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INFINITE PARTICLE SYSTEMS OF LONG RANGE JUMPS
WITH LONG RANGE INTERACTIONS
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Abstract.  In this paper a general theorem for constructing infinite particle systems
of jump type with long range interactions is presented. It can be applied to the system that
each particle undergoes an a-stable process and interaction between particles is given by the
logarithmic potential appearing random matrix theory or potentials of Ruelle’s class with poly-
nomial decay. It is shown that the system can be constructed for any @ € (0, 2) if its equilibrium
measure y is translation invariant, and « is restricted by the growth order of the 1-correlation
function of the measure u in general case.

1. Introduction. The studies of infinite particle systems with interaction were started
from around 1970’s by Spitzer [17] and Liggett [5, 6]. They constructed systems of particles
moving on lattices (e.g. the square lattice Z¢) by means of Feller processes on the configu-
ration spaces, which are compact with the product topology. In this paper we discuss infinite
particle systems of jump type with interaction on continuum spaces. In the case where the
continuum space is the d-dimensional Euclidean space R?, the configuration space is repre-
sented as

m = {g = Z Oyx;3 E(K) < oo for all compact sets K C Rd},

where ¢, stands for the delta measure at a. We endow It with the vague topology. Then 9t is
a Polish space and it € M is relative compact if and only if sup,.y £(K) < oo for any compact
set K ¢ RY. For x,y € R? and & € MM, we write &Y = -6, +0, and €\ x = -6, if £({x}) > 1.

An infinite particle system of jump type is characterized by its rate function c(¢, x; y),
(& x,y) € M x R x R?, which controls the jump rate from x to y under the configuration £.
We consider, in this paper, the case that the rate function is given by c(¢, x; y) = 0if &({x}) = 0
and
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with some positive measurable function v on M x R? x R? and some probability measure u
on M. Here, y, is the reduced Palm measure defined by p, = p (- — 0,/ &({x}) > 1) for x € R4,
p'(x) is the 1-correlation function of 4 and du, /duy is the Radon-Nikodym derivative of y,
with respect to u,. We then introduce the linear operator Ly on the space of local smooth
functions Dy in (2.1) defined by

Lof© = [ ey [ ayeenisen - s,

and the associated bilinear form € on D, in (2.3) given by

1
(1.1) €f.9) =5 fm du fRd &(dx) fRd V(& x U (EY) = fOHIE™) - g()ldy .

For R > 0, the subset Mr = {¢£ € M ; |x; — x;| > R for i # j} of M, which is regarded as
the configuration of hard balls, is compact with the vague topology. Then by using a slight
modification of Liggett’s theorem [6], we can construct the Feller process generated by the
closure of Ly describing an interacting particle system of hard balls moving by random jump
on R? under suitable assumptions on the rate function ¢ [18]. In this situation the rate function
c satisfies the following detailed balance condition:

p'(x) du,

YRR xyeR:.
y

(&, y;x) = cé, x;y)

Hence, we see that u is a reversible measure of the process and the closure of the bilinear form
(€, Do) is the Dirichlet form associated with it. However, the above argument by Liggett’s
theorem can not be applied to construct the process on M, since M = My is not locally
compact.

The diffusion processes on general Polish spaces, which may be non-locally compact,
are constructed by the Dirichlet form theory (e.g. Kusuoka [4], Ma-Rockner [8], Osada [9]
and others). The infinite particle system of jump type with interaction was also constructed
by Kondratiev-Lytvynov-Rockner [3], Lytvynov-Ohlerich [7]. They treated the case that the
reversible measure u is a Gibbs measure in [3] and a determinantal random point field in [7].
A determinatal random point field is associated with its correlation operator K with Spec(K) C
[0, 1]. Their result in [7] excludes the case that Spec(K) contains 1, which includes Sine, Airy,
Bessel and Ginibre random point fields.

Let @ : RY > R U {co} be a self-potential and ¥ : R? x R? — R U {co} an interaction
potential with ¥(x,y) = ¥(y, x). Osada [11, 12] introduced a class of probability measures
on I associated with @ and ¥, and called its element a quasi-Gibbs measure (Definition
2.4). The class includes Gibbs measures of Ruelle’s class and Sine, Airy, Bessel and Ginibre
random point fields [11, 12]. He constructed a diffusion process describing a system of infinite
Brownian particles with the potentials @ and ¥ by Dirichlet form technique related to quasi-
Gibbs measures, and showed in [10] that the diffusion process solves the infinite dimensional
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stochastic differential equation (ISDE) :

dX (1) = dBj(t) - %V(D(Xj(t))dt - % Z VY(X;(), X()dt, jeN.
)

It is an interesting and natural problem to extend Osada’s results to infinite particle sys-
tems in which each particle undergoes a Lévy process of jump type (e.g. Cauchy process). In
this paper we study the construction of the processes describing infinite particle systems of
jumps with the potentials @ and ¥, by Dirichlet form technique. The related infinite dimen-
sional stochastic differential equations are treated in the forthcoming paper [1].

We make some assumptions in Section 2. Assumption (A.l) is the closability of
the bilinear form (€, D,). For a long range interaction potential ¥, such as the log-
potential, c(&, x; y) is not generally well-defined for some (&, x; y) because of the divergence of
duy/dux. The closability of the bilinear form (€, D) ensure that ¢ is well-defined u-almost
surely. Theorem 2.5 states that (€, D) is closable if u is a quasi-Gibbs measure with as-
sumption (A.4). We denote the closure of (€, D) by (€, D). Theorem 2.1 states that under
assumptions (A.1)—-(A.2) and (B.0)-(B.4), (€, D) is a quasi-regular Dirichlet form. Therefore
there exists a special standard process (=7, P¢) associated with (€, D). Reminding that 9t C I
is relative compact if and only if sup,.y, £(K) < oo for any compact set K C R, we see that
the quasi-regularity of the Dirichlet form (€, D) implies that for any compact set K, =,(K), the
number of particles of the process in K, will not diverge to infinity for any time ¢ > 0, even
though a jump rate is a long range.

These assumptions are satisfied for the system of interacting a-stable process (a € (0, 2)),
if @ is strictly greater than «, where « is the growth order of the density (the 1-correlation
function) of g, that is, p'(x) = O(|x[), |x] = oco. In particular, if u is translation invariant,
then « = 0 and the system can be constructed for any parameter @ € (0,2). The condition
that @ > « seems to be best possible because it is a necessary condition to construct the
independent system of infinite a-stable processes.

