = n; in particular, f is constant on M.

In [40], Theorem 1.2 has been proved when f = 0 and N = n.
In the case of N = oo, we have the following:

THEOREM 1.3. Let M be a connected complete Riemannian manifold with boundary,
and let f : M — R be a smooth function. Suppose that 0M is compact. Suppose Ric‘}‘jM >0
and Hygy > 0. If we have

(1.2) lim inf L2 (B’r(aM))

r—oo

> myam(OM),
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then (M, dy) is isometric to ([0, 00) X OM, d|p coyxam)-

REMARK 1.2. On one hand, under the same setting as in Theorem 1.2, we always have
the following (see Lemma 5.2):

(1.3) lim sup M

<m ,3M((3M) .
F—00 sN,K,/l(r) &

On the other hand, under the same setting as in Theorem 1.3, we always have the following
(see Lemma 5.3):

(14) lim sup " BrOM)
.

r—o0o

<mpam(OM) .

Theorems 1.2 and 1.3 are concerned with rigidity phenomena.

REMARK 1.3. In the forthcoming paper [41], we prove the same result as Theorem 1.3
under a weaker assumption that Ric% u = 0and Hygy > 0 for N < 1. In the rigidity case, we
prove further that for every x € dM the function f o y, is constant on [0, o) (see Theorem 1.1
in [41]).

1.4. Splitting theorems. Define a function 7 : M — R U {oo} by

(1.5) 7(x) := sup{1 € (0, 00) | pam(yx(1)) = 1}.
We obtain the following splitting theorem:

THEOREM 1.4. Let M be an n-dimensional, connected complete Riemannian manifold
with boundary, and let f : M — R be a smooth function. Let k < 0 and 1 := k|. For N €
[n, ), we suppose Ricl}fM > (N = Dkand Hpoy = (N — 1)A. If for some xo € 0M we have
T(x9) = oo, then (M,dy) is isometric to ([0, 00) X (10M,d, ), and for all x € OM and t €
[0, 00) we have (f o y,)(t) = f(x) + (N —n)At.

In the standard case where f = 0 and N = n, Kasue [20] has proved Theorem 1.4 under
the assumption that the boundary is compact (see also the work of Croke and Kleiner [11]).
In the standard case, Theorem 1.4 itself has been proved in [40].

In the case of N = oo, we have the following splitting theorem:

THEOREM 1.5. Let M be a connected complete Riemannian manifold with boundary,
and let f : M — R be a smooth function such that sup f(M) < oco. Suppose Ricj{’M > 0 and
Hpom = 0. If for some xo € OM we have T(xg) = oo, then the metric space (M, dyy) is isometric
to ([0, 00) X OM, d[O,oo)xaM)-

REMARK 1.4. In Theorem 1.5, we need the assumption sup f(M) < co. We denote by
S"~! the (n — 1)-dimensional standard unit sphere, and by ds>_; the canonical metric on S"~'.
We put
M = ([0, 00) X S" ! df* + cosh® t ds> ) .

n—1
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Let f be a function on M defined by f(p) := (n — 1)pau(p)>. Then for all x € M we have
Hpy = H; = 0. Take p € IntM, and put [ := psy(p). We choose an orthonormal basis of
{ei}?, of T,M such that e, = Vpgy. Foralli=1,...,n— 1, we have

‘ 1 — sinh?1 sinh/
Ricy(ep ) = (1=2)— 7= =1, Hess f(ei, e) = 201~ DI,

and Ricy(e,, e,) = —(n — 1), Hess f(ey,e,) = 2(n—1). Forall i,j = 1,...,n with i # j, we
have Ric,(e;, e;) = 0 and Hess f(e;, ;) = 0. From direct computations, it follows that if n >
3, then Ric‘;fM > 0 and Hfgy > 0. On the other hand, M is not isometric to the direct product
[0, 00) x S*1.

REMARK 1.5. In [41], we prove the same splitting theorem as Theorem 1.5 under a
weaker assumption that Ricj}’, w = 0and Hrgy > 0 for N < 1. In the splitting case, we show
that for every x € M the function f o 7, is constant (see Theorem 1.3 in [41]).

In Theorems 1.4 and 1.5, by applying the splitting theorems of Cheeger-Gromoll type
(cf. [10]) to the boundary, we obtain the multi-splitting theorems (see Subsection 6.3). We also
generalize the splitting theorems studied in [20] (and [11], [18]) for manifolds with boundary
whose boundaries are disconnected (see Subsection 6.4).

1.5. Eigenvalue rigidity. For p € [1, ), the (1, p)-Sobolev space W(i’p (M, my) on
(M, my) with compact support is defined as the completion of the set of all smooth functions
on M whose support is compact and contained in Int M with respect to the standard (1, p)-
Sobolev norm. We denote by ||-|| the standard norm induced from g, and by div the divergence
with respect to g. For p € [1, 00), the (f, p)-Laplacian Ay,, ¢ for ¢ € Wé"’(M, my) is defined
by

App ¢ = —e div (e |[Vell"2 Vo)

as a distribution on Wé”’ (M, my). A real number y is said to be an (f, p)-Dirichlet eigenvalue
for A7, on M if there exists a non-zero function ¢ € W, (M, my) such that A7 ,¢ = plp|’~> ¢
holds on Int M in a distribution sense on Wé’p (M, my). For p € [1, 00), the Rayleigh quotient
Ry p(¢) for ¢ € Wy (M, my) \ {0} is defined as

I, IVglIP dmy

Ryp(@) =
I, 16l dmy

We put pr1 ,(M) := infy Ry, (¢), where the infimum is taken over all non-zero functions in

Wé”’ (M, my). The value uy, 2(M) is equal to the infimum of the spectrum of 45, on (M, my).

If M is compact, and if p € (1, 00), then uy; ,(M) is equal to the infimum of the set of all

(f, p)-Dirichlet eigenvalues on M.
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Let p € (1,00). For N € [2,0), k,4 € R, and D € (0,C,,] \ {00}, let p1, n1.0 be the
positive minimum real number u such that there exists a non-zero function ¢ : [0, D] — R
satisfying

' Sedd
(1.6) (16O 26' (1) + (N = D=2l (02 (1)

sk,/l(t)
+ulp@OP2p(t) =0, ¢(0)=0, ¢'(D)=0.

For D € (0, 0), let u, . p be the positive minimum real number u such that there exists a
non-zero function ¢ : [0, D] — R satisfying

(1.7) (I#' P20/ (1)) +ulpOI ¢ =0, $(0) =0, ¢'(D)=0.

We recall the notion of model spaces that has been introduced by Kasue in [21] in our
setting. We say that x € R and 4 € R satisty the model-condition if the equation s, ,(1) = 0
has a positive solution. We see that x and A satisfy the model-condition if and only if either
(Dk>0andA<0;(2)k=0and A =0;or (3)kx <0and A e (0, Vk]).

Let k € R and A € R satisfy the ball-condition or the model-condition. Suppose that M
is compact. For x and A satisfying the model-condition, we define a positive number D, (M)
as follows: If k = 0 and 2 = 0, then D, (M) := D(M,0M); otherwise, D, (M) := {t >
0] sl’d(t) = 0}. We say that (M, dy) is a (k, A)-equational model space if M is isometric to
either (1) for x and A satisfying the ball-condition, the closed geodesic ball BZ, 1> (2) for k and
A satisfying the model-condition, and for a connected component dM; of dM, the warped
product [0, 2D, ((M)] X (10M;; or (3) for « and A satisfying the model-condition, and for
an involutive isometry o of dM without fixed points, the quotient space ([0, 2D, (M)] X
«10M) /G, where G is the isometry group on [0, 2D, 4(M)] X , 10M whose elements consist
of the identity and the involute isometry & defined by (¢, x) := 2D, (M) — t, 0(x)).

Let p € (1,00). Let M be a (x, 1)-equational model space. From a standard argument,
we see that if M is isometric to BZ’ 1 then wo 1 ,(M) = ppaiac,,- Furthermore, if M is not
isometric to B}, ;, then puo,1,,(M) = tp n 2.0, ) Tor the corresponding «, A and Dy, (M).

We establish the following rigidity theorem for p7, ,:

THEOREM 1.6. Let M be an n-dimensional, connected complete Riemannian manifold
with boundary, and let f : M — R be a smooth function. Suppose that M is compact. Let
p e_(l, o). For N € [n, ), we suppose Ric%M > (N - Dk and Hpoy > (N — DA. For D €
(0, Cyal \ {oo}, we assume D(M,OM) < D. Then we have

(1.8) Hrtp(M) 2 ptp Niap -

If the equality in (1.8) holds, then (M, dy) is a (k, 1)-equational model space; more precisely,
the following hold:

(1) if D = C,, then k and A satisfy the ball-condition, (M, dy) is isometric to (B} - dpr ),
and N = n; in particular, f is constant on M;
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(2) if D € (0,C,,), then x and A satisfy the model-condition, (M,dy) is a (k, A)-
equational model space, and f oy, = f(x) — (N — n)logs,a on [0, Dy (M)] for
all x € OM.

Kasue [21] has proved Theorem 1.6 when p = 2, f = 0 and N = n. It seems that the
method of the proof in [21] does not work in our non-linear case of p # 2 (see Remark 7.3).
We prove Theorem 1.6 by a global Laplacian comparison result for pgy, (see Proposition 3.7)
and an inequality of Picone type for the p-Laplacian (see Lemma 7.1).

In the case of N = oo, we have the following:

THEOREM 1.7. Let M be a connected complete Riemannian manifold with boundary,
andlet f : M — R be a smooth function. Suppose that M is compact. Let p € (1, o). Suppose
Ric;f’M > 0and Hroy 2 0. For D € (0, o), we assume D(M,dM) < D. Then we have

(19) llf,l,p(M) 2 Mp,oo.D -

If the equality in (1.9) holds, then the metric space (M, dy) is a (0, 0)-equational model space,
and D(M,0M) = D.

REMARK 1.6. In[41], we prove the same rigidity result as Theorem 1.7 under a weaker
assumption that Ric]}{ w = 0and Hrgy > 0 for N < 1. In the rigidity case, we also prove that
for every x € M the function f o y, is constant on [0, D] (see Theorem 1.5 in [41]).

In Theorems 1.6 and 1.7, we have explicit lower bounds for uy,; , (see Subsection 7.3).

We show some volume estimates for a relatively compact domain in M (see Proposi-
tions 8.1 and 8.2). From the volume estimates, we derive lower bounds for y 1, for mani-
folds with boundary that are not necessarily compact (see Theorems 8.4 and 8.5). By using
the estimate for uy,; ,, and by using Theorem 1.4, we obtain the following:

THEOREM 1.8. Let M be an n-dimensional, connected complete Riemannian manifold
with boundary. Let f : M — R be a smooth function. Suppose that OM is compact. Let p €
(1,0). Let k < 0 and A := k|. For N € [n, c0), we suppose Ric;\{M > (N - Dkand Hypy >
(N — DA. Then we have

(N -Day
p ) '

If the equality in (1.10) holds, then the metric space (M,dy) is isometric to ([0, 00) X
«w1OM, d, ), and for all x € OM and t € [0, c0) we have (f o y,)(t) = f(x) + (N — n)At.

(1.10) Hr1p(M) 2 (

Theorem 1.8 has been proved in [40] in the standard case where f = 0 and N = n.

1.6. Organization. In Section 2, we prepare some notations and recall the basic facts
for Riemannian manifolds with boundary. In Section 3, we show Laplacian comparison the-
orems for the distance function from the boundary. In Section 4, we prove Theorem 1.1. In
Section 5, we show several volume comparison theorems, and conclude Theorems 1.2 and
1.3. In Section 6, we prove Theorems 1.4 and 1.5, and study the variants of the splitting theo-
rems. In Section 7, we prove Theorems 1.6 and 1.7, and study explicit lower bounds for pf,; .
In Section 8, we prove Theorem 1.8.
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2. Preliminaries. We refer to [5] for the basics of metric geometry, and to [39] for
the basics of Riemannian manifolds with boundary.

2.1. Metric spaces. Let (X, dx) be a metric space with metric dx. For r > 0and A C
X, we denote by U,(A) the open r-neighborhood of A in X, and by B,(A) the closed one. For
A1, A, C X, we put dx(Ay,Ay) = infxleAl,XzeAz dx(xl_, X3).

For a metric space (X, dy), the length metric dx is defined as follows: For two points
X1, X € X, we put dx(x1, x) to the infimum of the length of curves connecting x; and x, with
respect to dx. A metric space (X, dy) is said to be a length space if dx = dy.