This paper is organized as follows: In Section 2 we introduce some notations and state
our main results, Theorems 2.1 and 2.5 in this paper. We give applications of theorems in
Section 3. We prove Theorem 2.5 in Section 4 and Theorem 2.1 in Section 5.

2. Setup and main results. LetS be a closed set in R< such that 0 € S and Sint = S,
where S™ denotes the interior of S. Let 9 be the configuration space over S defined by

M =M(S) = {f = Z 0Oy;3 €(K) < oo for all compact sets K C S}

where J, stands for the delta measure at a. 9 is a Polish space with the vague topology. A
probability measure u on I is called a random point field.

For n € {0} U N U {oo} we put M, = {& € M;&(S) = n} and introduce a map x, =
(xrlv xﬁ, oo xp); My — S such that ¢ = Z?:] 6)4;@. The map x, is called an S "-coordinate of
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& Weput U, ={x€S;|x| <r}and
M,.n = {€ €M EU,) =n}.

Note that M = Y7 M,.n. We define 7, : M — M by 7,(£) = £€(- N U,), and 75 : M — M by
78(&) = E:N{S\ U,}). A function x,., : M, — U is called a U} -coordinate (or a coordinate
on M, ) of £ if

TE) = D 8 s Xen® = (Xa@) -, X))
j=1

For f: M — R a function f7.(x) : M x U — R is called the Uy-representation of f"if f7

satisfies the following :

(D frr"f(-) is a permutation invariant function on U} for each & € 9.
2) fre, O = g, O if 16 = 7@, £y @) € Dirn,
3) frr"f(xr,n(f)) = f(&) for £ € M,.n, where x,n(£) is a UT'-coordinate of &.

@) f7()=0for& ¢ My
Note that rf‘f is uniquely determined and f(&) = X, rr!‘f(xr,n(f)). When f is o[x,]-
measurable, U"-representations are independent of &, and is denoted by fM instead of frrjf.

Let B, = {f : M — R; fis o[n,]-measurable} and B4 = {f € B,; f is bounded}. We set

[ee] (o)

bdd bdd

Bo= B, w=| o,
r=1 r=1

and call a function in B a local function. Then, we introduce the set of all local smooth
functions on I given by

2.1 D, ={f € %M,;f:f is smooth on U7 for each n, r, &} .

Note that for any f € D, we can find r € N such that f(£) = .77, f7'(x.:n(£)). A local smooth
function is continuous with the vague topology: D, c C(M).
For measurable functions f",g" on S" we put

1<
D"[f", g"I(xn) = 3 Z j; V?fn(xn)vign(xn)"(xn, Xjs ydy,
=1

where

(22) V?fn(xn):fn(xl’---,xj—l,y’xjﬂ,u~,xn)_fn(xn), j=l,2’~-~,n,

and v(xy, x;; y) is a nonnegative measurable function on §" x § X S which is symmetric in x;
and satisfies

f(l/\Iy—lez)v(xn,xj;y)dy<00, x,€S", j=1,2,...,n.
s

We often write v(¢, x;y) for v(xn(€), x;y) in case & € M. Let f,g € D, with f(&) =
Yo f(xrn(8) and g(€) = 37797 (x,n(€)). We remark that although f' and g} are func-
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tions of U7, they are naturally extended to the functions f" and g" on S” satisfying

frx) = MG, ¢ = g7 En) s 0 D Gy = ) S

i:x;€U, ix;eU,

Then we introduce the square field defined by
DL/, g1(¢§) = lim D{f. g1(r(&))
with

D[f", g"|(xen(€)) for £ € Mep,neN,
DIf, = ’ ’
[f> 91(me(£)) { 0 for £ €My,

and the bilinear form defined by

&(f.9) = f)) DI gMEpcde).
Deo = {f € Do N LA, p); €(f, f) < 00}

(2.3)

We say a nonnegative permutation invariant function p" on S" is the n-correlation func-

tion of y if
£(A)!
p"(xp)dxp = f u(dé)
fA st T VT l_[ @A) -k
for any sequence of disjoint bounded measurable subsets Aj,...,A, C S and a sequence of
natural numbers ki, . .., k,, satisfying k; +--- + k,, =

Permutation invariant functions o : U} — [0, o) are called density functions of u if
1
= f SR (xen)o N (xn)dxn = f f(©Eu(dé) for all bounded o[x,]-measurable functions f .
“Jor M

We introduce conditions (A.1)—(A.2):

(A.1) (€, D) is closable on L2(I, u),
(A.2) ok e LP(U¥, dx) for all k, r € N with some 1 < p < co.

Under condition (A.1) we denote the closure of (€, D) by (€, D).
We also introduce conditions (B.0)-(B.4):

(B.0) There exists a function p(r) on (0, 00) such that v(&, x;y) < Cip(Jx — y|) for u-a.s.
feManddx-ae. x,yeS.

(B.1) p'(x) = O(|x[*) as |x| = oo for some « > 0.

(B.2) p(r) = O(r~4) as r — oo for some & > .

(B.3) p(r) = 0(r“¥Pyasr — +0 forsome 0 < B < 2.

.4y YrIEU)]

(E [£U)])

= 0(’;5) as r — oo for some § > 0.
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We remark that the LHS of (B.4) is rewritten by the 1 and 2-correlation functions of u as
follows:

Var[£U,)]  Jy, #'@dx = J (0" @p! () = 0 (01, x2)) didicy
E[£U)) ([;, P (x)dx)” '

From the above expression we can readily check that (B.4) holds if u is a Poisson random
point field or a determinantal random point field.

Now we state the main theorem. Please refer to [2, 8] for the definition of the quasi-
regularity.

THEOREM 2.1. Suppose that (A.1)—(A.2), (B.0)-(B.4) hold. Then (€, D) is a quasi-
regular Dirichlet form on L*(I, p).

By virtue of [8, Theorem IV.3.5 and Theorem I'V.5.1] we get the following:

COROLLARY 2.2. Suppose that (A.1)—(A.2), (B.0)—~(B.4) hold. Then there exists a spe-
cial standard process (Z;, {P¢)¢em) associated with ((€, D), L>(M, 1)). Moreover the process
is reversible with respect to the measure p.