Let (X, dx) be a metric space. For an interval /, we say that a curvey : [ — X is a normal
minimal geodesic if for all s, ¢ € I we have dx(y(s), y(t)) = |s — t|, and y is a normal geodesic
if for each 7 € [ there exists an interval J C [ with ¢ € J such that y|; is a normal minimal
geodesic. A metric space (X, dx) is said to be a geodesic space if for every pair of points in
X, there exists a normal minimal geodesic connecting them. A metric space is proper if all
closed bounded subsets of the space are compact. The Hopf-Rinow theorem for length spaces
states that if a length space (X, dx) is complete and locally compact, and if dxy < oo, then
(X, dx) is a proper geodesic space (see e.g., Theorem 2.5.23 in [5]).

2.2. Riemannian manifolds with boundary. Forn > 2, let M be an n-dimensional,
connected Riemannian manifold with (smooth) boundary with Riemannian metric g. For p €
Int M, let T,M be the tangent space at p on M, and let U,M be the unit tangent sphere at p
on M. We denote by || - || the standard norm induced from g. If vy, ..., vy € T,,M are linearly
independent, then we see |[v; A« Al = \/Wvl,vj)) Let dy be the length metric induced
from g. If M is complete with respect to djy, then the Hopf-Rinow theorem for length spaces
tells us that the metric space (M, dy) is a proper geodesic space.

Fori = 1,2, let M; be connected Riemannian manifolds with boundary with Riemannian
metric g;. For each i, the boundary dM; carries the induced Riemannian metric ;. We say that
a homeomorphism @ : M| — M, is a Riemannian isometry with boundary from M, to M, if
@ satisfies the following conditions:

(1) Plinem, : Int My — Int M, is smooth, and (@l p,)*(g2) = 915
(2) Plom, : OM — OM, is smooth, and (P|su, )" (h2) = hy.

If @ : My — M, is a Riemannian isometry with boundary, then the inverse & ! is also a
Riemannian isometry with boundary. Notice that there exists a Riemannian isometry with
boundary from M; to M, if and only if the metric space (M, dy,) is isometric to (M, dy,)
(see e.g., Section 2 in [40]).

2.3. Jacobi fields orthogonal to the boundary. Let M be a connected Riemannian
manifold with boundary with Riemannian metric g. For a point x € M, and for the tangent
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space T OM at x on M, let T+OM be the orthogonal complement of 7, dM in the tangent
space at x on M. Take u € T+0M. For the second fundamental form S of M, let A, :
T,.0M — T,0M be the shape operator for u defined as

g(Av,w) :=g(S (v, w),u).

We denote by u, the unit inner normal vector at x. The mean curvature H, at x is defined as
H, := trace A,,. We denote by vy, : [0,7) — M the normal geodesic with initial conditions
vx(0) = x and y%(0) = u,. We say that a Jacobi field Y along y, is a dM-Jacobi field if Y
satisfies the following initial conditions:

Y(0) e T,0M, Y'(0)+A,Y(O0)eT oM.

We say that y,(#) is a conjugate point of 0M along 7, if there exists a non-zero dM-Jacobi
field Y along vy, with Y(7y) = 0. We denote by 7;(x) the first conjugate value for dM along v,.
It is well-known that for all x € M and ¢t > 7(x), we have t > pgp (v (1)).

For a point x € dM, and for a piecewise smooth vector field X along y, with X(0) €
T,0M, the index form of vy, is defined as

Ion(X, X) := fog(X'(t),X'(t))—g(R(X(t),VQ(I))Y;(I),X(I))dt
- 9(A,,X(0),X(0))..

LEMMA 2.1. For x € OM, we suppose that there exists no conjugate point of OM on
Yiloo1- Then for every piecewise smooth vector field X along v, with X(0) € T OM, there
exists a unique OM-Jacobi field Y along y, with X(ty) = Y(ty) such that

Loy(Y,Y) < Iom(X, X) 3
the equality holds if and only if X =Y on [0, ty].

For the normal tangent bundle T+0M := | gy T+ OM of M, let O(T+AM) be the zero-
section |Jyegf 0x € T-AM } of T-3M. On an open neighborhood of O(T+dM) in T+AM, the
normal exponential map exp* of M is defined as exp*(x, u) := y,(||u||) for x € OM and u €
T+oM.

For x € M and ¢ € [0,7(x)), we denote by 6(z, x) the absolute value of the Jacobian
of expt at (x,tu,) € T+OM. For each x € M, we choose an orthonormal basis {ex,i};’:’]1 of
T OM. For each i, let Y, ; be the 9M-Jacobi field along y, with initial conditions Y, ;(0) = e, ;
and Y)’C,i(O) = —A, e,;. Note that for all x € M and t € [0, 7;(x)), we have (¢, x) = [|Y,1(t) A
<+ A Yy ,—1(9)||. This does not depend on the choice of the orthonormal bases.

2.4. Cut locus for the boundary. We recall the basic properties of the cut locus for
the boundary. The basic properties seem to be well-known. We refer to [40] for the proofs.

Let M be a connected complete Riemannian manifold with boundary with Riemannian
metric g. For p € M, we call x € M a foot point on M of p if dy(p, x) = pam(p). Since
(M, dy) is proper, every point in M has at least one foot point on M. For p € Int M, let
Xx € OM be a foot point on M of p. Then there exists a unique normal minimal geodesic y :
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[0,!] = M from x to p such that y = y.|j0,, where I = pgy(p). In particular, y'(0) = u, and
)/l((),z] lies in Int M.

Let 7 : 9M — R U {oo} be the function defined as (1.5). By the property of 7y, for all x €
OM we have 0 < 7(x) < 11(x). The function 7 is continuous on dM.

We have already known the following (see e.g., Section 3 in [40]):

PROPOSITION 2.2. For every r € (0, 00) we have

B.(OM) = exp* U {tu, | £ € [0, min{r, 7(X)}} | .
xeoM
For the inscribed radius D(M, dM) of M, from the definition of 7, we deduce D(M, M)
= SUP,cpy T(X).
The continuity of 7 implies the following (see e.g., Section 3 in [40]):
LEMMA 2.3. Suppose that OM is compact. Then D(M, M) is finite if and only if M is
compact.

We put
TDay = U {tuy € TEOM |t €0, 7(x)},

xeoM
TCutoM := U {(T(X) uy € TLHOM | T(x) < 00},
xeoM
and define Dgyy := exp(T Dgy) and Cut OM := exp (T Cut IM). We call Cut IM the cut locus
for the boundary O0M. By the continuity of 7, the set Cut M is a null set of M. Furthermore,
we have

IntM = (Dyp \ OM) LI CutOM, M = Dyp LI CutdoM .

This implies that if Cut M = 0, then OM is connected. The set T Dgy \O(T+0M) is a maximal
domain in T+dM on which exp™ is regular and injective.
The following has been shown in the proof of Theorem 1.3 in [40]:

LEMMA 2.4. [f there exists a connected component My of OM such that for all x €
OMy we have 1(x) = oo, then OM is connected and Cut OM = (.

The function pgy, is smooth on Int M\ Cut M. For each p € Int M\ Cut OM, the gradient
vector Vpyu(p) of pay at p is given by Vogy(p) = ¥’ (D), where y : [0,]] — M is the normal
minimal geodesic from the foot point on M of p to p.

For Q c M, we denote by Q the closure of Q in M, and by 42 the boundary of Q in M.
For a domain Q in M such that 02 is a smooth hypersurface in M, we denote by voly, the
canonical Riemannian volume measure on 9%2.

We have the following fact to avoid the cut locus for the boundary:

LEMMA 2.5. Let Q be a domain in M such that 0Q is a smooth hypersurface in M.
Then there exists a sequence {Q;)ren of closed subsets of Q satisfying that for every k € N, the
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set 0Qy is a smooth hypersurface in M except for a null set in (092, volsg), and satisfying the
following properties:

(1) forall ki, ky € Nwith ki < ky, we have Qy, C £4,;

(2) Q\ CutdM = Upen s

() for every k € N, and for almost every point p € 02 N 02 in (092, volsg), there exists
the unit outer normal vector for Qi at p that coincides with the unit outer normal
vector on 02 for Q at p;

(4) foreveryk € N, on 02\ 0Q, there exists the unit outer normal vector field v for Q.
such that g(v, Vo) = 0.

Moreover, if @ = M, then for every k € N, the set 09y is a smooth hypersurface in M, and
satisfies 02 N OM = oM.

For the cut locus for a single point, a similar result to Lemma 2.5 is well-known (see e.g.,
Theorem 4.1 in [9]). One can prove Lemma 2.5 by a similar method to that of the proof of the
result for the cut locus for a single point. We omit the proof.

2.5. Busemann functions and asymptotes. Let M be a connected complete Rie-
mannian manifold with boundary. A normal geodesic y : [0, 00) — M is said to be a ray if for
all s, € [0, c0) it holds that dy(y(s),y(f)) = |s — t|. For aray vy : [0, c0) — M, the Busemann
Sunction by, : M — R of vy is defined as

by(p) := tlirg(t —du(p,y(D)).

Take a ray y : [0,00) — M and a point p € Int M, and choose a sequence {t;} with #; —
oo. For each i, we take a normal minimal geodesic y; : [0,/;] — M from p to y(t;). Since y
is a ray, it follows that /; — co. Take a sequence {7 ;} with T; — oco. Using the fact that M is
proper, we take a subsequence {y;;} of {y;}, and a normal minimal geodesic y,; : [0,T;] —
M from p to 7y, 1(T1) such that vy ljo,7,] uniformly converges to y, ;. In this manner, take
a subsequence {y,;} of {y1;} and a normal minimal geodesic y,> : [0,72] — M from p to
¥p,2(T2) such that y» j|[0,7,) uniformly converges to y,,», where ¥, slj0,r,] = ¥p,1. By means of a
diagonal argument, we obtain a subsequence {y;} of {;} and a ray v, in M such that for every
t € (0, 00) we have (1) — y,(t) as k — co. We call such a ray vy, an asymptote for y from p.

The following lemmas have been shown in [40].

LEMMA 2.6. Suppose that for some x € OM we have 1(x) = co. Take p € Int M. If
by (p) = pam(p), then p ¢ CutdM. Moreover, for the unique foot point y on OM of p, we have
T(y) = oo.

LEMMA 2.7. Suppose that for some x € M we have T(x) = co. Forl € (0, ), put
p = yx(). Then there exists & & (0, 00) such that for all q € Bx(p), all asymptotes for the ray
v, from q lie in Int M.

2.6. Weighted Laplacians. Let M be a connected complete Riemannian manifold
with boundary with Riemannian metric g, and let f : M — R be a smooth function. For a
smooth function ¢ on M, the weighted Laplacian 4y¢ for ¢ is defined by
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Ay¢p := 46 +g(Vf, V),

where 4¢ is the Laplacian for ¢ defined as the minus of the trace of its Hessian. Notice that
Ay coincides with the (f, 2)-Laplacian 4.

For x € OM and t € [0, 71(x)), we put 84(t, x) := e /"D g(¢, x). For all x € M and t €
(0, 7(x)), we see

0,(t, %)

0, %)

(2.1) Ay pom(yx(1) = —(log 8(t, %)) + f(yx(1)) = -

For k € R, let s,(¢) be a unique solution of the so-called Jacobi-equation ¢” () + k¢ () =
0 with initial conditions ¢(0) = 0 and ¢’(0) = 1. We put ¢, (¢) := s,(?).

For p € M, letp, : M — R denote the distance function from p defined as p,(q) :=
du(p,q).

Qian [38] has proved a Laplacian comparison inequality for the distance function from
a single point (see equation 7 in [38]). In our setting, the comparison inequality holds in the
following form:

LEMMA 2.8 ([38]). For N € [n, o), we suppose Ric%M > (N — k. Take p € Int M.
Assume that there exists g € Int M \ {p} such that a normal minimal geodesic in M from p to
q lies in Int M, and p,, is smooth at q. Then

c(pp(q))
s(0p(q)) '

REMARK 2.1. In Lemma 2.8, we choose a normal minimal geodesic y : [0,[] —» M
from p to g that lies in Int M, and an orthonormal basis {¢;}}_, of T,M with e, = y'(0). Let
{Yi}?;] be the Jacobi fields along y with initial conditions Y;(0) = 0 and Y/(0) = e;. If the
equality in (2.2) holds, then for all i we see Y; = s, E; on [0, [], where {Ei}?;] are the parallel

vector fields along y with initial condition E;(0) = e;.

22) A7pp(q) 2 ~(N = 1)

REMARK 2.2. Kasue and Kumura [23] have been proved Lemma 2.8 in the case where
N is an integer, and k < 0.