REMARK 2.3. (i) A function F on Mt is called a polynomial function if F is written
as

F(&) = 0(¢1,6).($2,8), .. ..{¢¢, £))

with ¢, € C(S) and a polynomial function Q on R¢, where (¢, &) = fs #(x)é(dx) and C(S)
is the set of smooth functions with compact support. We denote the set of all polynomial
function on Mt by A. By the same argument in [14] we see that Theorem 2.1 holds if we
replace D, by U in the definition of Ds,.

(ii)) Conditions (B.1)—(B.3) imply that there exists a constant R > 0 such that

(2.4) f dxp' () f p(le— yhdy < R f 'y
S A A

for any compact subset A. The property (2.4) is necessary for constructing the system of
independent particles of jump type. We expect that we can replace condition (B.2) to (2.4) in
Theorem 2.1.

We introduce a Hamiltonian on a bounded Borel set A as follows: For Borel measurable
functions @ : § - RU{oo}and ¥ : § XS — R U {oo} with ¥(x,y) = P(y, x), let

HY (x) = Z D(x;) + Z Y(x;,xj)), where (xi,...,xy)€S".
X;€A XX €ALI< ]
We assume @ < oo a.e. to avoid triviality. For two measures v|, v, on a measurable space
(2, B) we write v; < v, if vi(A) < v2(A) for all A € B. Suppose that 2 is a topological space
and B is the topological Borel field. We say a sequence of finite Radon measures {"} on Q
convergence weakly to a finite Radon measure v if limy_, f favh = f fdv for any bounded
continuous function f on . Then we give the definition of quasi-Gibbs measures [11, 12].
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DEFINITION 2.4. A probability measure y is said to be a (@, ¥)-quasi Gibbs measure
if there exists an increasing sequence {b,} of natural numbers and measures {,u;"k} such that,
foreach r,n € N, u7, and 11! = pu(- N My, ) satisfy

My < Mpypy forall &, klgl.}oufk =y weakly,
and that, for all r,n, k € N and for pzk-a.e. EeM,
@25)  CleT"O1(x € My, )AdX) <y (dx) < Coe” "1 (x € My, 1)A(dx) .
Here we set

1  if the proposition * is correct,
1(+) =

0 otherwise,

H.(x) = Hﬁ’w(x), C, is a positive constant depending on r,n, k, wy: (£), A is the Poisson
random point field whose intensity is the Lebesgue measure on S, and p is the conditional
probability measure of y', defined by ‘

(2.6) Hrreldx) = w7 (ny,, € dxlry: (£)).

We remark that (@, ¥)-canonical Gibbs measures are (@, ¥)-quasi Gibbs measures. The
converse is not always true. For example, Sine random point field, Ginibre random point
field and Airy random point field are not canonical Gibbs measures but quasi Gibbs measures
([11, 12]). We introduce some assumptions.

(A.3) pisa(®, ¥)-quasi Gibbs measure.
(A.4) There exist upper semi-continuous functions @y : § — R U {oo}, ¥ : § XS —
R U {00} and positive constants C3 and C4 such that

C3' ®y(s) < D(s) < C3P(s), forall s € RY,

C;' Po(s, 1) < P(s,1) < CyWo(s,1), forall s,z € RY.
Then we give a sufficient condition for closability.

THEOREM 2.5. Assume (A.3) and (A.4). Then (€, D) is closable.

3. Applications. In this section we give some applications to Theorem 2.1.

3.1. Interacting Lévy processes. In this subsection we set § = R?. From conditions
(B.2) and (B.3) we can construct infinite particle systems of Lévy processes with interaction.
In particular, if we take

V(€ x;y) = c(d, @) x -y

for @ > « with the constant c(d, @) given by

il

2—a+1n. v

cld,a) =

1
r(g+1)r(%)sinz’



16 S. ESAKI

then we can construct infinite particle systems of (symmetric) a-stable process with interac-
tion. In this situation the bilinear form is given by

1 &™) - fOHg(E™) — g©)}
@(Y s == d d d .
=3 [ wap [ ean [ LETEET 0],
From assumption (B.2) if u is a translation invariant measure like Sinez random point field
with 8 = 1, 2,4 or Ginibre random point field, then we can construct interacting (symmetric)
a-stable processes forall 0 < « < 2.
Moreover, we can apply our theorem to interacting (symmetric) stable-like processes.
For a measurable function @ : R? — R we define the following bilinear form :
— 1 - - .
Cspo(u,v) = = ff () = uy)(ex) U(y))dxdy, u,v € Cgp(Rd) ,
2 RiAxRI—A

|)C _ y|d+a/(x)

where 4 = {(x, x); x € R%} and and Cgp(Rd) is the space of all uniformly Lipschitz continuous
functions with compact support. Under these assumptions

(i) O0<a(x)<2,dxae. xeRY,

(i) o & e L RY,

(iii)  there exists compact set K € R? such that fRd\ A Wdx < co.

It is known that the bilinear form is closable and the closure (@SL,(I,?’SL,Q) is a regular
Dirichlet form on L*(R¢, dx). Thus there exists a Hunt process (X,SL’”, IE”,SCL’”) associated with
(@SL,Q, FsL«), Which is a (symmetric) stable-like process [19]. Let v(&, x;y) = |x — yl_d_"()‘)
such that (x) satisfies the above conditions (ii), (iii) and k < a(x) < 2, dx-a.e. x € R?. Then
we can construct infinite systems of (symmetric) stable-like process with interaction. In this
situation, the bilinear form is given by

1 XY\ _ Yy _
Cstalfio) = 5 f () f fan [ HEDSONGEN) —g@)
2 M d R\ {x} |x — yl (x)

3.2. Examples of generator and ISDE for the processes. In this subsection we give
examples of the L>-generator for the processes.

EXAMPLE 3.1. (i) Letube a Gibbs measure with a self potential @ and a interaction
potential ¥. Then we have

p' ) duy

Y '(x) du,

€\ x) = eXp{—‘P(y) + D(x) - Z {¥(xi,y) - S”(Xi,X)}},

1

for x € £and &\ x = ¥; 6,,. Then the L2-generator associated with the process Z; is the closure
of the operator

L1 = [ e [ ayeemisen s,
with

C(E,x3y) = VE X ) + EY, Y3 ) exp{—@(y) HP) = ) Py alf(xi,x»}.