Let ¢ : M — R be a continuous function, and let U be a domain contained in Int M. For
p € U, and for a function ¢ defined on an open neighborhood of p, we say that y is a support
function of ¢ at p if we have Yy(p) = ¢(p) and ¥ < ¢. We say that ¢ is f-subharmonic on U if
for every p € U, and for every & € (0, o), there exists a smooth, support function i, . of ¢ at
p such that A7y, o(p) < &.

We recall the following maximal principle of Calabi type (see e.g., [6], and Lemma 2.4
in [12]).
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LEMMA 2.9. Ifan f-subharmonic function on a domain U contained in Int M takes
the maximal value at a point in U, then it must be constant on U.

Fang, Li and Zhang [12] have proved a subharmonicity of Busemann functions on man-
ifolds without boundary (see Lemma 2.1 in [12]). In our setting, the subharmonicity holds in
the following form:

LEMMA 2.10 ([12]). Assume sup f(M)<co. Suppose Ric‘:M >0. Lety:[0,00) > M
be a ray that lies in Int M, and let U be a domain contained in Int M such that for each p €
U, there exists an asymptote for vy from p that lies in Int M. Then b, is f-subharmonic on U.

3. Laplacian comparisons. In this section, let M be an n-dimensional, connected
complete Riemannian manifold with boundary with Riemannian metric g, and let f : M — R
be a smooth function.

3.1. Basic comparisons. We prove the following basic lemma:

LEMMA 3.1. Take x € OM. For N € [n, ), suppose that for all t € (0, min{t(x), C.1})
we have Ric?f (v(D) = (N = 1)k, and suppose Hyx > (N — 1)A. Then for all t € (0, min{r;(x),

Ciah) we have

(1, x) <V—1) 80

3.1 ,
©-1) 0,0 = 5

and for all s,t € [0, min{t{(x), C,.1}) with s < t we have

6.(t, sKN_lt
7 ( X)< ,/1().

2
(3 ) ef(s,x) - SKN,/;I(S) )

in particular, 0,(t,x) < e /@ sV 1(¢).

PROOF. Put F := f o y,. From direct computations, it follows that

G'f(t, X) _ Oty
Or(t,x)  6(t,x)

(3.3) F'(f)

for all 7 € (0, min{r(x), C,.1}). Choose an orthonormal basis {e,-}?z‘]1 of T.0M. For each i, we
denote by E; the parallel vector field along y, with initial condition E;(0) = ¢;. We fix 1y €
(0, min{7(x), C.a}), and put Wi(t) := (sc1(5)/ sc.(t0))Ei(2) for ¢ € (0, min{r;(x), Cc1}). For a
unique dM-Jacobi field Y; ; along y.ljos; With initial conditions Y;, (o) = Wi(to) (= Ei(to))
and Y} (0) = A, Y;,i(0), let 0, (1) := [|Yy 1 (DA - Ay n1 (D]l for € (0, min{r; (x), CcaD). The
linearity of the Jacobi equations implies that for the dM-Jacobi field Y; along vy, with initial

conditions Y;(0) = ¢; and Y;(0) = —A, Y:(0), there exist some constants {a; j}’};ll satisfying
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Z;’ 1 @ij Yz j- Since 6y, (t0) = 1, we have &' (to, x)/60(t0, x) = 6, (1). Furthermore,

(3.4) 0, (10) = Z g(Y,yi(t0), ¥y, (10) = Z Iow(Yigis Yi)-

i=1 i=1
We have Y; i(to) = W;(tp). Therefore, Lemma 2.1 implies

n—1 n—1
(3.5) Z Tom(Yig s Yi ) < Z Tsp (Wi, W)) .
=1 =1

We assume N > n. Put ¢(t) := [|W(D|I(= sc1()/sa(t0)) for t € (0, min{r{(x), Cc.a}).
Note that we have ¢'(¢) = ||W](9)|| for all # € (0, min{r(x), C..1D). From (3.3), (3.4) and (3.5),
it follows that

& (10, x)
0¢(to, x)

(-1 f 0 di - f TR (40) 907 di — Hy (07
0 0 X

<=1 f O di - f " Ric,(,(1) ¢(1) di — Hy 6(0)° — F'(10)
0 0

To
—(N-n) f &' (1) dt + f (F"(t) LF "2 | ¢(1)* dt
0
+ F'(0) $(0)* = F'(1o) .
From the curvature assumptions, we derive

9}(t0’ X) <(N- 1) K/l( fo) (V- )f ([)2 dt
B - 5eai0) M, ¢

+ f O(F"(t) LF (t)z) () dt + F'(0) ¢(0)* — F'(19) .
0

(3.6)

By integration by parts, we have

(3.7) fo F"(t) p(1)* dt = F'(to) — F'(0) ¢(0)* — 2 fo F' (¢’ (Dg(1)dt .
Furthermore, for all ¢ € (0, 1), we have
’ 2 2
(G.8) (N =m0 + 2F 00 g0 + 0L
.08 Sea®
_N—_ " ((N -n) 0 + F (t)) >0

By using (3.6), (3.7) and (3.8), we obtain (3.1).
We assume N = n. In this case, f is a constant function; in particular, Hy, = H, and
F'(t)) = 0. By Lemma 2.1, we see

& (10, x)
07 (to, X)
The curvature assumptions imply (3.1).

<) [ #0Pdr- R0 007 di - 1y 0007
0 0
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By (3.1), for all 7 € (0, min{r|(x), C, 1}), we have

N-1 ’ /
d. S, @ s (1)
Log KA (N T
dr = 6(t,x) sea() 6yt x)
This implies the inequality (3.2). O

In [17], Lemma 3.1 has been proved when f = 0 and N = n.

REMARK 3.1. InLemma 3.1, choose an orthonormal basis {eX,,-};;‘]1 of T.0M, and let
{Yx,i}:-:ll be the dM-Jacobi fields along y, with initial conditions Y, ;(0) = e,; and Y)’C,i(O) =
—A, ex;. Suppose that for some #y € (0, min{7;(x), C..1}) the equality in (3.1) holds. Then the
equality in (3.5) also holds. By Lemma 2.1, for all i we have Yy; = s¢1 Ex; on [0, 7], where
{Ex.i}?;] are the parallel vector fields along y, with initial condition E ;(0) = e, ;. Moreover,
if N > n, then the equality in (3.8) holds on [0, #p]. This implies f oy, = f(x) — (N —n)log s
on [0, t].

In the case of N = oo, we have the following:

LEMMA 3.2. Take x € OM. Suppose that for all t € (0,7,(x)) we have Ric‘;f(y;(t)) >
0, and suppose Hy,x > 0. Then for all t € (0,71(x)), we have 9}(t, x) £ 0. In particular, for all
s,t € [0, 71(x)) with s < t, we have 6(t, x) < 6(s, x).

PROOF. Let F := f o+y,. Choose an orthonormal basis {e,-}?z‘]1 of T,OM. For each i,
let E; denote the parallel vector field along y, with initial condition E;(0) = e;. Put ¢(7) :=

[|E:@®|I(= 1) for t € (0, 71(x)). Fix fp € (0, 71(x)). By Lemma 2.1, we see

& (1o, Y
fo ) f (RicT(/,(1) = F"(0)) 9t di — (Hy.x — F'(0)) (0 — F'(1p) -
Oy (to, x) 0 S !

By the curvature assumptions, and by integration by parts, we have

0)(10, x) < 6¢(10, x) ( f CFY (090 di + F'(0) $(0)* - F'(ro)) =0.
0
This proves the lemma. O

REMARK 3.2. InLemma 3.2, choose an orthonormal basis {eX,,-};;‘]1 of T.0M, and let
{Yx,i}:-:l] be the dM-Jacobi fields along y, with initial conditions Y, ;(0) = e,; and Y)’C,i(O) =
—A, ex;. Suppose that for some #y € (0, 71(x)) we have Q’f(to, x) = 0. By Lemma 2.1, for all i
we have Y, ; = E,; on [0, tp], where {Ex,i};.’:’ll are the parallel vector fields along vy, with initial
condition E;(0) = e,.

3.2. Laplacian comparisons. Combining Lemma 3.1 and (2.1), we have the follow-
ing Laplacian comparison result:

LEMMA 3.3. Take x € OM. For N € [n, o), we suppose that for all t € (0, 7(x)) we
have Ricj}/(y;(t)) > (N — Dk, and suppose Hy,x > (N — 1)A. Then for all t € (0,7(x)) we have
s;’ 20
sk,/l(t) ’

Ay pom(yx(1) 2 =(N = 1)
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In [19], Lemma 3.3 has been proved when f = 0 and N = n.
In the case of N = oo, by using Lemma 3.2 and (2.1), we have:

LEMMA 3.4. Take x € OM. Suppose that for all t € (0, 7(x)) we have Ric?(y;(t)) >0,
and suppose Hy > 0. Then for all t € (0, 7(x)) we have A spau(y«(t)) = 0.

REMARK 3.3. The equality case in Lemma 3.3 (resp. 3.4) results into that in Lemma 3.1
(resp. 3.2) (see Remarks 3.1 and 3.2).

3.3. Distributions. From Lemma 3.3, we derive the following:

LEMMA 3.5. Take x € OM. Let p € (1, 0). For N € [n, ), we suppose that for all t €
(0, 7(x)) we have Ricy(y;(t)) > (N — 1)k, and suppose Hy, > (N — 1)A. Let ¢ : [0,00) - R
be a monotone increasing smooth function. Then for all t € (0, 7(x)) we have
S (D)
Si.(2)
PROOF. By straightforward computations, for all ¢ € (0, 7(x))

A1.p (@ 0 par)y2(0) = = ((#)") () + A2 pam (o) ¢/ (0"

This together with Lemma 3.3, we obtain (3.9). O

(3.9) A1p @0 por)(vx0) 2 = ((¢)"") 0 =V = D=2 gy

In the case of N = oo, we have:

LEMMA 3.6. Take x € OM. Let p € (1, 00). Suppose that for all t € (0, T(x)) we have
Ricjf(y;(t)) > 0, and suppose Hyx > 0. Let ¢ : [0, 00) — R be a monotone increasing smooth
function. Then for all t € (0, 7(x))

(3.10) A1 © P 7x(0) = = ((#)") ).
PROOF. Forall r € (0, 7(x)), we have
A1y (@ 0 par)yo0) = = ((#)) @) + Ap2 pam () ¢ (0"
Lemma 3.4 implies (3.10). m]

REMARK 3.4. The equality case in Lemma 3.5 (resp. 3.6) results into that in Lemma 3.3
(resp. 3.4) (see Remarks 3.1, 3.2 and 3.3).

By Lemma 3.5, we have the following:

PROPOSITION 3.7. Letp € (1,00). For N € [n, 00), we suppose RiC%M > (N - Dk and
Hpou = (N — 1)A. For a monotone increasing smooth function ¢ : [0, 00) — R, we put @ :=
¢ o pgy. Then we have

, Sed oo
App D = (_ ((¢')p_l) -(N- l)s_j (¢ )p : © Pom

in a distribution sense on M. More precisely, for every non-negative smooth functiony - M —
R whose support is compact and contained in Int M, we have
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(3.11) f IVOIP2g (Viy, V&) dmy
M

/ s
> f v ((— (™) - -1 (¢')’”) opaM) dmy .
M Sk,

PROOF. By Lemma 2.5, there exists a sequence {}ren of closed subsets of M satisfy-
ing that for every k, the set 0€ is a smooth hypersurface in M, and satisfying the following:
(1) for all ki, ko with k; < kp, we have , C Qy,; (2) M\ CutoM = |J; 2k; (3) 082 N OM =
OM for all k; (4) for each k, on 0Q; \ M, there exists the unit outer normal vector field v, for
Qi with g(vi, Vpay) = 0.