1
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In particular, when v(&%, x;y) = p(lx — y|) and @ = 0,

Y (xi,
(€ x;y) = p(x - yl){l +[1] %}

Here we give two examples of interaction potentials with long range.
(1) (Lennard-Jones 6-12 potential)

P,y =lx—y ™ - x—yl®, xyeR®.

(2) (Riesz potential) Leta > d.
P, y)=lx—-yl™ xyeR?.

(i)  Our result is more interesting for quasi-Gibbs measures which are not Gibbs measures.
The determinatal point fields, Sineg, Bessel, g, Airys and Ginibre random point fields are
examples of them. The interaction potentials of Sineg, Bessel,g and Airys random point
fields are given by

Y(x,y)=pBloglx—yl, x,yeR.

Ginibre random random point field ug;, is a probability measure on the configuration space
on R? with self potential ®(x) = 0 and interaction potential ¥(x,y) = —21log|x — y|. From
Theorem 1.3 in Osada and Shirai [13] we see that

c(€ xy) = € xy) + VEY y: ) lim

In the forthcoming paper [1] we discuss that the associated labeled process solves the
following ISDE:

X()=X,(0) + f N(dsdudrul (0 < r < e(E(s-), Xj(s-), Xj(s=) + ) ,
[0,HXR4X[0,00)
for j € N, where =(t) = 3}, 0x,) and N(dsdudr) is a Poisson random point field on [0, c0) X
R? x [0, co) with intensity dsdudr.
3.3. Comments for Glauber dynamics. Let u be a random point field and ., x € S
be its Palm measures. Suppose that y, is absolutely continuous with respect to p. Then we
can consider the operator L, on L*(u) defined by

du

) ~(§)dx + f E@x)(f(E\x) - f(©).
H S

Here we set & - x = £+ 6, for € € M and x € S. The associated process can be regarded as the
continuum version of Glauber dynamics. This is associated with the bilinear form

Lanf(&) = fs (f(¢ - x) = f(©)p(x)

Conlf.g) = f)) ) fS EA0(FE\ D) — FENGE\ 0 - g(&)).

Under the same assumptions on u as in Theorem 2.1, we can show that the closure of
(€g1a> Do) 1s a quasi-regular Dirichlet form by the same argument. Whereas if p, is sin-
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gular to ¢ such as Ginibre random point field, the operator Lgj, can not be defined and the
associated Glauber dynamics could not exist.

4. Proof of Theorem 2.5. In this section we prove Theorem 2.5. As a first step, we
prepare some notations. Form > n, £ > r, k € N and £ € M, we introduce the measure ﬁ;‘?k P
on U,’}‘r X (Up, \ Up,)™ " determined by '

f FODugy (dn) = f JreCem)ity, (dxm) ,
M NN m : U}r)‘, X(U[,[\Ub,, ym-n )

for any bounded measurable function f on M. By (2.5), for x’ p-as. £ € M, iy ;}{ p has a
density o-r Lk f(xm) with respect to e~ Gmdx,. Here dx, denotes the Lebesgue measure

~ Nn,m

on U M. We note that according to (2.5), & T rne
Un X (Ub[ \ Up,)™™". We consider a bilinear form ¢"" gk For ¢ € N put v (¢, x3y) =
vE, X PLVE ;) < g) and

(xm) is uniformly positive and bounded on

Aglxm) = ]_[1(|¢><xi>+ D P x)) < q),
i=1 J#i
1<j<m

Ag(ylxm) = 1(|<P(y) + Z Py, x)l < q).

J=1

It is readily seen that {v,} is nondecreasing sequence in g such that lim,_. v4(&, X;y) =
V(& x;y) for p-a.s. € € M and dx-ae. x,y € §, and {Ay(xm)}, {A4(ylxm)} are nondecreas-

ing sequences in g. We put @HE“ re = (,:;"qlkf (,”;"qzkf e 3kf, where

,m,1 v
i) = J0 (dxm)Ag(Xm)
o Up XUy, \Up, )™

xZ f AT A ) - VeV )y

e (o 9) = f J 7 (dxm)Ag(Xm)
T " X(Up, \Up, )™ H

n

> o AV - VT x50,

,m,3 v
€ (f.g)= H (dxm) A (Xim)
’ Up XUy \Up, )™ "

<3 f AUV £ o) - VY0 Cemvy .5 )y

Jj=n+1
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Here for (/7" f)m {ojun, wWhich are U, -representations of f, we set

n—1 .{0) : n

, xy") - f(x) ifxneU),y¢Up,,
Vyfg(xn)—{ gy(ﬁ " " b b
n

Jre(x )= fre(xn), ifxne Uy ,yeU,,

) i1 el _
Gl X eSS and xy oy = (x, ... a0 y) €

for j=1,2,...,n, with x =
Sn+1.

Then we show the following lemma.

LEMMA 4.1. Assume (A.3) and (A.4). Then (G™"

L2(imq,m,/,t;“,k,§)f0r m>n, £ >rkqeNandpjy-as. &

rtgher Do) IS closable on

PROOF. By the simple observation we see

@.1) &M (ff) < EN™ (ff) =GR (f.f) forany f € D

Setting 17,7 ¢ = M1} .» We have
(q kg(f f)
= f J7 o(dXm)Ag () Z f Ayl () = f(xm) vy €, x5 y)dy
. :

<2 fU m,{gdxmmq(xm)z f AU + [T (em) g€, x5 y)dy

U},g

<2 [ mkgdxmmq(xm)z | A vray
U

Uy,

+ 2mq|Ub[”lf”laz(wff,m,ﬂ?kf)
and the first term of the right hand side is bounded by

xn- o)

é’k 9

2qe2‘12 f q(xm)(r(,kf(xm)if( G Aglee 0 0 (D dxmdy
Yy

é’kfxm

2 2
< 2C28 qmq'Uhgl”f”LZ(\m[»m’Hr[nkf) 5

where Cj is the constant in (2.5). Hence we have
(4.2) CFyr el ) < 2(C3e™ + DMalU ALz, -

Let {f,} be a (,;'2“ e~Cauchy sequence in Do, such that lim, e Il full 2@, ppar, ) = 0- Then by
(4.1), (4.2) we get lim,,_, rqug(fn’fn) = 0 for My 7i-a.s. & Hence, (@r([nqu’ D) 18 closable

on L2(M¢m, ,u(,’kf) Thus we complete the proof. O
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We use the following lemma, which is given in [9, Lemma 2.1(1),(2)]. See also [8, Prop.
1.3.7].