For the canonical Riemannian volume measure vol; on 0 \ M, put myy := e loggam

vol;. Let ¢y : M — R be a non-negative smooth function whose support is compact and
contained in Int M. By the Green formula, and by 02y N M = OM, we have

f IV@IP2g (V. V) dm,
O
= f (-wg(V(INDIP?). VD) + IVDI Ao ®) dmy
O
" f V1P 0 g (v VB) dmys
0 \oM

= (//Af,qudmﬁf V@I g (v, VP) dmy .
Q O \OM

Lemma 3.5 and g(vk, Vpgy) = 0 imply

f IV EIP2g (Vo V) dm,
O

no-1Y S;,/l np-1
> | w (|- (@) - = D=2 (@) o par | dmy
Q Sk,1
Letting k — oo, we obtain the desired inequality. O

In the case of N = oo, we have:

PROPOSITION 3.8. Let p € (1,0). Suppose Ric‘;{’M > 0 and Hygy > 0. For a mono-
tone increasing smooth function ¢ : [0, 00) = R, put @ := ¢ o pgy. Then we have

App @2 = ((¢')p71)/ © Pom

in a distribution sense on M. More precisely, for every non-negative smooth functiony - M —
R whose support is compact and contained in Int M, we have

Gy [ w2 muve dmx [ u(-(@)") o) dm;.
M M

PROOF. Lemma 2.5 implies that there exists a sequence {;}reny of closed subsets of
M satisfying that for every k, the set ¢ is a smooth hypersurface in M, and satisfying the
following: (1) for all k1, k, € N with ky < ky, we have , C ©Q,; (2) M \ CutoM = |J, ©;
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(3) 092, N OM = 0M for all k; (4) for each k, on 9Q; \ M, there exists the unit outer normal
vector field v, for Q; with g(vi, Vosu) = 0.
For the canonical Riemannian volume measure vol; on 0 \ M, put myy := e floggam
vol;. Let ¢y : M — R be a non-negative smooth function whose support is compact and
contained in Int M. By the Green formula, and by 0Q; N dM = M, we see

IVDIP~2g (Vi V@) dmy
Q

:f lﬁAf’,,(Pdmf+f VO ¢ g (v, VO) d sy .
Qk an\aM

By Lemma 3.5 and g(v¢, Vo) = 0,

V0l 2g (V05D dmy > [ (~(@)) o) dmy.

Q Q
By letting k — oo, we complete the proof. O

REMARK 3.5. In Proposition 3.7 (resp. 3.8), assume that the equality in (3.11) (resp.
(3.12)) holds. In this case, for a fixed x € M we see that for every ¢ € (0, 7(x)) the equality
in (3.9) (resp. (3.10)) also holds. The equality case in Proposition 3.7 (resp. 3.8) results into
that in Lemma 3.5 (resp. 3.6) (see Remark 3.4).

REMARK 3.6. Perales [37] has proved a Laplacian comparison inequality for the dis-
tance function from the boundary in a barrier sense for manifolds with boundary of non-
negative Ricci curvature. We can prove that the Laplacian comparison inequalities for pgys in
Lemmas 3.3 and 3.4 globally hold on M in a barrier sense.

4. Inscribed radius rigidity. Let M be an n-dimensional, connected complete Rie-
mannian manifold with boundary, and let f : M — R be a smooth function.

4.1. Inscribed radius comparison. From Lemma 3.1, we derive the following com-
parison result for the inscribed radius.

LEMMA 4.1. Let k € R and A € R satisfy the ball-condition. For N € [n, ), we
suppose Ric%M > (N - Dkand Hgoy > (N — 1)A. Then D(M, M) < Cy ).

PROOF. Take x € M. We suppose Cy, < 71(x). By Lemma 3.1, for all ¢ € [0, C, 1) we
have 04(t, x) < e/ s)7'(1). Letting t — Cy.1, we have 6(C, 2, x) = 0; in particular, y,(Cy.a) is
a conjugate point of M along y,. This is a contradiction. Hence, we have 7;(x) < C, ;. The
relationship between 7 and 7; implies 7(x) < Cy ;. Since D(M, M) is equal to sup, .y, T(x),
we have D(M, 0M) < C». ]

In [20], Lemma 4.1 has been proved when f = 0 and N = n.
4.2. Inscribed radius rigidity. Now, we prove Theorem 1.1.

PROOF OF THEOREM 1.1. Letx € R and A € R satisfy the ball-condition. For N €
[n, 00), we suppose RiC%M > (N - Dk and Hygy > (N — 1)A. By Lemma 4.1, we have
D(M,0M) < Cy,.



RIGIDITY OF MANIFOLDS WITH BOUNDARY 87

Take pg € M satisfying pay(po) = Cr.a. We put

Q:={peIntM\ {po}|pam(p) + pp,(P) = Cica}.

Take a foot point x,,, on dM of py, and the normal minimal geodesic yy : [0, C, 1] — M from
Xp, to po. Then for all ¢ € (0, C,,), we have yo(r) € Q. Therefore, Q is a non-empty closed
subset of Int M \ {po}.

We prove that Q is an open subset of Int M \ {po}. Fix p € Q, and take a foot point
xp on OM of p. Note that x,, is also a foot point on M of py. We take the normal minimal
geodesic y : [0,C,a] — M from x, to po. Then y|c,,) passes through p. There exists an
open neighborhood U of p such that p,,, and psy are smooth on U, and for every g € U there
exists a unique normal minimal geodesic in M from py to g that lies in Int M. By Lemmas 2.8
and 3.3, forallg e U

A(Pom + Ppo)(q) . (ﬁCK(,OaM(q)) — ks (Pam(q)) N CK(Ppo(q)))
N-1 ckpam(q)) + Asc(pam(q))  sk(opo (@)
_ Scalpom(q) + ppy(9))
 sealeom(@)scop(@) T

Lemma 2.9 implies U C Q. We prove the openness of Q.

Since Int M \ {py} is connected, we have Q2 = Int M \ {po}, and hence psp + p, = C,2 On
M. This implies M = Bc,_,(po) and 0M = 0Bc_,(po). Furthermore, we see that the cut locus
for pg is empty, and the equality in (2.2) holds on Int M \ {po}. For each u € U, M, choose
an orthonormal basis {e, ;}?_, of Tp,M with e, = u. Let {Yu,i}?:_ll be the Jacobi fields along v,
with initial conditions Y,,;(0) = O and Y, L'u.(O) = ey, where vy, : [0,C 1] — M is the normal
geodesic with y,(0) = po and y,(0) = u. Then for all i we have Y,; = s, E,; on [0, Cy ],
where {Eui}?:_l] are the parallel vector fields along y, with initial condition £, ;(0) = e,; (see
Remark 2.1). Let jo denote the center point of By ;. Choose a linear isometry I : Tp,M —
Tj,By - Define amap @ : M — By | by &(p) := expj ol o exp;,o1 (p), where exp,, and expj
are the exponential maps at po and at py, respectively. For every p € Int M the differential
map D(®Pli pm)p of Pl p at p sends an orthonormal basis of T),M to that of Tq;(,,)BZ, ,» and for
every x € M the map D(®D|yy ), sends an orthonormal basis of 7,0M to that of qu(x)aBZ’ "
Hence, @ is a Riemannian isometry with boundary from M to BZ, 1> and (M, dy) is isometric
to (By ;, dB:J).

Now, the equality in Lemma 3.3 holds on Int M \ {po}. For each x € M we see f oy, =
f(x) = (N — n)log s, on [0, Cy 1] (see Remark 3.3). If we suppose N > n, then f(y,()) tends
to infinity as ¢+ — C,,. This is a contradiction since f(y,(Cx.1)) = f(po). Hence, we obtain
N = n. We complete the proof of Theorem 1.1. O

5. Volume comparisons. Let M be an n-dimensional, connected complete Riemann-
ian manifold with boundary with Riemannian metric g, and let f : M — R be a smooth
function.
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5.1. Absolute volume comparisons. Let éf : [0, 0)xdM — R be a function defined
by
_ 6(t, if t < )
O5(t, x) := 542 1 7
0 ift >71(x).

By the coarea formula (see e.g., Theorem 3.2.3 in [13]), we show:

LEMMA 5.1.  Suppose that M is compact. Then for all r € (0, 00)

5.1) my(B(OM)) = f f 9f(t, x)dtdvoly,
oM Jo
where h is the induced Riemannian metric on OM.

PROOF.  Since dM is compact, B,(0M) is also compact; in particular, ms(B.(OM)) <
co. From Proposition 2.2, we derive

B.(OM) = exp* [ U {tu, | £ € [0, min{r, T(x)}]}) .

xeOM
The map exp* is diffeomorphic on J,espitux | t € (0, min{r, 7(x)})}. Furthermore, the cut
locus CutdM for the boundary is a null set of M. Hence, the coarea formula and the Fubini
theorem imply (5.1). O

Bayle [3] has stated the following absolute volume comparison inequality of Heintze-
Karcher type without proof (see Theorem E.2.2 in [3], and also [35]).

LEMMA 5.2 ([3]). Suppose that OM is compact. For N € [n, o), we suppose Ric%M
> (N - Dkand Hzgpy > (N = 1)A. Then for all r € (0, c0)
(5.2) my(B(OM)) < sy ya(r) mpom(OM) ;
in particular, we have (1.3).

PROOF. Fix r € (0, o). By Lemma 3.1, for all x € dM and € (0, r), we have (1, x) <
§Z;1 63 éf(O, x). Integrate the both sides of the inequality over (0, r) with respect to 7, and then
do that over M with respect to x. By Lemma 5.1, we have (5.2). O

Lemma 5.2 has been proved in [17] when f = 0 and N = n.
In the case of N = oo, Morgan [36] has shown the following volume comparison inequal-
ity (see Theorem 2 in [36], and also [35]).

LEMMA 5.3 ([36]). Suppose that OM is compact. Suppose Ric?M >0and Hygy > 0.
Then for all r € (0, )

(5.3) mg(B.(OM)) < rmysan(OM) ;
in particular, we have (1.4).

PROOF. Fix r € (0, c0). By Lemma 3.2, for all x € M and ¢ € (0, r), we have 64(t, x)
< 67(0, x). Integrate the both sides of the inequality over (0, r) with respect to 7, and then do
that over M with respect to x. Lemma 5.1 implies the lemma. O
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REMARK 5.1. In Lemma 5.2 (resp. 5.3), assume that for some r > 0 the equality in
(5.2) (resp. (5.3)) holds. For each x € dM, choose an orthonormal basis {exi};':ll of T.OM.
Let {Yx,,-}i.lz‘l1 be the dM-Jacobi fields along y, with initial conditions Y, ;(0) = e,; and YV’ ;,5(0) =
—A, ex;. Then for all i we see Yy; = seq1 Ex; (resp. Yy; = E,;) on [0, min{r, Ca}] (resp.
[0, r]), where {EX,,-}Z?:‘I1 are the parallel vector fields along 7y, with initial condition E, ;(0) =
exi. Moreover, f oy, = f(x) — (N — n)log s, 1 on [0, min{r, C, 4}] (cf. Remarks 3.1 and 3.2).

5.2. Relative volume comparison. We have the following relative volume compari-

son theorem of Bishop-Gromov type:

THEOREM 5.4. Let M be an n-dimensional, connected complete Riemannian manifold
with boundary, and let f : M — R be a smooth function. Suppose that M is compact. For
N € [n, o), we suppose Ric%M > (N - Dkand Hygy > (N — 1)A. Then for all r,R € (0, co)
with r < R, we have

my(Be@M) _ snxa(R)
m(B(OM)) = syca(r)
PROOF. Lemma 3.1 implies that for all s, ¢ € [0, c0) with s < ¢,

5.4)

(5.5) 0r(1,x) 527" (5) < Op(s,0) 527 (1)

By integrating the both sides of (5.5) over [0, r] with respect to s, and then doing that over
[, R] with respect to ¢, we conclude

R -
fr ¢ (t, x) dt < SN A(R) = SN (7)
for Or(s,x)ds SN, (r) ’

From Lemma 5.1, we derive

R —
my(BrOM) _ Jons [ 052, x) dr d vol,

my(B(OM)) faM for (s, x)dsd voly,
<1+ SN A(R) = sy (1) _ SN, (R) .
SN, (T) SNuA(r)
This proves the theorem. O

In [40], Theorem 5.4 has been proved when f = 0 and N = n.
In the case of N = oo, we have:

THEOREM 5.5. Let M be a connected complete Riemannian manifold with boundary,
and let f : M — R be a smooth function. Suppose that M is compact. Suppose Ric}i‘fM >0
and Hy gy 2 0. Then for all r, R € (0, o) with r < R, we have

m/(Ba(OM)) _ R

(5-6) m (BAOM) = 7
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PROOF. By Lemma 3.2, for all 5,7 € [0,00) with s < 7, we have 04(t,x) < (s, x).
Integrating the both sides over [0, r] with respect to s, and then doing that over [r, R] with
respect to ¢, we see

R T
r f Or(t,x)dt < (R—7r) f Or(s,x)ds.
r 0

By Lemma 5.1, we complete the proof. O

REMARK 5.2. In [40], the author has proved a measure contraction inequality around
the boundary when f = 0 and N = n. We can prove similar measure contraction inequal-
ities in our setting. The measure contraction inequalities enable us to give another proof of
Theorem 5.4, and of Theorem 5.5.

5.3. Volume growth rigidity. We have the following lemma:

LEMMA 5.6. Suppose that OM is compact. For N € [n, c0), we suppose RiC%M > (N -
Dk and Hy gy > (N — 1)A. Assume that there exists R € (0, Cial \ {00} such that for every r €
(0, R] the equality in (5.4) holds. Then we have T > R on OM.