LEMMA 4.2 ([9, Lemma 2.1(1),(2)]). Let {(€™, D™)},cny be a sequence of positive
definite, symmetric bilinear forms on L*(I, p).

(1) Suppose that (€™, D™) is closable for any n € N and {(E™, D™)} is increas-
ing, i.e. for any n € N we have D™ > D™D gnd GW(f, /) < C*D(f, f) for any
f e DD Let €°(f, f) = lim,_ e €P(F, f) with the domain D° = {f € NuenD®;
sup,cy €M (f, f) < oo}. Then (€*, D) is closable on L*(M, ).

(2) In addition to the assumption (1), assume (€™, D™) are closed. Then (€, D®) is
closed.

Forr,€,k,n,me N, & € M, we set
() = lim €T (Ff). f € Do,

and put

(E:ﬂ(f’f) = f hm @nm kf(f f)ﬂ[k(dg) f € Doo ’
where /,z?kg(dxm) is defined in (2.6).

LEMMA 4.3. Assume that ((i:?kf, D) is closable on Lz(ﬂﬁ[,m,/,t?jké) for pyy-a.s. &.

Then ((’:Ea Do) is closable on L*(M, T4

PROOF. Let {f,} be a (,“m-Cauchy sequence in Do such that limye [lfpllzen )
= 0. By the definition of ﬂ?jk,f

2 _ 2 m
W = fn s, ERCE)-

Hence we have

(43) lim (’n{;nk f(fp _ fq,fp _ fq)ﬂ?jk(d‘,;:) _0
PA=e Jan
. ) - B
4.4) ,}H‘,}o ja;z ”f[’||L2(9ﬁ[_m,yr[r.‘k§)/'1[’k(d§) =0.

By the definition of €™ rtke W have

4.5) fy Ay = fprndy = WD)

- [ s A ()
Niem Up X(Up \Up, )™ "

fU ST m) — P e

¢ j=1
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x1{(x; € Up,,y € Up,) U (xj € Up, \ Up,, y € Up )WV(&, xj59)dy .

For a function f on i, y, we set a vector valued function (f(f, Xm, Y; j));T‘:1 on My m X U,’}‘r X
U,’,‘;’” x Uy, defined by

F& xm. y; j)=V?f}}(xm)1{(xj € Up,,y € Up) U (x; € Up, \ Up,,y € Up )} \[V(E, X5 ).
Hence by (4.5) we have

fn RGO ANEN AT
p m »
- f () A ()
Up X(Up, \Up, )™ "

<[ S U6 xm s )~ Tymi 6y PP
Us, j=1

Combining this with (4.3), we see that the sequence {f;,} of functions on M, m X U;?,, X (Up, \
Up,)™™" x U, is a Cauchy sequence in L>(Mym X Up X (Up, \ Up)™" X Up,, 4y (dé) ®
vn m

B Se(dxm) ® dy). Therefore, there exists a vector valued function & € L*(Mym X U DX (Up, \
Up, )™ ™" X Up,, 1y ® 7y ® dy) such that

I, - h”LZ(‘DI[TmXUE/,X(U;,[,\U,,,)m’"thl,,yTA®p:ﬂ£®dy) —0asp— oo,

Hence we can choose a subsequence { )} of {£,} such that

46 lim i s | S U X ) — 6, x5 oy =0,
Up X(Up, \Up, )"

— 00
P htjl

,u[k-a s. £ By (4.3) and (4.4) we can choose a subsequence { (2)} of { 151)} such that

lim @n?kg(f(z) f<2)’f<2) f[;z>)=0, ﬂ’,?k-a.s.g-‘,

P,g—0

. 212

T 152 o g, ) =05 Kk €
Therefore, by assumption, we have
4.7 hm Gyt J f<2>, f1§2>) =0 for pfj-as. &.

By (4.6), (4.7) and the definition of (,“é[“k & We obtain /1 = 0 for ,u(,k®[t:£“k ®dy-ae. (€ xm,y).

Thus we have

ol 2@t mxUp x(Us, \Us, 05Uy, it @i, 0ay) = O @S p — 00

y the definition of €', this implies lim, e, €, (f,, f») = 0. Thus the proof is completed.
o
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We set
[ m
E(f, f):}LTO }32 Z)ZO klgg ( fD 2 LIan; (@j;; 1l Huidé)| forany f € Do .
m=0 n=

Note that (i:’é,m X is increasing in n,m, r, £, g, k. Combining Lemma 4.3 with Lemma 4.2 (1)
gk é

and Lemma 4.1 we have the following lemma as a second step.

LEMMA 4.4. Assume that (A.3) and (A.4) holds. Then (€, D%) is closable on
L2, ).

As a final step, we show Theorem 2.5. We show the following lemma.

LEMMA 4.5. We have €°(f, f) = C(f, f) < oo forall f € De.

PROOF. We consider the following square fields on D: for f,g € Do, & € Myn, r €N,
let

ID>9’1[f,g]<§):=Zl fu V£ (X)) - VI (X OWE, X (©): )y
Jj= br

n

DY2If.g1@) = )| f VU n©) - VAR @WVE X 1)y

Jj=1 br
and

D[, g1() = fu &) fU V0 (nn(€)) - VighXn@WE, x: y)dy

where we set
V4T Gen) = fREh G - y) = fRGen) i € (02 1y € Uy, .
We put

53 DS gE) €€ Myn,

D[, =
L, 91(€) { : e

and
D,1£,91¢) = D DIIf,g1)
n=0

Then we consider the bilinear forms on D, defined as €,(f,g) := fam D,[f, gl(&)u(dé) for
f.,9 € De. In addition we set

k—o0 q—o0
m=0 n=0

e m
&(f.g) = lim 7> im ( fu lim € (f, g)y;jk(dg)) for any f,g € e .
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Then we can see

(4.8) C.(f.f)=C(f,f) forany f € De.

Let f € Do N B Then we have 307 D[S, f1() = Yoo DILS, £1(6) for all r < ¢ and
p-a.s. & Then we have €.(f, ) = €.(f, f) = C(f, f). Combining this with (4.8) we can have
lim,_,e €"(f, f) = C(f, f). Thus the proof is completed. O

From Lemma 4.2 (1) we have that (€*, D) is closable, where we set
C=(f, f) = lim €'(f, 1), D‘”:{febm;sup(i’(f,f)<oo} .
r—eo reN

Combining this with Lemma 4.5 we see that € (f, f) = C(f, f) for f € D. Thus D = D,.
Then we show that (€, D) is closable. Thus the proof of Theorem 2.5 is completed.