PROOF. The proof is by contradiction. Suppose that a point xo € dM satisfies 7(xp) <
R. Put ty := 1(xp), and take € > 0 satisfying 7y + € < R. By the continuity of 7, there exists
a closed geodesic ball B in M centered at xj such that for all x € B we have 7(x) < f( + &.
Lemma 3.1 implies that m(Bg(0M)) is not larger than

min{R,7(x)} to+&
f f s (drdmyay + f f s (dtdmyay .
OM\B JO B JO

This is smaller than mygp(OM) sy.(R). On the other hand, sy,.a(R) is equal to ms(Bg
(OM))/msau(OM). This is a contradiction. O

In the case of N = oo, we have:

LEMMA 5.7. Suppose that OM is compact. Suppose Ricjf”M > 0and Hypy > 0. As-
sume that there exists R € (0, 00) such that for every r € (0, R] the equality in (5.6) holds.
Then we have T > R on OM.

PROOF. Suppose that for some xy € dM we have 7(xp) < R. Put #p := 7(xp), and take
&> 0 with tp + &€ < R. The continuity of 7 implies that there exists a closed geodesic ball B in
OM centered at xp such that 7 is smaller than or equal to #p + £ on B. By Lemma 3.2,

mf(BR(aM)) < ijr,aM(aM \B)+ (tp + &) mjr,aM(B) < ijr,aM(aM) .

On the other hand, m(Br(OM))/msanu(0M) is equal to R. This is a contradiction. We con-
clude the lemma. O

Suppose that M is compact. Suppose that for N € [n, co) we have Ric% u = (N -1k
and Hy gy > (N — 1)A (resp. Ric“}fM > 0 and Hyrgy > 0), and that there exists R € (0, Ca] \
{oo} (resp. R € (0, o0)) such that for every r € (0, R] the equality in (5.4) (resp. (5.6)) holds.
In this case, for every r € (0, R) the level set p(;jl(r) is an (n — 1)-dimensional submanifold of
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M (see Lemmas 5.6 and 5.7). In particular, (B,(OM), g) is an n-dimensional (not necessarily,
connected) complete Riemannian manifold with boundary. We denote by dp s and by dy 4,
the Riemannian distances on (B,(0M), g) and on [0, r] X , 10M, respectively.

LEMMA 5.8. Suppose that OM is compact. For N € [n, o), we suppose Ric%M > (N -
Di and Hp gy > (N — 1)A. Assume that there exists R € (0, C, ] \ {00} such that for every r €
(0, R] the equality in (5.4) holds. Then for every r € (0, R), the metric space (B,(OM), dp.om))
is isometric to ([0, r] X ( .0M, dy ,,), and for every x € 0M we have f oy, = f(x) —log s, on
[0, r].

PROOF.  Since each connected component of M one-to-one corresponds to the con-
nected component of B,(0M), it suffices to consider the case where B.(0M) is connected. For
each x € M, choose an orthonormal basis {e,;}’~' of T.0M. Let {Y;}7- be the dM-Jacobi
fields along 7y, with initial conditions Y, ;(0) = e,; and Y)’C,i(O) = —A, e,;. Forall i we see
Y.i = sea Exi on [0, min{R, C,,}], where {Ex,i};:]l are the parallel vector fields along y, with
initial condition E, ;(0) = e,;. Moreover, f oy, = f(x) — (N — n)log s,.1 on [0, min{R, C, 1}]
(see Remark 5.1). Define a map @ : [0,r] X M — B.(OM) by &(t, x) := y.(t). For each
p € (0,r) x M the map D(D| xam), sends an orthonormal basis of T,,([0, r] X IM) to that
of Ty B,(OM), and for each x € {0, r} x M the map D(®P|o jxam)x sends an orthonormal
basis of T({0, 7} X dM) to that of T¢(d(B,.(OM)). Hence, @ is a Riemannian isometry with

boundary from [0, r] X , 10M to B,(OM). m]
In the case of N = oo, we have:

LEMMA 5.9. Suppose that OM is compact. Suppose Ricz’M > 0and Hypy > 0. As-
sume that there exists R € (0, o) such that for every r € (0, R] the equality in (5.6) holds. Then
for every r € (0, R) the metric space (B.(OM), dp o)) is isometric to ([0, r] X OM, do yixom)-

PROOF. We may assume that B.(OM) is connected. For each x € dM, choose an or-
thonormal basis {e,;}7- of T,0M. Let {Y,;}7- be the dM-Jacobi fields along y, with initial
conditions Y, ;(0) = e,; and Y)'CJ.(O) = —A, ey;. Forall i we have Y,; = E,; on [0, r], where
{Exi}:':l] are the parallel vector fields along vy, with initial condition E, ;(0) = e,; (see Re-
mark 5.1). Define a map @ : [0,r] X OM — B,(OM) by @(t, x) := y,(t). We see that D is a

Riemannian isometry with boundary from [0, r] X OM to B,.(OM). O

Now, we prove Theorem 1.2.

PROOF OF THEOREM 1.2. Suppose that M is compact. For N € [n, c0), suppose
Ric},, > (N = D and Hyay = (N = 1)A. Suppose (1.1).

By Lemma 5.2 and Theorem 5.4, for all , R € (0, c0) with r < R,

my(Br(OM))  m(B,(OM))
SnxA(R) SNxA(7)

If x and A satisfy the ball-condition, then for R = C, ,, and for every r € (0, R] the equality

in (5.4) holds; in particular, Lemmas 4.1 and 5.6 imply that 7 is equal to C,, on M. If «
and A do not satisfy the ball-condition, then for every R € (0, c0), and for every r € (0, R] the

= mjr,aM(aM) .
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equality in (5.4) holds; in particular, Lemma 5.6 implies that 7 = co on dM. It follows that T
coincides with C,; on M. From Lemma 5.8, for every x € M we derive f oy, = f(x) —
(N —n)log s, on Iy ).

If « and A satisfy the ball-condition, then D(M, dM) = C,,. By Lemma 2.3, M is com-
pact. There exists p € M with pyy(p) = Cy 1. Due to Theorem 1.1, (M, dy) is isometric to
(B} 1> dB:J) and N = n.

If x and A do not satisfy the ball-condition, then CutdM = 0. It follows that OM is
connected. Take a sequence {r;} with r; — co. By Lemma 5.8, for each r;, there exists a
Riemannian isometry @; : [0,r]] X M — B,(0M) with boundary from [0, ;] X ,10M to
B,.(OM) defined by @;(t, x) := y,(f). Since Cut M = 0, we obtain a Riemannian isometry @ :
[0, 00) X M — M with boundary from [0, o) X , ,0M to M defined by @D(z, x) := y,(¢) such
that Dlo . jxam = D; for all r;. This proves Theorem 1.2. m]

Next, we prove Theorem 1.3.

PROOF OF THEOREM 1.3. Suppose that M is compact. Suppose Ric“}fM > 0 and
Hpfoy 2 0. Furthermore, we assume (1.2).
By Lemma 5.3 and Theorem 5.5, for all R € (0, o) and r € (0, R],
my(Br(OM))  m(B,(OM))
R - r
For every R € (0, o), and for every r € (0, R] the equality in (5.6) holds. From Lemma 5.7,
it follows that T = oo on M. We have CutdM = (), and hence dM is connected. Take a
sequence {r;} with r;, — oco. Lemma 5.9 implies that for each r; there exists a Riemannian
isometry @; : [0, r;] X 0M — B,,(0M) with boundary from [0, r;] X OM to B,,(0M) defined by
@;(t, x) := y,(t). Since Cut IM = (), we obtain a Riemannian isometry @ : [0, 00) X OM — M
with boundary from [0, c0) X OM to M defined by @(t, x) := y,(¢) such that @i, jxom = Di
for all ;. This proves Theorem 1.3. O

= mjr,aM(aM) .

6. Splitting theorems. Let M be an n-dimensional, connected complete Riemannian
manifold with boundary, and let f : M — R be a smooth function.
6.1. Main splitting theorems. We prove Theorem 1.4.

PROOF OF THEOREM 1.4. Let k < 0 and 2 := k. For N € [n,c0), we suppose
Ric%M > (N —Dkand Hygp > (N — 1)A. Suppose that for some xo € M we have 7(xg) = co.
For the connected component dM of M containing xy, we put

Q:={y € IMy | 7(y) = oo} .

The assumption implies that € is non-empty. From the continuity of 7, it follows that Q is
closed in OM,.

We show the openness of Q in dMy. Fix yg € Q. Take [ € (0, c0), and put pg := y,, ().
There exists an open neighborhood U of pg in Int M contained in Dyys. Taking U smaller, we
may assume that for each point g € U the unique foot point on M of g belongs to M. By
Lemma 2.7, there exists & € (0, co) such that for all ¢ € B,(po), all asymptotes for y,, from g
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lie in Int M. We may assume U C B,(po). Fix qo € U, and take an asymptote y,, : [0, 00) —
M for vy, from go. For t € (0, 00), define a function byh(r’ :M — R by

by,,.(p) := by, (qo) + 1 — dy(p, y4,(1) .

We see that bm,, — pom 1s a support function of byy(J — pam at go. Since vy, lie in Int M, for
every t € (0, o) the function b,, ; is smooth on a neighborhood of go. From Lemma 2.8, we
deduce 4;b,, (q0) < (N — 1)(s;.(2)/ s«(1)). Note that s7(¢)/s.(t) = A as t — oo. Furthermore,
Pom 1s smooth on U, and by Lemma 3.3 we have 4pgm > (N — 1)A on U. Hence, by, — pom
is f-subharmonic on U. Since byyo — poum takes the maximal value O at py, Lemma 2.9 implies
bno = pay on U. From Lemma 2.6, it follows that 2 is open in dM,.

Since dM) is a connected component of M, we have Q = dMy. By Lemma 2.4, M is
connected and CutdM = (. The equality in Lemma 3.3 holds on Int M. For each x € M,
choose an orthonormal basis {ex,i};’:’]1 of T,.0M. Let {Y,C,i}l'f:’]1 be the dM-Jacobi fields along y,
with initial conditions Y, ;(0) = e,; and Y;,i(O) = —A, ey, Foralli wesee Yy; = 5. E,; on
[0, ), where {Ex,i};:]l are the parallel vector fields along vy, with initial condition E, ;(0) =
eri. Moreover, for all ¢ € [0, ) we have (f o y,)(f) = f(x) + (N — n)At (see Remark 3.3).
Define a map @ : [0,00) X M — M by D(t,x) := y,(t). For every p € (0,00) X M the
map D(@J,.0)xam)p sends an orthonormal basis of 7,((0, c0) x M) to that of T,y M, and for
every x € {0} x dM the map D(P|iojxom)x sends an orthonormal basis of T,({0} x dM) to that
of Tg0M. Hence, @ is a Riemannian isometry with boundary from [0, c0) X , 10M to M.
This proves Theorem 1.4. O

Next, we prove Theorem 1.5.

PROOF OF THEOREM 1.5. Assume sup f(M) < co. Suppose Rici’M > 0and Hygy 2
0. Let xo € M satisty 7(xp) = oo.
For the connected component dM of M containing xy, we put

Q:={y € IMy | 7(y) = oo} .

The assumption and the continuity of 7 imply that Q is a non-empty closed subset of dMj.

We prove the openness of  in dMy. Fix yg € Q. Take [ € (0, 00), and put pg := y,,(]).
There exists an open neighborhood U of pg in Int M contained in Dys. We may assume that
for each point ¢ € U the unique foot point on dM of g belongs to dMy. By Lemma 2.7,
there exists £ € (0, o) such that for all ¢ € B.(py), all asymptotes for y,, from g lie in Int M.
We may assume U C Bg(po). By Lemma 2.10, b,, is f-subharmonic on U. Furthermore,
Pom is smooth on U, and Lemma 3.4 implies 4ypsy = 0 on U. Therefore, bno — Pom 18
f-subharmonic on U. Since bym — pom takes the maximal value O at py, Lemma 2.9 implies
bym = poy on U. By Lemma 2.6, Q is open in dM.

Since dM) is a connected component of M, we have Q = dMy. By Lemma 2.4, M is
connected and Cut0M = 0. The equality in Lemma 3.4 holds on Int M. For each x € M,
choose an orthonormal basis {eX,,-};;‘]1 of T.0M. Let {Yx.i}:':l] be the dM-Jacobi fields along
v, with initial conditions Y, ;(0) = e,; and Y}'C’i(O) = —A,ey;. Forall i wesee Y,;, = E;; on

[0, 00), where {EX,,-}Z?:‘I1 are the parallel vector fields along vy, with initial condition E, ;(0) =
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e (see Remark 3.3). Hence, the map @ : [0, 00) X M — M defined by @(t, x) := y,(t) is
a Riemannian isometry with boundary from [0, c0) X dM to M. This completes the proof of
Theorem 1.5. O

Lemma 2.3 and the continuity of 7 imply that if dM is compact and M is non-compact,
then for some xy € M we have 7(xy) = co. By Theorems 1.4 and 1.5, we have the following
rigidity results that have been proved in [20] (see also [11]) when f =0 and N = n.

COROLLARY 6.1. Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function. Let k < 0 and A := /|«|. For
N € [n, 00), we suppose Ric%M > (N — Dk and Hygy > (N — 1)A. If M is non-compact and
OM is compact, then (M, dyy) is isometric to ([0, 00) X  10M, dy ), and for all x € OM and t €
[0, 00) we have (f o y,)(t) = f(x) + (N —n)At.

COROLLARY 6.2. Let M be a connected complete Riemannian manifold with bound-
ary, and let f : M — R be a smooth function such that sup f(M) < oo. Suppose Ric‘}‘jM >

0 and Hpoy = 0. If M is non-compact and OM is compact, then the metric space (M, dy) is
isometric to ([0, 00) X OM, djo.coyxom)-

6.2. Weighted Ricci curvature on the boundary. Let & be the induced Riemannian
metric on M. For x € dM, and for a unit vector u in Tx0M, we denote by K,(u,,u) the
sectional curvature at x in (M, g) determined by u, and u.

It seems that the following is well-known, especially in a submanifold setting (see e.g.,
Proposition 9.36 in [4], and Lemma 5.4 in [40]).

LEMMA 6.3. Take x € OM, and a unit vector uin T,0M. Choose an orthonormal basis
{ex,i};.’;ll of T,.OM with ey = u. Then we have

n—=1
Ricy (1) = Ricy(u) = Ky, u) + trace As = Y IS (@, eI

i=1

For all x € OM and u € T,0M, we see

(6.1) h((V(flas))xs w) = g((V ), ),
(6.2) Hess(flan)(u, u) = Hess f(u, u) + g (Vf)x, ux) g (S (u, u), uy) .

We show the following:

LEMMA 6.4. Take x € OM, and a unit vector uin T,0M. Choose an orthonormal basis
{ex,,-};’z‘ll of TxOM with e, = u. Then for all N € [n, c0), we have

(6.3) Rich ™! () = Ric) () + g((V ) 112) 9(S (u, ), 1)
n—1

— Ky, 1) + trace Ag g — IS, eI

i=1

PROOF. Assume N € (n, ). By (6.1) and (6.2), we have
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. N- . h((V(flam))s )
Ric} ! (u) = Ricy(u) + Hess(flan)(u, 1) - %
V X 2

= Ricy (1) + Hess £, 1)+ g((V P 1 (8 (10,10~ L0
By Lemma 6.3, we see (6.3).

Assume N = n. If f is constant, then we see Ric%;ﬂi(u) = Ricy(u) and Ricl}/(u) = Ricy(u),
and hence Lemma 6.3 implies (6.3). If f is not constant, then both the left hand side of (6.3)
and the right hand side are equal to —oco. Therefore, we complete the proof. O

In the case of N = oo, we have:

LEMMA 6.5. Take x € OM, and a unit vector uin T,0M. Choose an orthonormal basis
{ex,i}”’l of T.OM with ey = u. Then we have

i=1

(6:4) Ricj;,, (0) = Ricy @) + g((V f)s 1) g(S (ut, 1), 0,)
n—1
— Kyt 1) + trace Ay = 3 1S (n, eI
i=1

PROOF. From (6.2), it follows that

Rich)  (u) = Ricy,(u) + Hess(flon)(u, u)
= Ricy(u) + Hess f(u, u) + g((Vf)x, ux) g(S (u, 1), ) .

Using Lemma 6.3, we have (6.4). m]
6.3. Multi-splitting. By Lemma 6.4, we see the following:

LEMMA 6.6. For N € [n, ), we suppose Ric%M > 0. If (M, dy) is isometric to ([0, o)

- N-1
X OM, d[O,oo)Xé)M): then Rlcf\OM,ﬁM > 0.

PROOF. There exists a Riemannian isometry with boundary from M to [0, c0) X M.
Take x € OM, and choose an orthonormal basis {ex,i};’:’]1 of T.OM. Let {Yx,i}?;] be the OM-
Jacobi fields along y, with initial conditions Y, ;(0) = e,; and Y’ ;’i(O) = —A,ey;. Foralli
we have Y,; = E,;, where {Ex,i};:]l are the parallel vector fields along y, with initial con-
dition E,;(0) = e,;. We see A, e,; = 0, and Y;’ 1(0) = 0,; in particular, trace A,, = 0 and
K, (uy,ex1) = 0. For all i, j we have S(e,;, e, ;) = 0,. By (6.3) and Ric]}’,M > 0, we have

s N-1
Ricy - oy 2 0. o

Let My be a connected complete Riemannian manifold (without boundary). A normal
geodesic y : R — M, is said to be a line if for all 5,7 € R we have dp, (y(s), y(?)) = |s — 1.

Fang, Li and Zhang [12] have proved the following splitting theorem of Cheeger-Gromoll
type (see Theorem 1.3 in [12]):

THEOREM 6.7 ([12]). Let My be an n-dimensional, connected complete Riemannian
manifold, and let f : My — R be a smooth function. For N € [n, o), we suppose Ric]XMO > 0.
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If My contains a line, then there exists an (n — 1)-dimensional Riemannian manifold Ny such
that My is isometric to the standard product R X Nj.

We have the following corollary of Theorem 1.4:

COROLLARY 6.8. Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function. For N € [n, ), we suppose
Ric%M > 0 and Hpon = 0. If for some xo € OM we have 1(xg) = oo, then there exist k €
{0,...,n— 1} and an (n — 1 — k)-dimensional, connected complete Riemannian manifold Ny
containing no line such that (O0M, dyyy) is isometric to (R X Ny, dpixn,)- In particular, (M, dy)
is isometric to ([0, 00) x RF x Ny, d[0,00)xREXN, )-

PROOF. Due to Theorem 1.4, the metric space (M,dys) is isometric to ([0, c0) X
OM, dio cyxom). Lemma 6.6 implies Ric%;ﬂiﬁ y = 0. Applying Theorem 6.7 to dM inductively,
we complete the proof. O

In the case of N = oo, we see:

LEMMA 6.9. IfRic}‘jM > 0, and if the metric space (M, dy) is isometric to ([0, c0) X
OM, dyo.ccpxom), then Ricy 5,/ > 0.

PROOF. There exists a Riemannian isometry with boundary from M to [0, c0) X M.
Take x € dM, and choose an orthonormal basis {exy,-};l:‘l1 of T.OM. Let {Yx.i}:':l] be the OM-
Jacobi fields along y, with initial conditions Y, ;(0) = e,; and Y)'CJ.(O) = —A,ey;. Foralli
we have Y,; = E,;, where {Ex,,-}?z‘l1 are the parallel vector fields along y, with initial con-
dition E,;(0) = ey;. This implies A, e,; = Oy and Y)’C’ 1(0) = 0,. Hence, traceA,, = 0 and
Ky(uy,ex,1) = 0. For all 7, j we see S (e, ey,;) = Ox. From (6.4), and from Ric‘}fM > 0, we

deduce Ricy 5, = 0. o

Fang, Li and Zhang [12] have proved the following splitting theorem of Cheeger-Gromoll
type (see Theorem 1.1 in [12]):

THEOREM 6.10 ([12]). Let My be an n-dimensional, connected complete Riemannian
manifold, and let f : My — R be a smooth function such that sup f(My) < oo. Suppose
Ric‘}"’M(J > 0. If My contains a line, then there exists an (n — 1)-dimensional Riemannian
manifold Ny such that My is isometric to the standard product R X Ny.

REMARK 6.1. Lichnerowicz [31] has proved Theorem 6.10 under the assumption that
f is bounded.

In the case of N = oo, we have the following:

COROLLARY 6.11. Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function such that sup f(M) < co. Sup-
pose RiC?M > 0and Hrgy = 0. If for some xy € 0M we have 1(xg) = oo, then there exist k €
{0,...,n— 1} and an (n — 1 — k)-dimensional, connected complete Riemannian manifold Ny
containing no line such that (O0M, dyyy) is isometric to (R X Ny, dpixn,)- In particular, (M, dy)
is isometric to ([0, 00) x RF x Ny, [0 co)xRExN, )-



RIGIDITY OF MANIFOLDS WITH BOUNDARY 97

PROOF. By Theorem 1.5, (M,dy) is isometric to ([0, c0) X OM, dpco)xam). From
Lemma 6.9, we derive Ric}y = 5), > 0. Notice that sup,.sy, f(x) is finite. By using Theo-
rem 6.10, we obtain the corollary. m]

6.4. Variants of splitting theorems. We have already known several rigidity results
studied in [20] (and [11], [18]) for manifolds with boundary whose boundaries are discon-
nected. We study generalizations of the results in [20] (and [11], [18]).

The following has been proved in [20] (see Lemma 1.6 in [20]):

LEMMA 6.12 ([20]). Suppose that OM is disconnected. Let {0M;}i=1 ... denote the
connected components of 0M. Assume that OM, is compact. Put D := infip3 . dy(0OM,,
OM,;). Then there exists a connected component M, of OM such that dy(OM,,0M>) = D.
Furthermore, for every i = 1,2 there exists x; € OM; such that dy(xy, x2) = D. The normal
minimal geodesicy : [0, D] = M from x; to x, is orthogonal to M both at x| and at x,, and
the restriction y|,p) lies in Int M.

First, we prove the following:

THEOREM 6.13. Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function. Suppose that OM is dis-
connected. Let {0M;};=2... denote the connected components of OM. Assume that OM, is
compact. Put D := infi—p3_ dy(OM,,0M;). For N € [n, ], we suppose Ricl}{M > 0 and
Hpon 2 0. Then (M, dy) is isometric to ([0, D] X M\, do,pixam, ). Moreover, if N € [n, 00),
then for every x € M, the function f o vy, is constant on [0, D].

PROOF. By Lemma 6.12, there exists a connected component M, of M such that
du(OM,,0M,) = D. Foreachi = 1,2, let psy, : M — R be the distance function from dM;
defined as pau, (p) := du(p, OM;). Put

Q:={p eIntM | psm, (p) + pom,(p) = D}.

Lemma 6.12 implies that Q is a non-empty closed subset of Int M.

We show that Q is open in Int M. Take p € Q. For each i = 1,2, there exists a foot
point x,; € dM; on OM; of p such that dy(p, x,;) = pamu,(p). From the triangle inequality,
we derive dy(xp,1, Xp2) = D. The normal minimal geodesic y : [0, D] — M from x,,; to x,>
is orthogonal to M at x,,; and at x,,. Furthermore, | p) lies in Int M and passes through
p. There exists an open neighborhood U of p such that U is contained in Int M and psy; is
smooth on U. By using Lemmas 3.1 and 3.2, we see 47 pgy, = 0 on U; in particular, —(oguy, +
Pom,) is f-subharmonic on U. By Lemma 2.9, Q is open in Int M.

Since Int M is connected, we have Int M = Q. For each x € dM;, choose an orthonormal
basis {ex,i}lf’z_ll of T,OM. Let {Yx,i}?z_]l be the dM-Jacobi fields along y, with initial conditions
Y,i(0) = e,; and Y)’C,i(O) = —A,e,,;. Forall i we see Y,; = E,; on [0, D], where {Ex,,-}?z‘l1 are
the parallel vector fields along y, with initial condition E ;(0) = e, ;. Moreover, if N € [n, o),
then f oy, is constant on [0, D] (see Remarks 3.1 and 3.2). We see that a map @ : [0, D] X
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OM| — M defined by @(t, x) := y,(?) is a Riemannian isometry with boundary from [0, D] X
oM, to M. O

Next, we show the following:

THEOREM 6.14. Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function. Suppose that OM is dis-
connected. Let {OM;}i=12... denote the connected components of OM. Assume that OM; is
compact. Put D := infi—p3_ dy(OM1,0M;). Let k > 0. For N € [n, o), we suppose Ric%M >
(N-Dkand Hyyy > (N —1)A. Then A < 0 and D < 2D, ), where D, := inf {t > 0| S,/(,A(t) =
0}. If D = 2D, 5, then (M, dy) is isometric to ([0, D] X , 20M1, djo,pix, .om,), and for every x €
OM; we have f oy, = f(x) — (N —n)log s, on [0, D].