REMARK 4.6. When (€,, D) is closable, we denote its closure by (¢, 5,), forr € N.
Since {(€,, D,)} ey is increasing, (€, Do) is closed by Lemma 4.2 (2), where

Coolfo ) = lim G (£ /). De {f €[ )Rrisup€(f. ) < oo}

reN re

It is clear that Doy C Doo and Cu(f, ) = (£, f) for f € De. However (o, Do) is not
necessary to be the closure (€, D) of (€, D). (€, D) coincides with the decreasing limit of
the closure of (€,, Do, N BPY) (See [9, Lemma 2.1 (3), Lemma 2.2 (3)]).

5. Proof of Theorem 2.1. In this section we prove Theorem 2.1. Let (€, D) be the
closure of (€, D). We first examine the Markov property of the closed forms (€, D).

LEMMA 5.1. (€, D) is Markovian. Then (€, D) is a Dirichlet form.

PROOF. For ¢ > 0 there exists ¢, € C*(R) such that ¢.(tf) = ¢ for all ¢+ € [0, 1],
@s(?) € [-&,1 + €] and |p.(f)| < 1 for all € R. By the mean-value theorem we get

f (V!0 o AUOPHE 353 )y

l\.)l>—‘

(5.1 Dlgs o f, ¢, 0 f1(€) =

f Lo )V SO YE x5 )y

l\.)l>—‘

i

where & = Z;’;l 0x; and ¢y, is a constant depending on x; and y. Since sup,cp l@ ()] < 1
holds, then we get

(5.2) RHS of (5.1) < suﬂg |t,0;(l)|2 Z f Vyf(é-‘) YvE xj5y)dy
te —1
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IA
N —
agk

]
—_

fs (V2 FOPVE x5 y)dy < DIS. £1(E).

J

Then ¢, o f € D, for all f € D, and from (5.2) we get

(s 0 frips o f) = f» Dl © fope o FIOUE) < fy DI, FOUE) = (1. 1).

This implies (€, D) is Markovian (See [8, Proposition 1.4.10]). ]

We show the quasi-regularity of the Dirichlet form (€, D). We introduce a mollifier on
B4 Leti: R? — R be a non-negative, smooth function such that fRd i(x)dx = 1 and j(x) = 0
for [x| > 1. Let i,(-) = &i(-/&) and {(xy, ..., xn) = [T}, ic(x)). For f € Bodd « B e put

r+e’

rr]hc:(xn) = 12 * rrji—s,f(xn) = f

(R

R =Wy, xn € UL
)|'|

Since f is o[x,]-measurable, rn+£,§ = fh.and f7, is a U,,.-representation of some o[71,,.]-
measurable function. We denote the function by J,.. f, that is,

Fref @) = fRo(x),  if€ €My neNUIO}.
The following lemma is given in [9, Lemma 2.4].

LEMMA 5.2. (i) Let f € B9, Then we have the following:
Jref € Do for &>0, }:E%”Sr,sf = fllzzan = 0.

(i) Let f € B such that fM € C*(U") foralln. Let 6 > 0 and N, 5 = {£ € M; E(U 45 —
U,) =0}. Then

im 3,50/ (@) = £ forall¢ € Ny,

(ili) Do is dense in L*(M, p).

M; E(Uyr) < a, for all r}. Then M[a] is a compact set. (See [15, Proposition 3.16].) Suppose
a,be AandceR. weseta, ={a,1}ren, ca = {ca,},eny and a + b = {a, + b,},en. Let 1 be a
sequence that a, = 1 for all r € N.

Let A = {a = {a,};en;ar € Nya, < a,4 forall r}. For a = {a,},en € A, let Ma] = {£ €

LEMMA 5.3. Assume (B.4). Let a, = {a,;}reny = (n2@*+9ry € A, n € N. Then we
have

(5.3) “(U wt[an]) =1.

n=1



IPS OF JUMPS WITH LONG RANGE INTERACTIONS 25

PROOF. By Chebyshev’s inequality we get

p[EUz) > nEF(E(U2))] = u[§(Uz) = BH(E(U2)) > (n = DEX(E(U2))]
Var(£(Uyr))
T (n = 1PEAEU)?

Hence

(1 S 1 VarnE(Un)
54 U r ]E# U r - .
(5.4) ;49“2”“<“”WSEM4VQW@WW
By (B.4),

Var(((U»)) _ Var@(Uy)) _ s
s = ;=027
Er(E(Ur))  BHEWU2))
holds. Hence the RHS of (5.4) is finite. Therefore from Borel-Cantelli’s Lemma, for u-a.s. &
there exists ny > 2 such that £(Uyr) < ngEH(&(U»r)) for any r € N.
By (B.1) we can check EF[£(Uy)] = 0(2(‘”“)’). Hence we see that for u-a.s. &, there
exists n € N such that £(U»-) < a,,, for any r € N. This complete the proof. m]

We introduce the function y[a] defined by

0 2 —|x: /\2r—1
M) = poda@). du@) =y, S T E

r=1 jeJ,.¢
where (x}) jen is a sequence such that |x| < [x;4| forall je N, & = Zj 0,; and
Jr,§ = {]’j >dap,Xj € UZ’}-

p : R — [0, 1] is the function defined by

1 if 1<0,
p)=<51-¢r if0<t<1,
0 if 1<t.

LEMMA 5.4. Foranya ={a,},en € A we have

1 if £€€Mlal,
xlal©) =1{€e[0,1] if €M™,
0 if € €M2a,]°,

where we set ‘JJ?Z = M[b] \ M[a] fora,b € A.
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PROOF. For & € Ma], J., = 0 for all » € N. Then we can check d,(¢) = 0. Hence

xlal($) = 1.
If £ € M[2a.] then there exists ry such that E(Uzv) > 2a,,+1 + 1. Then

(5.5 Brpie = a1 + 1

holds, where #J denotes the cardinality of the set J. We take Xj, €{xj € Upo; j € Jyye1,¢) and
fix. Then (270+! — lxj,) A 2" = 2" holds. Hence

2r0+1 —lx; A 2r0 1
56 @7 — ) A2

2r0a7'(]+1 ar0+l

Therefore from (5.5) and (5.6), we have

20 A0 a4 ]
do> Y G BN, Gty

2"a T a B
e ro+1 ro+1

Hence y[a](¢) = 0. Moreover since y[a](£) = p o d,(§) and p(x) € [0, 1] for all x € R, we see
xlal(é) € [0, 1] for all £ € I, especially for all £ € M2 Thus the proof is completed. O

From this lemma we can call y[a] a cut off function on Mi[a].

LEMMA 5.5. Let f € D and a ={a,} € A then we have

(5.7 Dixlalf, xlalf1(€) < 2(Dlxlal, x[all€)f &) + DLIf, £1)),

and

(5.8) DI~ xlaDf. (1 - xlaD 1)
< Dixlal, x[al}€)f©*) | fs (Ax[a)E ) (FE) = FE)WE, xiy)dy .
i=1

PROOF. Letf,g€ Dy and & = 3, 6y,.

1 (o9
(59 Difg.f)&) =5, fS (FE™GE™) = g)FE)VE xis y)dy
i=1
l (e8]
=5 fS (GE) = gENfE) + gE NS E™) = FOIVE, x5 y)dy
i=1

<> fs {GE™) = g@OY F©) + gE P (FE™) = FEOWE xisy)dy -
i=1

Substituting y[a] into g in the equation (5.9), we have

Divlalf,xlalf1©) < ) fs ((ela) (™) = x[al@)* (€, xi: dy f(€)?
i=1

) f WLaPE)(fE™) = FEP €, xiiy)dy
i=1 VS
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< 2(D[xlal, x[all€)f(&)* + DI, £1),

since y[a](¢) < 1. Hence we obtain (5.7).
We prove the second claim. Substituting 1 — y[a] into g in the equation (5.9), we have

DI(1 - xlaDf, (1 - x[aDf1&)
<>, fs (@l ~ x[al@)*V(E, xis dy f€)?
i=1

« 3 [ - xlalE e - fe e iy,
i=1

Hence we get (5.8). Thus the proof is completed. O
The next lemma is a key part of the proof of Theorem 2.1.

LEMMA 5.6. Assume (B.0), (B.2) and (B.3). Let a, = {ay }ren = {n2@+or} . Then
there exists C = Cgqp, such that

(5.10) | pudad e noseuan sc [ reruas,

e
foralln e Nand f € Do, where @ > k, 0 <8 <2 arein (B.1) and (B.2).

PROOF. From assumption (B.0) we have

(5.11) LHS of (5.10)

1 (e8]
< f o HAOFEP 2 f Ol 1) ~xa,1€)*C1plly - xiDdy .
et o' Js

Here we used the fact that £ ¢ D+ implies y[a, (") - x[a,1(¢) = 0. From assumptions
(B.2) and (B.3), it is enough to consider the case where

") e if r> 1,
r) =
P 4B if r< 1,

for0 <k <aand 0 < B < 2. Since

lal(m) — x[al) < |da(n) — da(&)|, for @ €A and & neM,

we have
C
(5.12) RHS of (5.11) < = fn o O (1O + O
with
_N 1y — x| < 1)
Li(¢) = ;fs(dan(f V) — da, () Wdy
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1 i >
h(€) = Z [ e - du e ==y

Let A, = Uy \ Uy-1 forr > 2 and A| = U,. We see that

1 1 1
|dan(§*f’y)—da,,(f>|s||xl-|—|y||( — + + )

2r lan,r 2r_zan,r—l 2r(1n,r+l
forreN,x; €A,y A1 UA, UA,; with [y — x;| < 1. Combining this with

1 1 1 3

+ + < , fornreN,
zr_lan,r 2r_zan,r—l 2ran,r+1 2r_zan,r—l

we obtain
3
dy (£ - d, < |lxl —S - Xilz=—>—,
da, (6°°) = duy () < |15 =Wl 57— <y il 5 —
forreN,x;€eA,,ycA_1 UA, UA,; with |y — x;| < 1. Hence we have
1 1y — x| <1)
(5.13) 11(5)<9Z Z f||xz Iyll T 2 ly — x| dy
r=1 x;€A, =1 !
Ly — x|l < 1)
<9 d
;; 22r- 4anr | Js ly — x| Y
2ap, + 1 (1(2 < 1) 2a,),+1
= 92 24 iz 4% for &€,y
where we use £(A,) < 2a,,4+1 + 1 foré e SJEi(‘i"l)*H. We remark that
1(lz2l < 1)
(514’) Wdz<oo’ for all 0 <ﬁ<2.
In addition we have
© 2an el +1 © 2(r+1)(d+/<)+1 +1
(5.15) Z; 22— 4a B _Z 24 | y202(r-1)(d+x)
1 = 1 1
- ~ n 2r(d+x+2) 3@ Z; 2 2r(dktD-2(d+—4
- (1/2) 2(d+x)-3 (1/2)—2

ST a2 P To(1j2pden <%
Then from From (5.13), (5.14) and (5.15), there exists a constant Cs = Cs(d, 3, k) > 0

(5.16) 1(&) < Cs, for & € M1

On the other hand we have

1 il >
=333 f (o (€)= do (7 T ==y

r=1 x;€eA, (=1
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1y — x| = 1)

i

Ma o

1 il =
> Z f (da, () = dg, (&) %dy
X;€A

7

o \t’—r\>l
= L5+ 14(&).
We see that
iy 1 1
|da, (EY) — da, (O] < + + ,
apr-1 ap,r Ap r+1

forreN,x;eA,andy € A,y UA, U A,;;. Combining this with

1 1 1 3
+ + < , for nneN,
Qnr An,r-1 Anr+1 An,r-1

we obtain

|da, (£) = da, ()] <

an,r—1

forreN,x;eA,andy € A,y UA, UA,; . Hence we have

1 I(ly-xl=1)
(5.17) L) <9 f W
; x/; A;-1UA VA, 4 an,r—l |y — xi|d+a
2 n,r +1 1 _x > 1
) 92 . f Mt”)dy
nr 1 Ar1UA VA 4 |y - xil @
2an,41 + 1 1z =1 !
< 92 azJr f ol dz, for{ € imiﬁ‘g +1
r=1 n,r—1 N

where we use £(A,) < 2a,,4+1 + 1 foré e ‘JJEZ(‘?I)*”. We remark that
1(zl > 1
(5.18) f 7(:2"(1: )iz <00, foralla>0.
s g