PrROOF. If A > 0, then Theorem 6.13 implies that (M, dy,) is isometric to ([0, D] X
OM,, dio,pixom, ), and for every x € 0M, the function f oy, is constant on [0, D]. This contra-
dicts the positivity of «, and hence we have 4 < 0.

We prove that if D > 2D, ;, then the metric space (M, dy) is isometric to ([0, 2D, 4] X
«10M1, djop, 1%, oM, ), and for every x € dM; we have f oy, = f(x) = (N — n)logs,, on
[0,2D,2]. Assume D > 2D, ,. By Lemma 6.12, there exists a connected component dM,
of OM such that dy(0M;,0M,) = D. For each i = 1,2, let psyr, : M — R be the distance
function from 0M; defined as pou,(p) := du(p, OM;). Put

Q:={p eIntM | psm, (p) + pom,(p) = D}.

The set Q is a non-empty closed subset of Int M.

We show that Q is open in Int M. Take p € Q. For eachi = 1,2, we take a foot point
Xpi € OM; on OM; of p such that dy(p, xp;) = pam,(p). From the triangle inequality, we
derive dp(xp,1, xp2) = D. The normal minimal geodesic y : [0,D] — M from x,; to x,>
is orthogonal to M at x,; and at x,,. Furthermore, | p) lies in Int M and passes through
p. There exists an open neighborhood U of p such that psy;, is smooth on U. By using
Lemma 3.1, for all g € U, we see

_ A (pam, + pom,) (@) - S 0om (@) sy, (Pom, ()
N-1 = Sealpan (@) sk.a(oam,(q))
St 10om, (@) + pory (@) — As.a(Pom, (@) + pPom, ()
Sk.a(0am, (@) Sk.a(Pam, (q))

Since k > 0, the function s;(’ 1/ Sk.a is monotone decreasing on (0, Cy 1), and satisfies s;, B
(2D .2)/$x 22Dy 1) = A. By the triangle inequality and the assumption D > 2D, ;, we have
Pom, + pam, = 2D, on U. Therefore, by (6.5), —(pam, + pam,) is f-subharmonic on U. By
Lemma 2.9, Q is open in Int M.

The connectedness of Int M implies Int M = Q. For each x € dM|, choose an orthonor-
mal basis {exi};':ll of T,.0M. Let {Yx,i}?z_]l be the dM-Jacobi fields along y, with initial condi-
tions Y, ;(0) = e,; and Y)’C,i(O) = —A, e,;. Forall i we have Yy; = s E.; on [0, D], where
{Yx,i}:-:l] are the parallel vector fields along vy, with initial condition E,;(0) = e,;. Moreover,

(6.5)
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foyy = f(x) — (N —n)log s, on [0, D] (see Remark 3.1). We see D = 2D, ,. A map @ :
[0,2D; 2] X M| — M defined by @(t, x) := y,(¢) is a Riemannian isometry with boundary
from [0, 2Dy 4] X (1 0M| to M. O

7. Eigenvalue rigidity. Let M be an n-dimensional, connected complete Riemannian
manifold with boundary with Riemannian metric g, and let f : M — R be a smooth function.

7.1. Lower bounds. We prove the inequalities (1.8) in Theorem 1.6 and (1.9) in The-
orem 1.7.

Allegretto and Huang [1] have shown the following inequality of Picone type in a Eu-
clidean setting (see Theorem 1.1 in [1]):

LEMMA 7.1. Let ¢ and Y be functions on M that are smooth on a domain U in M, and
satisfy ¢ > 0 and y > 0 on U. Then for all p € (1, 00) we have the following inequality on U:

(7.1) VUl = IVgIlP g (V (7 6' "), Vo) .

PROOF. For a fixed p € (1,0), we put ¢ := p(p — 1)~!. By the Young inequality, we
have

ll/IIV(ﬁII)”1 Cvlr 1 (l/fIIVtﬁll)”
¢ o r q\ ¢
on U. By (7.2), and by the Cauchy-Schwarz inequality, we have

(71.2) IIVll/II(

4

(7.3) 961 = p(we™) 19UV —(p— 1) (g™ VoI
> p(ws™ ) gV, VIV = (p - 1) (wes™ ) IVIF
= IVel"2g (V (4" ¢'"). V9) .
This completes the proof. O

REMARK 7.1. InLemma 7.1, we assume that the equality in (7.1) holds on U. In this
case, the equalities in (7.3) also hold on U. From the equality in the Young inequality, and
from that in the Cauchy-Schwarz inequality, we deduce that for some constant ¢ # 0 we have
o|IVY|| = ¢|IVell and V¢ = ¢V on U; in particular, y = c¢p on U.

Now, we prove the inequality (1.8) in Theorem 1.6.

PROPOSITION 7.2. Suppose that M is compact. Let p € (1,00). For N € [n, ), we
suppose Ric%M > (N - Dkand Hpoy > (N — 1)A. For D € (0, Cal\ {00}, assume D(M,OM)
< D. Then we have (1.8).

PROOF. Let ¢, nxap : [0, D] — R be a function satisfying (1.6) for u = up, y1.0. We
may assume ¢, y«.1,plo,p] > 0. The equation (1.6) is written in the form

(161728 027 ) + gl 2pn)s3' (1) =0,
$(0)=0, ¢(D)=0.
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Therefore, it follows that ¢;,’N,K’ A plio.py > 0. Put @ := ¢, n.ap © pam. Take a non-negative,
non-zero smooth function ¢ on M whose support is compact and contained in Int M. By
Lemma 7.1, we have

(7.4) Vgl = [IV@IP2g (V (4 @' "), Vo)

on Int M \ Cut OM. By using (7.4) and Proposition 3.7, we have
f IVl dmy > f IVBIP=2g (V (v @'7), Vo) dm;
M M

> fM (v ¢>‘")((—((¢’)”‘1)’—<N—1)?(¢')P‘1)opm)dmf

KA
= Up N, 1D f Y dmy .
M

We obtain Ry, () > up n.a,p- This implies (1.8). O
Next, we prove the inequality (1.9) in Theorem 1.7.

PROPOSITION 7.3. Suppose that M is compact. Let p € (1,00). Suppose Ricz’M >0
and Hygy > 0. For D € (0, 00), assume D(M, M) < D. Then we have (1.9).

PROOF. Let ¢,0p : [0, D] — R be a function satisfying (1.7) for y = 1, .o p. We may
assume ¢, . plo,p) > 0. In this case, we have ¢;),00,D|[0sD) > 0. Put @ := ¢ 0p © pou. Take a
non-negative, non-zero smooth function ¥ on M whose support is compact and contained in
Int M. By Lemma 7.1, we have

(7.5) Vg1 = [IV@I"2g (V (47 @' "), Vo)

on Int M \ Cut M. By using (7.5) and Proposition 3.8, we have
f IVl dmy > f IVD|P~2g (V (W’ qs“/’) , V(D) dmy
M M

2 j[; ('pp @1—1}) (_ ((¢,)p71)/ o pf)M) dmf = HUp,c0,.D f 'pp dmf'

M
We obtain Ry, () > pp e p. This implies (1.9). O

REMARK 7.2. InProposition 7.2 (resp. 7.3), we assume that there exists a non-negative,
non-zero smooth function ¢ : M — R whose support is compact and contained in Int M such
that Ry ,(¥) = upniap (resp. Ry ,(¥) = Uy oo.p). In this case, the equality in (7.4) (resp. (7.5))
holds on Int M \ CutdM. Therefore, for some constant ¢ # 0 we have y = ¢ ® on M (see
Remark 7.1). Furthermore, the equality case in (3.11) (resp. 3.12) happens (see Remark 3.5).

7.2. Equality cases. We prove Theorems 1.6 and 1.7.
In the proofs, we use the following fact:
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PROPOSITION 7.4. Suppose that M is compact. Let p € (1,00). Then there exists a
non-negative, non-zero function ¥ in Wé"’(M, my) such that Rs ,(¥) = ps1,(M). Moreover,
for some « € (0, 1) the function ¥ is C*-Holder continuous on M.

Proposition 7.4 is well-known in the standard case where f = 0. In the standard case, the
existence follows from the standard compactness argument, and the regularity follows from
the results by Tolksdorf in [44]. The method of the proof also works in our weighted setting.

For D € (0, ), we put S p(OM) :={q € M | pom(q) = D }.

Kasue has shown the following in the proof of Theorem 2.1 in [21]:

PROPOSITION 7.5 ([21]). Letk € R and A € R. Suppose that M is compact. Assume
that for some D € (0,C.;) we have CutdM = Sp(OM). For each x € OM, choose an
orthonormal basis {ex,i};’:’]1 of T,OM. Let {Yx,i}?;ll be the OM-Jacobi fields along vy, with initial
conditions Y, ;(0) = e,; and Y)’CJ(O) = —A, e, Assume further that for all x € OM and i we
have Y.; = s¢aEy; on [0, D], where {Ex,i};:]l are the parallel vector fields along vy, with
initial condition E, ;(0) = e, ;. Then k and A satisfy the model-condition, (M, dy) is a (k, 1)-

equational model space, and D = D ,(M).
Now, we prove Theorem 1.6.

PROOF OF THEOREM 1.6. Suppose that M is compact. Let p € (1,00). For N €
[n,00), we suppose Ric},, > (N — Dk and Hygy = (N — DA For D € (0,Ceal \ (oo},
assume D(M, M) < D. By Proposition 7.2, we have (1.8).

Assume that the equality in (1.8) holds. By Proposition 7.4, there exists a non-negative,
non-zero function ¥ in Wé”’ (M, my) such that Ry,,(¥) = upnxap and ¥ is C'?-Holder con-
tinuous on M. Put @ := ¢, n.ap © pomu. Then @ coincides with a constant multiplication of
¥ on M (see Remark 7.2); in particular, @ is also C Le_Hglder continuous.

For each x € 0M, choose an orthonormal basis {eX,,-};l:‘l1 of T, 0M. Let { YX,,-};;‘]1 be the
0M-Jacobi fields along y, with initial conditions Y, ;(0) = e,; and Y}'C’ [(0)=-A, e, Foralli
we see Y,; = s Ex;on [0, 7(x)], where {Exi}:':l] are the parallel vector fields along y, with
initial condition E,;(0) = e,;. Moreover, f oy, = f(x) — (N — n)log s, on [0, 7(x)] (see
Remarks 3.5 and 7.2).

Let D = C, ;. Since D is finite, « and A satisfy the ball-condition and D = C,,. There
exists pp € M such that pgp(po) = D(M,0M). Note that py belongs to CutdM. Now, we
prove pau(po) = Ci.a. We assume pgp(po) < Cya. Let xo be a foot point on M of py. From
the property of Jacobi fields, pg is not the first conjugate point of M along vy,,. Hence, psu
is not differentiable at py. Since @ is C*-Holder continuous, we see ¢;;,N,x, 1.pPam(po)) =
0. From ¢/p,N,K, /l,Dl[OvD) > 0, we deduce pyp(po) = D. This contradicts D = C,. Therefore,
Pom(po) = Cy 2. By Theorem 1.1, (M, dy) is isometric to (BZ’A, dBﬁ.a) and N = n.

Let D € (0, C,.2). We prove CutdM = S p(AM). Since D(M, M) < D, we see S p(OM) C
Cut M. We show the opposite. Take py € Cut dM. By the property of Jacobi fields, pgys is
not differentiable at py. The regularity of @ implies ¢;),N’K, 1pWPam(po)) = 0; in particular,

pom(po) = D. We have CutdM = S p(0M). By Proposition 7.5, x and A satisfy the model-
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condition, (M, dy) is a (k, A)-equational model space, and D = D, ,(M). From 7 = D, ,(M)
on M, it follows that f o y, = f(x) — (N — n)log s, on [0, Dy (M)] for all x € M. We
complete the proof of Theorem 1.6. O

REMARK 7.3. In[21], the proof of Theorem 1.6 in the standard case where f = 0, N =
n and p = 2 relies on the approximation theorem obtained by Greene and Wu in [16]. It seems
that the approximation theorem in [16] does not work in our non-linear case of p # 2.

Next, we prove Theorem 1.7.

PROOF OF THEOREM 1.7. Suppose that M is compact. Let p € (1,00). Suppose
Ric;f’M > 0 and Hygy > 0. For D € (0, o0), we assume D(M,dM) < D. By Proposition 7.3,
we have (1.9).

Assume that the equality in (1.9) holds. By Proposition 7.4, there exists a non-negative,
non-zero function ¥ in Wy”(M, my) such that R,(¥) = f1..p and ¥ is C*-Holder contin-
uous on M. Put @ := ¢, . p © poy. Then @ coincides with a constant multiplication of ¥ on
M (see Remark 7.2); in particular, @ is also C Le_Hglder continuous.