In addition we have

© 2anr+l +1 nz(r+])(d+k)+1 +1
(519) Z Z n222(r=1)(d+x)

r=1 nr 1 r=1

00

1
= Z n 2r(d+/<) 3(d+x)-1 Z n2  22r(d+0)-2(d+x)

r=1

f (@) — dg (©)P L= 2 D g
JA,_JUA VA, | zl

29
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(1/2)—2(d+/<)—1 1
< + <.
1= (1/2)d+;< 1= (1/2)2(d+;<)
Then from (5.17), (5.18) and (5.19), there exists a constant C¢ = C(d, a, k) > 0 such that

(5.20) I3(£) < Ce, for £ € ML,
Moreover we see that
tvr 1
da, (€)= da,E)] < D — .
m=CAr BT

for{,r e Nwith | —r| > 1, x; € A, and y € A,. Hence we have

o0 oo tvr 2
(5.21) NEEDIDNDY fA(Z 1 )%du
1 YA !

r=1 x;€A, (= m=_CAr An.m
[6—r>1
S ) Nr 2
3 ! Wy=xl>1)
= 2 : 2 : 2 : 2 : p ReA—T — ptvridra Y
r=1 x;€A, (=1 m=CAr B Ac
[6—r>1

We remark 201 — 207 > 2672 for any ¢, r € N with | — #| > 1. Then

(5.22) RHS of (5.21)

©o o Vr 2 o
2302 ) [

r=1 x;€A, (=1 m=~CAr Anm
[6—r|>1
v 2
SIMIPADIFAE=
- (EVr=2)(d+a)
r=1 x;€A, (=1 m=~CAr Anm 2
[6—r|>1
2% 2
< i i ( zi 1 ) (2a11,r+1 + l)lAfl
- (EVr=2)(d+a) ’
r=1 (=1 m={Ar Anm 2
[6—r>1

where we use £(A,) < 2a,,41 + 1 for € € ﬂﬁi(‘f’l)*” and | - | denote the Lebesgue measure on
R4. Since

% I % 1 B 1 (1/2)An@+o
m=CAr Gn.m B m=CAr n2md = n 1- (1/2)d+K ’
we obtain
s o {vVr 2
1 (2a11,r+1 + l)lA[l
(5.23) Z ; ( Z{: am) Qs+ DA
"~ le=r>1 meEAr

(o] [ 2
1 (1/2)(€/\r)(d+/<) (nz(r+l)(d+i<)+l + l)lAfl
= Z Z _{ 1 — (1/2)d+ SEVr-2)(d+a)
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oo r—1

=G Z 2 : rdrorat + C8 Z Z Fra—nrtdr =%
r=1 t=r+1 r=1 (=1

where C; = C;(d, a, k) for i = 7, 8 are constants depending on d, @ and «, and we use @ —« > 0.
From (5.21), (5.22) and (5.23) there exists a constant Cy = Cy(d, @, k) > 0 such that

(5.24) I4(¢) < Co, for & e M ™*1,
Therefore from (5.16), (5.20) and (5.24) we obtain
(5.25) L@ + B(©) = 1) + 1(©) + 14(§) < Cs + Cs + Co, for £ € M)

C1(C5+Cs+Co)
- 3 -

and the lemma is proved with C = O

LEMMA 5.7. Leta, = {a,,},eny = {n29" )y Then for f € Do and n € N we have

(5.26) xla,]f €D
and
(5.27) (1 = xla.DfIlh < \/(C+ 2) fm 1]E{f(f)z + DL f, f1E}u(dé),

where C is the constant in Lemma 5.6 and ||f||% = ”f”iZ(m;;) + C(f, ).

PROOF. By (5.7) we have

(5.28)  C(xlanlfxlanlf) <2 L RD[X[an]’X[an]](f)f (@)’p(de)+2 L E]D)[f - f1p(dE)

<2 f)) Dlla, ). la IS HE) + 467, ).
From Lemma 5.6 the RHS of (5.28) is bounded by

2 fn o TP + 3E ) < QC+8) (s + 1) < .

Hence we obtain (5.26).
We show the second claim. By (5.8) we have

(5.29) C((1 - xla.Df, (1 - xla,Df) < fn I w(dé)Dxla,), x[a,11(€) f (&)

+ f)) () > f (1 = xl@n E)P(FE™) = FEN WE xiz y)dy -
9) l S
Since 1 — y[a,](¢) = 0 on Mi[a,], from Lemma 5.6 we have

FOu(de) +2 f DL, FIE)u(de) .

(5.30) RHS of (5.29) < Cf
Mla,-1]°

Wla,—1]¢
Hence by (5.30)

(1 = xlaDAIF < (C+1) f@ udé) + 2[ DLf, f1E)u(ds)

Mla,-1]° M(a,-1]¢
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<(C+2) {f(&)* + DI, fIE)}u(dé) .

Ma,—1]¢
Therefore we obtain (5.27). Thus the proof is completed. O

We show that the Dirichlet form (€, D) is a quasi-regular Dirichlet form, that is, (€, D)
satisfies

(C.1) There exists an E-nest consisting of compact sets.

(C.2) There exists an || - ||;-dense subset of © whose elements have €-continuous m-
versions.

(C.3) There exist u, € D, n € N, having €-continuous m-versions u,, and an
E-exceptional set N such that {u,} separates the points of X — N, i.e. for every
pair (s1, s2) of distinct points of X — N, there exists a function u, which satisfies
U (81) # Up(s2).

Please refer to [2, 8] for the terminologies in the above. Let
Dcut = {X[an]f,f € Doczyn € N} .

By (5.26) we obtain D, € D. By (5.27) and Lemma 5.3 we see D, C Deut, Where A denotes
the closure of A with respect to || - ||;. By Do = D we see Doyt = D. Let D(n) = {f € D; f =
0O a.e.&onM[2(a,).]}. By Lemma 5.4 we see

Deut C 0 D(n).
n=1

Hence {M[2(a,)+1}nen 1s a compact nest. We thus obtain (C.1) in the above. (C.2) and (C.3)
are shown by the same argument as that in [9, p.127]. Combining these we see (€, D) is a
quasi-regular Dirichlet form.

Acknowledgment. The author would like to express his thanks to Prof. Hideki Tanemura for his
valuable suggestion, constant encouragement and many valuable comments.
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