For each x € dM, choose an orthonormal basis {eX,,-};l:‘l1 of T, 0M. Let { YX,,-};;‘]1 be the
0M-Jacobi fields along y, with initial conditions Y, ;(0) = e,; and Y’ ;,5(0) = —A, e,,;. For all
i we have Y,; = E,; on [0, 7(x)], where {EX,,-}Z?:‘I1 are the parallel vector fields along y, with
initial condition E ;(0) = e,; (see Remarks 3.5 and 7.2).

We prove CutdM = Sp(0M). Since D(M,0M) < D, it holds that S (M) c CutdM.
We show the opposite. Take py € Cut dM. By the property of Jacobi fields, pgy, is not differ-
entiable at pg. By the regularity of @, we see ¢1’D’oo! pam(po)) = 0; in particular, pgp(po) =
D. Tt follows that Cut M = S p(0M); in particular, D(M,0M) = D. By Proposition 7.5, we

complete the proof of Theorem 1.7. O

7.3. Explicit lower bounds. For N € [2,00) and D € (0, ), we see (o no0p =
Haeon = T2(2D) 2.
By Theorems 1.6 and 1.7, we have the following:

COROLLARY 7.6. Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function. Suppose that M is compact.
For N € [n, o], we suppose Ric%M > 0and Hgoy 2 0. For D € (0, 00), we assume D(M, M)
< D. Then we have

)
7.6 M) > —.
(7.6) Hiaa(M) 2 2
If the equality in (7.6) holds, then D(M,0M) = D, and (M, dy) is a (0, 0)-equational model
space. Moreover, if N € [n, o), then for every x € OM the function f oy, is constant on [0, D].

Li and Yau [30] have obtained (7.6) when f = 0 and N = n.
Kasue [21] has proved the following (see Lemma 1.3 in [21]):
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LEMMA 7.7 ([21]). Forall N € [2,00), k,A € Rand D € (0,C,,] \ {00}, we have

D !
HM2.N.x,A,D > (4 max f SKNJI(S) dS f Sll(;lN(S) dS)
t 0

te[0,D]

-1

In the case of p = 2, by Theorem 1.6 and Lemma 7.7 we have:

COROLLARY 7.8. Let M be an n-dimensional, connected complete Riemannian man-
ifold with boundary, and let f : M — R be a smooth function. Suppose that M is compact.
For N € [n, o), we suppose Ric%M > (N—-Dkand Hpoy > (N — 1)A. For D € (0, Ceal \ {o0},
we assume D(M,0M) < D. Then we have
-1

D i
N-1 1-N
Hr12(M) > (43[10%][, Sea (8) dsf0 Sea (9 ds)

8. First eigenvalue estimates. Let M be an n-dimensional, connected complete Rie-
mannian manifold with boundary with Riemannian metric g, and let f : M — R be a smooth
function.

8.1. Area estimates. Let Q be a relatively compact domain in M such that 0Q is a
smooth hypersurface in M satisfying 02 N M = 0. For the canonical Riemannian volume
measure volyo on 89, let my g0 := e~/ volyg. Put

3.1 61(2) := inf pou(p), 62(2) := sup pom(p).
peQ peR

Kasue [22] has proved the following when f = 0 and N = n.
PROPOSITION 8.1. For N € [n, 00), we suppose Ric]XM > (N - Dkand Hygy > (N —

DA. Let Q be a relatively compact domain in M such that 0Q2 is a smooth hypersurface in M
satisfying 02 N OM = 0. Then

ft62(9) sV (s)ds
(8.2) mf(Q) <My (09Q) sup # s
16(81(2),62(2)) Seq (0
where §1(Q) and 5,(Q) are the values defined as (8.1).

PROOF. Define a function ¢ : [§;(£2), 02(€22)] — R by

62(2)  N_
4 fz sf(\f/ll(u)du

P(1) = f E— ds,
51(2) K (s)
and put @ := ¢ o pgy. By Lemma 3.5, on Int M \ CutoM
(8.3) App P> 1.

By Lemma 2.5, there exists a sequence {€; }xeny of compact subsets of Q satisfying that
for every k, the set € is a smooth hypersurface in M except for a null set in (0Q, m40),
and satisfying the following: (1) for all k1,k, € N with k; < ky, we have &, C &,; (2)
Q\ CutdM = Jpey 2x: (3) for every k € N, and for almost every point p € €2, N R in
(09, my50), there exists the unit outer normal vector for & at p that coincides with the unit
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outer normal vector on 922 for Q at p; (4) for every k € N, on 02 \ 09, there exists the unit
outer normal vector field v, for ©; such that g(vx, Vogu) = 0.
For the canonical Riemannian volume measure vol; on &2 \ 09, put my; = e Moo a0
vol;. Let vyo be the unit outer normal vector on 022 for Q2. By integrating the both sides of
(8.3) on £y, and by the Green formula, we have

my (&) < f App ddmy = —f g, V@) dmyy — f 9o, V@) dmypo .
o) 00,\00 09,000

Since g(vi, V@) > 0 on 092, \ 09, we have

my () < —f 9o, VD) dmyyo .
02N

Therefore, from the Cauchy-Schwarz inequality, we derive

my (2 < f (& © pour) [9(vaas Vool dmyao
02N

< mraQ ((3.Q) sup (ﬁ’(l‘) .
1€(61(2),62(9))

By letting k — oo, we have (8.2). O

REMARK 8.1. In [22], the key points of the proof of Proposition 8.1 in the standard case
where f = 0 and N = n are to use the comparison theorem concerning a generalized Laplacian
of psy proved in [19], and to apply the approximation theorem in [16] to psy. We see that
similar theorems also hold in our weighted case. From this point of view, Proposition 8.1 can
be proved in the same way as that in [22].

In the case of N = oo, we have the following:

PROPOSITION 8.2. Suppose Ric‘;{’M > 0and Hyppy 2 0. Let Q be a relatively compact
domain in M such that 022 is a smooth hypersurface in M satisfying 0Q2 N OM = 0. Then

(83.4) mp(Q) < mypo (092) (02(2) - 61(9Q)) ,
where 51(Q) and 5,(Q) are the values defined as (8.1).
PROOF. Define a function ¢ : [§;(£2), 02(€22)] — R by

2 Q 2
§D) 2= = + 520 = 51(D5x(2) + 51(2 r

and put @ := ¢ o pgy. By Lemma 3.6, on Int M \ CutoM
(8.5) App @ > 1.

By Lemma 2.5, there exists a sequence {€; }xeny of compact subsets of Q satisfying that
for every k, the set € is a smooth hypersurface in M except for a null set in (0Q, m40),
satisfying the following: (1) for all ki, k> € N with k; < ky, we have Q, C Q,; (2) 2\
CutoM = Uen 1; (3) for every k € N, and for almost every point p € 0%, N dQ in
(092, my50), there exists the unit outer normal vector for & at p that coincides with the unit
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outer normal vector on 922 for Q at p; (4) for every k € N, on 02 \ 09, there exists the unit
outer normal vector field v, for ©; such that g(vx, Vogu) = 0.
For the canonical Riemannian volume measure vol; on &2 \ 09, put my; = e Moo a0
vol;. Let vyo be the unit outer normal vector on 022 for Q2. By integrating the both sides of
(8.5) on £y, and by the Green formula, we have

@< [ apodni== [ g VO dmu- [ gm0 V) dmao.
Qr 0\0Q 02N

Since g(vi, V@) > 0 on 02, \ 09, we have

my () < —f g(vao, V®)dmypo .
02N
By the Cauchy-Schwarz inequality,

mp (20 < f (62(2) — panr) 9o Voans)| d mao
02N
< 90 (02) (52(2) - 61(D)) .
Letting k — oo, we obtain (8.4). m|

8.2. Eigenvalue estimates. Leta € (0, o). The f-Dirichlet a-isoperimetric constant
ID(M,my) of M is defined as

0(09
1D (M, mp) := inf me(l/l
(m(2)

where the infimum is taken over all relatively compact domains £ in M such that 9Q are
smooth hypersurfaces in M satisfying 02 N 0M = 0. The f-Dirichlet a-Sobolev constant
SDo(M,my) of M is defined as

I, IVl dmy

SDo(M,my) := l]in e
PeWy (Mmp)\(0) ( fM ¢l d m f)

where the infimum is taken over all non-zero functions ¢ in Wé’l (M, my).

The following relationship between the isoperimetric constant and the Sobolev constant
has been formally established by Federer and Fleming in [14] (see e.g., [7], [29]), and later
used by Cheeger in [8] for the estimate of the first Dirichlet eigenvalue of the Laplacian.

PROPOSITION 8.3 ([14]). Forall a € (0, o) we have
ID(,(M, Mf) = SD(Y(M, Mf) .

A proof of Proposition 8.3 has been given in [29] in the case of f = 0 (see Theorem 9.5
in [29]). The method of the proof also works in our weighted setting.
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For N € [2,),k,A € R,and D € (0, C‘K, 1, let C(N, «, A, D) be a positive constant defined

by
ftD sfﬁl(s) ds
(8.6) C(N,k,A,D) := f;g,%) W
Notice that C(N,«, A,00) is finite if and only if x < 0 and A = |«|; in this case,

we have C(N,k,4,D) = ((N— D)™ (1 - ¥DAP); in particular, (2C(N, , 4,00))72 =
(N = 1)A/2)%.
By using Proposition 8.1, we obtain the following:

THEOREM 8.4. Let M be an n-dimensional, connected complete Riemannian manifold
with boundary, and let f : M — R be a smooth function. Suppose that IM is compact. Let
p e_(l, o). For N € [n, ), we suppose Ric;\{M > (N - Dk and Hpoy > (N — DA. For D €
(0, Cy.a), we assume D(M,0M) < D. Then we have

(8.7 Hpp(M) 2 (pC(N,k,4,D))7",
where C(N, k, A, D) is the constant defined as (8.6).

PROOF. Let Q be a relatively compact domain in M such that 2 is a smooth hyper-
surface in M satisfying 02 N dM = (. By Proposition 8.1, we have

mp(Q) < msao(d2) C(N, k, A, D).
By Proposition 8.3, we have ID{(M,my) = SDi{(M,my). We obtain SDi(M,ms) >
C(N,k, 4, D)™". Therefore, for all ¢ € W' (M, m)
8.8) [ wiam; < cavan [ iwsdm,.
M M

Let ¢ be a non-zero function in Wé"’(M, my). Putg := p(1 - p)~'. In (8.8), by replacing
¢ with |7, and by the Holder inequality, we see

f WP dmy < pC(N.k. 1. D) f WP IVl dm;
M M

1/q 1/p
< pC(N,,4,D) (f |w|"dmf) (f ||Vw||"dmf) .
M M

Considering the Rayleigh quotient Ry,,(1), we obtain (8.7). O
In the case of N = oo, we have the following:

THEOREM 8.5. Let M be a connected complete Riemannian manifold with boundary,
and let f : M — R be a smooth function. Suppose that 0M is compact. Let p € (1, ).
Suppose Ric‘}‘jM > 0and Hrpy > 0. For D € (0, 00], we assume D(M,0M) < D. Then we
have

(8.9) fp1p(M) = (pD) "
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PROOF. Let Q be a relatively compact domain in M such that 2 is a smooth hyper-
surface in M satisfying 62 N dM = (. Proposition 8.2 implies m () < myp0(0€2) D. From
Proposition 8.3, we derive S D1(M, my) > D!, Therefore, for all ¢ € W(%'l(M, my)

(8.10) f|¢|dmf50f IVglldmy.
M M

Take a non-zero function ¥ in Wé”’ (M,myg). Putg :=p(1 - p)~". In (8.10), by replacing
¢ with |7, and by the Holder inequality, we see

1/q I/p
fumpdmfsw(f |w|1’dmf) (f ||V¢||Pdmf) .
M M M

Considering the Rayleigh quotient Ry,,(1), we obtain (8.9). O
Now, we prove Theorem 1.8.

PROOF OF THEOREM 1.8. Suppose that M is compact. Let p € (1, 00). Let k < 0 and
A := V| For N € [n, o), we suppose Ric%M > (N - kand Hygy > (N — 1)A. We have

C(N,x,1,D) = (N - D! (1 _ e*(N—l)/lD) .

The right hand side is monotone increasing as D — co. From Theorem 8.4, we derive (1.10).

Assume that the equality in (1.10) holds. By Theorem 8.4, we have D = co. Since 0M is
compact, M is non-compact. By Corollary 6.1, (M, dy) is isometric to ([0, 00) X , ,0M, dy »),
and for all x € M and ¢ € [0, c0) we have (f o y,)(f) = f(x) + (N — n)At. This completes the
proof of Theorem 1.8. O
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